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ABSTRACT

Let G = (V, E) be a simple graph. A subset D C V is called a dominating set of G if
every vertex in V' is either in D or has a neighbour in D. A subset D C V is called an
equitable dominating set of G if for every vertex v € V' \ D, there exists a vertex u € D
such that uwv € E(G) and |dg(u) — dg(v)] < 1. The minimum cardinality of an equitable
dominating set of GG, denoted by v¢(G), is called the equitable domination number of G.
In this paper, we study the equitable domination number of certain graph operators such
as the double graph, the Mycielskian, and the subdivision of a graph.
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1. Introduction

The inception of domination in 1960 by Ore and Berge [2, 10| laid the path for the
emergence of various research problems in the field of graph theory. A wide range of
applications, such as communication network problems and the school bus routing prob-
lem, has drawn substantial interest from researchers. Foundational studies by Cockayne
[6], Lasker |1], Haynes [7], and others have significantly motivated further research in
domination theory.

In this work, we consider only graphs that are finite, simple, connected, and undirected.
We adopt the graph-theoretical terminology in [4]. The degree of a vertex v in a graph
G, dg(v), is the number of edges incident with v. For a vertex w in a graph G, Ng(u)
denotes the set of all neighbours of u. The minimum degree of a vertex in a graph G is
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denoted by 0(G). The maximum degree of a vertex in a graph G is denoted by A(G). A
path is a sequence of distinct vertices where each consecutive pair of vertices is connected
by an edge, meaning no vertex or edge is repeated. A path on n vertices is denoted by P,.
A cycle is a closed path. A cycle on n vertices is denoted by C,,. A complete graph is a
simple graph in which every distinct pair of vertices is connected by an edge. A complete
graph on n vertices is denoted by K,,. The star graph of order n, denoted .S, is a simple
graph with n vertices in which one vertex is of degree n — 1 and the remaining vertices
are of degree 1.

The Petersen graph P is an undirected graph with 10 vertices and 15 edges, as shown
in Figure 1.

Fig. 1.

Let G = (V, E) be a simple graph. A subset D of V is said to be a dominating set of
G if each vertex in V is either in D or has a neighbour in D. The minimum cardinality
of a dominating set of G is called the domination number of G, v(G) [6]. A dominating
set D of G is said to be a total dominating set if every vertex of V(G) is adjacent to some
vertex of D [5].

A subset D of V is said to be an equitable dominating set of G if for every v € V — D,
there exists a vertex u € D such that uv € E(G) and |deg(u) — deg(v)| < 1 [11]. We say
that u equitably dominates v. The minimum cardinality of an equitable dominating set
of G, denoted by 7¢(G), is called the equitable domination number of G.

Example 1.1. In Figure 2, we have 7°(G) = 3. The set {vy,v3,v4} is a minimum
equitable dominating set of G.
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A vertex u € V is an equitable isolate of G if |dg(u) — dg(v)| > 2 for all v € Ng(u).

Remark 1.2. An equitable isolate of a graph cannot be dominated equitably by any
other vertex of the graph. Hence, every equitable dominating set of a graph contains the
equitable isolates of the graph (if they exist).

The concept of equitable domination was introduced by V. Swaminathan and K. M. Dhar-
malingham [11]. Research on equitable domination has grown steadily, focusing both on
exact values for specific graph families and on structural bounds and characterizations.
Several papers determine the equitable domination number for classical small families
such as paths, cycles, fans, pans, and butterflies [11]. Further studies relating to the
equitable domination number of the rooted product of graphs and the corona product of
graphs can be seen in [12, 13]. Related works on variations of the parameter, like inde-
pendent equitable domination and equi-independent equitable domination, offer various
directions to researchers [3, 14]. Apart from dominating sets, an equitable dominating set
[11] ensures, for each vertex outside it, an equitable neighbour.

In this paper, we study the equitable domination number of certain graph operators
such as the double graph, the Mycielskian, and the subdivision of a graph.

