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On k−division Fibonacci-Pell and k−division

Gaussian Fibonacci-Pell polynomials and their

applications
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abstract

This paper introduces two novel sequences: the k-division Fibonacci�Pell polynomials
and the k-division Gaussian Fibonacci�Pell polynomials. Building on the well-known
Fibonacci and Pell sequences, these new sequences are de�ned using a division-based
approach, enhancing their combinatorial and algebraic properties. We present explicit
recurrence relations, generating functions, combinatorial identities, and Binet-type for-
mulas for these sequences. A signi�cant contribution of the study is the factorization of
the Pascal matrix via the Riordan group method using the proposed polynomials. Two
distinct factorizations are derived, highlighting the algebraic structure and combinato-
rial interpretations of the k-division polynomials. The work not only generalizes known
polynomial sequences but also provides new insights into their matrix representations and
applications.
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1. Introduction

The Fibonacci and Pell sequences can be de�ned as follows.
A Fibonacci sequence, denoted by {F (n)}∞n=0, is de�ned by

F (n) = F (n− 1) + F (n− 2), n ≥ 0,
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with F (0) = 0, F (1) = 1.
The de�nition of the Pell sequence {P (n)}∞n=0 is given by

P (n) = 2P (n− 1) + P (n− 2), n ≥ 0,

where P (0) = 0, P (1) = 1.
The Fibonacci and Pell sequences have characteristic polynomials x2 − x− 1 and x2 −

2x− 1, respectively.
There have been many studies of the Fibonacci and Pell sequences (see [11, 17, 20]),

and many generalizations have been obtained. In [16], generalized Fibonacci and Lucas
polynomials were introduced. In 2015, the generalized Pell sequence was introduced
and its modulo m behavior was studied in [2]. In [3], the quaternion-Pell sequence was
introduced and some of its properties were studied. In 2021, the generalized order k-Pell
sequences were obtained in some �nite groups [6]. In 2023, the k-Pell sequences of the
2-generator p-groups of nilpotency class were studied [15]. Here, using Fibonacci and Pell
sequences, two new sequences are introduced.
The lower triangular Pascal matrix, n× n, denoted by Pn = [pij], is de�ned as [1]:

pij =


(
i− 1

j − 1

)
, if i ≥ j,

0, otherwise.

The Riordan group was introduced in [18] as follows.
Let R = [rij]i,j≥0 be an in�nite matrix with complex entries and let Ci(t) =

∑
n≥0 rn,it

n

be the generating function of the ith column of R. The matrix R is a Riordan matrix if
Ci(t) = h(t)[u(t)]i, where

h(t) = 1 + h1t+ h2t
2 + h3t

3 + · · · , u(t) = t+ u2t
2 + u3t

3 + · · · .

We can express R as R = (h(t), u(t)) and de�ne it as a Riordan matrix. Under matrix
multiplication ∗, the set of Riordan matrices forms a group. In [10], some properties of
this group were obtained, including factorizations and eigenvalues of Fibonacci and sym-
metric Fibonacci matrices. In 2011, new Pascal matrix factorizations using Fibonomial
coe�cients were introduced in [19]. In [4], the k-Fibonacci matrix and the Pascal matrix
were studied. In 2022, a Pascal matrix factorization involving the t-extension of the p-
Fibonacci matrix was given in [5]. In 2024, Kulo§lu et al. introduced the (d, k)-Fibonacci
polynomials and gave a Pascal matrix factorization involving these sequences [9]. They
also de�ned d-Tribonacci polynomials and studied some combinatorial properties in [8],
and carried out similar work with Gaussian numbers in [7].
Motivated by the above results, we de�ne new sequences. Here, we use the Fibonacci

and Pell sequences and obtain new sequences, and then we study some of their properties.
We also give two Pascal matrix factorizations involving the k-division and k-division
Gaussian Fibonacci�Pell polynomials.
The remainder of this paper is organized as follows. In Section 2, we introduce the k-

division and k-division Gaussian Fibonacci�Pell polynomials. Factorizations of the Pascal
matrix involving the k-division and k-division Gaussian Fibonacci�Pell polynomials are
presented in Section 3.
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2. k-division Fibonacci�Pell and k-division Gaussian

Fibonacci�Pell polynomials

In this section, we introduce the k-division Fibonacci�Pell and k-division Gaussian Fibonacci�
Pell polynomials and obtain some results. In [12], we presented a new method for con-
structing sequences and named it the k-division sequence. Then, we de�ned the k-division
Fibonacci�Pell sequences.

De�nition 2.1. Let f1(x) = xu + a1x
u−1 + · · ·+ au and g1(x) = xm + b1x

m−1 + · · ·+ bm,
where ai ∈ Z for 1 ≤ i ≤ u and bj ∈ Z for 1 ≤ j ≤ m, be the characteristic polynomials
of two arbitrary sequences of degrees u and m, respectively, with m ≥ u. For k ∈ N, the
k-division sequence {hn(k)}∞n=0 is de�ned by

h(n, k) = xkg1(x) + t(x), n ≥ k +m, (1)

where t(x) is the remainder of the division
xkg1(x)

f1(x)
and

h(0, k) = h(1, k) = · · · = h(m+ k − 2, k) = 0, h(m+ k − 1, k) = 1.

