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On star polynomials of digraphs and their

applications to domination
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abstract

A directed star is a star digraph in which the centre is either a sink or a source. With

every directed star, we associate a weight w (α). Let D be a digraph; and C, a spanning

subgraph of D; in which every component is a directed star. Then C is called a directed

star cover of D, and the weight of C is w(C) =
∏

α w (α), where the product is taken

over all the components α of C. The directed star polynomial of D is

E (D;w) =
∑

w(C),

where the sum is taken over all the directed star covers of D. The paper establishes prop-

erties of star polynomials and establishes relationships between star polynomials, source

polynomials (where all components are source stars), and sink polynomials (where all

components are sink stars). Furthermore, it presents methods to compute these polyno-

mials for general digraphs. We derive formulae for the star polynomials of rooted products

of digraphs. Moreover, we establish applications of these polynomials to several domina-

tion parameters and obtain results regarding these polynomials and independent sets in

undirected graphs.
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1. Introduction

A (undirected) star is a tree consisting of a node - called its centre, joined to all the other

nodes- called its tips . A star (digraph) is a digraph whose underlying graph is a star. A
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directed star is a star digraph in which the centre is either a sink or a source. If the centre

is a sink, then the star is a sink star . If the centre is a source, the star is a source star .

A star with n nodes, is called an n-star . When n = 2, the star can be regarded as either

a source star or a sink star.

Let F be the family of directed stars. With every member α of F , we associate a weight

w (α). Let D be a digraph; and C, a spanning subgraph of D; in which every component

belongs to F . Then C is called a star cover of D, and the weight of C is w(C) =
∏

α w (α),

where the product is taken over all the components α of C. The directed star polynomial

of D is

E (D;w) =
∑

w(C),

where the sum is taken over all the directed star covers of D. This polynomial is an

example of an F-polynomial. The F-polynomial (also known as the Farrell polynomial

[13]) was introduced in [4], and has been extensively researched [5].

Note that star covers have also been called star factors [1, 10, 11].

The indegree of a node v will be denoted by id(v). The outdegree of a node v will be

denoted by od(v). We denote the directed edge from node u to v, as −→uv .

When F is the family of directed stars, the resulting F-polynomial, is the (directed) star

polynomial of D, and is denoted by E(D,w). Note that a component node is a star with

one node; and a component edge is a star with two nodes. A star with more than two

nodes is called a proper star .

When F is the family of sink stars, a cover is a sink (star) cover . In this case, F (D;w),

is the sink polynomial ; and is denoted by
∨
E (D;w). When F is the family of source stars,

a cover is a source (star) cover . In this case, F (D;w), is the source polynomial of D;

and is denoted by Ê (D;w).

In the case of undirected graphs, the analogous polynomials, i.e. when F is the family

of undirected stars, have been extensively investigated ([3, 6], and [7]). Its applications

include graph reconstruction [2], assignment problems and discrete random allocation

problems [8].

Star covers of tournaments have been studied in [1]. A variation of the domination

number called the bounded domination number of tournaments has been studied in [12]

using star covers.

A k-bounded star packing of a graph G, is a subgraph of G consisting of vertex-disjoint

components where each component is a star having at least one but no more than k edges.

These subgraphs were studied in [11].

We establish results about basic characteristics of star polynomials, in Section 2. We

then establish generating functions and recurrences for the various tar polynomials of

symmetric paths, a class of digraphs obtained from undirected paths by replacing each

edge with two oppositely oriented edges.

Similar results are obtained in Section 5, for the class of Transitive tournaments, as

well as for a related class of tournaments.

In Section 6, we establish results for star polynomials of a generalization of rooted

products of digraphs. Rooted products are a special digraph product introduced by Godsil
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and Mckay in [9]. Results about a special version of this digraph product are derived in

Section 7, which includes the special case of oriented stars.

Finally, in Section 8, we establish that the out-domination and in-dominations number

sof a digraph D can be derived from the star polynomial and the source polynomial of D.

We also establish that certain coe�cients of the source polynomial give the number of k-

bounded star packings, for 1 ≤ k ≤ n. We now present applications of star covers and their

associated polynomials to the study of k-Exact 1-Total Dominating Sets. Additionally, we

present a result linking the cardinalities of neighbourhoods of independent sets to the sizes

of the sets themselves. These �ndings enhance the understanding of the interplay between

domination parameters, independent sets, and various star polynomial structures.

2. Basic results and various specializations of star polynomials

The polynomials obtained by specifying the weight assignment are considered various

specializations of the Directed Star Polynomial. In this subsection, we introduce the

specializations that will be discussed in later sections, as well as basic results.

The following result is immediate from the de�nitions.

Theorem 2.1. Let D be a digraph. If the weight assigned to every source star (sink star)

is zero, then E(D,w) is a sink polynomial (source polynomial) of D.

Let us assign to each member of F with n nodes, the weight wn; then the corresponding

vector of weights (w1, w2, w3, · · ·) is denoted by w; and the corresponding F -polynomial

F (D;w) is called the general node-weighted F -polynomial of D. The undirected analogue

of the general node-weighted polynomial was introduced in [3]. The general node-weighted

polynomials for source stars and sinks stars, are denoted by Ê(D;w) and
∨
E(D;w), re-

spectively.

Another weight assignment is as follows. A source star with n nodes is assigned a

weight xn; and a sink star with n(> 2) nodes; a weight yn. Since sink stars of orders

1 and 2 are also source stars, they will be assigned weights x1 and x2, respectively. Let

x = (x1, x2, . . . , xn) and y = (y3, y4, . . . , yn). Then w is now (x, y). The resulting directed

star polynomial is denoted by E(D; (x, y)).

The following result can be used to obtain the general node-weighted polynomials
∨
E(D;w) and Ê(D;w), from the polynomial E(D; (x, y)). It follows immediately from

the above de�nitions.

Theorem 2.2.

(i) Ê(D;w) = E(D; (w1, w2, . . . , wn), (0, 0, . . . , 0)),

(ii)
∨
E(D;w) = E(D; (w1, w2, 0, . . . , 0), (w3, w4, 0, . . . , 0)).

Proof. By putting yi = 0, for all i, we remove any contributions from covers with any

proper sink star component. Thus, the contributing covers are now only covers with

components that can be classi�ed as source stars (including component nodes and edges).
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Thus putting xi = wi, for all i, and summing the weights of the contributing covers yields

by de�nition the polynomial Ê(D;w).

