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ABSTRACT

This paper studies the Pell-Narayana sequence modulo m. It starts by defining the Pell-
Narayana numbers and examining their combinatorial relationships with well-known se-
quences and functions, including Eulerian, Catalan, and Delannoy numbers. Building
on this, the concept of a Pell-Narayana orbit is introduced for a 2-generator group with
generating pair (z,y) € G, which allows the analysis of the periods of these orbits. The
results include explicit calculations of the Pell-Narayana periods for polyhedral and bi-
nary polyhedral groups, depending on the choice of generating pair (z,y), along with a
discussion of their properties. Furthermore, the paper determines the periodic lengths of
Pell-Narayana orbits for the groups Qs, Qg X Za,,, and Qg X, Zs, for all m > 3.

Keywords: Pell-Narayana sequence, Pell-Narayana length, Pell-Narayana orbits, polyhe-
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1. Introduction

Since Fibonacci numbers exist in nature and find application in many branches of science,
they have managed to attract the attention of many scientists for many years. Inspired
by the Fibonacci numbers, many number sequences were defined and their properties
were examined. One of the most important of these number sequences is the Narayana
numbers. Narayana numbers are also associated with many other number sequences and
their properties are studied |5, 20, 13, 22|.

Applications of Fibonacci number sequences in the cyclic group were started with Wall
[27], continued to be studied with different number sequences in different groups [7, 8, 19,
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18, 17]. Later in [16, 19], it was applied to 3-step Fibonacci numbers and in [15], these
applications were moved to k-step Fibonacci numbers.

The polyhedral and binary polyhedral groups were explored in earlier works such as
[26] and [1]. Building on these foundations, researchers like Knox, Kumari, and Akiiziim
[12, 14, 2] extended the analysis to k-nacci sequences within finite groups. Similarly, in
later studies, 3-term recurrence sequences and their generalized forms were studied in
the context of finite groups and fields. [6, 3, 9, 1]. In the coming years, it is likely that
research will increasingly explore the use of number sequences to investigate the structure
and properties of more complex algebraic systems, such as quaternions, hybrid numbers,
and dual numbers, within complex or higher-dimensional spaces. These studies may focus
on the underlying group structures, symmetries, and interactions of such number systems,
potentially revealing new insights into both theoretical and applied mathematics |11, 29,

Broadly speaking, this area of research aims to deepen the understanding of the in-
terplay between number sequences and algebra. By expanding the scope of work on
sequences, it investigates related identities, Binet formulas, and generating functions. In
this study, the relationship between the Pell-Narayana sequence and algebra is explored,
starting from its defined properties and its connections with groups. Specifically, the con-
cept of Pell-Narayana sequences is extended and analyzed. In Section 2, the Pell-Narayana
sequence is studied in the context of finite groups, with particular attention to its periodic
behavior modulo m. Section 3 focuses on the orbits of Pell-Narayana sequences within
finite groups. Finally, the lengths of these sequences for generating pairs in groups are
examined, complemented by applications designed to provide a clearer understanding of
the findings.

2. The Pell-Narayana sequences
A Pell-Narayana sequence { PN} is defined [21] recursively by the equation
PN, = 2PN,_, + PN, _s, (1)

where PNy =0, PN; =1, PNy =1.1itis {0,1,1,2,5,11,24, ...} (A078012) [24].
Kalman [3] pointed out that all sequences are essentially a linear combination of the
preceding k terms of the equation defined below:

Aptk = Colp + ++* + Ch—1Qptk—1,

such that {cg,c1,...,ck_1} € R. These coefficients with companion matrix can be repre-
sented in closed form as follows [10]:
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0 1 0 0 0
0 0 1 0 0
0O 0 0 ... 0 0
Ap=lailg=| . . : (2)
0 0 O 0 1
L Co CG1 C2 ... Cp—2 Cp—1 ],
Then by an inductively,
Qo Qp,
Al = 3)
L Gk—1 | | Ontk—1 |

If the first k£ terms of a sequence are repeated in the sequence from the beginning, the
sequence is called simply the periodic sequence, and the period of this sequence is also k.
For example, the sequence, xy, s, ..., x5, 1, To, ..., Ts, . . . 18 a simply periodic with period
5. On the other hand, if consecutive £ terms repeat in the sequence between terms of a
sequence, this sequence is called a periodic sequence, and the period of this sequence is k.
For example, the sequence, x1,xo, 3, x4, x3,2y4,... , is a periodic, period 2.

