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ABSTRACT

For a graph F and a positive integer ¢, the vertex-disjoint Ramsey number V R,(F) is
the minimum positive integer n such that every red-blue coloring of the edges of the
complete graph K,, of order n results in ¢ pairwise vertex-disjoint monochromatic copies
of subgraphs isomorphic to F', while the edge-disjoint Ramsey number ER;(F) is the
corresponding number for edge-disjoint subgraphs. These numbers have been investigated
for the three connected graphs K3, Py and K 3 of size 3. For two vertex-disjoint graphs G
and H, let G + H denote the union of G and H. Here we study these numbers for the
two disconnected graphs 3K and P; + P, of size 3. It is shown that V R, (3K3) = 6t + 2
and VR, (Ps + P,) = 5t + 1 for every positive integer t. The numbers ER;(3K;) and
ER.(P; + P») are determined for ¢ < 4 and bounds are established for FR;(3K,) and
ER;(Ps; 4+ P2) when t > 5. Other results and problems are presented as well.
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1. Introduction

In a red-blue coloring of a graph G, every edge of G is colored red or blue. For two graphs
F and H, the well-known Ramsey number R(F, H) is the minimum positive integer n such
that for every red-blue coloring of the complete graph K, of order n, there is either a
subgraph of K,, isomorphic to F' all of whose edges are colored red (a red F') or a subgraph
of K, isomorphic to H all of whose edges are colored blue (a blue H). Therefore, for a
single graph F', the Ramsey number R(F,F'), also denoted by R(F'), is the minimum
positive integer n such that for every red-blue coloring of K, there is a subgraph of K,
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isomorphic to F' all of whose edges are colored the same (a monochromatic F). While
these numbers exist for every graph F (see [8]), it is challenging in general to determine
the exact value R(F) for many graphs F. For example, R(K,,) is only known when n < 4
(see |2, 6]).

Perhaps the best known Ramsey number is R(K3) which is 6. This result was estab-
lished by Greenwood and Gleason [6] in 1955. In fact, this result essentially appeared as
Problem A2 in the 1953 William Lowell Putnam Exam (see [6]). While every red-blue
coloring of Kg always results in a monochromatic triangle K3, it turns out that every
red-blue coloring of Ky always results in at least two monochromatic triangles (see [5]).
However, it is not true that every red-blue coloring of Ky always results in two edge-
disjoint monochromatic triangles. For example, in the red-blue coloring of K¢ in Figure 1
(where a bold edge represents a red edge and a thin edge represents a blue edge), there
do not exist two edge-disjoint monochromatic triangles.

Fig. 1. A red-blue coloring of Kg

On the other hand, every red-blue coloring of K; always results in two edge-disjoint
monochromatic triangles.

Proposition 1.1. [I| Every red-blue coloring of K7 results in two edge-disjoint monochro-
matic triangles.

While every red-blue coloring of K7 results in two edge-disjoint monochromatic trian-
gles, it is not true that every red-blue coloring of K7 always results in two vertex-disjoint
monochromatic triangles. For example, the red-blue coloring of K; of Figure 2 with red
subgraph K5+ K5 and blue subgraph K 5 does not contain two vertex-disjoint monochro-
matic copies of K3. However, every red-blue coloring of Kg results in two vertex-disjoint

=\

monochromatic triangles.

Fig. 2. A red-blue coloring of K7

Proposition 1.2. [I| Every red-blue coloring of Ky results in two vertez-disjoint monochro-
matic triangles.
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Consequently, 6 is the smallest order n of a complete graph K, for which every red-
blue coloring results in a monochromatic triangle, 7 is the smallest order n of a complete
graph K, for which every red-blue coloring results in two edge-disjoint monochromatic
triangles, and 8 is the smallest order n of a complete graph K,, for which every red-blue
coloring results in two vertex-disjoint monochromatic triangles. These facts gave rise to
the idea of extending Ramsey numbers to multiple Ramsey numbers in [1].

Let t be a positive integer and F' a graph without isolated vertices. The vertex-disjoint
Ramsey number V Ry(F) is the minimum positive integer n such that for every red-blue
coloring of K, there are at least ¢ pairwise vertex-disjoint monochromatic copies of F.
Thus, VR,(F) = R(F) for every graph F. Since the Ramsey number R(tF") exists for
the union ¢F' of t pairwise vertex-disjoint copies of a graph F' by a result of Ramsey [8],
we have the following.

Observation 1.3. [I| For every graph F without isolated vertices and every positive
integer t, the number VRy(F) exists and t|V(F)|< VR(F) < R(tF). Furthermore,
VR(F) < VR (F).

Let t be a positive integer and let F' be a graph without isolated vertices. The edge-
disjoint Ramsey number ER,(F) of F is the minimum positive integer n such that for

every red-blue coloring of K, there are at least ¢t pairwise edge-disjoint monochromatic
copies of . Thus, ER,(F) = R(F) for every graph F.

Observation 1.4. [I| For every graph F without isolated vertices and every positive
integer t, the number ERy(F) exists and ER(F) < VRy(F). Furthermore, ER,(F) <
ER 1 (F).

The concepts of vertex-disjoint and edge-disjoint Ramsey numbers of graphs were in-
troduced and studied in [1] and studied further in [7]. In [1]|, the numbers V R;(F') and
ER,(F) were investigated for the two connected graphs of order 3, namely K3 and P;.
The following two results were obtained on vertex-disjoint Ramsey numbers of these two
graphs.

Theorem 1.5. [1| For an integer t > 2, VR(K3) = 3t + 2.
Theorem 1.6. [l| For every positive integer t, V Ry(P3) = 3t.