The direct product of two graphs G and H is the graph G x H with V(G x H) =
V(G) x V(H) and with adjacency defined by (v1,w;) being adjacent to (vq,ws) if and
only if v; is adjacent to ve in G and w, is adjacent to ws in H. The total graph 7,, on
n vertices is the graph obtained from the complete graph K, by adding a loop to every
vertex. The double graph Z(G) of a simple graph G is defined as the graph Z2(G) = G x T,
[9]. More precisely, the double graph Z(G) of a graph G is constructed by making two
copies of GG, namely GG; and G, including the initial edge set of each, and adding edges
u'v? and v'u? for every edge uv of G, where V(G;) = {v': v € V(Q)}, i = 1,2.

For a graph G = (V, E), the Mycielskian of G, denoted by p(G), is the graph with vertex
set VUV'U{u}, where V' = {2/ : x € V'}, and edge set EU{zy : vy € E}U{y'u:y € V'}.
The vertex z’ is called the twin of the vertex z (and = the twin of z’), and the vertex u
is called the root of u(G) [8].

An edge subdivision is the insertion of a new vertex in the middle of an existing edge.
The graph obtained by subdividing each edge of a graph G exactly once is called the
subdivision of G and is denoted by S(G).

2. Subdivision of a graph

Remark 2.1. v°(S(P,)) = v*(Pan—1) = [ 2]

Remark 2.2. 7°(S(C,)) = 7°(Ca,) = [3].

3

Theorem 2.3. Let G be a graph with A(G) < 3. Then

7(5(G)) < mind [V(G)], [E(G)[ }-
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Proof. Let S denote the set of all newly introduced vertices in GG as a result of subdividing
each edge in GG. Then

V(S(G) =V(G)US and |S|=|E(G)|.

Then S is a dominating set of S(G). We have dgg)(u) = 2 for every u € S, and
dsc)(v) = dg(v) < 3 for all vertices v € V(G). Hence, for each vertex v € V(G) and
u €S,

|ds(e)(v) — ds(e)(u)] < 1. (1)
Thus S is an equitable dominating set of S(G). Therefore,
(5(@)) < |S|=[E(G)]. (2)

Clearly, V(G) is a dominating set of S(G), and from (1) we get that V(G) is an equitable
dominating set of S(G). Therefore,

7(5(@)) < [V(G)]. (3)
From (2) and (3), we obtain

1°(5(G)) < min{ [V(G)], |E(G)] }-

Theorem 2.4. Let G be a graph with 6(G) > 4. Then there exists no proper equitable
dominating set of S(QG).

Proof. Let S denote the set of all newly introduced vertices in GG as a result of subdividing
each edge in G. Then V(S(G)) =V(G)US. Let u € S and v € V(G). Since dg(v) > 4
for all vertices v in G, we have dg)(v) > 4 for all vertices v € V(G). Also, dg(q)(u) = 2
for all vertices u € S. Therefore,

|ds(c)(v) — ds(a)(u)] > 2.

Thus each vertex of S is an equitable isolate. Hence every equitable dominating set of
S(G) contains S. Also, vertices of G are nonadjacent in S(G). In order to dominate
vertices of G, every equitable dominating set of S(G) must contain V' (G) as well. Then

(S(G) = IS+ V(G)] = [V(S(G))]-
Therefore v°(S(G)) = |V(S(G))|, which implies that there exists no proper equitable

dominating set of S(G). O

Corollary 2.5. 7*(S(K,)) = n, forn > 5.



EQUITABLE DOMINATION OF GRAPH OPERATORS 243

Theorem 2.6. Let G be a graph with at least two vertices. Then v¢(S(G)) = 1 if and
only if G = P,.

Proof. Suppose that v°(S(G)) = 1. Let S denote the set of all newly introduced vertices
in G as a result of subdividing each edge in G. Then V(S(G)) = V(G)US. Let {v} be a
~e-set of S(G). Then either v € S or v € V(G).

Case 1. v € S.

Let v be the vertex obtained as a result of subdividing the edge u;uy of G. Suppose
that there exists a vertex ug in G in addition to the vertices uy, up. Since {v} is a y°-set
of S(G), us must be adjacent to v in S(G). This implies that dg)(v) > 3, which is a
contradiction to the fact that a vertex of S(G) obtained by subdividing edges of G has
degree 2. Hence V(G) = {uy, us}, which implies that G = Ps.

Case 2. v € V(QG).