By putting xi = 0, for all i ≥ 3, we remove any contributions from covers with any

proper source star component. Thus, the contributing covers are now only covers with

components that can be classi�ed as sink stars (including component nodes and edges).

Thus putting xi = wi, for all i ≤ 2, yi = wi for all i ≥ 3, and summing the weights of the

contributing covers yields by de�nition the polynomial
∨
E(D;w).

Theorem 2.3. Let D be a digraph with p nodes and q (non-loop) edges. Then E(D; (x, y))

has the following properties.

(i) The coe�cient of xp
1 is 1.

(ii) The coe�cient of xp−2
1 x2 is q.

(iii) The coe�cient of xp−k
1 xk is the number of subgraphs of D, which are source stars

with k nodes.

(iv) For k ≥ 3, the coe�cient of xp−k
1 yk is the number of subgraphs of D, which are

sink stars with k nodes.

(v) The coe�cient of xp is the number of spanning source stars.

(vi) For p(≥ 3), the coe�cient of yp is the number of spanning sink stars.

Proof.

(i) There is a unique cover with all components being component nodes, so the coe�-

cient of xp
1 is 1.

(ii) For every edge, there is a cover with that edge as an edge component and all

other components being components. Since the number of edges is q and given that the

coe�cient of xp−2
1 x2 is the number of such covers, the result of part (ii) follows.

(iii) By using a similar argument to part (ii) and by using source stars with k nodes

instead of edges, we obtain the result given in part (iii).

(iv) Similarly, if we use sink stars with k nodes instead of edges, we obtain the result

given in part (iv).

(v, vi) The weight xp (resp. yp) is assigned to a source star with p nodes, thus such a

star is comprised of all the nodes of D and so is a spanning subgraph of D.

(vi) The centres of the stars of a source cover dominate all the other nodes of D.

The following result is also immediate from the de�nitions. It gives some basic proper-

ties of sink polynomials and source polynomials.

Theorem 2.4. Let D be a digraph with p nodes and q (non-loop) edges. Then Ê(D;w)

and
∨
E(D;w) have the following properties:

(i) The coe�cient of wp
1 is 1.

(ii) The coe�cient of wp−2
1 w2 is q.

(iii) The coe�cient of wp, is the number of spanning stars.

(iv) If the least power of w1 in the source polynomial (sink polynomial) polynomial of
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D, is r, then the greatest out-degree (in-degree) of any node in D, is p− r.

The following result is also immediate from the de�nitions. It gives some basic proper-

ties of sink polynomials and source polynomials.

Let r be the largest positive integer, such that xr belongs to a monomial in E(D; (x, y)).

Then, D has a cover consisting of an r-star, together with p − r component nodes. By

deleting j (≤ r − 2) edges, we obtain a cover consisting of a source star with r − j

nodes, together with p − (r − j) component nodes. Then, amongst the covers with such

a component, there exists a cover in which the other components are nodes. Hence, we

have the following result.

Theorem 2.5. Let r be the greatest positive integer for which the weight xr appears in

at least one monomial of the polynomial E(D; (x, y)). Then, all terms of the form xp−k
1 xk

(2 ≤ k ≤ r) occur in E(D; (x, y)), with non-zero coe�cients.

Using a similar argument, we easily deduce the following result.

Theorem 2.6. Let r(≥ 3) be the greatest positive integer for which the weight yr appears

in at least one monomial of the E(D; (x, y)). Then all terms of the form xp−k
1 yk (3 ≤ k ≤

r) occur in E(D; (x, y)), with non-zero coe�cients.

Theorem 2.2, together with Theorems 2.5 and 2.6; yields the following result.

Theorem 2.7. Let D be a digraph. Then Ê(D;w) and
∨
E(D;w) have the following prop-

erty.

If r is the largest positive integer, such that wr belongs to a monomial; then all terms

of the form wp−k
1 wk (2 ≤ k ≤ r) occur with non-zero coe�cients.

3. Deletion-incorporation recurrences for star polynomials based

on nodes and edges

In this section, we establish two types of recurrence relations for E(D;w). The �rst

type is based on deleting and incorporating nodes, while the second involves deleting

and incorporating edges. Let H be a subgraph of a digraph D, then D′(H) denotes the

digraph obtained from D, by removing the nodes of H.

3.1. The fundamental node theorem for star polynomials

The following result is the Fundamental Node Theorem ([4]), in the case of star covers.

Theorem 3.1. Let D be a digraph containing a node z. Then:

E(D;w) = w(z)E(D′(z);w) +
∑
β

w(β)E(D′(β);w)



64 daaga and farrell

+
∑
γ

w(γ)E(D′(γ);w) +
∑
δ

w(δ)E(D′(δ);w) ,

where the �rst summation is taken over all stars β with two nodes including z. The second

summation is taken over all proper source stars γ containing z. The third summation is

taken over all proper sink stars δ containing z.

Proof. When F is a family of stars, a member of the family with one node, is a node. A

member with two nodes, is an edge. A member with more two nodes, is either (i) a proper

source star or (ii) a proper sink star. Hence, the result follows from the Fundamental Node

Theorem.

When w is
(
x, y
)
, we have the following result.

Theorem 3.2. Let D be a digraph containing a node z. Then

E(D; (x, y)) =x1E(D′(z); (x, y)) +
∑
−→uv

x2E(D′(u, v); (x, y))

+
∑
γ

x|γ|E(D′(γ); (x, y)) +
∑
δ

y|δ|E(D′(δ); (x, y)),

where the �rst summation is taken over all edges −→uv, where u = z or v = z. The second

summation is taken over all proper source stars γ containing z; and the third summation

is taken over all proper sink stars δ containing z.

Proof. In this case, a node has weight w1; and the weight of an edge is w2. If a proper

source star γ has |γ| nodes, then its weight is x|γ|. A proper sink star δ with |δ| nodes has
weight y|δ|. The result then follows from Theorem 3.1.

3.2. The fundamental edge theorem for star polynomials

Note that in this paper, we denote the directed edge from node u to v, as −→uv .

De�nition 3.3. Let D be a digraph. An edge that is required to belong to every star

cover of D, is called incorporated . The resulting graph with one or more incorporated

edges, is called a restricted digraph, and is noted by D∗.

Let D be a digraph containing an edge e. Partition the star covers of D into two classes:

(i) those which contain e; and

(ii) those which do not contain e.