Regarding edge-disjoint Ramsey numbers of K3, it was also shown in |1] that EFRy(K3) =
7, ER3(K3) =9, and FR4(K3) = 10. The edge-disjoint Ramsey numbers of P; were ob-
tained in [1] as well.

Theorem 1.7. [1| For every positive integer t, ER,(Ps) = [2v/t + 1],

In [7], the numbers V R,(F') and ER;(F') were investigated for the connected graphs F
of size 3 different from K3, namely the star K; 3 and the path P, of order 4. The following
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two results were obtained on vertex-disjoint Ramsey numbers of these two graphs.
Theorem 1.8. [7| For each positive integer t, V Ry(Py) = 4t + 1.
Theorem 1.9. [7] VRy(K,3) = R(K,3) = 6 and for each integert > 2, VR(K; 3) = 4t.

It was also shown in |7] that ERy(K,3) = 6 and ER,(K,3) = 7 for t = 3,4, while
ERy(P;) = t+ 3 for 2 <t < 5. Upper and lower bounds for these two numbers were
established in [7] as well.

IA

Theorem 1.10. [7] For each integer t > 4, [3“9““ ER(K,3) <t+3.

2

<t+3.
+24

Theorem 1.11. [7| For each integer t > 2, ER,(P,
(1) If ER,(Py) # 0 (mod 3), then ER,(P,) > |2+

(
(2) If ER,(Py) = 0 (mod 3), then ER,(Py) > me]

2

~—

[y
~

[\

For two vertex-disjoint graphs G and H, let G + H denote the union of G and H with
V(G+H)=V(G)UV(H) and E(G+ H) = E(G)U E(H). The Cartesian product of G
and H is denoted by G O H with V(G O H) = V(G) x V(H) where two distinct vertices
(u,v) and (x,y) are adjacent in G O H if either v = z and vy € E(H) or v = y and
uz € E(G). We refer to the book |2| for notation and terminology not defined here. The
goal of this paper is to study VR, (F) and ER,(F) for the two disconnected connected
graphs I of size 3, namely the matching 3K, and the union P; + P, of P and P.

2. On the multiple Ramsey numbers V R;(3K,) and ER;(3K>)

We begin with the vertex-disjoint Ramsey numbers of the matching 3K, of size 3. An
upper bound for V R;(F') was established in [7] for every graph F of order at least 4 with
no isolated vertices.

Proposition 2.1. [7] Let F' be a graph of order n > 4 without isolated vertices. If there
is a positive integer to such that VR (F) < q, then VR(F) < q+ (t — to)n for every
nteger t > tg.

With the aid of Proposition 2.1, we are able to determine V R;(3K3) for every positive
integer t.

Theorem 2.2. For each positive integer t, V R (3K3) = 6t + 2.

Proof. Since VR, (3K3) = R(3K;) = 8 and the order of 3K, is 6, it follows by Propo-
sition 2.1 that VR;(3K,) < 8+ 6(t — 1) = 6t + 2. Next, consider the red-blue coloring
of G = Kg..1 with red subgraph G, = Ky V Kg_1 (the join of K, and the empty graph
Kg:—1 of order 6t — 1) and blue subgraph G, = Kg_1. Since the edge-independence num-
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ber of G, is o/(G,) = 2, there is no red 3K in G,.. The blue subgraph G, has order 6t — 1
and so there are no t pairwise vertex-disjoint blue copies of 3K5. Since this red-blue

coloring fails to have ¢ pairwise vertex-disjoint monochromatic copies of 3K, it follows
that VR,(3K3) > 6t + 2 and so VR, (3K3) = 6t + 2. O

For the edge-disjoint Ramsey number E'R;(3K3), we begin by determining ER;(3K>)
for small values of ¢, namely 1 <t < 4. First, we provide some preliminary information.
The following two results are known.

Theorem 2.3. |41, 3| For every positive integer n, R(nKy) = 3n — 1.
Thus, ER;(3K;) = R(3K3) = 8 by Theorem 2.3.

Theorem 2.4. |2| For every integer k > 1, the complete graph Ko can be factored into
k — 1 Hamiltonian cycles and a 1-factor.

The matching (or edge-independence) number o/ (G) of a graph G is the maximum
number of edges in G, no two of which are adjacent. In order to determine ER;(3K5) for
2 <t <4, the following lemma will be useful.

Lemma 2.5. If G is a graph of order 8 and size 10 or more, then either
O/(G) 23, G e {K5 +F3, (Kg—i-E)\/Kl}, OT'GQKQ \/?6

Proof. Let P = (vg,vy,...,v) be a path of greatest length k in the graph G. If £ > 5,
then {vgv1, vovs, v4vs} is an independent set of three edges in G and thus o/(G) > 3.
Hence, we may assume that 2 < k£ < 4. We consider three cases according to the value
of k.

Case 1. k = 2. Thus, every nonempty component of GG is either K3 or a star. Therefore,
|E(G)|< 7, a contradiction.

Case 2. k = 3. Thus, P = (vg,v1,v2,v3) is a path of greatest length 3 in G. Let
vy, Us, Vg, U7 be the remaining vertices of G. Then vov;, v3v; ¢ E(G) for i = 4,5,6,7, for
otherwise GG contains a path of length 4 or more. If any two of the four vertices vy, vs, vg, v7
are adjacent, then o/(G) > 3. Therefore, we may assume that {vy, vs,vg,v7} is an inde-
pendent set of vertices in G. Let F' be the bipartite graph with partite sets {vg, vy, v, v3}
and {v4,vs5,v6,v7}. Then |E(F)|< 8. Let H = G[{vy, v1,v2,v3}| be the subgraph induced
by {vo,v1,v2,v3} in G. Then E(G) = E(F)U E(H), see Figure 3.