Suppose that there exists a vertex u in GG in addition to the vertex v. Then v is not
adjacent to u in S(G). Thus v cannot dominate u in S(G), which is a contradiction to
the assumption that {v} is a y“-set of S(G). Therefore, this case does not occur.

Conversely, suppose that G = P,. Then S(G) = P5. As v°(P,) = [%] [11], we get that
7(5(G) = 1. O

Theorem 2.7. For any graph G with at least three vertices, v¢(S(G)) = 2 if and only if
either G = Py or G = Cs.

Proof. Let S denote the set of all newly introduced vertices in GG as a result of subdividing
each edge in G. Then V(S(G)) = V(G) U S. Suppose v¢(S(G)) = 2. Let D = {vy,v2} be
a v°-set of S(G).

Case 1. D C S.

Then D = S, because if there exists a vertex in S that is not in D, it cannot be
dominated by D, as there is no adjacency between vertices of S in S(G). Thus there are
exactly two newly introduced vertices as a result of subdivision, which implies that G has
exactly two edges. Hence G = P;.

Case 2. D C V(G).

Then D = V(G), because if there exists a vertex in V(G) that is not in D, it cannot
be dominated by D, as there is no adjacency between vertices of V(G) in S(G). This
is a contradiction. Therefore D = V(G), which implies that G has exactly two vertices,
contradicting the assumption that G has at least three vertices. Hence this case does not
occur.

Case 3. v, € V(G) and vy € S.

Claim. vy and vy are not adjacent in S(G).

Suppose, for a contradiction, that v; and vy are adjacent in S(G). Then there exists a
vertex u in G adjacent to vy, and vy is the vertex obtained by subdividing the edge uv;.
Then V(G) = {u, v}, for if there exists a vertex v in G in addition to v and vy, then v
cannot be dominated by D in S(G). This is a contradiction. Thus V(G) = {u, v1}, which
implies that G has exactly two vertices, again contradicting the assumption that G has at



244 THASNEEM AND MENON

least three vertices. Therefore v; and vy are not adjacent in S(G), establishing the claim.

Suppose that vy is the vertex obtained as a result of subdividing the edge ujus of G.
Then V(G) = {v1,u1,us}, because if there exists a vertex us in G in addition to the
vertices vy, uy, ug, then, since D is a vy°-set of S(G), ug must be adjacent to ve in S(G).
This would imply that dg(g)(v2) > 3, which is a contradiction to the fact that a vertex
of S(G) obtained by subdividing edges of G has degree 2. Hence G has exactly three
vertices. Therefore either G = P; or G = (5. n

3. Double graphs

Theorem 3.1. For any graph G, v¢(2(G)) > v¢(G).

Proof. Let G; and G, denote the two copies of G in Z(G). Then
V(2(G)) = V(G1) UV (Ga),
and V(G;) = {v' : v € V(G)} for i = 1,2. Suppose, for a contradiction, that
1(2(G)) < (G).
Let D be a v%set of 2(G). Then D C {v':v € V(G), i = 1,2}. Define
D' ={veV(G):v'" €D for some i € {1,2}}.

Then
D' < |D| =~%(2(G)). (4)
Let uw € V(G)\ D'. Then u' and u? do not belong to D. Since D is a y*-set of 2(G),
there exists a vertex v’ € D such that u! is adjacent to v' in 2(G) and

|d@(g)(u1) — d@(g)(vi)| < 1.

Since
d@(g)(ul) = 2d0(u) and d@(G) (UZ) = Qd(;(v),

we obtain
12de(u) — 2dg(v)] < 1,

which implies
|dg(u) — dg(v)] < 1.
Thus D' is an equitable dominating set of G. But by (4),
D < D] = (2(G)) <€),

which is a contradiction, since v¢(G) is the minimum cardinality of an equitable domi-
nating set of G. O]
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Theorem 3.2. Let G be a reqular graph. If there exists a v°-set of G which s also a
total dominating set, then v¢(2(G)) = v¢(G).

Proof. Let G; and G5 denote the two copies of G in Z(G). Then
V(2(G)) = V(G) UV(Gy), V(Gy) ={v':veV(Q)}, i=1,2.
Let D be a v°-set of G which is a total dominating set. Define
D' = {v':ve D}.

Then |D'| = |D].