Let −→rs be an edge of a digraph D. Then

E (D;w) = E (D′;w) + E (D∗;w) ,

where D′ is the graph obtained by deleting −→rs; and D∗ is the (restricted) graph obtained

from D, by incorporating −→rs.
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An incorporated edge is a subgraph of either (i) a source star or (ii) a proper sink star.

In Case (i), the edge is �source-incorporated�. In Case (ii), we say that the edge is �proper

sink-incorporated�.

Throughout our discussion, all sink-incorporated edges will be �proper sink-incorporated�,

unless otherwise speci�ed.

We denote by D∗ (−→rs), the restricted digraph obtained from D, by source-incorporating
−→rs. The restricted digraph obtained, by sink-incorporating−→rs, will be denoted byD∗∗ [−→rs].
Hence, we have the following result.

Theorem 3.4. (Fundamental Edge Theorem for Star Polynomials) Let D be a digraph,

containing an edge −→rs. Then

E(D;w) =E (D′ (−→rs) ;w) + E (D∗ (−→rs) ;w) + E (D∗∗ [−→rs] ;w) .

Let −→rs be an edge of a digraph D. In the graph D∗ (−→rs), (where the edge −→rs is source-

incorporated r is the centre of a source star, and s is a tip. Therefore, edges incident with

s, cannot belong to a source star containing −→rs. Also, edges incident to r (i.e. r as head),

cannot belong to such a source star.

In the graph D∗∗ [−→rs], (where the edge −→rs is sink-incorporated) s is the centre of a

sink star, and r is a tip. Therefore, edges incident with s, cannot belong to any sink

star containing −→rs. Also, edges from s (i.e. s as tail), cannot belong to such a sink star.

Hence, we have the following result.

Lemma 3.5. Let D be a digraph, containing an edge −→rs.
(i) If D∗ (−→rs) contains an incorporated edge

−→
tr , −→us (u ̸= r), or −→sv, then

E (D∗ (−→rs) ;w) = 0.

(ii) If D∗∗ [−→rs] contains an incorporated edge
−→
st , −→rv (v ̸= s), or −→ur , then

E (D∗∗ [−→rs] ;w) = 0.

Suppose that an edge −→rs is source-incorporated. Then, by Lemma 3.5, we can remove

all unincorporated edges incident with (tip) s, incident to (centre) r (i.e. r as head); since

the incorporation of any such edges, yields a restricted digraph with star polynomial zero.

Suppose that we sink-incorporate an edge −→rs. Then, by Lemma 3.5, we can omit all

unincorporated edges incident with (tip) r, incident from (centre) s; since the incorpora-

tion of any such edges, yields a restricted digraph with star polynomial zero. Hence, we

have the following result.

Lemma 3.6. Let D be a digraph and −→rs an edge of D. Let D∗
r (
−→rs) be the restricted

digraph obtained from D∗ (−→rs) by removing all edges of the form
−→
ts (t ̸= r),

−→
tr or

−→
st .

Then

E (D∗
r (
−→rs) ;w) = E (D∗ (−→rs) ;w) .



66 daaga and farrell

Also, let D∗∗
s (−→rs) be the restricted digraph obtained from D∗∗ (−→rs) by removing all edges

of the form
−→
rt (t ̸= s) ,

−→
tr or −→sv. Then

E (D∗∗
s [−→rs] ;w) = E (D∗∗ [−→rs] ;w) .

4. Star polynomials of symmetric paths

A symmetric digraph with underlying graph G is obtained from G by replacing each edge

with a pair of oppositely oriented edges. The following result gives explicit recurrences for

the star polynomials of symmetric paths; i.e., the symmetric digraph whose underlying

graph is a path graph.

Table 1. Star Polynomials of
←→
Pn

n Ê(
←→
Pn ;w)

(
=

∨
E(
←→
Pn ;w)

)
1 w1

2 w2
1 + 2w2

3 w3
1 + 4w1w2 + w3

4 w4
1 + 6w2

1w2 + 2w1w3 + 4w2
2

5 w5
1 + 6w3

1w2 + 3w2
1w3 + 5w1w

2
2 + w2w3

6 w6
1 + 10w4

1w2 + 4w3
1w3 + 10w2

1w
2
2 + 7w1w2w3 + w3

2 + w2
3

Theorem 4.1.

(i) E(
←→
P n;x, y) = x1E(

←→
P n−1;x, y) + 2x2E(

←→
P n−2;x, y) + (x3 + y3)E(

←→
P n−3;x, y),

(ii)
∨
E(
←→
P n;w) = w1

∨
E(
←→
P n−1;w) + 2w2

∨
E(
←→
P n−2;w) + w3

∨
E(
←→
P n−3;w),

Also, Ê(
←→
P 0;w) =

∨
E(
←→
P 0;w) = 1, Ê(

←→
P 1;w) = Ê(

←→
P 1;w) = w1, and Ê(

←→
P 2;w) =

Ê(
←→
P 2;w) = w2

1 + 2w2.

Proof. Let v be an end-node of
←→
P n. By the Fundamental Node Theorem, we have

E(
←→
P n; (x, y)) =x1E(

←→
P

′
n (v) ; (x, y)) +

∑
β

w (β)E(
←→
P

′
n (β) ; (x, y))

+
∑
γ

w|γ|E(
←→
P

′
n (γ) ; (x, y)),

where the �rst summation is taken over all edges β incident on v. The second summation

is taken over all proper source stars γ containing v.

The digraphs
←→
P

′
n (v),

←→
P

′
n (β) and

←→
P

′
n (γ) are the symmetric chains

←→
P n−1,

←→
P n−2

and
←→
P n−|γ|, respectively. Since v is an end-node of

←→
P n, it has a single neighbour. Let

that neighbour be u , then u is the centre of the only proper source star and the only

proper sink star in
←→
P n containing v. Both stars will consist of three nodes. Therefore,

the result in Part (i) follows.
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The result in Part (ii) is established.

Hence, the result follows.

We have used Theorem 4.1, to obtain the polynomials Ê
(←→
Pn ;w

)
and

∨
E
(←→
Pn ;w

)
, for

n = 1, 2, 3, 4, 5, 6. These are given below in Table 1.

Theorem 4.2. Let E(n) = E(
←→
P n;w) and E(t) =

n∑
k=0

E(k)tk. Then

E(t) =
1

1− x1t− 2x2t2 − (x3 + y3)t3
.