Definition 2.1. Consider a finite generated group G = (A) for the finite set A =
{ai,as,....,a,}.

For0<i<n-1,if z; = a;41 and z;,,, = H?zl Titj—1 then the sequence {xg,x1,...}
is called a Fibonacci orbit of G and showed by Fy4 (G). If F4 (G) is a simply periodic se-
quence, then the period of the sequence is called a Fibonacci length of G, shown LEN 4 (G)

[4].

2.1. Pell-Narayana sequences modulo m

From statements (1) and (3), for the Pell-Narayana sequence, we can write the following

relation
PN,_, 010 PN, 3
PN, , |=]|00 1|]| PN, |- (4)
PN, 1 0 2 PN,
Now, let us take
010

K=[kijlgus= 0 0 1 |,
1 0 2
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which is said to be Pell-Narayana matrix. Then by an mathematical induction, for n > 0,

0 PN,
K" 1| = PNnJr]_ ) (5)
1 PNn+2

is obtained.
Now, let’s reduce each term of the Pell-Narayana sequence to mod m and denote the

resulting new sequence with {PNng)} . That is,

{PN;W)} - {PNE;"),PNW, . } .

These recurrences follow the same pattern as described in (1). They are part of a
broader family of third-order lacunary sequences, which include the Padovan, Perrin, Pell-
Narayana, Narayana, and Plastic sequences. This family has been thoroughly investigated
in studies by Anderson, Horadam, Petroudi, Soykan, and Shannon [21, 23, 25].

Theorem 2.2. The sequence {PN,gm)} exhibits simple periodicity.

Proof. Given that there are only a finite number of possible term triplets, specifically
m3, the sequence eventually repeats. Once the triplet begins to repeat, all subsequent
terms are generated by iterating this repeating pattern.
From (1), we have
PNyi3=2PN, ,+ PN,,

so, if

(m) _ (m)
PNips = PN,

(m) _ (m)
PN = PNy,

PN™ = pNU™
1 ¥ Y
then PN'™ , = PN{™ PN™ = PN{™ and PN!™ = PN{™.

i—j+2 i—j+1 = -7
This demonstrates that the sequence {PN;m)} is a simply periodic.
Let Per(PN()) the smallest period of the Pell Narayana sequence {PN;W} and let

p; represent distinct primes. If m = Hle p:i(t > 1) therefore we write Per(PN™)
lem[Per(PN®i“))], the least common multiple of the Per(PN®i)).

ol

Theorem 2.3. Letm = [];_, p(t > 1) and p; represent distinct primes, then {PN%m)}
= lcm[Per(PNr(Lpiei))}, the least common multiple of the Per(PNflpiei))_

e

”} with Per(PN®:)),

n

Proof. In addition to defining the length of the period of {PN(Z”'

We can also express this by stating that the sequence {PNT(LPZ'Z)} repeats only after blocks
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of length u - Per(PN,(Lp ‘;i)), where © € N. This follows from the previously established
result regarding the period length of {PNém)}, given as Per(PNém)).This means that for

all values of 1, {Pngiei)} repeats after Per(PN;m)).

Therefore, Per(PN{™) takes the form u - Per(PNflp ji)) for all values of i, where any
such u contributes to a period of the sequence {PNém)}. Consequently, we conclude that

Per(PN{™) = 1cm[Per(PNT(iji))], as required. O

Theorem 2.4 (Matrix interpretation and CRT decomposition). Let

010
K=100 1];
1 0 2

be the Pell-Narayana companion matriz satisfying

0 PN,
K'l1|=|pPN.a |- (6)
1 PNn+2

Then for any modulus m > 1, the period of the Pell-Narayana sequence modulo m
satisfies
(Per(PN™) = ord,,(K; s0),

where ord,, (K sg) denotes the smallest positive integer t for which

0

K'sy=sy (mod m), so=11

1
If ged(det K, m) = 1, then K is invertible modulo m and the above equality reduces to
(Per(PN™) = ord,,(K),
the multiplicative order of K in the group GL3(Z,).
Proof. From relation (6), each state vector of the sequence modulo m can be written as
sn = K so, K,, = K mod m.