Claim 1. D' is an equitable dominating set of Z(G).

Let v} € V(2(G))\ D'. Then v, € V(G) \ D. Since D is a v*-set of G, there exists a
vertex vy € D such that vy, is adjacent to v, in G. Hence v} is adjacent to v} in 2(G),
and since dy(q)(2?) = 2dg(x) for all z € V(G), we have

doey(vf) — ey (v1)] = 12d(vr) — 2do(v,)] = 2lde(or) — do(v,)] =0 < 1,

because G is regular.

The vertices of 2(G) that remain to be dominated are those of the form v? with v € D.
Let v? be such a vertex. Since D is a total dominating set of G, there exists v; € D such
that v is adjacent to v, in G. As v, € D, we have v} € D', and v? is adjacent to v/ in
2(G). Since G is regular, Z(G) is also regular, and

|dg(c)(v®) = doey(v})| =0 < 1.
Therefore D' is an equitable dominating set of Z(G), which gives
1(2(G)) < |D'| =v(G).
By Theorem 3.1, v(2(G)) > v¢(G). Hence,

1(2(G)) = 7°(G).

Theorem 3.3. Let G be a graph with at least two vertices. Then v*(2(G)) = 2 if and
only if one of the following conditions holds: (a) G = K, for some n; (b) G is a reqular
graph and there exists a v¢-set of G of cardinality 2 whose vertices are adjacent.

Proof. Suppose that v¢(Z(G)) = 2. Let G, Gy denote the two copies of G in Z(G).
Then
V(2(G)) =V(G1) UV(Gs), V(G)={v":veV(Q)}, i=1,2.

Let D be a v*-set of Z2(G).
Case 1. D CV(Gy).
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Let D = {v;,v;}. If V(G) = {vk, v}, then G = K,. Hence assume that G has at least
three vertices. Since D is a y¢-set of Z(G), the set {vg, vy} is a dominating set of G. In
2(G), vi is not adjacent to vi. Since D is a v°-set of Z(G), the vertex v is dominated
by v} and

|dac) (k) = dae)(ve)] < 1.

Thus,
|2dg(?}k) — ng(?}g)| S 1,

which implies
dg(vk) = dg(’l)g).

Let
dg(’l)k) = dG(Ug) =t. (5)

Claim 1. dg(v) =t for every v € V(G).
Let v be a vertex in G different from v and v,. Then in 2(G), v! is equitably dominated
by either v} or v}. Suppose v; equitably dominates v'. Then vy is adjacent to v in G and

|doay(v) = dae (V') < 1,

SO
|2dG(Uk) — 2dG(U>| S 1,

which implies
dg(v> = dg(vk).

Since v was arbitrary, dg(v) = dg(vi) for all v € V(G). Thus G is a regular graph and,
from (5), dg(v) =t for every v € V(G).

Ift = |V(G)| — 1, then G = K,, where n = |V(G)|. Suppose t # |[V(G)| — 1.
Then G does not contain any universal vertex. Hence v(G) > 2. From Theorem 3.1,
Y(2(G)) > v¢(G), so 2 > ~v¢(G), and thus v*(G) = 2. As G is regular, every dominating
set of G is an equitable dominating set of G. Hence {vg, vy} is an equitable dominating
set of G with vy adjacent to v,. Since v¢(G) = 2, {vg, v} is a y°-set of G.

Case 2. D C V(Gs).

Argue as in Case 1, replacing G; with Gy and vertices of the form v! with v2.

Case 3. DNV (Gy) # @ and DNV(G,) # 2.

Let D = {v},v?}. First, suppose k = s. Since D is a y*-set of 2(G), vy is a universal
vertex of G. Hence dg(vy) = |V(G)|—1. Let u € V(G) with u # vg. Then u!' € V(2(G))
and u! is equitably dominated by either v} or vZ. Suppose vi equitably dominates u'.
Then

[doc)(vp) — doey(u)] < 1,

which gives
|2dg(vk) - ng(u)| S 1,

and hence
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Since u was chosen arbitrarily, dg(u) = |[V(G)| — 1 for every u € V(G). Thus G = K,
where n = |V(G)].