The characteristic polynomials of the Fibonacci and Pell sequences are x2 − x − 1

and x2 − 2x − 1, respectively. By De�nition 2.1, we de�ne the 1-division Fibonacci�Pell
sequence as follows.

De�nition 2.2. If k = 1, the 1-division Fibonacci�Pell sequence is de�ned as

h(n, 1) = 2h(n− 1, 1) + 2h(n− 2, 1) + h(n− 3, 1), n ≥ 3,

with h(0, 1) = h(1, 1) = 0 and h(2, 1) = 1.

For k ≥ 2, by using De�nition 2.1, we have

k = 2, h(n, 2) = 2h(n− 1, 2) + 2h(n− 2, 2) + h(n− 3, 2), n ≥ 4,

k = 3, h(n, 3) = 2h(n− 1, 3) + h(n− 2, 3) + 3h(n− 4, 3) + 2h(n− 5, 3), n ≥ 5,

k = 4, h(n, 4) = 2h(n− 1, 4) + h(n− 2, 4) + 5h(n− 5, 4) + 3h(n− 6, 4), n ≥ 6,

...

In general,

k =m, h(n,m) = 2h(n− 1,m) + h(n− 2,m) + F (m+ 1)h(n− (m+ 1),m)

+ F (m)h(n− (m+ 2),m), n ≥ m+ 2,

with initial conditions

h(0,m) = h(1,m) = · · · = h(m,m) = 0, h(m+ 1,m) = 1.
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We need to show that

hm(X) = Xm(X2 − 2X − 1) + F (m+ 1)X + F (m), (2)

is divisible by f(X) = X2−X−1. Let γ =
1 +

√
5

2
be the golden section. Then γ2 = γ+1.

Also,
γm+1 = F (m+ 1)γ + F (m) for all m ≥ 1, (3)

a formula which can be proved by induction. Then

hm(γ) = γm(γ2 − 2γ − 1) + F (m+ 1)γ + F (m)

= γm((γ2 − 2γ − 1)− γ) + F (m+ 1)γ + F (m)

= −γm+1 + F (m+ 1)γ + F (m) = 0,

which shows that the polynomial in (2) has γ as a root. Since it has integer coe�cients, it is
divisible by the minimal polynomial of γ, which is X2−X−1, so indeed F (m+1)γ+F (m)

is the required t(x).
Here, for k ≥ 2, we de�ne the k-division Fibonacci�Pell polynomials as follows:

De�nition 2.3. For k ≥ 2, the k-division Fibonacci�Pell polynomials {hk
n(x)}∞n=−∞ are

de�ned by

hk
n+1(x) = 2p1(x)h

k
n(x) + p2(x)h

k
n−1(x) + F (k + 1)p3(x)h

k
n−k(x)

+ F (k)p4(x)h
k
n−(k+1)(x), n ≥ 1, (4)

where pi(x) are real-coe�cient functions (or polynomials) for 1 ≤ i ≤ 4, hk
n(x) = 0 for

n ≤ 0, and hk
1(x) = 1.

For example:
(i) If k = 2, we have

h2
n+1(x) = 2p1(x)h

2
n(x) + p2(x)h

2
n−1(x) + 2p3(x)h

2
n−2(x) + p4(x)h

2
n−3(x), n ≥ 1,

so

h2
0(x) = 0,

h2
1(x) = 1,

h2
2(x) = 2p1(x),

h2
3(x) = 4p21(x) + p2(x),

h2
4(x) = 8p31(x) + 4p1(x)p2(x) + 2p3(x), . . . .

(ii) If k = 3, we have

h3
n+1(x) = 2p1(x)h

3
n(x) + p2(x)h

3
n−1(x) + 3p3(x)h

3
n−3(x) + 2p4(x)h

3
n−4(x), n ≥ 1,

so

h3
0(x) = 0,
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h3
1(x) = 1,

h3
2(x) = 2p1(x),

h3
3(x) = 4p21(x) + p2(x),

h3
4(x) = 8p31(x) + 4p1(x)p2(x), . . . .