If H is a Hamiltonian subgraph of G, then no vertex of H is adjacent to any vertex
in {vy, vs, ve, v7}, for otherwise G contains a path of length 4 or more. Therefore, if
H is Hamiltonian, then |E(G)|= |E(H)|< 6, a contradiction. Thus, we may assume
that H is not Hamiltonian. Thus, vovs ¢ E(H) and at most one of vgvy and vjvz is an
edge of H. Therefore, |E(H)|< 4. If both v; and v, are adjacent to a vertex v; where
4 < i <7, then G contains a path of length 4, a contradiction. Thus, |F(F)|< 4 and so
|E(G)|= |E(H)|+|E(F)|< 4+ 4 = 8, a contradiction.



22 JENT AND ZHANG
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Fig. 3. A step in the proof of Case 2

Case 8. k = 4. Thus, P = (vg, v1,v2,v3,v4) is a path of greatest length 4 in G. Let
vs, U, U7 be the remaining vertices of G. Then vyv;, v4v; ¢ E(G) for i = 5,6, 7, for other-
wise GG contains a path of length 5 or more. If any two of the four vertices v, vs, vg, v7 are
adjacent, then o/(G) > 3. Therefore, we may assume that {vs, vs, vg,v7} is an indepen-
dent set of vertices in G. Let I be the bipartite graph with partite sets {vo, vy,...,v4}
and {vs,vg,v7}. Then |E(F)|< 6. Let H = G[{vg,v1,...,v4}] be the subgraph induced
by {vo,v1,...,v4} in G. Then E(G) = E(F)U E(H), see Figure 4.

H Vo U1 V2 V3 Uy
A\ S
DN X >
N~ | s/
NN SO / | \ //// Vi
AN N\ T o /
\ NI T B S /
F— N/ P D /
\ /N~ | ~ \ /
\ / - N \\\/
U5 & - - =0~ - - -"Ouy
S Vs _ -7

Fig. 4. A step in the proof of Case 3

If H is a Hamiltonian subgraph of GG, then no vertex of H is adjacent to any vertex
in {vs, ve, v7}, for otherwise G contains a path of length 5 or more. Therefore, if H is
Hamiltonian, then |E(G)|= |E(H)|< 10. Since |E(G)|> 10, it follows that |E(G)|= 10
and G = K5 + K3 in which G[{vg,v1,...,v4}] = K5 and G[{vs, v, v7}] = K3. Thus, we
may assume that H is not Hamiltonian and so vovs ¢ E(G).

* First, suppose that both vyve and vyvy belong to G. Then vyvy, vovs ¢ E(H) since H
is not Hamiltonian and vyv;, v4v; ¢ E(G) for i = 5,6, 7, for otherwise o/(G) > 3. Thus,
|E(G)|< 7, a contradiction.

x Next suppose that exactly one of vovy and vyvy belongs to G, say vove € E(G) and
vovy ¢ E(G). Then vivy ¢ E(H) (since H is not Hamiltonian) and vv; ¢ E(G) for
i =5,6,7, for otherwise o/(G) > 3. Thus, |E(G)|< |E(H)|+|E(F)|< 7+ 3 = 10. Since
|E(G)|> 10, it follows that |E(G)|= 10 and so v;v3 € E(H) and G = (K3 + K4) V K;
where G[{vo, v1,v2}] = K3, Glvg, vs, v6, v7}] = K4, and degg vz = 7.

x Finally, suppose that vovy, vovg ¢ E(G). Thus, the edge v1v3 may or may not belong
to G. Then G is a subgraph of K,V K¢ where G[{v;,v3}] = K5 and G[{vg, v2, vy, s, Vg, U7 }]
= Kg.

Therefore, either o/(G) > 3, or G € {K5 + K3, (K3 + K4) VK },or G C K,V Kg. O

Theorem 2.6. For 1<t <4, ER,/(3K;) =38.
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Proof. Since R(3K3) = 8 by Theorem 2.3, we may assume that 2 < ¢t < 4. First, we
show that ERy(3K,) = 8. Since ER»(3K3) > R(3K3) = 8, it remains to show that that
ERy(3K,) < 8. Let ¢ be a red-blue coloring of G = Kg. Since R(3K3) = 8, there is a
monochromatic subgraph F' = 3K, of G. Let H = G — E(F'). Then H has order 8 and
size (2) — 3 = 25. Let H, and H, be the red and blue subgraphs of H having sizes m,
and my respectively. We may assume that m, > my,. Thus, m, > 13. Since H, has order 8
and size 13 or greater, it follows by Lemma 2.5 that either o/(H,) > 3 or H, = K, V Kg,
which contains no 3K,. If o/(H,) > 3, then H, contains a subgraph isomorphic to 3K
which is edge-disjoint from F. Thus, we may assume that H, = K,V K. Since the
complement of H, is H, = Kg + K, it follows that H, = (K + K3) — E(F) where
F = 3K, is a matching of size 3 in K4. By Theorem 2.4, H, is 3K,-decomposable
into four copies of 3K,. Therefore, G contains two edge-disjoint copies of 3K, and so
ERy(3K3) < 8. Therefore, FRy(3K3) = 8.