The sequence is periodic if and only if there exists a smallest 7" > 0 such that sp = sg
(mod m), that is,

Klsy =5, (modm).
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Hence the period equals the order of K, acting on the initial vector sg, which proves

the first statement. .

For the decomposition, let the prime factorization of m be m = [] p{*. By the Chinese
i=1
Remainder Theorem, there is a ring isomorphism

t

Lo Hzpfi,

i=1
which induces
K,, <Kp‘f1’""Kpft>’ S0 > (s(()l),...,sét)).

Then

Klsy=sy (modm) <= Kgl;i s =59 (mod p) for all .

Let ' ..
T; = ord = (K; s((f)) = Per(PNr(Lpi )).

Each T; divides any common period 7', and conversely,
T =lem(Th,...,Ty),

satisfies the congruences above simultaneously by the CRT. Therefore,

Per(PN™) = ord,, (K ) = lem[Per(PNY Y],

This gives an explicit matrix-based justification of the period decomposition formula
stated in Theorem 2.3. O

Example 2.5. Consider the Pell-Narayana matrix

010
K=10 01
10 2

For the modulus m = 6, we have the prime factorization 6 = 2 - 3. From Example 2.5,

it is known that
{PN,?)} =3, {PNS;”)} —13.
By Theorem 2.4,
{Pfo)} — lem] {PNS?} , {PNS‘)}] — lem(3,13) = 39.
Indeed, computing powers of K modulo 6 confirms that

K* =13 (mod 6),

so the Pell-Narayana sequence modulo 6 has period 39. This illustrates the identification
Per(PN,(Lm)) = ord,,(K) and verifies the lem formula obtained via the Chinese Remainder
Theorem.
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Corollary 2.6. For p;, (p; is a prime) if it consists of even numbers such as 2, 4 or 6,
the simple periodicity s provided, otherunse periodicity is provided. We can illustrate this
with examples below.

Example 2.7. {PNﬁf)} —{0,1,1,0,1,1,...} = Per(PN®) =3. Form =4, ¢; = 2,

{PN#)}:{o,1,1,2,1,3,0,1,1,2,1,3,0,1,1,...} — Per(PNW) =6.
For m = 3,

PN® ={0,1,1,2,2,2,0,2,0,0,2,1,2,0,1,1,1,0,1,0,0,1,2,1
,0,2,2,1,1,1,0,1,0,0,1,2,1,...} = Per(PN®) = 13.
For m = 6,

PN©® =10,1,1,2,5,5,0,5,3,0,5,1,2,3,1,4,5,5,2,3,5,0,3,5,4,5,3,4,1,5
12,5,3,2,3,3,2,1,5,0,1,1,2,5,5,0,...} = Per(PN®) = 39.

Per(PN®) = lem (Per (PN®)) , Per (PN®)) = lem (3,13) = 39,

as required.
For m = 5,

PN® ={0,1,1,2,0,1,4,3,2,3,4,0,3,0,0,3,2,4,1,4,2,0,40,0,4,3,1, 1,
0,1,3,1,3,4,4,1,1,1,3,2,0,3,3,1,0,3,2,4,1,... } = Per(PN®)) = 31.

Let
A= [aij](k+1)><(k+1)7
where a;; are integers, and let

A mod m = (a;; mod m).

Let
(PN)pe = {K" mod p | i > 0},

be a cyclic group, and let
[(PN)pel,

denote its order. From (5), we have
Per(PN®")) = [(PN) 0] .
Theorem 2.8. Fort € Z+, Per(PN®) = Per(PN®). In this case, we have the relation:

Per(PN®") = po~t . Per(PN®), o >t
Specifically, if Per(PN®) Per(PN(pQ)), then we obtain the formula:

Per(PN®")) = p*~1. Per(PN®), « > 1.
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Proof. For g € Z*, Since PNy = (mod p?t!) and Py = (mod p?), it
follows that Per(PN®") divides Per(PN®™) where I is the identity matrix. Moreover,
we know that:
pq
RPN 4 (@),
so we have:

p
JFPer(PNFD)p _ (I+ a(q)pq)p — (p) (agq)pq)i =7 (mod p*).

i ; J
i=0
This shows that Per(PN®"™)) divides Per(PN®")p. Thus, we conclude:
Per(PN®"™)) = Per(PN®)) or Per(PN®")) = Per(PN®))p.