Proof. For k ≥ 3 , we have

E(
←→
P n;x, y) = x1E(

←→
P n−1;x, y) + 2x2E(

←→
P n−2;x, y) + (x3 + y3)E(

←→
P n−3;x, y),

Let E(n) = E(
←→
P n;w) and E(t) =

n∑
k=0

E(k)tk. Thus, by summing from k = 3 and

multiplying by tk, we have

n∑
k=3

E(k)tk = x1

n∑
k=3

E(k − 1)tk + 2x2

n∑
k=3

E(k − 2)tk + (x3 + y3)
n∑

k=3

E(k − 3)tk,

and

n∑
k=0

E(k)tk − E(0)− E(1)t− E(2)t2 = x1t

(
n∑

k=0

E(k)tk − E(0)− E(1)t

)

+ 2x2t
2

(
n∑

k=0

E(k)tk − E(0)

)
+ (x3 + y3)t

3

n∑
k=0

E(k)tk.

Thus,

E(t)− 1− x1t−
(
x2
1 + 2x2

)
t2 =x1t (E(t)− 1− x1t) + 2x2t

2 (E(t)− 1) + (x3 + y3)t
3E(t).

Thus,

E(t)− x1tE(t)− 2x2t
2E(t)− (x3 + y3)t

3E(t) = 1,

Hence,

E(t) =
1

1− x1t− 2x2t2 − (x3 + y3)t3
.

Using the generating function from Theorem 4.2 and making the substitution as sug-

gested in the result given in Theorem 2.2, we obtain a generating function for the sink

and source polynomials of symmetric paths.



68 daaga and farrell

Theorem 4.3.

(i)
∨
E(
←→
P n;w) = w1

∨
E(
←→
P n−1;w) + 2w2

∨
E(
←→
P n−2;w) + w3

∨
E(
←→
P n−3;w),

(ii) Let ÊP (n) = Ê(
←→
P n;w) and ÊP (t) =

n∑
k=0

ÊP (k)t
k. Then

Ê(t) =
1

1− w1t− 2w2t2 − w3t3
.

The following result gives the number of covers in terms of evaluations of the star

polynomials.

Theorem 4.4. Let P (n) be the number of sink-star (resp. source-star) covers and P (t)

be the sequence's ordinary generating function, then P (t) =
1

1− t− 2t2 − t3
.

Proof. By de�nition, the sum of the coe�cients of the sink (resp. source) polynomial

is the number of the corresponding type of covers. This can be obtained by substituting

wi = 1, for all i, into the sink polynomial (resp. source polynomial). Thus, using this

substitution and by Theorem 4.2, the result follows.

The terms P (n) for n = 1, 2, ...; form the sequence A002478 in [14] and are the even-

indexed terms of Narayana's cows sequence (A000930 in [14]).

5. Star polynomials of two classes of tournaments

We now investigate transitive tournaments. In our discussion, we assume that the nodes

of the tournaments have been labelled v1, v2, . . ., vn , such that node vi dominates vj, if

and only if i < j .

Using any r (≤ n) nodes of τKn, we can construct a source (sink) star, by using the

node with lowest (highest) index as its centre. There can be no other source (sink)

star containing these r nodes, since any such star, must contain a node of higher index,

dominating a node of lower index (a contradiction). Hence, we have the following result.

Theorem 5.1. Every selection of r (≤ n) nodes of the transitive tournament τKn, de�nes

a unique source star and a unique sink star.

The following result, gives recurrences for
∧
E(θKn;w) and

∨
E(θKn;w).

Theorem 5.2.

(i)
∧
E(θKn;w) = w1

∧
E(τKn−1;w) + (n− 1)w2

∧
E(τKn−2;w),

(ii)
∨
E(θKn;w) = w1

∨
E(τKn−1;w) + (n− 1)w2

∨
E(τKn−2;w).

Proof. (i) Apply Theorem 3.2 to the digraph θKn, with z = vn; together with Theorem

2.2. This yields

E(D;w) = w1E(D′ (z) ;w) +
∑
−→uv

w2E(D′ (−→uv) ;w)
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+
∑
γ

w|γ| E(D′ (γ) ;w) +
∑
δ

w|δ| E(D′ (δ) ;w) .

Since no proper source star contains vn, then

∧
E(θKn;w) = w1

∧
E(θK ′

n(vn);w) +
∑
−→uv

w2

∧
E(θKn(

−→uv);w).

By removing the end-nodes of an edge from θKn, we get τKn−2. By removing a node

from θKn, we get
τKn−1. There are (n− 1) edges incident with vn. Therefore, we have

∧
E(θKn;w) = w1

∧
E(τKn−1;w) + (n− 1)w2

∧
E(τKn−2;w).

(ii) The result for
∨
E
(
θKn;w

)
(Part (ii)) can be similarly established, by using z =

v1.

The following result gives an explicit formula for
∧
E (τKn;w) and

∨
E (τKn;w).

Theorem 5.3.

Ê (τKn;w) = Ě (τKn;w) = n!

[∑
j

(
n∏

r+1

1

jr!

(wr

r!

)jr)]
,

where the summation is taken over all vectors j = (j1, j2, j3, . . . , jn) of non-negative

integers, such that
n∑

r=r+1

rjr = n.

Proof. Let S(τKn; j1, j2, . . . , jn) be the set of sink (source) star covers of τKn, with j1
node components, j2 component edges; and in general ji sink star components with i

nodes, where 1 ≤ i ≤ n. Clearly,

j1 + 2j2 + . . .+ njn = n.

The number of distinct labelled partitions of V (τKn) can be obtained by �rst allocating

n labels to the nodes (which can be done in n! ways), and then modifying the result because

of duplications (by dividing by
∏

r(r! )
jrjr!) arising from permutations of both the parts

of the partitions, and permutations to the nodes within each part. Therefore, the number

of such partitions is

n!
n∑

r=r+1

∏ 1

(r! )jrjr!
,

where
∑
r

rjr = n.

By Theorem 5.1, for every selection of r (≤ n) nodes of the transitive tournament
τKn, de�nes a unique source star and a unique sink star. Therefore, the contribution to

(τKn;w) of the covers belonging to S(τKn; j1, j2, . . . , jn) is

Cj = n!
∏
r

wjr
r

(r! )jrjr!
.
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Summing over all the partitions that satisfy the restrictions given above, yields

Ê (τKn;w) = n!

