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ABSTRACT

Every red-blue coloring of the edges of a graph G results in a sequence G, G, ..., Gy of
pairwise edge-disjoint monochromatic subgraphs G; (1 < i < /) of size i such that G; is
isomorphic to a subgraph of G, for 1 <7 < ¢ — 1. Such a sequence is called a Ramsey
chain in G and AR.(G) is the maximum length of a Ramsey chain in G with respect to
a red-blue coloring ¢. The Ramsey index AR(G) of G is the minimum value of AR.(G)
among all red-blue colorings ¢ of G. Several results giving the Ramsey indexes of graphs
are surveyed. A galaxy is a graph each of whose components is a star. Results and
conjectures on Ramsey indexes of galaxies are presented.
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1. Introduction

In 1987 a conjecture was stated that has drawn the interest of many researchers. When
the famous mathematician Paul Erdés first learned of it, he immediately doubted its
truth. Soon afterward, Erdds offered a cash reward (which was often common for Erdés)
for a counterexample or a proof if it were true. This conjecture appeared in a book |9,
p.72| containing a collection of graph theory problems that are associated with Erdés.
Now, more than 35 years later, the conjecture has neither been proved nor disproved. Let
us describe this conjecture.

If G is a graph of size m (without isolated vertices), then there is a unique positive
integer k such that (kgl) <m< (k'f) The graph G is said to have an ascending subgraph
decomposition {G1, Ga, ..., Gi} into k (pairwise edge-disjoint) subgraphs of G if G; is
isomorphic to a proper subgraph of G;.; for i = 1,2,..., k — 1. The following conjecture
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4 CHATTERJEE AND ZHANG

was stated in [1].

Conjecture 1.1 (The ascending subgraph decomposition conjecture). Every graph has
an ascending subgraph decomposition.

If this conjecture was shown to be false, then the question arose of determining the
maximum length ¢ of a sequence Gy, Ga, ..., Gy of ¢ pairwise edge-disjoint subgraphs
of G such that

(1) G; has size i for each i € [¢(] = {1,2,...,¢} and

(2) G; is isomorphic to a subgraph of G;;; for each i € [¢ — 1].

A sequence with properties (1) and (2) is called an ascending subgraph sequence of
the graph GG’ and the maximum length of such a sequence is the ascending subgraph index
of G, denoted by AS(G). The following conjecture is therefore equivalent to the Ascending
Subgraph Decomposition Conjecture.

Conjecture 1.2 (The ascending subgraph index conjecture). Let G be a nonempty graph
of size m. Then AS(G) = k if and only if (*3') <m < (*}?).

This conjecture has drawn the attention of many researchers (see [2, 7, 8, 14, 19], for
example). Among the several classes of graphs for which the conjecture has been verified
are regular graphs (see [8, 15]). Two classes of graphs for which the conjecture can easily
be verified are matchings mK, (consisting of m components K5) and stars K ,,. That
is, for every positive integer m, where (kgl) <m< (k;2)7 there is an ascending subgraph
decomposition {G1, Ga, ..., Gi} of the graph G if either G = mK, or G = K ,,, such
that (; is isomorphic to a proper subgraph of G4 for 1 <i < k —1. If G = mKs, the
subgraphs G; are matchings and if G = K ,,,, each subgraph G; is a star.

This concept has a connection with edge colorings of graphs, which we now describe.
By a red-blue edge coloring (or simply a red-blue coloring) of a graph G, every edge of
G is colored red or blue. In [2]|, the concept of ascending subgraph decomposition was
extended to graphs possessing a red-blue coloring. Suppose that a red-blue coloring of a
graph G = mK, or G = K, is given where (k;rl) <m< (kf). It was shown in |5] that
there is not only an ascending subgraph decomposition {G;, Ga, ..., Gx} of G but one in
which each subgraph is monochromatic as well. This (perhaps unexpected) observation
led to another concept, which is related to some topics in Ramsey Theory named for the
British mathematician Frank Ramsey [21]. Ramsey theory is one of the most studied areas
in combinatorics and graph theory with many highly nontrivial and beautiful results (see
[10, 11, 12,13, 16, 17, 20], for example). We refer to the books |2, 18| for basic definitions
and notation in graph theory that are not defined here.