Next, we show that ER3(3K;) = 8. Since ER3(3K;) > ERy(3K,) = 8, it remains
to show that that FR3(3K3) < 8. Let there be given a red-blue coloring of G = Kj.
Since ER2(3K;) = 8, there are two edge-disjoint monochromatic copies F; and Fy of
3K,. Let H = G — [E(Fy) U E(F,)]. Then H has order 8 and size (5) — 6 = 22. Let H,
and H, be the red and blue subgraphs of H having sizes m, and my, respectively. We
may assume that m, > my. Thus, m, > 11. Since H, has order 8 and size 11 or greater,
it follows by Lemma 2.5 that either o/(H,) > 3 or H, is a subgraph of K, V Kg, which
contains no 3Ks,. If o/(H,) > 3, then H, contains a subgraph isomorphic to 3K which is
edge-disjoint from F; and F,. Thus, we may assume that H, C Ky V K, which contains
no 3K,. Since the complement of Ky V Ky is K¢ + Ko, it follows that K¢+ Ko C H,.
Consequently,

H = (K + K») — [E(F)) UE(F,)] € H, — |[E(F,) U B(F)] C H,

While it is possible that E(F) € E(Ks + K») or E(F) € E(Kgs + K), if BE(Fy) U
E(F,) C E(Ks + K3), then (Kg + Ky) — [E(F)) U E(F,)] = Kz O K,. Therefore,
K3z O Ky € H' C H,. Hence, H' contains a monochromatic copy of 3K, edge-disjoint
from F} and F;. Therefore, ER3(3K5) < 8 and so ER3(3K,) = 8.

Finally, we show that ER4(3K5) = 8. Since FR4(3K5) > ER3(3K,) = 8, it remains
to show that that FR,(3K3) < 8. Let there be given a red-blue coloring of G = Kj.
Let G, and G, be the red and blue subgraphs of G, respectively. Since FR3(3K3) = 8,
there are three pairwise edge-disjoint monochromatic copies F}, Fy, F3 of 3K5. Let H =
G —[E(F\)UE(F,) UE(F;)]. Then H has order 8 and size (5) —9 = 19. Let H, and H, be
the red and blue subgraphs of H having sizes m, and m,, respectively. We may assume
that m, > m,. Thus, m, > 10. Since H, has order 8 and size 10 or greater, it follows by
Lemma 2.5 that either o/(H,) > 3, H, € {Ks+ K3, (K3+K;)V K1}, or H, is a subgraph
of Ky V K. If o/ (H,) > 3, then H, contains a subgraph isomorphic to 3K, which is edge-
disjoint from F, F, F3. Thus, we may assume that either H, € {Ks;+ K3, (K3+K;)VEK,}
or H, is a subgraph of K,V K4. We consider these three cases.

Case 1. H, = K5 + K3. Then H, = K3V K;. If all subgraphs F, F,, F; are blue,
then G, = H, and G, = H, = K5V K. Since the blue subgraph G, = K3V K5 contains
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five pairwise edge-disjoint copies FY, Fy, Fi, F,, Fi of 3K,, it follows that F|, Fy, F3, F)
are four pairwise edge-disjoint blue copies of 3K5 in G} (and in G). Thus, we may
assume that at least one of Fy, Fy, F3 is red, say F is red. Let J, = G[E(H,) U E(F})].
Then J, C G, is a red subgraph of G and E(J,) N [E(F,) U E(F3)] = (. We may
assume that V(G) = {v, vy, ..., v}, the vertex set of K5 in H, is {vy,v2,v3,v4, 05}, and
E(F)) = {vivg, vav7, v30s}. Then J, contains three pairwise edge-disjoint copies F}, Fiy, F5
of 3K, that are edge-disjoint from F, and F3. Thus, G contains four pairwise edge-disjoint
monochromatic copies of 3K,. For example, I, Fy, F5, Fy are four pairwise edge-disjoint
monochromatic copies of 3K5 in G.

Case 2. H, = (K3 + K,;)V K;. Then H, = (K, V K3) + K;. If all subgraphs Fy, Fy, F;
are blue, then G, = H, and G, = H, = (K, V K3) + K;. Since the subgraph K,V K
of Gy contains four pairwise edge-disjoint copies FY, Fy, Fy, Fy of 3Ks, it follows that
F|, F}, F}, Fy are four pairwise edge-disjoint blue copies of 3K in G}, (and in G). Thus, we
may assume that at least one of Fy, Fy, Fy is red, say F} is red. Let J, = G[E(H,)UE(F})].
Then J,. C G, is a red subgraph of G and E(J,)N[E(F,)UE(F3)] = (. Furthermore, J, is
isomorphic to one of the two graphs in Figure 5 where the three dashed edges belong to F}
in each graph. In either case, J, contains three pairwise edge-disjoint copies F}', Fy, Iy of
3K, that are edge-disjoint from F5 and F3. Thus, G contains four pairwise edge-disjoint
monochromatic copies of 3K,. For example, F}, ), F,, F5 are four pairwise edge-disjoint
monochromatic copies of 3K5 in G.

Fig. 5. Two possible graphs for J,. in Case 2

Case 3. H, C K,V Kg. We may assume that V(Kg) = {v1,vs,...,v6} and V(K3)
{v7,v8}. Then K,V K¢ = K¢+ Ko C H,, where K¢ = G[{vy,vs,...,v6}] and V(K>)
{v7,v8}. We consider two subcases.

Subcase 3.1. All copies of Fy, Fy, F3 of 3Ky are blue. Then G, = H, and Gy, = H,.
Since H, C K,V Kg, it follows that K¢ + Ko C H, = G. The subgraph K¢ of G
contains four pairwise edge-disjoint copies F], Fy, Fi, F; of 3K, and so FY, F3, F3, I are

four pairwise edge-disjoint blue copies of 3K5 in G} (and in G).
Subcase 3.2. At least one of I, Fy, F3, say F, is red. Since

E(G) = E(H,) U E(H,) U E(F1) U E(F,) U E(F),

it follows that E(H,) = E(H,) U E(F,) U E(F,) U E(F3). Since K¢+ Ko C H,, it follows
that
H = (K¢ + K,) — [E(Fy)) U E(F,) U E(F3)] C H,.