[∑
j

(
n∏

r=r+1

1

jr!

(wr

r!

)jr)]
,

where the summation is taken over all vectors j = (j1, j2, j3, . . . , jn) of non-negative

integers, such that
n∑

r=1

rjr = n.

Clearly,
∧
E (τKn;w) =

∨
E (τKn;w). Hence, the result follows.

6. Star polynomials of a generalization of the rooted product of

stars with various digraphs

The rooted products of graphs was introduced by Godsil and Mckay in 1978 [9]. The

rooted product of a graph G and a rooted graph H is de�ned as the graph obtained by

identifying each node vi of G, with the root node of a copy of H.

We now introduce a generalization of the rooted product . This product is formed from

an oriented star and various rooted digraphse. That is, there may be more than a pair of

digraphs involved in the product.

De�nition 6.1. Let σSn be an oriented n−star, with tips v1, v2, . . . , vn and centre v0;

and let D1D2 . . . Dn be rooted digraphs with roots z1, z2 . . . zn. We denote by

σSn · D1D2 . . . Dn,

the graph obtained by attaching to vi, the digraph Di using node zi (for i = 1,2, . . . , n).

The resulting ith node of attachment will be labelled zi. (The centre is considered to be

identi�ed with the only node of the digraph K1.)

We now derive a general result for the star polynomials of digraphs obtained by iden-

tifying rooted digraphs with tips of stars.

Theorem 6.2. Let H be the digraph σSn · D1D2 . . . Dn, in which the out-degree of the

centre of σSn is non-zero. Let −→rz1 ∈ H. Then

E (H;w) =E(D1;w)E((σSn − v1) ·D2D3 . . . Dn;w)

+ E (D1 − z1;w)

( ∏
k∈A−

E(Dk;w)

) ∑
N⊆A+

w
(
Ŝ|N |

)

×

 ∏
j∈A+−N

E(Dj;w)


∏

i∈N
i ̸=1

E(Di − zi;w)


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+ E(({−→rz1} ·D1)
∗∗[−→rz1];w)

n∏
k=2

E(Dk;w) ,

where Ŝ|N | is a source star with centre r, and containing −→rz1 .

Proof. Apply the Fundamental Edge Theorem for Star Polynomials (Theorem 3.6) to H

using the edge −→rz1. This yields:

E (H;w) = E(H ′(−→rz1);w) + E(H∗(−→rz1);w) + E(H∗∗(−→rz1);w).

Removing the edge −→rz1 from H, yields a graph with components D1 and (σSn − v1) ·
D2D3 . . . Dn. Therefore,

H ′(−→rz1) = D1 ∪ [(σSn − v1) ·D2D3 . . . Dn] .

By Lemma 3.6,

E(H∗(−→rz1);w) = E(H∗
r ;w) ,

where

H∗
r = H∗(−→rz1)−

{−→
tz1 : t ̸= r

}
− {−→vr : v ∈ H} − {−→z1v : v ∈ H}.

Now,

H∗(−→rz1)− {−→vr : v ∈ H} =H∗(−→rz1)− {−→zir ∈ H : i = 2, . . . , n}
=(σSn ·D1D2 . . . Dn)

∗ (−→rz1)− {−→zir ∈ H : i = 2, . . . , n}.

Removing the edges of the form −→zir (i ̸= 1), disconnects the corresponding digraphs Di

from the node r.

Let A− = {i : −→zir ∈ H} and A+ = {i : −→rzi ∈ H}.
Clearly, |A−|= id(r) and |A−|= od(r). Therefore

H∗(−→rz1)− {−→vr : v ∈ H} =

( ⋃
k∈A−

Dk

)
∪
(
Ŝ|A+| ·Dj1Dj2 . . . Djid(r)

)∗
(−→rz1),

where j1, j2, . . ., jid(r) are the elements of A−; and where Ŝ|A+| is a source star, with r as

centre.

Removing all edges of the form −→z1v and
−→
tz1 (t ̸= r), yields a graph in which (D1 − z1)

is a component.

Therefore,

H∗
r = H∗(−→rz1)−

{−→
tz1 : t ̸= r

}
− {−→vr : v ∈ H} − {−→z1v : v ∈ H},

H∗(−→rz1)− {−→vr : v ∈ H} =

( ⋃
k∈A−

Dk

)
∪
(
Ŝ|A+| ·Dj1Dj2 . . . Djid(r)

)∗
(−→rz1),

Let X be a source star component of a cover in which −→rz1 is a source-incorporated edge.

If zk /∈ X, for some k, then zk belongs to a cover of Dk. Hence,
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E (H∗
r ;w) =E (D1 − z1;w)

∏
k∈A−

E(Dk;w)

×

 ∑
N⊆A+

z1∈N

(
E
(
Ŝ∗
|N |(
−→rz1);w

) ∏
j∈A+−N

E (Dj;w)×
∏
i∈N
i ̸=1

E (Di − zi;w)

) ,

where the source star Ŝ|N |, has r as centre.

When we sink-incorporate −→rz1 (to obtain H∗∗
s ), then (by Lemma 3.6) we omit all other

edges incident with r, or leaving s. This yields a graph with components {−→rz1} ·D1 and

Di (i = 2, 3, . . . , n). Therefore,

H∗∗
s = ({−→rz1} ·D1) ∪

⋃
2≤k≤n

Dk,

When we sink-incorporate −→rz1, (i.e. require −→rz1 to be in a proper sink star), to obtain

H∗∗
s , there are corresponding covers, only if there is an edge in D1, with z1 as head.

Therefore,

E (H∗∗
s ;w) = E({−→rz1} ·D1;w)

n∏
k=2

E(Dk;w) .

Hence, the result follows.

7. Star polynomials of the partial rooted product of an oriented

star with a digraph d

We now derive a general result for the star polynomials of the partial rooted products

of an oriented star and a rooted digraph, where the tips are identi�ed with the roots of

copies of a particular digraph.

Let u be a node in a digraph D. Let H be the digraph formed by identifying a copy of

D (using root node u) to each tip of the oriented star σSn. When Di = D (i = 1, 2, . . . , n),

we have:

(i)

E(D1;w)E((σSn − v1) ·D2D3 . . . Dn;w) = E(D;w)E((σSn − v1) ·DD . . .D;w) .