Let G be a graph (without isolated vertices) of size m with a red-blue coloring ¢. An
(ascending) Ramsey chain of G with respect to ¢ is a sequence Gy, G, ..., Gy of pairwise
edge-disjoint subgraphs of G such that each subgraph G; (1 < ¢ < /) is monochromatic
of size ¢ and G, is isomorphic to a subgraph of G;,; for 1 < ¢ < ¢ — 1. The maximum
length of a Ramsey chain of G with respect to ¢ is the (ascending) Ramsey index AR.(G)
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of G. The (ascending) Ramsey index AR(G) of G is defined by
AR(G) = min{AR.(G) : cis a red-blue coloring of G}.

Consequently, if AR(G) = ¢ for some graph G, then for every red-blue coloring of G,
there is a Ramsey chain of length ¢ in G, while there exists at least one red-blue coloring for
which there is no Ramsey chain of length greater than /. These concepts were introduced
and studied in [2, 5], using somewhat different technology, and studied further in [3, 6].

2. On graphs with known Ramsey indexes

Two immediate observations dealing with Ramsey indexes of graphs are the following.

Observation 2.1. If H and G are graphs such that H C G, then AR(H) < AR(G).
Consequently, if AR(H) > k for each graph H of size m, then AR(G) > k for every
graph G of size m + 1.

Observation 2.2. If G is a graph of size m where m < (k;rQ)
then AR(G) < k.

for a positive integer k,

Results that have been obtained on matchings, stars, cycles, and paths are stated as
follows.

Theorem 2.3. [3, 5, 6] If G € {mKs, K1, Cm, Ppi1} where m > 3, then
AR(G) = k if and only if (k;—l) <m< (k;2>
The following is a consequence of Theorem 2.3.
Corollary 2.4. IfG € {mKs, K1, Cp, Pry1} wherem > 3, then AR(G) = {@J )

With the aid of Ramey indexes of matchings and stars, the Ramsey index of a graph
consisting of a matching of any size and a star of any size, namely the graph a/s + K
where a > 1 and b > 2 has also been determined.

Theorem 2.5. [5| For integers a > 1 and b > 2,
AR((a+1)Ky) ifb<a
AR(aKs + K1) = AR(Kp) ifb>a+2
AR(Kip41)  ifb=a+1.

7) and so AR(K,,) < n—1. The following

The complete graph K, of order n has size (2

conjecture was made.

Conjecture 2.6. [5] For every integer n > 3, AR(K,) =n — 1.
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Conjecture 2.6 has been verified for 3 < n < 6.
Every graph G of size m where (k'gl) <m < (k'f) mentioned in Theorem 2.3 has
AR(G) = k. This brings up the question of finding graphs G of size m where (k'gl) <

m < (k;ﬂ) for which AR(G) # k. Thus, AR(G) < k — 1. This led to an investigation of
double stars (trees of diameter 3). For integers a and b with 2 < a < b, the double star S, ;
has a vertex of degree a, a vertex of degree b, and all other vertices have degree 1. The
double star S, has order a + b and size a+b— 1. Thus, if (k‘gl) <a+b-1< (k;ﬂ), then
AR(Sap) < k. In the case when a = 2, the double star Sy, has size m = b+ 1. Therefore,

if (kgl) <b+1< (k;FZ), then AR(S,,) < k. In fact, the following was obtained.

Theorem 2.7. |5| Let b > 2 be an integer. Then

k+1 k+2
AR(Sg,b):kifandonlyif( ; >+1§b—|—1<( —2'— )+1.

For the double star S3;, where b > 3, which has size m = b + 2, we have the following.

Theorem 2.8. [5] Let b > 3 be an integer.
LoIfb+2=("" orb+2=("1?) + 1, then AR(Ss;) =k — 1.
2. If ("I +2<b+2< (*?), then AR(Ssp) = k.

More generally, we have the following.

Theorem 2.9. [5] Let 2 < a < b be integers. If a+b—1 € {(kgl), (k‘QH) +1,..., (kH) +a
—2}, then AR(Sqp) =k — 1.

Matchings and paths are all subclasses of linear forests. A linear forest is a forest every
component of which is a path. Here, we are only concerned with linear forests without
isolated vertices. Paths and matchings are linear forests with the minimum and maximum
number of components. In [4], it was shown that Theorem 2.3 can be extended to include
linear forests distinct from paths and matchings.