Lemma 2.4. For k ≥ 2, let ghk
n(x)

be the generating function of the k-division Fibonacci�

Pell polynomials. Then

ghk
n(x)

=
r

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)rk+1
. (5)

Proof. Let ghk
n(x)

be the generating function of the k-division Fibonacci�Pell polynomials.
Then

ghk
n(x)

=
∞∑
n=0

hk
n(x)r

n = hk
0(x) + hk

1(x)r + · · ·+ hk
n(x)r

n + · · · . (6)

Multiply ghk
n(x)

successively by 2p1(x)r, p2(x)r2, F (k + 1)p3(x)r
k and F (k)p4(x)r

k+1, re-
spectively. We obtain

ghk
n(x)

= hk
0(x) + hk

1(x)r + · · ·+ hk
n(x)r

n + · · · ,

2p1(x)r ghk
n(x)

= 2p1(x)r h
k
0(x) + 2p1(x)h

k
1(x)r

2 + · · ·+ 2p1(x)h
k
n(x)r

n+1 + · · · ,

p2(x)r
2 ghk

n(x)
= p2(x)r

2 hk
0(x) + p2(x)h

k
1(x)r

3 + · · ·+ p2(x)h
k
n(x)r

n+2 + · · · ,

F (k + 1)p3(x)r
kghk

n(x)
= F (k + 1)p3(x)r

khk
0(x) + F (k + 1)p3(x)h

k
1(x)r

k+1 + · · ·
+ F (k + 1)p3(x)h

k
n(x)r

n+k + · · · ,

F (k)p4(x)r
k+1ghk

n(x)
= F (k)p4(x)r

k+1hk
0(x) + F (k)p4(x)h

k
1(x)r

k+2 + · · ·
+ F (k)p4(x)h

k
n(x)r

n+k+1 + · · · .

Using the recurrence relation for hk
n(x) and aligning coe�cients of like powers of r, we

obtain

ghk
n(x)

(1− 2p1(x)r − p2(x)r
2 − F (k + 1)p3(x)r

k − F (k)p4(x)r
k+1)

= hk
0(x) + hk

1(x)r + 2p1(x)h
k
0(x).

Since hk
0(x) = 0 and hk

1(x) = 1, the right-hand side reduces to r. Therefore

ghk
n(x)

=
r

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)rk+1
,

which proves the claim.

Lemma 2.5. For n ≥ 0 and k ≥ 2, we have

hk
n(x) =

∑
n1,n2,nk,nk+1≥0

n1+2n2+knk+(k+1)nk+1=n

(
n1 + n2 + nk + nk+1

n1, n2, nk, nk+1

)

× 2n1pn1
1 (x) pn2

2 (x) (F (k + 1)p3(x))
nk (F (k)p4(x))

nk+1 .
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Proof. Using the generating function in Lemma 2.4, we have

∞∑
n=0

hk
n+1(x)r

n =
1

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)rk+1

=
∞∑
n=0

(2p1(x)r + p2(x)r
2 + F (k + 1)p3(x)r

k + F (k)p4(x)r
k+1)n.

Expanding the nth power by the multinomial theorem, we obtain

∞∑
n=0

hk
n+1(x)r

n =
∞∑
n=0

∑
n1+n2+nk+nk+1=n

(
n

n1, n2, nk, nk+1

)
(2p1(x)r)

n1(p2(x)r
2)n2

× (F (k + 1)p3(x)r
k)nk(F (k)p4(x)r

k+1)nk+1

=
∞∑
n=0

∑
n1+n2+nk+nk+1=n

(
n

n1, n2, nk, nk+1

)
2n1pn1

1 (x)pn2
2 (x)

× (F (k + 1)p3(x))
nk(F (k)p4(x))

nk+1r n1+2n2+knk+(k+1)nk+1 .

Now compare the coe�cient of rn on both sides. The exponent of r on the right-hand
side is

n1 + 2n2 + knk + (k + 1)nk+1 = n,

and for such quadruples (n1, n2, nk, nk+1) the corresponding coe�cient is(
n

n1, n2, nk, nk+1

)
2n1pn1

1 (x)pn2
2 (x)(F (k + 1)p3(x))

nk(F (k)p4(x))
nk+1 .

Renaming the upper index n of the multinomial coe�cient as n1 + n2 + nk + nk+1 yields
the stated formula, and the lemma follows.

Theorem 2.6. For Binet formula for k−division Fibonacci Pell polynomials hk
n (x), we

have

hk
n (x) =

k+1∑
i=1

Bi (x)

1− δi (x) r
=

r

1− 2p1 (x) r − p2 (x) r2 − F (k + 1)p3 (x) rk − F (k)p4 (x) rk+1
.

Proof. The following equation can be written for every value of n,

hk
0 (x) =

k+1∑
i=1

Bi (x),

...

hk
n (x) =

k+1∑
i=1

Bi (x) [δi (x)]
n.
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Multiplying these equations by r, r2, r3, . . . , rn respectively, except the �rst equation,
we obtain:

r0hk
0 (x) =

k+1∑
i=1

Bi (x),

...

rnhk
n (x) =

k+1∑
i=1

Bi (x) [δi (x) r]
n.

Adding

hk
0 (x) + rhk

1 (x) + r2hk
2 (x) + · · ·+ rnhk

n (x)

=
k+1∑
i=1

Bi(x)(1 + δi (x) r + [δi (x) r]
2 + · · ·+ [δi (x) r]

n).