(ii) ∏
k∈A+

E(Dk;w) =
∏
k∈A−

E(D;w) = (E(D;w))id(r) [since |A−|= id(r)] .

(iii)

∑
N⊆A+

w(Š|N |)

 ∏
j∈A+−N

E(Dj;w)

(∏
i∈N

E(Di − zi;w)

)
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=
∑

N⊆A+

x|N |

 ∏
j∈A+−N

E(D;w)

(∏
i∈N

E(D − zi;w)

)
,

[since Di = D, ∀i]

=

od(r)∑
k=1

xk (E(D;w))od(r)−k (E(D − u;w))k ,

[since 1 ≤ |N |≤ |A+|= od(r)].

Now,

E(({−→rz1} ·D1)
∗∗[−→rz1];w)

n∏
k=2

E(Dk;w) = E(({−→rz1} ·D)∗∗ [−→rz1]);w) (E(D;w))n−1 .

7.1. Star Polynomials of Oriented Stars with Edges Directed from Tips

The following corollary gives the result, when the centre of σSn has non-zero out-degree,

and a copy of the graph D is identi�ed with each tip of σSn.

Corollary 7.1. Let H = (σSn − v1) ·DD . . .D, in which the out-degree of the centre of
σSn is non-zero. Let −→rz1 ∈ H. Then

E (H;w) = E(D;w)E((σSn − v1) ·DD . . .D;w)

+ E (D − z1;w) (E(D;w))id(r)
od(r)∑
k=2

xk (E(D;w))od(r)−k(E(D − u;w))k

+ E(({−→rz1} ·D)∗∗[−→rz1];w) (E(D;w))n−1.

If D is a component node, H =σ Sn. In this case, we have:

(i) E(D;w) = E(K1;w) = x1 ;

(ii) E((σSn − v1) ·DD . . .D;w) = E(σSn − v1;w); and

(iii) E (D − z1;w) = 1, since D − z1 is the null graph.

(iv) {−→rz1} ·D = {−→rz1}.
Therefore

E(({−→rz1} ·D)∗∗ [−→rz1]);w) = E((
−→
P2)

∗∗ [−→rz1]);w) = 0 .

By Corollary 7.1, we have:

E(σSn;w) = x1 · E(σSn − v1;w) + 1 · xid(r)
1 ·

(
od(r)∑
k=1

xk x
od(r)−k
1 · 1k

)
.

Also, od(r) + id(r) = n. Hence, we have the following result.

Corollary 7.2. Let σSn be an oriented star with centre r and tips v1, v2, . . . , vn; such

that the out-degree of r is non-zero. Then

E(σSn;w) = x1 · E(σSn − v1;w) +

od(r)∑
k=2

xn−k
1 xk+1.



74 daaga and farrell

A similar argument can be used, to obtain a result analogous to Theorem 6.2, when
−→z1r (instead of −→rz1) belongs to H.

However, we will give an independent argument.

7.2. Dual relationship between sink-stars covers and source-star covers

Reversing the edges of a source star (sink star), yields a sink star (source star). Thus, the

requirement that an edge −→uv in D, belongs to a source star, is equivalent to requiring that

the reversed edge −→vu, belongs to a sink star in
←−
D . Also, the requirement that an edge −→uv

in D, belongs to a proper sink star, is equivalent to requiring that the reversed edge −→vu,
belongs to a proper source star in

←−
D . This restricted graph will be denoted by

←−
D

∗
[−→vu].

We use square brackets, instead of parentheses, to indicate that the edge must belong to

a proper source star. Hence, we have the following result.

Lemma 7.3. Let T : R [w]→ R [w] be the automorphism de�ned by T
(
w(Ŝn)

)
= w(Šn),

and T
(
w(Šn)

)
= w(Ŝn). Then,

(i)
←−−−(←−
D
)
= D ;

(ii) T (E(D;w)) = E(
←−
D ;w) ;

(iii) T (E(D∗(−→uv);w)) = E(
←−
D

∗∗
(−→vu);w) ; and

(iv) T (E(D∗∗[−→uv];w)) = E(
←−
D

∗
[−→vu];w).

Using Theorem 2.2 and Lemma 7.3, we deduce the following result.

Theorem 7.4. Let D be a digraph. Then

(i)
∧
E(D;w) =

∨
E(
←−
D ;w); and

(ii)
∧
E(D;w) =

∨
E(
←−
D ;w).

Note that −→z1r ∈ D implies that −→rz1 ∈
←−
D - the converse of D. Therefore, applying

Theorem 6.2 to the converse of H, yields:

E
(←−
H ;w

)
= E(

←−
D1;w)E((

←−σSn − v1) ·
←−
D2
←−
D3 . . .

←−
Dn;w)

+ E
(←−
D1 − z1;w

)( ∏
k∈A−

E(
←−
Dk;w)

)

×

 ∑
N⊆A+

E
(
Ŝ|N |

) ∏
j∈A+−N

E(
←−
Dj;w)

[∏
i∈N

E(
←−
Di − zi;w)

]
+ E(({−→rz1} ·D1);w)

n∏
k=2

E(Dk;w) .

By applying the automorphism T , we have:
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T (E(
←−
H ;w)) = T (E(

←−
D1;w)E((

←−σSn − v1) ·
←−
D2 . . .

←−
Dn;w))

+ T

[
E(
←−
D1 − z1;w)

( ∏
k∈A−

E(
←−
Dk;w)

)

×

 ∑
N⊆A+

E(Ŝ∗
|N |(
−→rz1))

 ∏
j∈A+−N

E(
←−
Dj;w)


∏

i∈N
i ̸=1

E(
←−
Di − zi;w)





+ T
(
E(({−→rz1} ·D1)

∗∗[−→rz1];w)E(
n∏

k=2

←−
Dk;w)

)
.

Using Lemma 7.3, we get:

E (H;w) = E(D1;w)E((σSn − v1) ·D2D3 . . . Dn;w)

+ E (D1 − z1;w)

(∏
k∈A+

E(Dk;w)

) ∑
N⊆A−

E
(
Š∗∗
|N |(
−→rz1)

)

×

 ∏
j∈A−−N

E(Dj;w)


∏

i∈N
i ̸=1

E(Di − zi;w)


+ E(({−→z1r} ·D1)

∗∗[−→rz1];w)E(
n∏

k=2

Dk;w) .

Hence, we have the following result.