Theorem 2.10. [4]| If H is a linear forest of size m where (k'gl) <m < ("“52) for some
integer k > 3, then AR(H) = k.

k+1

5 ) for some positive

A linear forest is k-binomial (or simply binomial) if its size is (
integer k.

Theorem 2.11. [4| If H is a k-binomial linear forest where k > 4 with at most ('“;1)
components, then AR(H) = k.

By Theorems 2.3 and 2.11, every k-binomial linear forest where k > 4 with ¢ components
such that either ¢t = (kgl) orl <t< (kgl) has Ramsey index k. A natural question
concerns whether these bounds on ¢ can be improved. As we will see, no such improvement

is possible. First, we provide a necessary and sufficient condition for a k-binomial linear
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forest to have Ramsey index k — 1.

Theorem 2.12. [1] Let H = Qg + Qp + -+ + Q4 be a k-binomial linear forest of

t
size ;qi = (1) for some integer k > 4 with t components where (*;') <t < (*1")

t
where s = L%J 18 the mazimum number of pairwise edge-disjoint copies of Qo in H.

(1) If s = k, then AR(H) — k.

(2) If s = k and H contains two components of even size 4 or more, then AR(H) = k—1;
otherwise, AR(H) = k.

(3) If s =k — 1 and H contains at least one component of even size 4 or more, then
AR(H) =k — 1; otherwise, AR(H) = k.

(4) If s <k —2, then AR(H) =k — 1.

We have seen (by Theorems 2.3 and 2.11) that if H is a k-binomial linear forest where

k > 4 with ¢ components whether ¢t = (k'gl) orl1 <t< (kgl), then AR(H) = k. With

the aid of Theorem 2.12, it was shown that these bounds on ¢ cannot be improved.

Theorem 2.13. [1| For every two integers t and k where (kgl) <t < (k'QH) and k > 4,

there is a k-binomial linear forest H with t components such that AR(H) =k — 1.

3. On Ramsey indexes of 2-galaxies

k'gl) for some integer k£ > 4 with
relatively few components, then AR(H) = k. Consequently, if H is a forest of size (kgl)
for some integer k > 4 where every component of H is a path and H has a limited
number of components, then AR(H) = k. We have seen that if H is star of size (kgl),
then AR(H) = k as well. This brings up the question if H is a forest of size (kgl) having a

limited number of components where every component is a star, then whether AR(H) = k

According to Theorem 2.11, if H is a linear forest of size (

in this case as well. We investigate this problem now.

We denote the star K ,, of size m by S,,,. A galazyis a graph each of whose components
is a star. For a positive integer s, an s-galaxy consists of s stars. Thus, for an s-galaxy of
size m, it follows that 1 < s < m. A 1-galaxy of size m is the star .5,, and an m-galaxy
of size m is the matching mKs = m.S;. The following observation is useful.

Observation 3.1. If H is a galaxy of size m > 3, then AR(H) < AR(Sy,).

Proof. Suppose that AR(H) = k. Then every 2-edge coloring of H produces a Ramsey
chain of length k£ in H and so m > (’“;1) Observe that if F' and G are graphs without
isolated vertices such that F' C G, then AR(F) < AR(G). It then follows Theorem 2.3

that AR(S,,) > AR (s(kgl)) — k= AR(H). O

Strict inequality in Observation 3.1 can occur. For example, consider the 3-galaxies
251 + Sy of size 6 and 2S5, + S5 of size 7. Figure | shows a red-blue coloring for each of
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these two graphs, where a bold edge indicates a red edge and a thin edge indicates a blue
edge. Since there is no Ramsey chain of length 3 with respect to each of these colorings, it
follows that AR(2S1+S,) = AR(2S1+S5) = 2. On the other hand, AR(Ss) = AR(S;) =3
by Theorem 2.3. Thus, AR(2S; + Ss) < AR(Sg) and AR(2S; + S5) < AR(S7).

[ | T

O

Fig. 1. Red-blue colorings of 3-galaxies 257 + S4 and 257 + S5

Proposition 3.2. Let H = S, + S, be a 2-galaxy such that (k’;l) <z+y< (k'f) where
k> 3.
(a) Ife+y = (kgl) and min{z,y} < k —2, then AR(H) =k — 1.

(b) If max{z,y} > (kgl), then AR(H) = k.