Now suppose k # s. If V(G) = {vg, vs}, then G = K5. Hence assume G has at least
three vertices. The vertex v? in Z(G) is equitably dominated by v? in the v¢-set D. This
implies that v, and v, are adjacent in G. Also,

do)(v}) — do(v2)| <1 = |2da(v) — 2da(vs)] < 1,

dc;(Uk) = dg(vs).

Let w be a vertex in G different from v, and vs. Then w' € V(2(G)) and w' is

1

equitably dominated by either v or v? in D. Suppose w' is equitably dominated by v;}.

Then
|do ) (i) — doy(w')] <1,
lo)
12dg(vg) — 2dg(w)] < 1,
and hence

dg(’w) = dg(vk).

Since w was chosen arbitrarily, G is r-regular for some r. If r = |V/(G)|—1, then G = K, 1.
If not, G does not contain any universal vertex. Hence v¢(G) > 2. From Theorem 3.1,
YH(2(G)) > v°(G), so 2 > v¢(G), and thus v*(G) = 2. As G is regular, every dominating
set is an equitable dominating set. Hence {vg,vs} is an equitable dominating set of G
with v, adjacent to vs. Since v¢(G) = 2, {vg, v} is a y-set of G.

Conversely, suppose that G = K, for some n. Let v € V(G). Then {v} is a v*-set of
K,. Correspondingly, {v!,v?} is a v%-set of Z(G). Hence v¢(2(G)) = 2.

Now suppose that G is a regular graph and there exists a y°-set of GG of cardinality 2
with adjacent vertices. Then, by Theorem 3.2, v*(Z2(G)) = 7°(G) = 2. O

4. Mycielskian

Remark 4.1. 7°(u(G)) > 2, since y(u(G)) > 2.
Theorem 4.2. For any graph G withn > 2 vertices, v¢(u(G)) = 2 if and only if G = K.

Proof. Let V(G) = {v1,vq,...,v,}. Let u; denote the twin vertex of v; in u(G), and let
w denote the apex vertex of u(G). Let

UG) ={u; :v; e V(G)}.
Then
V(@) =V(G)UU(G) U{w}.

Suppose that v¢(u(G)) = 2. Let D be a 4¢-set of u(G). Then D ¢ V(G), because
if D C V(G), then the vertex w in u(G) cannot be dominated by D, as there is no
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adjacency between w and vertices of V(G). Thus D must be of one of the following
forms:

(a) D = {ug, w} for some k;
(b) D = {uy,vs} for some k and s;

(¢) D = {vg, w} for some k.

Case 1. D = {uy,w} for some k.

In this case the vertex v, is not dominated by D, as v, is not adjacent to u; nor to
w. This contradicts the assumption that D is a y°-set of u(G). Hence this case does not
occur.

Case 2. D = {ug,vs} for some k and s.

Here we must have s = k, otherwise u,, the twin of v,, cannot be dominated by D.
Thus D = {uy, vx}. The vertex w is equitably dominated by uy in D, hence

|due (ur) = dyey (w)] < 1. (6)
Since dy ey (w) = |V(G)], from (6) we get either
dyiey(ux) = [V(G)| or dyey(ur) = [V(G)] = 1.

Suppose first that d,q)(ux) = [V(G)|. Then dg(ve) = |[V(G)| — 1, so vy is a universal
vertex of G. Let v, € V(G) with v, # vg. Since vy, is universal in G, vy, is adjacent to vy,
hence uy, is adjacent to v, in pu(G). As dyey(ur) = |V(G)| and dyq)(ve) < 2(|V(G)| = 1),
we have

|du(e)(ur) = dyge (ve)| = 1.

Hence uy cannot equitably dominate v;. Thus v, € D must equitably dominate v;, so

|y (ve) — dyiay(vi)| < 1,

which gives
|2dg(’Ut) - 2dg(1)k)| S 1.

Thus
dg(v) = dg(vg) = |V(G)] — 1.

Since v; was arbitrary, we get dg(v) = |[V(G)| — 1 for all v € V(G). Hence G is a regular
graph of degree |V (G)| — 1, so G = K,,, where n = [V(G)].

Now suppose that d,)(ur) = |V(G)| — 1. Then dg(ve) = |V(G)| — 2. This implies
that there exists a vertex v, € V(G) which is not adjacent to v,. Hence in p(G), wuy is
not adjacent to v,, so v, is not dominated by either vertex in D. This contradicts the
assumption that D is a y°-set of u(G). Therefore this case does not occur.