Thus, H' contains a 2-regular graph of order 6 (since F; may not belong to K¢+ K for
some ¢ = 1,2,3). If H' has a copy Fy of 3K,, then F} is a blue 3K, that is edge-disjoint
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from F, Fy, F5. Therefore, Fi, Fy, F3, F), are four pairwise edge-disjoint blue copies of
3K, in G. Thus, we may assume that H' does not have a copy of 3K5. This implies
that H' = 2K, and E(F)) U E(F,) U BE(F3) C E(Kg). Hence, E(Kg) = E(H') U E(F,) U
E(Fy) U E(Fs) where V(Kg) = {v1,v9,...,v6}, H' is blue, and F; = 3K, is red. We
may assume that (v, vq, v3,v1) and (vs, vy, vs,v3) are two copies of K3 in H' and E(F}) =
{v1v4, Vo5, V306 }.

First, suppose that there is a blue edge between {vy, va,..., v} and {v7,vs}, say vsvq
is blue. Then there is a blue Fy, = 3K, with edge set {v7v1,vov3,v405} that is edge-
disjoint from Fy, Fy, F3 and so FY, Fy, F3, Fy are four pairwise edge-disjoint monochro-
matic copies of 3K, in G. Next, suppose that all edges between {vy,vs,...,v6} and
{v7,vg} are red. Then there are two edge-disjoint red copies F' and F” of 3K, where
E(F") = {vrvy,vsvq,v306} and E(F") = {v7vy, v3v6, 0905 }. Since F' and F” are edge-
disjoint from F, and F3, it follows that F', F”, Fy, F3 are four pairwise edge-disjoint
monochromatic copies of 3K5 in G. O

While the exact value of ER;(3K3) is not known when ¢ > 5, we do have bounds for
ER;(3K5) for integers t > 5. First, we present some preliminary information. A vertex
and an incident edge are said to cover each other. A wvertex cover in a graph G is a set of
vertices that covers all edges of G. The minimum number of vertices in a vertex cover of G
is the vertez covering number 5(G) of G. A vertex cover of cardinality 5(G) is a minimum
vertex cover in G. We mentioned that ER;(F) < ER;1(F) for every graph F' and every
positive integer ¢ in Observation 1.4. In fact, ER; 1 (F’) can never exceed ER;(F") by more
than 5(F).

Proposition 2.7. 7] For every nonempty graph F and each positive integer t,
ER(F) < ERJ(F) + 5(F).

Since B(3K3) = 3, it follows by Proposition 2.7 that FR;1(3K3) < FR;(3K3) + 3 for
each positive integer ¢. In fact, ER;1(3K3) < ERy(3K5) + 2 for each positive integer t.
In order to establish this fact, we first present two lemmas.

Lemma 2.8. Let k and t be integers with k >t +4 > 8. Then % [(’;) — 325} > k.
Proof. Since t + 4 > 8, it follows that t > 4 and so (¢t — 4)(t + 1) > 0. Therefore,
(t—4)(t+1)=t"—3t—4=1t>+3t—4—6t=(t+4)(t—1)— 6t >0.

Since k > t+4, it follows that k—5 >t —1 and so k(k—5)—6t > (t+4)(t—1)—6t > 0.
Thus, k* — 5k — 6t > 0 and so k> — k — 6t > 4k. Therefore, ’“ZT_’“ — 3t > 2k and so

3 [() =3t =k =

Lemma 2.9. If G is a graph of size m, then o/(G) > A(Gy where A(G) is the mazimum
degree of G.



26 JENT AND ZHANG

Proof. Let {E1, Es, ..., E;} be a partition of E(G) into independent sets. Since |E;|<
o/ (G) for 1 < i <k, it follows that m = S°F  |F;|< ko/(G) and so k > PR
every partition of E(G) into independent sets must contain at least 7 sets. If v € V(G)
with degv = A(G), then each of the A(G) edges incident with v must belong to distinct

independent sets of edges. Thus, A(G) > ey and so o (G) > A U

Hence,

We are now prepared to present the following.

Theorem 2.10. Let t be a positive integer. If ERy(3K3) > t+ 4, then ER;1(3K3) <
ER(3K) + 2.

Proof. Since the statement is true for t = 1,2,3, we may assume that ¢ > 4. Let
ER;(3Ky) = k > t+4 > 8. Let ¢ be a red-blue coloring of G = Ko with V(G) =
{v1,v9,...,v542}. We show that there are ¢t + 1 pairwise edge-disjoint monochromatic
copies of 3K, in G. Let F = G[{v1,ve,...,v;}] = K. Since ER;(3K3) = k, there are ¢
pairwise edge-disjoint monochromatic copies @1, Qs,...,Q; of 3K, in F. Let H be the
spanning subgraph of F' whose edge set consists of all edges of G that do not belong to

any of @Q1,Qo,...,Q;. That is,
H=F ~ [E(Q)UE(Qs) U---UE(Q)].

Thus, H is a graph of order k and size (g) — 3t. Let H, be the red subgraph of H
and H, the blue subgraph of H. We may assume that |E(H,)|= m, > m, = |E(H,)|.
If o/(H,) > 3 or o/(Hp) > 3, then there is a monochromatic 3K, that is edge-disjoint
from @1, Qs, ..., Q;. Thus, we may assume that o/ (H,) <2 and o/(H,) < 2.