Proof. Assume, without loss of generality, that z = min{z,y} and max{z,y} = y. To
verify (a), suppose that v+y = (*}') and < k—2. Theny = (*}")—2 > (*}")—(k-2) =
(g) + 2 and so S(S) C S, C H. It then follows by Observation 3.1 that AR(H) > k — 1.
Next, we show that AR(H) < k — 1. Let ¢ be a 2-edge coloring of H resulting in
monochromatic subgraphs H; = 25, and Hy = 5,1 + S,—1. We claim that there is no
Ramsey chain of length k£ in H. Suppose that there is a Ramsey chain G, Gs, ..., Gy
of length k& in H. Since the size of H is (kgl), it follows that {Gq,Ga,...,Gy} is a
decomposition of H. Necessarily, G, = H; = 25;. This implies that 25; C G; C H,
for 3 <1 < k and that G; contains an edge of H, belonging to S,. Since S, contains at
most k — 3 edges of Hy, this is impossible. Thus, AR(H) =k — 1.

To verify (b), suppose that y > (k'gl) Then S(k;l) C H and so AR(H) > k by by
Observation 3.1. Furthermore, AR(H) < k by Observation 2.2. Therefore, AR(H) =

k. O

If S; = K5 is a component of a 2-galaxy of a sufficiently large size, then the following
is consequence of Proposition 3.2.

Proposition 3.3. If H = S, + S,,—1 s a 2-galaxy of size m where (k'gl) <m < (’“f)

for some integer k > 3, then

k—1 ifm= ("1

AR(H) = {

k otherwise.

Let H be a 2-galaxy of size m where (3;1) =6<m< 10 = (3;2) for k = 3. If

m = 6, then AR(S; + S5) = 2 and AR(Sy + Sy) = AR(2S3) = 3. If 7 < m <9, then
H contains a subgraph isomorphic to one of Sg, Sy + Sy, or 253. Thus, AR(H) > 3 and



ON RAMSEY INDEXES OF GRAPHS 9

so AR(H) = 3. Hence, we may assume that £ > 4. Next, we determine AR(Ss + S,,—2)

where (kgl) <m < (k'gg) for some integer k > 4. First, we present some preliminary

results.
. ‘ (*51)/2 . ‘
Lemma 3.4. If k > 7 is an integer, then k < % and strict inequality holds for
k > 8.
(k;l)/Q 9
Proof. If k =7, then k = 5— |- If k> 8, then k(k —7) > 0. Thus, 8k < k* + k and
k+1 k+1
so 4k < (k;rl) Hence, k < ( 22)/2 < [( 22)/2—‘. H
k41

Lemma 3.5. Let m = ( ) for some integer k > 5. For every two positive inte-

2
gers my and mo with m = my + mg and my,mg & {2,4}, there exists a partition of
(k] ={1,2,...,k} into two subsets A = {ay,aq,...,ax,} and B = {by, by, ..., by, }, where

ky + ko =k,

1:a1<a2<-~~<ak1§[%-‘, andb1<b2<--~<bk2:k§{%-‘,

such that % a; = my and kzg b, = may.
i=1 i=1
Proof. We proceed by induction on k > 5.

* If k=5, then m = (5;1) = 15.

Let m; and my be two positive integers such that m; + ms = 15 and mq,mq ¢ {2,4}.
We may assume that m; < mgy. Thus, m; < 7 and my ¢ {2,4}. Partitions {A, B} of [5]
with the desired properties are listed below for all possible such pairs (my, ms):

For my =1, let A= {1} and B ={2,3,4,5}.

For m; =3, let A={1,2} and B = {3,4,5}.

For my =5, let A= {1,4} and B = {2,3,5}.

For my =6, let A={1,2,3} and B = {4,5}.

For my =7, let A={1,2,4} and B = {3,5}.

* If K =6, then m = (6;1) = 21.

Let m; and my be two positive integers such that m; +ms = 21 and mq,mq ¢ {2,4}.
We may assume that m; < my. Thus, m; < 10 and my ¢ {2,4}. Partitions {A, B} of [6]
with the desired properties are listed below for all possible such pairs (my, ms):

For my =1, let A= {1} and B ={2,3,4,5,6}.

For m; =3, let A={1,2} and B = {3,4,5,6}.

For m; =5, let A= {1,4} and B = {2,3,5,6}.

For m; =6, let A={1,2,3} and B = {4,5,6}.