Case 8. D = {v;,w} for some k.

Let v, € V(G) with v; # vg. Since D is a v°-set of u(G) and w is not adjacent to v, in
w(G), the vertex v, is equitably dominated by v, € D. Hence

|duey(vr) — dyuay (ve)] < 1,
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which gives
|2d0(vt) — 2dg(1)k)| S 1,

and therefore
de(vr) = de(vk). (7)

Since v; was arbitrary, G is a regular graph with degree dg(v;). Moreover, in u(G) the
vertex vy € D equitably dominates all vertices of V(G), since there is no adjacency
between w and vertices of V(G). Hence v, must be adjacent in G to all other vertices of
G, so

de(oe) = [V(G)| - 1.

From (7) we conclude that G is a regular graph of degree |V(G)| — 1, so G = K, where
n = |V(G)|.

Conversely, suppose that G = K,, for some n. Let v, be any vertex of GG, and let
T = {v,, w}.

Claim. T is an equitable dominating set of u(G).

Clearly T is a dominating set of ;(G). Since dg(vp) = n—1, we have d,(¢)(vp) = 2(n—1).
Let v, € V(G). Then v, is adjacent to v, in G, hence v, is adjacent to v, in p(G), and

|du(c)(vg) — duey(vp)| = [2(n — 1) =2(n = 1)| < 1.

Hence in p(G), v, equitably dominates all vertices of V(G). The vertices of p(G) that
remain to be equitably dominated are those in U(G). Let uy € U(G). Then uy is adjacent
to w in u(G), and

|duey(w) = dye (ur)| = [n —nf < 1.

Thus T is an equitable dominating set of u(G), so v*(u(G)) < 2. Together with Remark
4.1, this gives v¢(u(G)) = 2. O

Theorem 4.3. Let G be a graph with n vertices, where n > 6. Suppose that for every
vertex v in G we have dg(v) € {n —1,n— 2} and no two adjacent vertices have the same
degree. Then v¢(u(G)) =n + 1.

Proof. Let V(G) = {v1,v2,...,v,}. Let u; denote the twin vertex of v; in p(G) and let
U(G) = {u; : v; € V(G)}. Let w denote the apex vertex of p(G). Then

V(u(@)) = V(G) UU(G) U{w}.

Let D ={w} UV(G).

Claim 1. D is an equitable dominating set of u(G).

Since dg(v) € {n —1,n — 2} for all v € V(G), it follows that d,)(u) € {n,n — 1} for
all u € U(G). Also dy)(w) = n, and in p(G) the vertex w is adjacent to all vertices of
U(G). Therefore, for each vertex u € U(G),

|du(e)(w) = dyey(u)] < 1.
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Thus w equitably dominates all vertices of U(G), and hence D is an equitable dominating
set of u(G). Therefore,
(@) <Dl =n+ 1. (8)

Since d¢(v) € {n—1,n—2} for all v € V(G), we have d,)(v) € {2(n—1),2(n—2)} for
allv € V(G), and dye)(u) € {n,n—1} for all u € U(G). Because no two adjacent vertices
of G have the same degree and n > 6, it follows that in p(G) the absolute difference of the
degrees of any two vertices of V(G) is at least 2. Similarly, in u(G) the absolute difference
of the degrees of any two vertices, one from V(G) and the other from U(G), is at least 2.
Hence every equitable dominating set of 1(G) must contain V(G).

Also, w cannot be dominated by the vertices of V(G), as there is no adjacency between w
and V(G). Therefore, in order to dominate the apex vertex w, every equitable dominating
set of p(G) must contain at least one vertex from {w} U U(G). Thus

V(@) =2 [V(G) | +1=n+1. (9)

From (8) and (9) we obtain v¢(u(G)) = n + 1. O

Theorem 4.4. Let G be a k regular graph with at least 4 vertices. Then v°(u(G)) <
Y(G) 4+ |V(G)|+1 and the equality holds if and only if 3 <k <n — 3.