Theorem 7.5. Let H be the graph σSn ·D1D2 . . . Dn, in which the in-degree of the centre

of σSn is non-zero. Let −→z1r ∈ H. Then

E (H;w) =E(D1;w)E((σSn − v1) ·D2D3 . . . Dn;w) + E (D1 − z1;w)

(∏
k∈A+

E(Dk;w)

)

×
∑

N⊆A−

w
(
Š|N |

) ∏
j∈A−−N

E(Dj;w)


∏

i∈N
i ̸=1

E(Di − zi;w)


+ E(({−→z1r} ·D1)

∗(−→z1r);w)E

(
n∏

k=2

Dk;w

)
,

where Š|N | is a sink star with centre r, and containing edge −→z1r .

An analogous condition holds for sink stars.

7.3. Star polynomials of oriented stars with edges directed to tips

Using an argument analogous to that given for Corollary 7.1, together with Theorem 7.5,

we obtain the following results, when the centre of σSn has non-zero in-degree. We can
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now obtain the following result for E(σSn; (x, y)).

Theorem 7.6. Let σSn, be an oriented star with centre r and tips v1, v2, . . . , vn; such

that the in-degree of r is non-zero. Then

E(σSn; (x, y)) = x1 · E(σSn − v1; (x, y)) + xn−1
1 x2 +

id(r)∑
k=2

xn−k
1 yk+1.

Proof. σSn = σSn ·DD . . .D, when D is a component node,. In this case, we have:

E(D; (x, y)) = E(K1; (x, y)) = x1 ; E((σSn − v1) ·DD . . .D; (x, y)) = E(σSn − v1; (x, y));

and E
(
D − z1; (x, y)

)
= 1, since D−z1 is the null graph. {−→z1r}·D = {−→z1r}; and therefore

E(({−→z1r} ·D)∗∗ [−→z1r]); (x, y)) = E((
−→
P2)

∗∗ [−→z1r]); (x, y)) = 0.

By Theorem 6.2, we have:

E(σSn; (x, y)) = x1 · E(σSn − v1; (x, y)) + 1 · xod(r)
1 ·

(
x2 · (x1)

id(r)−1

+ id(r)
∑

yk+1 x
id(r)−k
1 · 1k

)
.

Also, od(r) + id(r) = n. Hence, the result follows.

Every proper star subgraph of a sink (source) star is a sink (source) star. From Theorem

2.2; together with Corollary 7.2 and Theorem 7.6; we have the following result.

Theorem 7.7.

(i)
∨
E(

∨
Sn;w) = w1 ·

∨
E(

∨
Sn−1;w) +

n∑
k=1

wn−k
1 wk+1.

(ii)
∧
E(

∨
Sn;w) = w1 ·

∧
E(

∨
Sn−1;w) + wn−1

1 w2.

(iii)
∧
E(

∧
Sn;w) = w1 ·

∨
E(

∨
Sn−1;w) +

n∑
k=1

wn−k
1 wk+1.

(iv)
∨
E(

∧
Sn;w) = w1 ·

∨
E(

∧
Sn−1;w) + wn−1

1 w2,

where
∧
E(

∧
S0;w) =

∨
E(

∨
S0;w) =

∨
E(

∧
S0;w) =

∧
E(

∨
S0;w)= w1.

Proof. (i) For a sink star with n tips, the in-degree of the centre is n. Therefore, Corollary

7.6, yields:

E(
∨
Sn;w) = x1 · E(

∨
Sn − v1;w) + xn−1

1 x2 +
n∑

k=1

xn−k
1 yk+1.
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Using Theorem 2.2, we get:

∨
E(

∨
Sn;w) = w1 ·

∨
E(

∨
Sn−1;w) + wn−1

1 w2 +
n∑

k=2

wn−k
1 wk+1

= w1 ·
∨
E(

∨
Sn−1;w) +

n∑
k=1

wn−k
1 wk+1.

The recurrences given in (ii), (iii) and (iv), can be similarly deduced.

We note from (i) and (iii), that
∧
E(

∧
Sn;w) =

∨
E(

∨
Sn;w). The following Table 2 gives these

polynomials, for n = 1, 2 . . . , 6.

Table 2. Star Polynomials of Directed Stars

n
∧
E(

∧
Sn;w)

(
=

∨
E(

∨
Sn;w)

)
1 w2

1 + w2

2 w3
1 + 2w1w2 + w3

3 w4
1 + 3w2

1w2 + 2w1w3 + w4

4 w5
1 + 4w3

1w2 + 3w2
1w3 + 2w1w4 + w5

5 w6
1 + 5w4

1w2 + 4w3
1w3 + 3w2

1w4 + 2w1w5 + w6

6 w7
1 + 6w5

1w2 + 5w4
1w3 + 4w3

1w4 + 3w2
1w5 + 2w1w6 + w7

Theorem 7.8. Denote
∨
E(

∨
Sn;w) and

∧
E(

∧
Sn;w) by E(n). Then

E(n) = wn+1
1 +

n∑
k=1

kwn−k
1 wk+1, for n ≥ 0.

Proof. From Theorem 7.7 (iii), we have

E(n) = w1E(n− 1) +
n∑

k=1

wn−k
1 wk+1, with E(0) = w1. (1)

Multiplying by tn, and summing from n = 1, yield:

∑
n=1

E(n)tn = w1

∑
n=1

E(n− 1)tn +
∑
n=1

n∑
k=1

wn−k
1 wk+1t

n.

Let E(t) =
∑
n=0

E(n)tn. Then, we have:

E(t)− E(0) = w1tE(t) +
∑
n=1

n∑
k=1

wn−k
1 wk+1t

n,

⇒ E(t)(1− w1t)− w1 =
∑
n=1

n∑
k=1

wn−k
1 wk+1t

n [E(0) = w1],



78 daaga and farrell

⇒ E(t) =

w1 +
∑
n=1

n∑
k=1

wn−k
1 wk+1t

n

1− w1t

=
(
w1 +

∑
n=1

n∑
k=1

wn−k
1 wk+1t

n
)(

1 + w1t+ w2
1t

2 + . . .
)
.

