
J. COMBIN. MATH. COMBIN. COMPUT. 130 (2026) 241�253

Journal of Combinatorial Mathematics
and Combinatorial Computing
www.combinatorialpress.com/jcmcc

Additive systems for Z are undecidable
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abstract

What are the collections of sets Ai ⊂ Z such that any n ∈ Z has exactly one representation

as n = a0 + a1 + · · · with ai ∈ Ai? The answer for N0 instead of Z is given by a theorem

of de Bruijn. We describe a family of natural candidate collections for Z, which we call

canonical collections. Translating the problem into the language of dynamical systems,

we show that the question of whether the sumset of a canonical collection covers the entire

Z is di�cult: speci�cally, there is a collection for which this question is equivalent to the

Collatz conjecture, and there is a well-behaved family of collections for which this question

is equivalent to the universal halting problem for Fractran and is therefore undecidable.
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1. Introduction

Let M be a commutative monoid, with additive notation. Throughout this paper, M is

almost always going to be either the nonnegative integers N0 or the integers Z.
Let A = {A0, A1, . . . } be a collection of subsets of M, �nite or countably in�nite. The

sets Ai themselves also can be �nite or in�nite. We require that each Ai contains 0 and

at least one more element.

De�nition 1.1.

� The sumset of A is the set of sums a0 + a1 + · · · where ai ∈ Ai, for all i, and all but

�nitely many ai are equal to 0. The sumset of A is denoted
∑

A or A0 + A1 + · · ·

� The sumset of A is direct when for any n ∈
∑

A, its representation as n = a0 +
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a1 + · · · is unique. The direct sumset of A is denoted
⊕

A or A0 ⊕ A1 ⊕ · · ·

� An additive system for M is a collection A such that
⊕

A = M.

Additive systems for M = N0 are fully described by a foundational result in this area,

de Bruijn's Theorem. We state it in Section 2.

In this work, we focus on additive systems forM = Z, which are notoriously hard to deal

with. We de�ne canonical collections, which simultaneously generalise in a natural way

additive systems for N0 and basic examples of additive systems for Z. We then switch from

the additive combinatorics point of view on canonical collections to the dynamical systems

perspective. This makes it possible to construct remarkable and unexpected equivalences

between questions from additive combinatorics (whether certain canonical collections are

additive systems for Z) and famous di�cult and even undecidable problems, namely the

Collatz conjecture and the universal halting problem. For the latter problem, we make

use of Conway's esoteric programming language Fractran.

We introduce canonical collections in Section 3 and prove our main results, the Collatz

conjecture and halting problem equivalences, in Section 4 as Theorem 4.4, Theorem 4.7,

and Corollary 4.8. The diagram in Figure 2 shows the relationship between the sets of

collections considered in this paper.

2. Additive systems for N0 and de Bruijn's theorem

We will denote the integer interval {0, 1, . . . , n − 1} for some n ∈ N by [n]. For a set

A ⊂ M and k ∈ M, we will denote the set {ka | a ∈ A} by kA. We will write kA for

{kA0, kA1, . . . }.
It is easy to �nd an example of an additive system for N0.

Example 2.1 (decimal numeral system).

The collection {[10], 10[10], 100[10], . . . , 10k[10], . . . } =

{
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9},
{0, 10, 20, 30, 40, 50, 60, 70, 80, 90},
{0, 100, 200, 300, 400, 500, 600, 700, 800, 900},
...

}

is an additive system for N0.

Finding the representation of a number as a sum of elements of the sets from this

collection is equivalent to computing its decimal expansion; e.g., 538 = · · ·+0+0+500+

30 + 8.

De�nition 2.2. Let A be a collection with a direct sumset and let B ⊂ A. The contrac-

tion of A with respect to B is the collection (A \ B) ∪ (
⊕

B).
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The sumset of a contraction is direct too. In particular, when A is an additive system,

then so are all of its contractions.

Example 2.1 can be generalised to a collection of subsets of N0 corresponding to a

numeral system with a varying base. De Bruijn called such collections �British number

systems�, referring to the systems of weight measurement units like the one presented

below as Example 2.4.

De�nition 2.3. Let (bi)i∈N0 be a sequence of integers, called bases, such that bi > 1 for

all i. A British number system is the collection {Ai}i∈N0 with Ai =
(∏i−1

j=0 bj

)
[bi].

A numeral system is a British number system such that its sequence of bases is constant.

In each of the following examples, only the �rst few bases are given; after them, the

sequence of bases continues in an arbitrary way (e.g. becomes constant 10).

Example 2.4.

Fig. 1. Mrs. Beeton's Book of Household Management (1907), p. 126. (b0, b1, b2, b3, b4, . . . ) =

(16, 16, 28, 4, 20, . . . )

Example 2.5. In a British number system A = {A0, A1, . . . }, let the sequence of bases

begin b0 = 2, b1 = 4, b2 = 3.

The sets [b0], [b1], [b2] can be visualised as:

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

The sets A0 = [b0], A1 = b0[b1], A2 = b0b1[b2], i.e. the elements of A themselves, are:

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

Finally, the cumulative sumsets of A (viewed as an ordered sequence) are

the sets A0 = [b0], A0+A1 = [b0b1], A0+A1+A2 = [b0b1b2]. They cover an ever-increasing

portion of N0.