From the left side, the generating function of the k−division Fibonacci Pell polynomials
provides the equation. Thus, Here is the equation we obtain:

k+1∑
i=1

Bi (x)

1− δi (x) r
=

r

1− 2p1 (x) r − p2 (x) r2 − F (k + 1)p3 (x) rk − F (k)p4 (x) rk+1
.

Theorem 2.7. For sum of the k−division Fibonacci Pell polynomials, Shk
n (x), we have

Shk
n (x) =

∞∑
n=0

hk
n (x)=

1

1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)
.

Proof. This is the equation we give

Shk
n (x) =

∞∑
n=0

hk
n (x)=hk

0 (x)+hk
1 (x)+hk

2 (x)+ · · ·+hk
n (x)+ . . . .

By multiplying the last equation, 2p1 (x) , p2 (x) , ..., respectively then we get

2p1 (x)Sh
k
n (x) =2p1 (x)h

k
0 (x)+2p1 (x)h

k
1 (x)+2p1 (x)h

k
2 (x)+ . . .

+ 2p1 (x)h
k
n (x)+ . . .,

p2 (x)Sh
k
n (x) =p2 (x)h

k
0 (x)+p2 (x)h

k
1 (x)+p2 (x)h

k
2 (x)+ · · ·+p2 (x)h

k
n (x)+ . . .,

F (k + 1)p3 (x)Sh
k
n (x) =F (k + 1)p3 (x)h

k
0 (x)+F (k + 1)p3 (x)h

k
1 (x)

+F (k + 1)p3 (x)h
k
2 (x)+ . . .,

F (k)p4 (x)Sh
k
n (x) =F (k)p4 (x)h

k
0 (x)+F (k)p4 (x)h

k
1 (x)+F (k)p4 (x)h

k
2 (x)+ . . .

+ F (k)p4 (x)h
k
n (x)+ . . ..
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If we do necessary calculation, we obtain

Shk
n(x)[1− 2p1(x)− p2(x)− F (k + 1)p3(x)− Fkp4(x)]

=hk
0(x)[1− 2p1(x)− p2(x)− F (k + 1)p3(x)− F (k)p4(x)]

+ hk
1(x)[1− 2p1(x)− p2(x)− F (k + 1)p3(x)− F (k)p4(x)] + . . .

+ hk
n(x)[1− 2p1(x)− p2(x)− F (k + 1)p3(x)− F (k)p4(x)] + . . .

=1.

Therefore, we get

Shk
n (x) [1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)] = 1.

From here, the existence of the equality in the theorem can be easily seen.

De�nition 2.8. The k−division Fibonacci Pell polynomials matrix Hk for hk
n (x) is de-

�ned

Hk =


2p1 (x) p2 (x) F (k + 1)p3 (x) F (k)p4 (x)

1 0 0 0

0 1 0 0

0 0 1 0

 .

Theorem 2.9. This is the representation of hk
n (x) with the condition that n > k.

(Hk)n =


hk
n+1(x) p2(x)h

k
n(x) + F (k + 1)p3(x)h

k
n−k+1(x) + F (k)p4(x)h

k
n−k(x)

hk
n(x) p2(x)h

k
n−1(x) + F (k + 1)p3(x)h

k
n−k(x) + F (k)p4(x)h

k
n−k−1(x)

hk
n−k(x) p2(x)h

k
n−k(x) + F (k + 1)p3(x)h

k
n−2k+1(x) + F (k)p4(x)h

k
n−2k(x)

hk
n−k−1(x) p2(x)h

k
n−k−1(x) + F (k + 1)p3(x)h

k
n−2k(x) + F (k)p4(x)h

k
n−2k−1(x)

F (k + 1)p3(x)h
k
n(x) + F (k)p4(x)h

k
n−k+1(x) F (k)p4(x)h

k
n(x)

F (k + 1)p3(x)h
k
n−1(x) + F (k)p4(x)h

k
n−k(x) F (k)p4(x)h

k
n−1(x)

F (k + 1)p3(x)h
k
n−k(x) + F (k)p4(x)h

k
n−2k+1(x) F (k)p4(x)h

k
n−k(x)

F (k + 1)p3(x)h
k
n−k−1(x) + F (k)p4(x)h

k
n−2k(x) F (k)p4(x)h

k
n−k−1(x)

 .

Proof. By induction on n, it can be proved easily.

Corollary 2.10. For n,m ≥ 0, we get

hk
n+m+1 (x) =hk

n+1 (x)h
k
m+1 (x) + p2 (x)h

k
m (x)hk

n (x)

+ F (k + 1)p3 (x)
[
hk
n−k+1 (x)h

k
m (x) + hk

n (x)h
k
m−k (x)

]
+ F (k)p4 (x)

[
hk
n−k (x)h

k
m (x) + hk

n−k+1 (x)h
k
m−k (x) + hk

n (x)h
k
m−k−1 (x)

]
.

Proof. We have
(
Hk

)m+n
=

(
Hk

)n(
Hk

)m
.