Extracting the coe�cient of tn yields:

E(n) = wn+1
1 +

∑
n=1

n∑
k=1

wn−k
1 wk+1

= wn+1
1 + wn−1

1 w2 +
(
wn−1

1 w2 + wn−2
1 w3

)
+
(
wn−1

1 w2 + wn−2
1 w3 + wn−3

1 w4

)
+ . . .+

n∑
k=1

wn−k
1 wk+1

= wn+1
1 + wn−1

1 w2 + 2wn−2
1 w3 + 3wn−3

1 w4 + . . .+ nw0
1wn+1

= wn+1
1 +

n∑
k=1

kwn−k
1 wk+1.

Since
∨
E(

∨
Sn;w) and

∧
E(

∧
Sn;w), satisfy the recurrence (in Eq. (1)), the result follows.

8. Applications to domination and independent sets

In this section, we establish new connections between the out-domination number, the in-

domination number, and the presence of speci�c terms in the source and sink polynomials,

thereby linking domination parameters with polynomial characteristics. Additionally, we

present applications of star covers and associated polynomials to a class of domination

concepts introduced in [11] , as well as to a result about the cardinalities of neighborhoods

of independent sets. Additionally,

8.1. Applications to out-domination and in-domination numbers of digraphs

For a digraph D, if uv ∈ D then the node u is said to dominate the node v. An out-

domination set of a digraph D is a set S of vertices of D such that every node of D − S

is an out-neighbour of some node of S. The minimum cardinality of an out-domination

set for D is the out-domination number γ+ of D. The in-domination number γ−(D) is

analogously de�ned in terms of the in-neighbours pf nodes in S.

Some basic properties of (directed) star polynomials are given below. Note that for

a multivariate polynomial, the degree of each term is the sum of the exponents of its

variables.

Theorem 8.1. The minimum degree of the terms in Ê(D;w) is the out-domination num-

ber of D.
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Proof. The centre of each source star dominates the tips of the stars. So the set of centre

nodes and component nodes, comprise a dominating set of the digraph D. Also every

dominating set X of D has edges directed from members of X, to the remaining nodes

of D, call this set EX . Therefore, for each such out-dominating set X, one can obtain a

star cover, by selecting edges from EX so that no two nodes are dominated by the same

member of X, and no member of X dominates another. Thus the number of members of

X is the number of components of the star cover. Thus, the term of minimal total degree

corresponds to a out-dominating set of minimum cardinality. Hence, that minimum total

degree is the out-domination number of D.

8.2. Application to k, exact 1-total dominating sets of undirected graphs

We now present applications of star covers and their associated polynomials to the study of

kk -Exact 1-Total Dominating Sets, a concept introduced in [11] . Furthermore, we explore

an inequality relating the cardinalities of neighborhoods of independent sets to the size of

the independent sets themselves. These results deepen the understanding of connections

between domination parameters, independent sets and various star polynomials.

A k-bounded star-factor of G is a spanning subgraph of G consisting of node-disjoint

components where each component is a star having at least one but no more than k edges.

Thus, a graph has a 1-bounded star-factor precisely when it has a perfect matching.

We call a set D of vertices of a graph G a k,exact 1 - total dominating set if it is possible

to �nd a spanning subgraph of G all of whose edges can be directed to form a directed

graph G+ in such a manner that every vertex in D has outdegree at least one and at most

k, and every vertex in G+ has indegree exactly 1. In forming the directed graph G+ we

are allowing each undirected edge xy in the spanning subgraph to be replaced with either

one or both of the directed edges −→xy or −→yx. To simplify the notation we shall refer to D

as a (k, 1]-total dominating set, or simply a (k, 1]-set. In [11], the authors introduced the

concept of a k-exact 1-total dominating set and established the following two theorems.

Theorem 8.2. Let k ≥ 2. A graph G has a k,exact 1 - total dominating set if and only

if G has a k-bounded star-factor.

In the following theorem, N(S) denotes the set of neighbors of the nodes in the set S.

That is,

N(S) = {v | v is adjacent to some node u ∈ S}.

Theorem 8.3. Let k ≥ 2. The graph G has a k-bounded star-factor if and only if for

every independent set I of nodes, it follows that k|N(I)|≥ |I|.

The underlying graph of D, denoted by U(D), is the undirected graph obtained from D

by removing the directions on edges; and then replacing multiple edges by single edges.

Let C be a directed (sink / source) star cover where each component has less than

k-edges but with no components nodes; then, C is called a k-bounded directed star-factor .

By the above de�nitions, the underlying graph of a k-bounded directed star-factor is
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a k-bounded star-factor. is a k-bounded star-factor. Therefore, by the previous pair of

theorems, we obtain the following result, which demonstrates connections between the ex-

istence of certain (directed) star covers of digraphs and the domination and independence

properties of the underlying graph of D.

Theorem 8.4. Let k ≥ 2. If a digraph D has a k-bounded directed star-factor, then its

underlying graph U(D) satis�es the following two properties:

(i) U(D) has a k-exact 1-total dominating set.

(ii) For every independent set I of nodes in U(D), the inequality

k|N(I)|≥ |I|,

holds, where N(I) denotes the set of neighbours of nodes in I.

Proof. By de�nitions, the underlying graph of a k-bounded directed star-factor is a k-

bounded star-factor of U(D). Thus, by theorems 8.2 and 8.3, the result follows.

We explicitly state the corresponding results for the directed star polynomial, the sink

polynomial and the source polynomial of digraphs.

Theorem 8.5. Let D be a digraph of order n, and let k be an integer with 2 ≤ k < n.

Suppose at least one of the following holds:

(i) The polynomial E(D; (x, y)) contains a term in which all variables are elements of

the set {x2, . . . , xk+1, y3, . . . , yk+1}.
(ii) Either Ê(D;w) or

∨
E(D;w) contains a term in which all variables are elements of

the set {w2, . . . , wk+1}.
Then the underlying graph U(D) satis�es:

• U(D) has a k-exact 1-total dominating set.

• For every independent set I of nodes in U(D), k · |N(I)|≥ |I|, where N(I) denotes

the neighbourhood of I.

We now introduce some notations. Suppose that P = 1h12h2 ···nhn and Q = 1j12j2 ···njn

are two partitions of n, that is P ⊢ n and Q ⊢ n. then write xP and yQ for xh1
1 xh2

2 · · · xhn
n

and yh1
1 yh2

2 · · · yhn
n , respectively. Let P ⊕Q be the integer partition 1h1+j12h2+j2 · · ·nhn+jn ,

of the form cwh2
2 wh3

3 · · ·w
hk
k , with c ∈ Z+.
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