Additionally, Per(PN®"™)) = Per(PN®))p if and only if there exists an ag) that is

not divisible by p. Since Per(PN®)) % Per(PN®"™), it implies there exists an agﬂ) not
divisible by p. Therefore, we conclude that:
Per(PN®")) £ Per(PN®"™)).
By induction on ¢, the proof is completed. O

Let K be the companion matrix of a sequence PN (n). Denote by
Ty := Per(PN(p?)),

the period modulo p?. Then we have the following lemma and theorem describing the
prime-power lifting behavior.

Lemma 2.9 (Prime-power dichotomy). Suppose
KT =1+plA, Ae M,(Z).
(a) If A=0 (mod p), then
K% =1 (mod p™") and Ty = Th.

That is, the period stabilizes.
(b) If there exists at least one entry of A with A;; 0 (mod p), then

K™ #£1 (mod p'),

but
(K™ =1 (modp™) = T =pTlh.

That is, the period multiplies exactly by p.
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Example 2.10. Forp=2and g =1,
KPer(PNY) = (6 =T (mod 4),

so that,
9 4 20 100
K°=] 20 9 44 =l o010 |=L
4420 97)  \0 0 1
Also
2
100 4 2 10 100
EPs@2— [ g 1 o |42 10 4 22 =1 0 1 0 [(mod2?).
001 22 10 48 00 1

For t =1 and a = 2, we obtain

Per (PN@“)) — p*'Per (PN(p)> — Per (PN(22)> — 9'Per (PN(2)> ,
where Per (PN(Q)) = 3 and Per (PN(22>> = 6 from Example 2.7. Also, in this example
for Per (PN¥)) 2 Per (PN(”Z)> , Per(PN®") = pe~1Per(PN®) is provided.

Lemma 2.11 (Equivalence of Scalar and State-Vector Periods). Let PN (n) be a sequence
generated by a linear recurrence with companion matriz K. Denote by

Ticalar := Per(PN(pq)),
the scalar period modulo p?, 1.e., the smallest positive integer such that
PN(n+ Tseatar) = PN(n) (mod p?)  for all n.

Denote by
Toector := the smallest T such that KT =1 (mod p?),

the state-vector (companion matriz) period modulo p?. Then we have

Tscalar = L yector-

Proof. Let v, denote the state vector corresponding to the sequence PN (n), so that
Un+1 = Kv,. Then

Vnt Towerer = K0, = Tv, = v, (mod p?).
In particular, the first component of v, is PN(n), so
PN(n+ Tyector) = PN(n) (mod p?).
By minimality of Ty.aar and Tyecior, We conclude

Tscalar = Lvector-
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3. Pell-Narayana orbits of finite groups

Definition 3.1. For j-generating (2 < j < 3), the Pell-Narayana orbits of finite groups
are defined as follows:

i. Let (zg,71) € X be the generating pair for a 2-generator group G, in that case, the
sequence {s;} of elements of G defines the Pell-Narayana orbit PN(G),, ..y

S0 = To, 51 =T1, s3=(8,)..., Sn= (5, 4)(5n1)" for n > 3.

ii. Let (xg,z1,22) € X be the generating triplet for a 3-generator group G, in that case,
the sequence {s;} of elements of G defines the Pell-Narayana orbit PN(G),

x0,x1,T2)

S0 = Tg, S1 =T1,..., Sp = (Sn,g)(an)Q for n > 3.

Theorem 3.2. A Pell-Narayana orbit of a finite group with j-generating (2 < j < 3) is
a periodic sequence.

Proof. Let’s consider group G with the generating pair (z¢,x;). If the order of the group
G is n, we can say that there are n? different 3-tuples elements in G.

This means that every 3-tuples element in the Pell-Narayana orbit of G will appear at
least 2 times.

This means very clearly that the Pell-Narayana orbit is periodic sequence.

Given the periodicity here, 7,7 € Z* and ¢ > j such that

Si—1 = Sj—-1, Si—2 = Sj—2, S;—3 = S;j-3.