By multiplying and adding the �rst row in matrix
(
Hk

)n
and the �rst column in matrix(

Hk
)m

, we obtain the 1st row and 1st column element of the matrix given above.
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Here, for k ≥ 2, we de�ne the k−division Gaussian Fibonacci-Pell polynomials as
follows:

De�nition 2.11. for k ≥ 2, the de�ned the k−division Gaussian Fibonacci-Pell polyno-
mials {Ghk

n(x)}∞n=0 is de�ned as for n ≥ 1

Ghk
n+1(x) =2p1(x)Ghk

n(x) + p2(x)Ghk
n−1(x) + F (k + 1)p3(x)Ghk

n−k(x)

+ F (k)p4(x)Ghk
n−(k+1)(x), (7)

with pi(x) be a real co�cient for 1 ≤ i ≤ 4, Ghk
0(x) = 0 for n ≤ 0 and Ghk

1(x) = 2p1(x)+i.

As an example, if k = 2, then

Gh2
n+1(x) = 2p1(x)Gh2

n(x) + p2(x)Gh2
n−1(x) + 2p3(x)Gh2

n−2(x) + p4(x)Gh2
n−3(x), n ≥ 1,

(8)
so,

Gh2
0(x) = 0, Gh2

1(x) = 2p1(x) + i,

Gh2
2(x) = 4p21(x) + 2p2(x)i, Gh2

3(x) = 8p31(x) + 4p21(x)i+ 2p1(x)p2(x) + p2(x)i,

....

Similar to Lemma 2.4, the following Lemma is proved.

Lemma 2.12. For k ≥ 2, let ghk
n(x)

be the generating function of the k−division Gaussian

Fibonacci-Pell polynomials. Then,

ghk
n(x)

=
r(2p1(x) + i)

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)rk+1
. (9)

Lemma 2.13. For n ≥ 0 and k ≥ 2, we get

Ghk
n(x) =(2p1(x) + i)

∑
n1,n2,nk,nk+1

1+n1+2n2+knk+(k+1)nk+1=n

(
n1 + n2 + nk + nk+1

n1, n2, nk, nk+1

)

× 2pn1
1 (x)pn2

2 (x)F (k + 1)pnk
3 (x)F (k)p

nk+1

4 (x)rn.

Proof. Similar to Lemma 2.5, it can proved.

Theorem 2.14. The Binet formula for k−division Gaussian Fibonacci Pell polynomials

Ghk
n (x) is:

Ghk
n (x) =

k+1∑
i=1

Bi (x)

1− λi (x) r
=

r(2p1 (x) + i)

1− 2p1 (x) r − p2 (x) r2 − F (k + 1)p3 (x) rk − F (k)p4 (x) rk+1
.

Proof. For each value of n, we can write

Ghk
0 (x) =

k+1∑
i=1

di (x),



326 mehraban et al.

...

Ghk
n (x) =

k+1∑
i=1

di (x) [λi (x)]
n.

Multiplying the equations, except the �rst equation, by r, r2, r3, . . . , rn respectively,
we get the following equations :

r0Ghk
0 (x) =

k+1∑
i=1

di (x),

...

rnGhk
n (x) =

k+1∑
i=1

di (x) [λi (x) r]
n.

The above equation can be added side by side to give us

Ghk
0 (x) + rGhk

1 (x) + r2Ghk
2 (x) + · · ·+ rnGhk

n (x)

=
k+1∑
i=1

di(x)(1 + λi (x) r + [λi (x) r]
2 + · · ·+ [λi (x) r]

n).

The equation obtained on the left side gives the generating function of the k−division
Gaussian Fibonacci Pell polynomials. Thus, we get following equation:

k+1∑
i=1

di (x)

1− λi (x) r
=

r (2p1 (x) + i)

1− 2p1 (x) r − p2 (x) r2 − F (k + 1)p3 (x) rk − F (k)p4 (x) rk+1
.

Theorem 2.15. Let SGhk
n (x) represent the sum of the k−division Gaussian Fibonacci

Pell polynomials. Then, we obtain the following result:

SGhk
n (x) =

∞∑
n=0

Ghk
n (x)=

2p1 (x) + i

1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)
.

Proof. We get

SGhk
n (x) =

∞∑
n=0

Ghk
n (x)=Ghk

0 (x)+Ghk
1 (x)+Ghk

2 (x)+ · · ·+Ghk
n (x)+ . . . .

Multiplying the last equation by 2p1 (x) , p2 (x) , F (k+1)p3 (x) , F (k)p4 (x), respectively
then we obtain

2p1 (x)SGhk
n (x) =2p1 (x)Ghk

0 (x)+2p1 (x)Ghk
1 (x)+2p1 (x)Ghk

2 (x)+ . . .