Proof. Let V(G) = {v1,vs,...,v,}. Let u; denote the twin vertex of v; in u(G) and let
UG) = {u; : v; € V(G)}. Let w denote the apex vertex of u(G). Then V(u(G)) =
V(G)UU(G)U{w}. Let D be a~€-set of G. Let D' = DUU(G)U{w}. Then D' is a
dominating set of (G) and as G is a regular graph, D’ is an equitable dominating set of
1(G). Hence

(@) < [D'|=7(G) + [V(G) | +1. (10)

Suppose that the equality holds.

V(@) =(G) + [V(G) [+ 1.
As G is a k regular graph, we have

duc)(v) =2k, for everyv € V(G),
du)(u) =k + 1, foreveryu e U(G),

du(g) (w) =n.

If possible suppose that k > n—3. Then either k =n—2or k =n—1. Let v,, € V(G).
Then either dg(v,,) =n —2 or dg(vm) = n — 1. Then in u(G), either d, gy (un) =n —1
or dy)(Um) = n, where u,, is the twin vertex of v,,. Let T'= DUU(G). As D is a 7° -
set of G, and G is a k regular graph, the vertices of D equitably dominates the vertices of
V(G) in p(G). Any vertex in U(G) can equitably dominate the apex vertex w of u(G).
Thus T is an equitable dominating set of ;1(G). Hence v*(u(G)) < |T|=~(G) + |V(G)|
which is a contradiction to the assumption that v¢(u(G)) = v¢(G) + |V(G)|+1. Thus
kE<n-3.
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If possible assume that k < 2. Let D" denote the set of all twin vertices of the vertices
in D. Let 7" = DU D" U{w}.

Claim 1. T is an equitable dominating set of u(G).

Let z € V(u(G)) — T". Then either x € V(G) or x € U(G). Suppose that z € V(G).
Then x = v, for some s. As D is a 7° - set of G, there exists a vertex v; in D such that v,
and v; are adjacent in G and |dg(vs) — dg(v)|= 0 < 1. Therefore v, € T, vy and v, are
adjacent in u(G) and

() = duy ()= 20l de(v) — da(w,)]) = 0.

Let z € U(G). Then x = u, for some p. Its twin vertex v, € V(G) and v, ¢ D. Then
as D is a 7¢ - set of G, there exists a vertex v, in D such that v, and v, are adjacent in G
and |dg(v,) — dg(v,)|= 0 < 1. Hence v, € T". u, and v, are adjacent in u(G). As k < 2,

|duc) (up) = du(c)(vg)|= lda(vp) +1 = 2da(vg)|= [k + 1 = 2k|=[1 — k|< 1.

Thus 7" is an equitable dominating set of p(G) which gives v¢(u(G )) < |T'"=2v°(G)+1.
As G is a regular graph 7¢(G) = v(G) < |V(G)| giving v¢(u(G)) = 27°(G) + 1 < v4(G) +
|V (G)|+1 which is a contradiction to the assumption that ye(u(G)) 7(G)+ |V (GQ)|+1.
Thus k > 3.

Conversely, suppose that 3 < £k < n — 3. Then the apex vertex w is an equitable
isolate in ;1(G) because for any vertex u € U(G), dyy(u) < n — 2, dye)(w) = n and
hence |d,q)(w) — duc)(u)|> 2. Also all the vertices of U(G) are equitable isolates in u(G)
because for any vertex u e U(G) and v € V(G),

|d“(G)(u) — du(G)(U)|: |k’ +1-— 2k|: ’1 — ]{Z|Z 2, as k > 3.

Thus every equitable dominating set of (G) must contain U(G)U{w}. As the vertices
in U(G) U{w} does not equitably dominate the vertices of V(G), inorder to equitably
dominate the vertices of V(G), every equitable dominating set of p(G) must contain at
least v¢(G) vertices. Thus

7 (1(G)) 2 7(G) + [V(G)[+1. (11)
Egs. (10) and (11) gives

Y (u(G)) =7(G) + [V(G)|+1.

Corollary 4.5. For the Petersen Graph P, v*(u(P)) = 14.