For m; =7, let A= {1,2,4} and B = {3,5,6}.

For my =8, let A={1,3,4} and B = {2,5,6}.

For m; =9, let A={1,3,5} and B = {2,4,6}.

For m; = 10, let A ={1,4,5} and B = {2,3,6}.
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Hence, the statement is true for k = 5,6. Assume that the statement is true for some
integer kK > 6. We show that the statement is true for k£ 4+ 1. For an integer m = ("“52)
where k£ > 6, let m; and my be two positive integers such that m = m; + mo and
my,my ¢ {2,4}. We may assume that m; < mgy. Thus, my > m/2. Let m}| = m; and

mby =my— (k+1). Thus, m{ =m; ¢ {2,4} and m| +m), = (k;rl) Since k > 6, it follows
k+2

that k(k — 1) > 30 > 22 and so (k* + 3k +2) — 4k — 4 > 20. Thus, %—k—l > 5.
k+2
Since mfy = my — (k+1) > F —(k+1) = %—(k—l—l) > 5, it follows that m!, ¢
{2,4}. By the induction hypothesis, it follows that [k] can be partitioned into two sets
A= {al, as, . .. ,(lkl} and B = {bl,bg, e bkg}; where k’l + k?g = k’7
my my

1:a1<a2<---<ak1§ ’77—‘:’77—‘,

and

I R
b1<b2<...<bk2:]{;§ "%-‘:"W-‘j

k k

such that Zlaz- = m) = my and Zzbi =mh = my — (k+1). Now, let X = A =
i=1 =1

{a1,a9,...,a5,} and Y = BUA{k + 1} = {b1,bs,...,bs,,k + 1}. Then {X,Y} forms

k+2
a partition of [k + 1] with [X|+|Y|= &k + (ks + 1) = k + 1. Since my > = = (2

k42
and k+ 1 > 7, it follows by Lemma 3.4 that £ + 1 < % < (%W Furthermore,

Yox=m) =myand Y 6 y=m,h+ (k+ 1) = my. Therefore, {X,Y} is a partition of
zeX yey
[k + 1] with the desired property. O

We are now prepared to determine the Ramsey index of every 2-galaxy of sufficiently
large size where one component is Sy = P3 = K 5.

Theorem 3.6. If H = Sy + S,,_2 is a 2-galazy of size m where (k‘;l) <m< (k;Q) for

some integer k > 4, then
k—1 ifm= ("1
k otherwise.

AR(H) = {

Proof. By Proposition 3.2, if m = (*1'), then AR(H) = k — 1 (since 2 < k — 2 when

k > 4); while if (k;rl) +2<m< (k;FQ), then AR(H) = k. Thus, we may assume that
m = (k'QH) +1. By Observation 2.2, it suffices to show that AR(H) > k. Let ¢ be a 2-edge
coloring of H using the colors 1 and 2. For ¢ = 1,2, let H; be the subgraph of size m; in H
induced by the edges of H colored 7, where 1 < my; < my and m; +my =m = (kgl) + 1.
There are six cases, according to whether m; € {1,2,3,4,5} or m; > 6. In each case, we
consider the possible structures of H; and Hy and show that there is a Ramsey chain of
length k£ in H. These six cases are listed as follows. Since the arguments in the proofs of
Cases 1-5 are similar, we will only prove Cases 5 and 6.

Case 1. my = 1. Thus, H; = Sy and Hy € {S1 + Sp_2,52 + Sim_3}-
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Case 2. my = 2. Thus, Hy € {25, 52}, my = (k'QH) — 1, and

Hy € {S1+ Sim—3,Sm—2,5 + Sm—_a}.
Case 3. my = 3. Thus, H; € {53,571 + Sa}, my = (k'gl) — 2, and
Hy € {Ss + Sim—5,51 + Sm—4, Sm—3}
Case 4. my = 4. Thus, Hy; € {S] + 53,255, 54}, ms = (kgl) — 3, and
Hy € {S1+ Sim—5,Sm—-4,52 + Sp—6}-
Case 5. my = 5. Thus, Hy € {S; + Sy, Se + 53, S5}, mg = (k”;) — 4, and
Hy € {S1+ Sim—6, Sm—5,52 + Sm_7}-

* First, suppose that H; = S; + Ss. Then Hy = S; + S,._¢, where m — 6 =
(k;rl) — 5. Since 24+3+5+6+---+k = (k;rl) — 5, there is an ascending subgraph
sequence So, 53,55, 56,...,9 in S,,_¢ C Hy. Let G; =851 C H; and G4, = S, C H;.
Thus, Sy, S, S3, 54, S5, - .., Sk is a Ramsey chain of length £ in H.