+ 2p1 (x)Ghk
n (x)+ . . .,

p2 (x)SGhk
n (x) =p2 (x)Ghk

0 (x)+p2 (x)Ghk
1 (x)+p2 (x)Ghk

2 (x)+ . . .
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+ p2 (x)Ghk
n (x)+ . . .,

F (k + 1)p3 (x)SGhk
n (x) =F (k + 1)p3 (x)Ghk

0 (x)+F (k + 1)p3 (x)Ghk
1 (x)

+F (k + 1)p3 (x)Ghk
2 (x)+ . . .,

F (k)p4 (x)SGhk
n (x) =F (k)p4 (x)Ghk

0 (x)+F (k)p4 (x)Ghk
1 (x)

+F (k)p4 (x)Ghk
2 (x)+ . . ..

If we do necessary calculation, we get

SGhk
n (x) [1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)]

=Ghk
0 (x) [1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)]

+Ghk
1 (x) [1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)] + . . .

+Ghk
n (x) [1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)] + . . .

=2p1 (x) + i.

Thus, we have

SGhk
n (x) [1− 2p1 (x)− p2 (x)− F (k + 1)p3 (x)− F (k)p4 (x)] = 2p1 (x) + i.

From here, the existence of the equality in the theorem can be easily seen.

3. Factorization of k−division Fibonacci-Pell and k−division
Gaussian Fibonacci-Pell polynomials

In section, we introduce the in�nte k−division Fibonacci-Pell and k−division Gaussian
Fibonacci-Pell polynomials. Also, Using these sequences, we compute two Factorization
of the Pascal matrix.
First, we de�ne in�nte k−division Fibonacci-Pell polynomials matrix as follows:

De�nition 3.1. The in�nte k−division Fibonacci-Pell polynomials matrix is denoted by
Hk(x) = [Hp1,p2,p3,p4,i,j(x)]

and de�ned as:

Hk(x) =


hk
1(x) 0 0 0 0 . . .

hk
2(x) hk

1(x) 0 0 0 . . .

hk
3(x) hk

2(x) hk
1(x) 0 0 . . .

hk
4(x) hk

3(x) hk
2(x) hk

1(x) 0 . . .
...

...
...

...
...

...



=


1 0 0 0 . . .

2p1(x) 1 0 0 . . .

4p21(x) + p2(x) 2p1(x) 1 0 . . .

8p31(x) + 4p1(x)p2(x) + kp3(x) 4p21(x) + p2(x) 2p1(x) 1 . . .
...

...
...

...
...


= (gHk(x), fHk(x)).
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Matrix Hk(x) is a Riodan matrix.

Lemma 3.2. In the �rst column, the gentrator function is as follows:

gHk(x)(r) =
∞∑
n=0

Hp1,p2,p3,p4,i,j(x)r
n

=
1

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
.

Proof. The �rst column of matrix Hk(x) follows

(1, 2p1(x), 4p
2
1(x) + p2(x), 8p

3
1(x) + 4p1(x)p2(x) + kp3(x), . . .)

T ,

so, this is the generating function for the �rst column of Hk(x) matrix:

1 + (2p1(x))r + (4p21(x) + p2(x))r
2 + (8p31(x) + 4p1(x)p2(x) + kp3(x))r

3 + · · ·
= hk

1(x) + hk
2(x)r + hk

3(x)r
2 + · · · ,

so, using (5),

ghk
n(x)

= hk
0(x) + hk

1(x)r + hk
2(x)r

2 + · · ·+ hk
n(x)r

n + · · ·

=
r

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
.

Thus, can be written

r(hk
1(x) + hk

2(x)r + · · ·+ hk
n(x)r

n−1 + · · ·)

=
r

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
,

hk
1(x) + hk

2(x)r + · · ·+ hk
n(x)r

n−1 + · · ·

=
1

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
.

Therefore, we obtain

gHk(x)(r) =
∞∑
n=0

Hp1,p2,p3,p4,i,j(x)r
n

=
r

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
.

Form the Riordan matrix, we get fHk(x)(r) = r. Thus, we have

Hk(x) =(gHk(x)(r), fHk(x)(r))

=

(
1

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
, r

)
.
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Here, we get the k−division Fibonacci-Pell polynomials matrix factorization of Pascal
matrix. First, we de�ne amatrix Dk(x) = (dki,j(x)) as :

dki,j(x) =

(
i− 1

j − 1

)
− 2p1(x)

(
i− 2

j − 1

)
− p2(x)

(
i− 3

j − 1

)
− F (k + 1)p3(x)

(
i− k − 2

j − 1

)
− F (k)p4(x)

(
i− k − 3

j − 1

)
. (10)

Thus,

Dk(x) =


1 1 0 . . .

1− 2p1(x) 1 0 . . .

1− 2p1(x)− p2(x) 2− 2p1(x) . . . . . .
...

...
...

...

 .

Theorem 3.3. The in�nite Pascal matrix can be factorized in the following manner:

P (x) = Hk(x) ∗Dk(x).

Proof. Using the de�nition of in�nite Pascal matrix and in�nte k−division Fibonacci-Pell
polynomials, we have

P =

(
1

1− r
,

r

1− r

)
,

Hk(x) =

(
1

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
, r

)
.