Observe that if o/(H,) < 2, then H, is not empty, for otherwise, since k > ¢t +4 > §,
it follows by Lemma 2.8 that m, = (g) — 3t > 2k. Furthermore A(H,) < k — 1. Thus,
o (H,) > % > ;—fl by Lemma 2.9 and so o/ (H,) > 3, a contradiction.

Since m, > my, we have m, > % [(g) — Bt}. Because k£ > t + 4 > 8, it follows by
Lemma 2.8 that % [(’2“) — St] > k. Thus, H, has order k > 8 and size at least k. Hence,
H, is neither a star nor K3 and so o/(H,) > 2. Hence, o/(H,) = 2, say v1v, and v3v, are
two edges in H,. First, we make some observations.

(1) If there is a red edge in H, that is incident with two vertices in {vs, vg, ..., v}, say
vsvg € E(H,.), then v1vq, v3v4, v506 form a red 3K that is edge-disjoint from Q1, Qa, . . ., Q.
Thus, no edge of H, belongs to G[{vs, ve, . .., Vg }].

(2) If v 1 Or vgyo is joined to a vertex v; (5 < i < k) by a red edge, say vy, qvs5 is red,
then vivy, v3v4, Vp1vs form a red 3K, that is edge-disjoint from Q1,Qs, ..., Q. Thus,
Ug+1v; and v ov; are blue for 5 < ¢ < k. Furthermore, v 1v o is blue, for otherwise,
U1Vg, U3Vy, Vpi1Ukso form a red 3K, that is edge-disjoint from Q1, Qs ..., Q.

Since o/ (Hp) < 2, we consider these two cases.

Case 1. o'(Hp) = 2. Let e,f € E(H,) be two nonadjacent edges in Hp,. Since
Uk+1Vk+2 1s blue by (2), it follows that e, f, vg11vk42 form a blue 3K, that is edge-disjoint
from Qq,Qs, ..., Q.

Case 2. o/(H,) = 1. Let v,u, € E(H,). Since k > 8, there are 7,5 € {5,6,...,k} —



MULTIPLE RAMSEY NUMBERS OF DISCONNECTED GRAPHS OF SIZE 3 27

{p,q} and i # j. Then v,v,, Vk110;, Vksov; form a blue 3K, that is edge-disjoint
from Q17Q27"'7Qt 0.

With the aid of Theorem 2.10, we now present bounds for FR;(3K>) for each integer ¢ >
4.

Theorem 2.11. For each integer t > 4,

V1 + 24t
F)J“%w < ERy(3K>) < 2t.

Proof. To verify the upper bound, we proceed by induction on ¢. Since ER,(3K3) = 8
by Theorem 2.6, the result is true for ¢ = 4. Assume that ER,(3K,) < 2t for some
integer ¢t > 4. By Theorem 2.10 and the induction hypothesis, FR;1(3K5) < ER;(3K5)+
2<2t+2=2(t+1).

To verify a lower bound, let FR;(3K3) = k. Then every red-blue coloring of K} produces
at least ¢ pairwise edge-disjoint copies of 3K5. Consider the red-blue coloring of G = K},
with red subgraph G, = K,V K_y and blue subgraph G}, = Kj_s+ K. Since o/(G,.) = 2,
there is no red 3K5. Hence, G, contains at least ¢ pairwise edge-disjoint monochromatic

copies of 3K,. This implies that |E(Gy)|= (*;?) > 3t or k* — 5k + 6 — 6t > 0. Thus,

ER(3Ks) = k > F’*— v;“ﬂ . O

Note that the lower bound in Theorem 2.11 holds for every positive integer t. We
saw that FR;(3K5) = t 4+ 4 when t = 4 by Theorem 2.6 and for each integer ¢t > 2, if
ER;(3K3) >t + 4, then ERy1(3K32) < ERi(3K3) + 2 by Theorem 2.10. Should it over
occurs that ER;(3K3) > t + 4 for some t > 10, then FR;1(3K3) < FR;(3K5) + 1. To
show this, we first state a lemma whose proof is similar to that of Lemma 2.8.

Lemma 2.12. Let k and t be integers with k >t +4 > 14. Then % [(’;) — 315} > 2k.

Theorem 2.13. Let t > 10 be an integer. If ER(3K3) > t + 4, then ERy1(3K3) <
ER,(3K,) + 1.

Proof. Let FR;(3K3) = k > t+4 > 14. Let ¢ be a red-blue coloring of G = Ky
with V(G) = {v1,v9,...,0611}. We show that there are ¢ + 1 pairwise edge-disjoint
monochromatic copies of 3K, in G. Let F' = G[{vy, va, ..., vt} = Kj. Since ER(3K,) =
k, there are t pairwise edge-disjoint monochromatic copies Q)1,Qs,...,Q; of 3K in F.
Let

H=F—[EQ)UE(@2)U-- - UE(Q)]

Thus, H is a graph of order k and size (g) — 3t. Let H, be the red subgraph of H
and H, the blue subgraph of H. We may assume that |E(H,)|= m, > m, = |E(H,)|.

Hence, m, > % [(’;) — 3t} > 2k by Lemma 2.12. Furthermore A(H,) < k — 1. Thus,

o(H,) > % > kz—fl by Lemma 2.9 and so o/(H,) > 3. Therefore, H, contains a copy

of 3K that is edge-disjoint from @1, Qs, ..., Q. n
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3. The multiple Ramsey numbers VR;(P; + P) and ER,(P; + P»)

We now turn our attention to the vertex-disjoint and edge-disjoint Ramsey numbers of P3+
P,. With the aid of Proposition 2.1, we are able to determine V R,(P3 + P) for every
positive integer t.