* Next, suppose that H; = Sy + S3. Then Hy = S,,_5 where m — 5 = (k'gl) — 4,
Since 1 +4+5+---+k= (k;rl) — 5, the subgraph S,,_5 in Hy can be decomposed into
S1,854,85,...,8, Let Go =S5 C Hy and G3 = S3 C Hy. Thus, Si,55,55,54,...,5; is a
Ramsey chain of length k in H.

* Finally, suppose that H; = S5. Then Hy = Sy + S,,_7, where m — 7 = (k'gl) —6 =
2434+44+6+74+---+k. Then S,,_7 can be decomposed into S5, S5, Sy, Sg, S7, ..., S, and
we denote the component Sy in Hy by S5. Let Gy =51 C S5 C Hy and G5 = H; = S;.
Thus, S, 52, S3, 54, S5, - .., Sk is a Ramsey chain of length £ in H.

Case 6. my > 6. Thus, H; € {S1 + Sim,-1,5 + Sm,—2, Smy }, Mo = (k'QH) —my + 1, and

Hy, € {S; + S(kf)*mﬂ S(k;1)7m1+1’ Sy + S(k;l)imlil}.

* First, suppose that H; = S} + S;,—1. Then Hy = S; + S(k+1)_m1. Since my; > 6, it
2

follows that me — 1 > 5. Since m = mq + my = (k'gl) + 1, we have my + (my — 1) =

(k;l) By Lemma 3.5, there exists a partition of [k] = {1,2,...,k} into two subsets

A = {al,ag,...,akl} and B = {bl,bg,...,bk2}7 where k’l—f-kg = k’, a < g < --- <

k1
ag, < (%W, and by < by < -+ < b, < (%‘W such that a; = 1, by, = k, > a; = my,
i=1
ko
and > b; = mg — 1. Then H; can be decomposed into S; = S,,, Say, - - -, Sak1 and the
i=1
subgraph S<k+1)7m can be decomposed into S, Sp,, .., S, . Thus, Si,S52,53,...,5k is
5 1 2
a Ramsey chain of length k in H.

* Next, suppose that H; = S5 + Sp,,—2. Then Hy = S<k+1)_ml+1. Then m; —1 > 5

and (my — 1) +my = (kgl). By Lemma 3.5, there exists a partition of [k] = {1,2,...,k}
into two subsets A = {aj,as,...,a5,} and B = {by,by, ..., by, }, where ki + ky = Kk,

ap < ay < - < ap < {"”2_1}, and by < by < -+ < by, < [%W such that a; = 1,
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k:l k‘2
be, =k, > a; = mq, and > b; = my. The subgraph S; +S,,, o of H; can be decomposed
Thus,

=1

1=1
into S; = Sal,SQQ,...7Sak1 and Hy can be decomposed into Sy, Sp,, ...,
S1,892,93,...,5, is a Ramsey chain of length k in H.
* Finally, suppose that H; = S,,,. Then Hy = S5 + S(k+1>_
2

and m = m; +my = (k'gl) + 1, it follows that (k";l) —my > 5. By Lemma 3.5, there

exists a partition of [k] = {1,2,...,k} into two subsets A = {ay,a9,...,ax,} and B =

{bl,bg,...,bk2}, where ki + ko :k7 a; < ag < -+ < Gy < ’_%-‘, and by < by < -+ <

(k+1)7m1 k1 ko 1
b, < [%—‘ such that ay =1, by, = k, > a; = my, and > b; = ( g ) — my. Then
i=1 i=1

ko *

my—1- Since my > my; > 6

H, = S,,, can be decomposed into {S,,, Sa,, - N , Sakl} and S(k+1)_ can be decomposed
2

into {Sp,, Shy, - - .,S%} where Sy, = Si. Since either S, = Sk_1 or Sy, = Sp1, it

follows that S(k;l)_ml_l can be decomposed into {S,, Sy, - .., S, _,, Sk, 1}, where the

last two stars in the decomposition may be the same (that is, it is possible that by, 1 =

bg, —1). Thus, Sy +S(k;1)_ml_1 can be decomposed into {Sp,, Sp,; - - -, Shy, ;514 S, 1}

Therefore, S7, 5,95, ...,5k_1,51 + Sk_1 is a Ramsey chain of length k in H. n

We now investigate 2-galaxies S3+.5,,_3 of size m > 6. We saw that AR(S3+.5,,-3) = 3
for (*}') =6 <m < 10 = (*°}?). Next, we show that AR(S; + Sy,_3) = 4 for (*}') =

10 <m <15 = (*1?).