Here, we can get the Riodan respresention of the in�nite matrix

Dk(x) = (gDk(x)(r), fDk(x)(r)),

as follows:

Dk(x) =


1 1 0 . . .

1− 2p1(x) 1 0 . . .

1− 2p1(x)− p2(x) 2− 2p1(x) . . . . . .
...

...
...

...

 .

By utilizing the �rst column of the matrix Dk(x), we derive:

gDk(x)(r) =

(
1− 2p1(x)r − p2(x)r

2 − F (k + 1)p3(x)r
k − F (k)p4(x)x

k+1

1− r

)
.

Also, using the matrix Dk(x), we have

fDk(x)(r) =
r

1− r
.

Therefore, Dk(x) = (gDk(x)(r), fDk(x)(r)). Then, we have result.

Now, we de�ne a matrix Ek(x) = (eki,j(x)) as follows:

eki,j(x) =

(
i− 1

j − 1

)
− 2p1(x)

(
i− 2

j

)
− p2(x)

(
i− 3

j + 1

)
− F (k + 1)p3(x)

(
i− k − 2

j + k

)



330 mehraban et al.

− F (k)p4(x)

(
i− k − 3

j + k + 1

)
,

so,

Ek(x) =


1 1 0 . . .

1− 2p1(x) 1 0 . . .

1− 4p1(x)− p2(x) 2− 2p1(x) 1 . . .
...

...
...

...

 .

In a similar manner to Theorem 3.3, the following Lemma is proved.

Lemma 3.4. The in�nite Pascal matrix can be factorized in the following manner:

P (x) = Hk(x) ∗ Ek(x).

The in�nte k−division Gassian Fibonacci-Pell polynomials matrix de�ne as follows:

De�nition 3.5. The in�nte k−division Gassian Fibonacci-Pell polynomials matrix is
denoted by GHk(x) = [GHp1,p2,p3,p4,i,j(x)] and is de�ned :

GHk(x) =


Ghk1(x) 0 0 0 0 . . .

Ghk2(x) Ghk1(x) 0 0 0 . . .

Ghk3(x) Ghk2(x) Ghk1(x) 0 0 . . .

Ghk4(x) Ghk3(x) Ghk2(x) Ghk1(x) 0 . . .
...

...
...

...
...



=


2p1(x) + i 0 0 0 . . .

4p21(x) + 2p2(x)i 2p1(x) + i 0 . . .

8p31(x) + 2p1(x)p2(x) + 4p21(x)i+ p2(x)i 4p21(x) + 2p2(x)i 2p1(x) + i 0 . . .
...

...
...

...


= (gGHk(x), fGHk(x)),

where GHk(x) is a Riodan matrix.

Lemma 3.6. As a generator function for the �rst column, we have the following:

gGHk(x)(r) =
∞∑
n=0

GHp1,p2,p3,p4,i,j(x)r
n

=
2p1(x) + i

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
.

Proof. The �rst column of matrix GHk(x) is as follows:

(2p1(x) + i, 4p21(x) + 2p2(x)i, 8p
3
1(x) + 2p1(x)p2(x) + 4p1(x)

2 + p2(x)i, . . .)
T .

Thus, in a matrix GHk(x) , the �rst column is generated as follows:

2p1(x) + i+ (4p21(x) + 2p2(x)i)r + (8p31(x) + 2p1(x)p2(x) + 4p1(x)
2 + p2(x)i)r

2 + · · ·
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= Ghk
1(x) +Ghk

2(x)r +Ghk
3(x)r

2 + · · · .

So, using (8),

gGhk
n(x)

= Ghk
0(x) +Ghk

1(x)r +Ghk
2(x)r

2 + · · ·+Ghk
n(x)r

n + · · ·

=
r(2p1(x) + i)

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
.

Thus, can be written

r(Ghk
1(x) +Ghk

2(x)r + · · ·+Ghk
n(x)r

n−1 + · · ·)

=
r(2p1(x) + i)

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
.

Therefore,

Ghk
1(x)+Ghk

2(x)r + · · ·+Ghk
n(x)r

n−1 + · · ·

=
2p1(x) + i

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
,

Therefore, we obtain

gGHk(x)(r) =
∞∑
n=0

GHp1,p2,p3,p4,i,j(x)r
n

=
r(2p1(x) + i)

1− 2p1(x)r − p2(x)r2 − Fk+1p3(x)rk − Fkp4(x)xk+1
.

Form the Riordan matrix, we get fGHk(x)(r) = r. Therefore, we have

GHk(x) =(gGHk(x)(r), fGHk(x)(r))

=(
2p1(x) + i

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
, r).

Here, we get the k−division Gaussian Fibonacci-Pell polynomials matrix factorization

of Pascal matrix. The amatrix Ok(x) =
1

2p1(x) + i
(oki,j(x)) is de�ned as:

oki,j(x) =

(
i− 1

j − 1

)
− 2p1(x)

(
i− 2

j − 1

)
− p2(x)

(
i− 3

j − 1

)
− F (k + 1)p3(x)

(
i− k − 2

j − 1

)
− F (k)p4(x)

(
i− k − 3

j − 1

)
. (11)

Thus,

Ok(x) =



1

2p1(x) + i
1 0 . . .