Theorem 3.1. For each positive integer t, V R(Ps + Py) = 5t + 1.

Proof. Since VR,(Ps+ P») = R(P; + P») = 6 and the order of P; + P; is 5, it follows by
Proposition 2.1 that VR, (Ps+ P,) <6+ 5(t —1) =5t + 1.

Next, consider the red-blue coloring of G = K35, with red subgraph G, = K51 and
blue subgraph G, = K5;_1. Then there is no red P;+ P, in G,.. The blue subgraph G, has
order 5t — 1 and so there are no t pairwise vertex-disjoint blue copies of P; + P. Since
this red-blue coloring has no t pairwise vertex-disjoint monochromatic copies of P; + P,

it follows that VR,(Ps + Py) > 5t + 1 and so VRy(P3 + P») = 5t + 1. O

We now consider edge-disjoint Ramsey numbers of Ps+ P,. We begin with ER,(Ps;+ P;)
for t = 2,3, 4. First, we present a useful lemma.

Lemma 3.2. Let G be a graph of order n > 6 and size m > 6 with A(G) > 2. If
G ¢ {K4 +Kn_4, Kl,m —|—Kn_m_1}, then P3 + P2 Q G.

Proof. Let A(G) = A and let v € V(G) such that degv = A where N(v) = {vy,va,...,0a}.

x First, suppose that A(G) = 2. Then each component of G is a cycle or a path. Since
m > 6, it follows that P; + P, C G.

x Next, suppose that A(G) = 3. Since G # K, + K,_4 and m > 6, there is an edge
not in the subgraph G[N|[v]] induced by the closed neighborhood N|v] of v in G. Hence,
P+ P CG.

* Finally, suppose that A(G) > 4. Since G # Ky Ao + K,_a_1, there is an edge that is
not incident with v and so P; + P, C G. ]

Theorem 3.3. R(P5 + PQ) = ER2<P3 + PQ) = 6.

Proof. First, we show that R(Ps;+ P,) = 6. The red-blue coloring of K5 with red subgraph
K 4 and blue subgraph K contains no monochromatic P; + P,. Thus, R(P; + P,) > 6.
Let there be given an arbitrary red-blue coloring of G = Kj. Let G, be the red subgraph
of G and G}, the blue subgraph of G. Suppose that the size of G, is m, and the size of G,
is my. Thus, m, +mg = 15. We may assume that m, > m; and so m, > 8. Since G, has
order 6 and size m, > 8, it follows that G, ¢ {K,,., K4+ Ky} and so Ps + P, C G, by
Lemma 3.2. Therefore, R(P; + P,) < 6 and so R(P; + P») = 6.

Next, we show that ERy(Ps; + P,) = 6. First, ERy(Ps + Py) > R(P; + P,) = 6. Let
there be given an arbitrary red-blue coloring of G = Kj. Since R(Ps; + P,) = 6, there is
a monochromatic subgraph F' = P3+ P, of G. Let H = G — E(F'). Thus, H has order 6
and size (g) — 3 =12. Let H, be the red subgraph of size m, and H, the blue subgraph
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of size my. Thus, m, + mg = 12. We may assume that m, > my; and so m, > 6.

If m, > 7, then H, ¢ {K, 4, K, + Ky} and so Ps + P, C H, by Lemma 3.2. Hence, we
may assume that m, = m; = 6.

Thus, H, and H, both have order 6 and size 6. So, neither H, nor H, is K;g4. Since
H, and H, are not both K, + K,, we may assume that H, #+ Ky + K. Therefore,
H, ¢ {Kis, K4+ Ky} and so P; + P, C H, by Lemma 3.2. Therefore, G has two
edge-disjoint copies of P; + P,. Hence, ERy(P3 + P2) < 6 and so ERy(Ps+ P,) =6. O

Theorem 3.4. ER3(P;+ P,) = ERy(Ps+ P2) =T.

Proof. Let there be given a red-blue coloring of H = K¢ with red subgraph H, = K,V K,
and blue subgraph H, = K4+ K,. The blue subgraph H, fails to contain a copy of P;+ P;.
Since there are not three pairwise edge-disjoint red copies of P34+ P, in H, it follows that
ER4(Ps+ Py) > ER3(Ps + P2) > 7. First, we show that FR3(Ps+ P,) = 7. Let there be
given an arbitrary red-blue coloring of G = K. Since ERy(P; + P») = 6, there are edge-
disjoint monochromatic copies I} and F» of Ps+ Py in G. Let H = G — (E(F1) U E(Fy)).
Then H has order 7 and size (;) —2-3 =15. Let H, be the red subgraph of H and H,
the blue subgraph of H. Suppose that the size of H, is m, and the size of Hy is m;. Thus,
m, + mg = 15. We may assume that m, > my; and so m, > 8. Since H, has order 7 and
size m, > 8, it follows that H, ¢ {Ki,,, ,K,+ K3} and so Ps + P, C H, by Lemma 3.2.
Therefore, ER3(Ps + P,) <7 and so ER3(P; + P») = T.

Next, we show that ER4(Ps;+ P2) = 7. Let there be given an arbitrary red-blue coloring
of G = K7. Since ER3(Ps;+ P2) = 7, there are three pairwise edge-disjoint monochromatic
copies Fi, Fo, F3 of Py + Py in G. Let H = G — (E(F)) U E(F)) U E(F3). Then H has
order 7 and size (;) —3-3=12. Let H, of size m, be the red subgraph of H and H, of
size m;, the blue subgraph of H. Thus, m, +m; = 12. We may assume that m, > m; and
so m, > 6. Thus, H, has order 7 and size m, > 6. If m, > 7, then H, ¢ {K, 7, K, + K3}
and so P3 + P, C H, by Lemma 3.2. Hence, we may assume that m, = m;, = 6. Thus,
both H, and Hj, both have order 7 and size 6. We verify the following claim.