From the definition of the orbit in the Pell-Narayana sequence, we know that

Si = (%—3)(3@'—1)2 and s; = (Sj—3>(8j—1)2'

Thus, s; = s; and it follows that

Si—j = Sj—j = S0 = Lo,

Si—j+1 = Sj—j+1 = S1 = L1-

So, the Pell-Narayana orbit is simply periodic sequence. The proof of 3-generator groups
is similarly done.

We show the periods of the orbits PN(G),, . with1<n <2by LPN(G)q, .

Then it is clear from the operations that the Pell-Narayana orbits of the finite groups
depend on the selected generating set and the order for the assignments of xq,...,x,;
1<n<2. ]

Definition 3.3. For a finite group G, group G is a Pell-Narayana sequenceable if G' has
a Pell-Narayana orbit such that every element of the G group appears in the sequence.
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Based on the definition, it is said that all the examples given below are a Pell-Narayana
sequenceable as a requirement of the expression given in Definition 3.3.

We examine Pell-Narayana orbits of finite groups, Qg, Qs X Zay, and Qg X ,Zoy,,
m > 3.

Theorem 3.4. LPN (Qs), ,, = 6.

(=,y)

2 3 2 3
T, Y, YT, Y 560, Y,Y LY 5y

which has period LPN (Qs),, ) = 6. O

Theorem 3.5. For each generating triplet, the period of the Pell-Narayana orbit of the
group Qs X Lom, (m > 3) is lem [6, Per (PNC™)].

Proof. Consider the Pell-Narayana orbit PN (Qg X Zap,)

(@,9,2) *

al as ,3.a3 ,2._a4 as ag a7 ag ,3.a9 ,,2. a0 ail ai2 ,a13 aiq
o TR A T N T N A AL A P A VAP A TRl AL A T A A N /s

Using the above information, we have

So =&, S1 =Y, SS9 = 2, S3 — .Z‘Z2, S4 — y323, S5 — y224,
su=y°2"%  sp=x2", siz=y2", su=2" sgz=a""
Seice =Y 2% sii1 = yP2% T se = 2% sei1 = y2™, Seipe = 20T L

The sequence has the form layers of length 6. So, we need an i such that ss =
T, Seir1 = Y, Seira = 2. 1t is seen that the Pell-Narayana orbit PN (Qg X sz)(m’w) has
period lem [6, Per (PN@m))}. O

Theorem 3.6. For each generating triplet, the period of the Pell-Narayana orbit of the
group Qsx yZaoy, (m > 3) is lem [6, Per (PNCE™)].

Proof. Consider the Pell-Narayana orbit PN (ngwzzm)(

z,y,2)

ai a2 ,3.a3 ,2_ a4 as ag a7 as ,3,a9 ,2_0a10 a1 a1z ,ai13 a4
x,y, 2% w2y 2y 2™, 12 g2, 20, w2 P2yt M0, a2 M2, 20 L

From here, we get the following sequence.
_ _ _ 2 _ ,3.3
So =%, S1=Y, S2=2%2, S3=T%, S4=Y=z,

2.4 _ .5 _ .6 T _ .8 _ 3.9
Ss =Yz, S=Tz, Str=Yz, Sg=2, S9g=Tz, Siw=Y =<,
210 11 12 13 6i—4
S11 =Yy 2, Si2=x2 7, S13=YL T, Su=2, S¢-3=7TZ )

_ . 3.6i—3 _ .2 _6i—2 o 6i—1 60 _ _6i+1
Sei—2 =Y 2 y  Sei-1 =Yz y  Sei = Tz y  Sei+1 =YL,  Sei42 = < yaeee
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The sequence has the form layers of length 6. So, we need an i such that sg; = x, Sg;11 =

Y, Seire = 2. So, we can see that the Pell-Narayana orbit PN (ngwzzm)(w v.2) has period
lem [6, Per (PN(Qm))}.
The other generating triplets are proved in a similar way. [

Remark 3.7. If Per (PN®™) < 2m and 6[Per (PN®™), the groups Qs x Zs, and
Qs X Lo, such that m > 3 are not Pell-Narayana sequence.

4. The Pell-Narayana Length of Generating Pairs in Groups

Theorem 4.1. For Z, = (x) and Z,, = (y), the Pell-Narayana length of Z, X Z, is

lem[Per(PN™), Per(PN™)].

Proof.
L XLy, = (xyy : 2" =y™ =e,xy = yz) .