1− 2p1(x)

2p1(x) + i

1

2p1(x) + i
0 . . .

1− 2p1(x)− p2(x)

2p1(x) + i

2− 2p1(x)

2p1(x) + i
. . . . . .

...
...

...
...


.
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Theorem 3.7. Pascal's in�nite matrix can be factored as follows:

P (x) = Hk(x) ∗Ok(x).

Proof. From Theorem 3.3 and Lemma 3.6, we have

P =

(
1

1− r
,

r

1− r

)
,

Hk(x) =

(
2p1(x) + i

1− 2p1(x)r − p2(x)r2 − F (k + 1)p3(x)rk − F (k)p4(x)xk+1
, r

)
.

Here, we can get the Riodan respresention of the in�nite matrixOk(x) = (gOk(x)(r), fOk(x)(r))

as follows:

Ok(x) =



1

2p1(x) + i
1 0 . . .

1− 2p1(x)

2p1(x) + i

1

2p1(x) + i
0 . . .

1− 2p1(x)− p2(x)

2p1(x) + i

2− 2p1(x)

2p1(x) + i
. . . . . .

...
...

...
...


.

Using the �rst column of the matrix Ok(x), we have

gOk(x)(r) =
1

2p1(x) + i

(
1− 2p1(x)r − p2(x)r

2 − F (k + 1)p3(x)r
k − F (k)p4(x)x

k+1

1− r

)
.

Also, using the matrix Dk(x), we get

fOk(x)(r) =
r

1− r
.

Therefore, Ok(x) = (gOk(x)(r), fOk(x)(r)). Then, we have result.

Now, we de�ne amatrix Sk(x) =
1

2p1(x) + i
(ski,j(x)) as :

Sk
i,j(x) =

(
i− 1

j − 1

)
− 2p1(x)

(
i− 2

j

)
− p2(x)

(
i− 3

j + 1

)
− F (k + 1)p3(x)

(
i− k − 2

j + k

)
− F (k)p4(x)

(
i− k − 3

j + k + 1

)
, (12)

so,

Sk(x) =
1

2p1(x) + i


1 1 0 . . .

1− 2p1(x) 1 0 . . .

1− 4p1(x)− p2(x) 2− 2p1(x) 1 . . .
...

...
...

...

 .

Lemma 3.8. Pascal's in�nite matrix can be factored as follows:

P (x) = Hk(x) ∗ Sk(x).

Proof. A similar proof is given in Theorem 7 for this Lemma.
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4. Conclusion

In this study, the introduction of k−division Fibonacci-Pell and k−division Gaussian
Fibonacci-Pell polynomials enriches the �eld of combinatorial mathematics and linear
algebra. By leveraging the Riordan group framework, the authors successfully factorized
the Pascal matrix, revealing new structural properties and potential applications of these
polynomial sequences. In [13], we de�ned the 1−division 3−Lehmer-Pell sequences as
follows:

De�nition 4.1. For M = −1, the 1−division 3−Lehmer-Pell sequences, denoted by
{hLn(k, L)}∞n=0, are

hLn(1, 3) =

{
3hLn−1(1, 3) + 3hLn−2(1, 3) + hLn−3(1, 3) n odd,
hLn−1(1, 3) + hLn−2(1, 3) + hLn−3(1, 3) n even,

where hL0(1, 3) = hL1(1, 3) = 0 and hL2(1, 3) = 1.

Thus, we have {hLn(1, 3)}∞n=0 = {0, 0, 1, 3, 2, 16, 11, 83, 56, 428, 2289, · · · , }. Also, in [14]
we have

De�nition 4.2. The 1-division 3-Jacobsthal-Pell sequence {hn(1, 3)}∞n=0 is

hn(1, 3) = 3hn−1(1, 3) + 5hn−2(1, 3) + hn−3(1, 3), n ≥ 3,

with initial conditions h0(1, 3) = h1(1, 3) = 0 and h2(1, 3) = 1.

We can do all the de�nitions, theorems, and lemmas proven for these two families as
future work.
Our suggestions for future research are:
� Analytical Properties: Further exploration of the zeros, orthogonality, and limit
behaviors of the proposed polynomials could yield deeper mathematical insights.

� Generalizations: Extending these polynomials to encompass other classical sequences
(e.g., Jacobsthal or Horadam) may uncover broader connections.

� Applications: Investigating potential uses in cryptography, coding theory, and signal
processing could enhance the practical relevance of the results.

� Graphical Analysis: Visualization of the polynomial behaviors and matrix factor-
izations could o�er intuitive understanding and attract broader interest.

� Computational Algorithms: Developing e�cient algorithms for computing these
polynomials and their matrix factorizations would be bene�cial for large-scale ap-
plications.

This work provides a solid foundation for future explorations in both theoretical and
applied mathematics.
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