Claim: At least one of H, and Hy, is neither K ¢ nor K, + K.

To verify the claim, suppose that H, € {K; ¢, K,;+K3}. We show that H, ¢ {Ki6, K4+
K3}. Let V(H) = {vy,vy,...,v7}. First, suppose that H, = K;5. Then H, # K.
Assume that H, = K,+K3. Let v; be the center of Hy, and so v; is adjacent to vy, va, . . . , Ug
in Hy,. For the subgraph K, in H,, we may assume that V(Ky) = {vs, v4,v5,v6}. However
then, H' = G — (E(H,)UE(H,)) = G— E(H) = Ky, V K. Since G — E(H) is decomposed
into Iy, Fy, F3 and K, V K, cannot be decomposed into three copies of P; + P, this is
a contradiction. Thus, H, # K4 + K3 and so H, ¢ {K;4, K, + K3}. By symmetry,
we may assume that {H,, H,} # {Ki6, K4 + K3}. Next, suppose H, = K, + K3 where
say V(Ky) = {vs,vs,v6,v7}. Then H, # Kj;g. Since vy, vy, v5 are the only possible
vertices in H — E(H,) having degree 3 or more and H, C H — E(H,), it follows that
H, # K, + K3. Therefore, H, ¢ {K,¢, K4 + K3}. Thus, the claim holds. So, we may
assume that H, ¢ {K,g, K, + K3}. Tt then follows by Lemma 3.2 that P; + P, C H,.
Hence, there is a monochromatic copy of P53+ P, edge-disjoint from Fi, Fy, F5. Therefore,
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ER,(Ps+ P;) <T7andso ERy(P;+ P,) = 1. O

While the exact value of ER,(Ps + P,) is not known when ¢ > 5, we do have bounds
for ER;(Ps + P,) for every positive integer t. Since B(P3 + P,) = 2, the following is a
consequence of Proposition 2.7.

Corollary 3.5. For each positive integer t, ERy 1(Ps + Py) < ERy(Ps + Py) + 2.

With the aid of Theorem 3.4 and Corollary 3.5, we now present bounds for ER,(Ps;+ P,)
for each integer t > 4.

Theorem 3.6. For each integer t > 4, PJF— V?“%-‘ < ER(Ps+ Py) <2t —1.

Proof. To verify the upper bound, we proceed by induction on ¢. Since ERy(Ps+ P;) =7
by Theorem 3.4, the result is true for ¢ = 4. Assume that ER;(P; + P,) < 2t — 1 for
some integer ¢ > 4. By Proposition 3.5 and the induction hypothesis, ER;1(Ps + P,) <
ER(Ps+P)+2<(2t—1)+2=2(t+1)— 1.

To verify the lower bound, let ER;(P; + P») = k. Then every red-blue coloring of K},
produces at least ¢ pairwise edge-disjoint monochromatic copies of P3 + P,. Consider the
red-blue coloring of G = K, with red subgraph G, = K ;_; and blue subgraph G} =
Kj_1. Since there is no red P3 + P, it follows that (G, contains at least ¢ pairwise edge-

disjoint monochromatic copies of P; + P,. This implies that |E(Gy)|= (kgl) > 3t or

k* — 3k + (2 — 6t) > 0. Consequently, ER;(P3 + P) =k > {—3“;*2‘“] 0

Here too, the lower bound for ER,(P; + P,) in Theorem 3.6 holds for each positive
integer t. We saw that R(Ps+ D) = ERy(Ps+DP,) = 6 and ER3(Ps+P,) = ERy(Ps+F,) =
7. Therefore, ER;(P;+ P>) = t+3 for t = 4. Should it ever occur that ER,(Ps+P,) > t+3
for some integer t > 7, then ER;1(Ps + P) < ER(P; + P,) + 1. To establish this, we
first state a lemma whose proof is similar to that of Lemma 2.8.

Lemma 3.7. Let k and t be integers with k > t+ 3 > 10. Then % [(S) — 375} > k4 1.

Theorem 3.8. Lett > 7 be an integer. If ER (Ps+ P2) > t+3, then ERy 1 (Ps+ P) <
ER,(P;+ P) + 1.

Proof. Let ER,(P; + P») = k > t+ 3 > 10. Let ¢ be a red-blue coloring of G = Ky
with V(G) = {v1,ve,..., 0641} We show that there are t + 1 pairwise edge-disjoint
monochromatic copies of Ps+ P, in G. Let F' = G[{vy,vy,...,v;}| = Kj. Since ER;(Ps+
Py) = k, there are ¢ pairwise edge-disjoint monochromatic copies Q1, Qa, . .., Q; of Ps+ P,
in F. Let

H=F—[E(Q)UE(Q)U---UEQ)

Thus, H is a graph of order k and size (];) — 3t. Let H, be the red subgraph of H
and H, the blue subgraph of H. We may assume that |E(H,)|= m, > m, = |E(H,)|.

Hence, m, > % [(g) — St] > k+1 by Lemma 3.7. Since H, is a graph of order k£ > 10
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and size at least k£ + 1, it follows that H, is neither a star Kj;_; nor the unicyclic
graph (K, + K;_3) V K;. Therefore, H, contains a copy of P; + P, that is edge-disjoint
from Q17Q2,...,Qt. O
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