Proposition 3.7. For each integer m with 10 < m < 14, AR(S5 + Sy,_3) = 4.

Proof. Let m be an integer with 10 < m < 14. Since the size of S3 + S,,_3 is less
than (5;1) = 15, it follows by Observation 2.2 that AR(S3 + Sp—3) < 4. Thus, it
remains to show that AR(S3 + S,,_3) > 4. By Observation 2.1, it suffices to show that
AR(S3 + S7) > 4.

Let H = S35+ S7. We show that for every red-blue coloring of H, there is a Ramsey
chain in H of length 4. Let ¢ be an arbitrary red-blue coloring of H with red subgraph H,
of size m; and blue graph H; of size my. We may assume that 1 < m; < moy and so
1 < my; < 5. We consider five cases, according the value of m;. In each case, we show
that there is a Ramsey chain Gy, Gy, G3, Gy of length 4 in H. Hence, |E(G;)|= i for
1 <i<4andso {Gy,Gy,G3,G,} is a decomposition of H.

Case 1. (my,ms) = (1,9). Then (Hy, Hy) € {(S1, 52 + S7), (51,55 + Se)}. Since Sy
can be decomposed into S3,Ss, and Sg can be decomposed into Sy, Sy, it follows that
S1, 59, 53,54 is a Ramsey Chain of length 4 in H.

Case 2. (ml, mg) = (2, 8) Thus, (Hl, HQ) € {(Sz, 51+S7), (52, 53+S5), (251, SQ+56)}
Since {G1, G2, G5, G4} is a decomposition of H, it follows that Gy = H;. First, suppose
that (Hy, Hy) € {(S2,51 + 57), (52,55 + 55)}. Since S; can be decomposed into Ss, Sy
and S5 can be decomposed into Sy, Sy, it follows that 57, Ss, S3,.5; is a Ramsey Chain of
length 4 in H. Next, suppose that (Hy, Hy) = (2571, 52+ Sg). Then Sy can be decomposed
into S, 57 and Sg can be decomposed into S, S5, .5;5. Let G; = 51 C Hy, Gy =257 = H;,
Gs =51+ 5 C Hy, and G4, = S1 + S3 C Hy. Then G, Go, G3, G4 is a Ramsey chain of
length 4 in H.
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Case 3. (mqy,mq) = (3,7). Thus, (Hy, Hy) € {(Ss,57),(S3,S3 + S4), (S1 + Sa2, 59 +
Ss), (S1 + S2,51 + S6) }-

First, suppose that (Hy, Ha) € {(S3,57), (55,53 + S4)}. Since S5 can be decomposed
into S, 59 and S7 can be decomposed into Ss, 9y, it follows that S;, 5o, S3, S4 is a Ramsey
Chain of length 4.

Next, suppose that (Hy, Hy) = (51 + S2,52 + S5). Since S5 can be decomposed into
51,89, 8, welet G =51 C Hy, Gy =S5 C Hy, G3 =51 + Sy = Hy and Gy = 25, C Ho,
resulting in a Ramsey Chain of length 4 in H.

Finally, suppose that (Hy, Hz) = (S1 + S2,S1 + Sg). Since Sg can be decomposed into
S1,89,83, welet G; =851 C Hy, Go =5, C Hyy, G3 =51+ 5, =Hy,and G4, = S; + 53 C
H,, resulting in a Ramsey Chain of length 4 in H.

Case 4. (my,my) = (4,6). In this case, (Hy, Hy) € {(S4,2S53), (S1 + Ss3, 52 + S4), (S1 +
Ss,Sg), (252,51 + S5)}.