The Pell-Narayana orbit is:

So =T, 51 =1, So =y>, s3=ay’, s4 = 2%y’, 55 =2y, s = 2y, .. ..
If 2, = o, 11 =y, Tito = y* exist, the proof is completed.

Let’s analyze this statement more thoroughly,

PN;_o, PN

Yy i=x = soxPNH

PNt PN;, PN;i2

2
z =Yy=s,T Y =Y = 2

Y

where, ¢ is least non-trivial integer satisfying the above conditions, so

i = lem[Per(PN™), Per(PN™)].

4.1.  Applications

In this section, let £, m,n > 1 be integers.

Definition 4.2. The polyhedral group (¢,m,n ) is defined by

12 14

(19,21 2’ =y" =2" =wyz=e) or (r,y: &' =y" = ()" =e).

The polyhedral group (¢,m,n ) is finite if and only if & = ¢mn (% + % + % — 1) is a
20mn
=,

positive. Its order is
Definition 4.3. The binary polyhedral group is defined by the relations

(x,y,2: 2" =y™ = 2" = xy2),

or equivalently,
(x,y: 2" =y™ = (zy)").
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This group is finite if and only if the number

1 1 1

k =/{mn (—+——|———1) =mn + nl + {m — {mn,
¢t m n

is positive. The order of the binary polyhedral group is given by

40mn
k

Theorem 4.4. The Pell-Narayana length of this group (2,2,2) is 3

Proof. From Theorem 1.1, LPN,,, ((2,2,2)) = 3. from (2, 2,2) = ZyxZ,, we have

So =T, §1

and LPN,,, ((2,2,2)) = 3.

=Y, S2=6,853=T,84 =Y,S5 =€

Theorem 4.5. The Pell-Narayana length of the polyhedral group (2,m,2) is

3n _
LPN,,,((2,n,2)) = { 2, n=00med2) o

3n, n=1(mod 2)
Proof. If <x,y :

=yt = (xy)2 = e>, ||

=2, then |y| =n and |zy| = 2.
The Pell-Narayana orbit is:

z,y, 9% 2yt y, vt 2y y, 00wyt g, of ey,

2 4
S0 =7, S1 =Y, S =Y, S3 =2y,

4
S4 =Y, S5=Y,
6 24
S8 =Y, S9 = 2Y

12

S¢ = XY ST =Y,
_ _ .8

Sio =Y, Suu=Y,

N S3; = [L’y2(i2+i)

y o S3i+1 = Y
S3i+2 = Y (ZH)
so, we get 2¢ = un for u, i € N.
If n = 0(mod2) then n = 2k and 20 = w2k, k = L, n =2 nu =2, i =% for
u=1,1i=3.
So, we get

LP Ny ((2,0,2)) = lem ( (3,

If n = 1(mod2) then n = 2k + 1 and 2i = u(2k + 1
So, we get

LPN;yy ((2,n,2))

’ )

k

N—

l\:>|3

Tl
2.
n:

~—

2(i—1) .
==—+1, n=u

=lem (3,n,3) = 3n.
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Theorem 4.6. For (n,2,2) and (2,2,n). Then

3n = 2
LPN,,,(G) =4 n = 0(mod 2)
3n, n=1(mod 2)

,n > 2.

Proof. For this group (n,2,2). the following equality holds:
(z,y: a"=y* = (zy)® = e), |z =n, |yl =2 and |zy| =2 . The Pell-Narayana orbit
is
S0 =, §1 =Y, Sy =€,83 =T, 54 =Y’ 85 =€, 56 =T, 7=y’
S8 =€, ...,83 = T, S3i+1 = yIZi, S3i+2 = €.

So, we want to find ¢ € N such that 2i = un for u € N.
If n = 0(mod2) then n = 2k and 2i = u2k, k=1

n:%, nu=2i,i="%2foru=1,1i="2
So, we get
n n
LPN%%y ((n7 27 2)) = lcm ((57 37 3)) = 35
If n = 1(mod2) then n = 2k + 1 and 2i = u(2k + 1), k=5
2(2—1

So, we get
LPN,,,((n,2,2)) =lecm(n,3,3) = 3n.