Proof. As the Petersen Graph P is regular, v¢(P) = ~(P) = 3. Therefore from Theorem
14, 45 (u(P)) = 3+10+ 1 = 14, O
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5. Conclusion

This work focuses on the equitable domination number of key graph operators, including
the double graph, Mycielskian and subdivision graphs. We establish bounds and provide
characterizations for cases where the equitable domination number is 1 as well as 2 in
the context of these operators. In addition, we address cases concerning regular graphs
in our results. This work opens a deeper dive into the equitable domination number of
more graph operators like line graph, edge contraction etc. The study can be extended to
finding the equitable domination number of the graph operators like double, subdivision
and mycielskian upon their action on product graphs.

References

[1] R. B. Allan and R. C. Laskar. On domination and independent domination numbers of
a graph. Discrete Mathematics, 23(2):73-76, 1978. https://doi.org/10.1016/0012-
365X(78)90105-X.

[2] C. Berge. Theory of Graphs and Its Applications. Methuen, London, 1962.

[3] M. Caay and M. Durog. On some independent equitable domination of graphs. Gulf Journal
of Mathematics, 11(1):57-64, 2021. https://doi.org/10.56947/gjom.v11il.668.

[4] J. Clark and D. A. Holton. A First Look At Graph Theory. World Scientific Publishing,
Singapore, 1991.

[5] E. J. Cockayne, R. M. Dawes, and S. Hedetniemi. Total domination in graphs. Networks,
10:211-219, 1980. https://doi.org/10.1002/net.3230100304.

[6] E.J.Cockayne and S. T. Hedetniemi. Towards a theory of domination in graphs. Networks,
7:247-261, 1977. https://doi.org/10.1002/net.3230070305.

[7] T.W. Haynes, S. T. Hedetniemi, and P. J. Slater. Fundamentals of Domination in Graphs.
Marcel Dekker, Inc. New York, 1998.

[8] T. Kavaskar. Further results on the mycielskian of graphs. Combinatorial Algorithms,
308:73-75, 2012. https://doi.org/10.1007/978-3-642-35926-2_8.

[9] E. Munarini, C. P. Cippo, A. Scagliola, and N. Z. Salvi. Double graphs. Discrete Mathe-
matics, 308:242-254, 2008. https://doi.org/10.1016/j.disc.2006.11.038.

[10] O. Ore. Theory of Graphs. Amer. Math. Soc. Colloq. Publ. Providence, RI, 1962.

[11] V.Swaminathan and K. M. Dharmalingam. Degree equitable domination on graphs. Kragu-
jevac Journal of Mathematics, 35(1):191-197, 2011.

[12] T.R. Thasneem and M. K. Menon. Equitable and outdegree equitable domination number
of graphs. TWMS Journal Of Applied And Engineering Mathematics, 13(4):1631-1640,
2023.

[13] T. R. Thasneem and M. K. Menon. Graph domination in rooted products: equitable and
outdegree equitable approaches. Gulf Journal of Mathematics, 19(1):125-135, 2025. https:
//doi.org/10.56947 /gjom.v19i1.2121.


https://doi.org/10.1016/0012-365X(78)90105-X
https://doi.org/10.1016/0012-365X(78)90105-X
https://doi.org/10.56947/gjom.v11i1.668
https://doi.org/10.1002/net.3230100304
https://doi.org/10.1002/net.3230070305
https://doi.org/10.1007/978-3-642-35926-2_8
https://doi.org/10.1016/j.disc.2006.11.038
https://doi.org/10.56947/gjom.v19i1.2121
https://doi.org/10.56947/gjom.v19i1.2121

EQUITABLE DOMINATION OF GRAPH OPERATORS 253

[14] S. K. Vaidya and N. J. Kothari. Equi independent equitable dominating sets in graphs.
Proyecciones, 35:33-44, 2016. https://doi.org/10.4067/50716-09172016000100003.

Thasneem T. R.
Kesari Govt. Arts and Science College, North Paravur, Ernakulam, Kerala, India, 683513
Email: tr.thasneem@gmail.com

Manju K. Menon
Department of Mathematics, St.Pauls College, Kalamassery, Kerala, India, 683503

Email: manju@stpauls.ac.in


https://doi.org/10.4067/S0716-09172016000100003
mailto:hproding@sun.ac.za
mailto:manju@stpauls.ac.in

	Introduction
	Subdivision of a graph
	Double graphs
	Mycielskian
	Conclusion