First, suppose that (Hy, Ha) € {(S4,2S53), (S1 + 55,52 4+ S4), (S1 + S3,5)}. Since S;
can be decomposed into S7, S and Sg can be decomposed into S,, Sy, it follows that
S1,92,53,54 is a Ramsey Chain of length 4 in H.

Next suppose that (Hy, Hy) = (25, 51+S5). Since Ss can be decomposed into Sy, Ss, S,
we let Gy =51 C Hy, Go = S5 C Hy, G3 =51+ 5 C Hy, and G4 = 25, = Hy, resulting
a Ramsey Chain of length 4 in H.

Case 5. (mqy,my) = (5,5). Thus, (Hy, Ha) € {(S5, 55 + S2), (S1 + S4, S2 + S3), (S2 +
S3,S81 + Sy), (S2 + S3,S5)}. Since S5 can be decomposed into Sy, Sy, it follows that
51,92, 53,54 is a Ramsey Chain of length 4 in H.

Therefore, AR(H) =4 and so AR(S3 + S,,—3) =4 for 10 <m < 14. O

For 2-galaxies S5+ S,,_3 of size m where (kgl) <m< (%2) for some integer k > 5, we
obtain the following result as a consequence of Observations 2.1 and 2.2, Proposition 3.2,

and Theorem 3.6.

Corollary 3.8. Let H = S5+ S,,_3 be a 2-galazy of size m where (kgl) <m< (k;rQ) for
some integer k > 5. If m # (kgl) + 1, then

k=1 ifm= ("),

2
i () 2 <m< (7).

AR(H) = {

Proof. By Proposition 3.2, if m = (*1'), then AR(H) = k — 1 (since 3 < k — 2 when

k > 5); while if (k;rl) +3<m< (k;ﬂ), then AR(H) = k. Thus, we may assume that
m = (k'QH) +2. Let H = S5+5S,,_3. Then H' C H. Since the size of H ism—1 = (kgl)—l—l,
it follows by Theorem 3.6 that AR(H') = k. Consequently, AR(H) > AR(H') = k by

Observations 2.1. Therefore, AR(H) = k by Observation 2.2. O

kgl) + 1 for some integer & > 5

whose Ramsey indexes have been determined, we arrive at the following conjecture.

Based on all 2-galaxies S3+ S,,_3 of size m where m = (

k+1

5 ) + 1 for some

Conjecture 3.9. If H = S3 + S,,_3 is a 2-galaxy of size m = (
integer k > 5, then AR(H) = k.



14 CHATTERJEE AND ZHANG

Conjecture 3.9 has been verified for small values of k. In particular, AR(S3 + S13) =5
where k = 5 and AR(S5+S19) = 6 where k = 6. Furthermore, the proof of Proposition 3.7
can be extended to show that if ¢ is a red-blue coloring of S3 +.5,,_3 of size m = (k’;l) +1

with red subgraph of size m; and blue graph of size ms such that m; < msand 1 < my; <5,
then ARC(Sg + Sm_g) = k.

4. In closing

For 2-galaxies H = S; + S, of size m where 4 <z < % and (k“) <m< (HQ) for
some integer k > 4, it follows by Proposition 3.2 that

k—1 ifm:(kH) and v < k — 2,
AR(H) =

koot () f o <m o< ().

What remains unknown are Ramsey indexes of those 2-galaxies H = S, + 5, of size
m where 4 <z < % and (k'gl) +1<m< (k”gl) +(x—1). For example, consider Sy+ S,,_4
where (kH) <m< (k'52) for some integer k > 4. It can be shown that

(1) for k =4, if (*}') =10 <m < 15 = (*}?), then AR(Ss + Sp_a) = 4,

(2) for k =5, if (°}!) =15 <m < 21 = (°}?), then AR(Ss + Sp—4) =5, and

(3) for k =6, if m = (°}') = 21, then AR(Sy + S;n_4) = 5; while if (6;1) +1=22<
m < 28 = (°1?), then AR(S, + S 1) =6.

As a result of Proposition 3.3, Theorem 3.6, Corollary 3.8 as well as all 2-galaxies that
have been encountered so far, we are led to the following conjecture.

k+1

5 ) <m< (k;’Q) for some integer

Conjecture 4.1. If H is a 2-galazy of size m where (
k >4, then
(1) AR(H) =k if (kgl) <m < ( %) and
=k

(2) AR(H) =k —1 or AR(H) fm—(k;rl)
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