Example 4.7. For (4,2,2) the Pell-Narayana length is 6. So that

2
T, Y, e, T, yr-, e, ....

Theorem 4.8. The Pell-Narayana length of (2,2,2) is 6. This value represents the period
of the Pell-Narayana sequence when considered within the structure of this specific binary
polyhedral group.

Proof. Since the group has the presentation (z,y: 2% =y = (:cy)2> and |z| = 4, the
Pell-Narayana orbit is ,y,v% , v3,e,2,y,v% 2, v3,e,... . So, we get LN, ,, ((2,2,2)) =
6. [l

Theorem 4.9. Forn > 2, the Pell-Narayana length of (2,n,2) is denoted by

3n, n=0 (mod 2),
LPN,,,((2,n,2)) =

6n, n=1 (mod 2).

This length corresponds to the period of the Pell-Narayana sequence within the structure
of (2,n,2) for different values of n.
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= (xy)2>, |z| = 4, |y| = 2n, |ry| = 4, the Pell-Narayana

Proof. Since <x7y: x
orbit is
S0 =%, $1 =Y, S2 = y27 53 = $y47 S4 = ?/51327 S5 = y47 S = l’le, ST =Y,
S8 :y6, Sg9g = .Iy24, S10 = yﬂ?z, S11 — y8, e
For n = 0(mod 2),
S3i—1 = y2i7 S3; = 1Y
and for n = 1(mod 2),

2(i%+4)

2 )
S83i-1 =Y , S3 = XY y S3i+1 = YT .

Now we want to find ¢ € N such that 2¢ = un for u € N.

For first case:
n =2k, 1 = uk.

For u = 2, 1 = n, we have

LPN,

.Y,y

( (2,n,2)) =lem (3,n,3) = 3n.

For second case:
n=2k+1, 2i =u(2k+1).

For uw=4, 1 = 2n, we get

LPNx»y:y ( <27 n, 2>) =lecm (37 27’L’ 3) = 6n.

Theorem 4.10. If H is (n,2,2) or (2,2,n) then

3n, n = 0(mod 2)
6n, n=1(mod 2)

LPN,,, (H) = { n> 2.

Proof. If H is the group (n,2,2). From the definition polyhedral group we get the Pell-
Narayana orbit is:

2 2 _ _ 4 .2
So =%, S1 =Y, S2=Y ,83=T, S4=YT, S5 =€, S¢ =T, ST=Yr , S =Y,

6
§9 =T, S10 = YT, S11 =€, ...
For n = 0(mod 2), we get
_ 2 _
83i = &, S3i+1 = XY -, S3i+2 = €.

So, we need 7 € N such that 2¢ = un for u € N.

For first case:
n =2k, i =uk .
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For u =2, i =mn, we get
LPN,,,( (n,2,2)) =lem(n,3,3) = 3n.

For second case:
n=2k+1, 2i =u(2k+1).

For u =4, © = 2n, we get
LPNw)yvy ( <n7 27 2>) =lecm (277/7 37 3) = 6n.
Now, let H be (2,2, n). Let’s consider the group defined by

(z,y: 2 =y> = (zy)"), |z| =4, [y| =4, |zy| = 2n.

The proofs are like that of firstly case. O]

Example 4.11. In the case n = 4, the Pell-Narayana length of (4,2, 2) is 12. The group
is defined by

<x,y cat=yt = (xy)2>, lz| =8, |yl =4, |zy| = 4.
So, the Pell-Narayana sequence in the (4,2,2) is

2 2 4 2 6 2 2
T, Y,Y,T,Yyr, T, Yyr Yy , T, Yr , €T, Y, Y , T, YT ,....

5. Conclusions

We have summarized the key characteristics and main properties of the Pell-Narayana
sequence in order to facilitate the exploration of Narayana sequences modulo m. In this
context, we introduced the concept of Pell-Narayana orbits within 2-generator and 3-
generator finite groups. Furthermore, we derived the period of the Pell-Narayana orbit
for specific groups such as Qg, Qs X Za,,, and Qg X, Zg, for m > 3. Additionally,
we examined the Pell-Narayana lengths of the polyhedral and binary polyhedral groups,
providing concrete examples to illustrate these findings. This work not only deepens
our understanding of the Pell-Narayana sequence in various algebraic structures but also
contributes to the broader study of periodic behaviors in finite groups and their associated
sequences.
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