0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25

The colour of each point n = a0 + a1 + · · ·, ai ∈ Ai, corresponds to the smallest i such

that ai ̸= 0.

Any British number system or a contraction of such a system is an additive system for

N0. In fact, de Bruijn showed that the converse is also true, thus completely characterising

additive systems for N0.
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Theorem 2.6 (de Bruijn [4]). Any additive system for N0 is a contraction of a British

number system.

To prove this, �rst a lemma is proved: any additive system A must contain a set A0

of the form [b] ⊕ A′
0, where A0 is the set that contains 1, which must exist, and b is the

smallest number not in A0; and then (A \ {A0}) ∪ {A′
0} is of the form bA′ with A′ an

additive system. The theorem follows from applying the lemma repeatedly. The previous

sentence hides signi�cant technical complexity, as explained in the work [9] that gives an

exposition of the theorem and its proof.

3. Additive systems for Z and canonical collections

In this paper, we are primarily concerned with additive systems for Z. As Nathanson

puts it [9],

de Bruijn's remark at the end of his 1956 paper on N0 still accurately describes

the current state of the problem: �⟨. . .⟩ the analogous problem for number

systems representing uniquely all integers (without restriction to nonnegative

ones) ⟨. . .⟩ is much more di�cult than the one dealt with above, and it is still

far from a complete solution.�

The existing literature on additive systems for Z mostly focuses on the case of additive

systems of cardinality 2, i.e. Z = A ⊕ B. This problem, and the more general problem

known as factorisation of abelian groups, have been studied since the 1940s (by de Bruijn

and Hajós) and to this day. The known results are surveyed in [11]. Many of them are of

the form �if Z = A⊕B and A,B satisfy certain conditions, then there exists another set

A′ such that Z = A′ ⊕ B�, e.g.: if Z = A ⊕ B with A �nite and k is an integer coprime

to |A| then Z = (kA) ⊕ B. There exist families of additive systems {A,B} for Z, where
A is a �nite set and B is in�nite periodic, with the period of B bounded from above or

from below in the terms of the diameter of A [11]. It is known that for any sparse enough

in�nite set A of nonnegative integers there exists B such that Z = A⊕ B, so for in�nite

A and B, �no structure should be expected� [5]. Finally, the collections that have [N ]

as the direct sum have been completely described and enumerated [8], being essentially

�nite British number systems and their contractions.

For our theorems, it will be essential to consider additive systems containing an in�nite

number of sets.

Example 2.1 and numeral systems in general can be turned into additive systems for

Z, as the following well-known examples show.

Example 3.1 (negabinary numeral system). The collection {Ai}i∈N0 with Ai = (−2)i[2]

is an additive system for Z.

Example 3.2 (balanced ternary numeral system). The collection {Ai}i∈N0 with Ai =

3i{−1, 0, 1} is an additive system for Z. In other words, any integer n can be written

uniquely in the numeral system with base 3 using the digits 0, 1, and −1 with the sequence
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of digits di (for any �xed n and for i large enough, di = 0), where 3idi = ai ∈ Ai. E.g.

−35 = ...+ 0 · 81 + (−1) · 27 + (−1) · 9 + 0 · 3 + 1 · 1.

Examples 3.1 and 3.2 motivate the following de�nition.

De�nition 3.3. Let (bi)i∈N0 be a sequence of integers bi > 1, called bases. Let (Ti)i∈N0

be a sequence of sets such that Ti is a complete residue system modulo bi that includes 0

for each i. A canonical collection is a collection of sets which for some sequences (bi) and

(Ti) has the form

{T0, b0T1, b0b1T2, b0b1b2T3, b0b1b2b3T4, ...}.

A canonical collection is called complete if it is an additive system for Z.

In fact, it is enough to specify the sequence (Ti) because bi = |Ti| for all i.
The concept of a canonical collection is also illustrated in Example 3.7 below.

Note the following facts about canonical collections.

(1) The sumset of any canonical collection is direct.

Proof. Let n = a0 + a1 + · · ·+ ak where ai ∈ Ai = b0b1 · · · bi−1Ti for all i. Then all

ais can be determined from n uniquely: by induction, suppose that a0, a1, . . . , ai−1

are already known for some i; then n − (a0 + · · · + ai−1) has to be a multiple of

b0b1 · · · bi−1 (because so is ai′ for every i′ ⩾ i) and ai has to be chosen as the unique

element of Ai with the same residue modulo b0b1 · · · bi (because ai′′ is a multiple of

b0b1 · · · bi for every i′′ > i).

(2) The additive systems for Z from Examples 3.1 and 3.2 are canonical collections,

de�ned by Ti = {0, (−1)i} and Ti = {−1, 0, 1} respectively.

(3) Let A = {A0, A1, . . . } be a canonical collection with
⊕

A = Z. Let k ∈ N0

and N = b0b1 . . . bk. Then {Ak+1, Ak+2, . . . } is an additive system for NZ and

{A0, . . . , Ak} taken modulo N is an additive system for Z/NZ.

(4) When Ti = [bi] for all i, a canonical collection becomes a British number system.

(5) While a British number system has a natural ordering of its elements, there is

generally no such ordering for canonical collections when viewed as unordered sets

of subsets of Z, even though an ordering is used in de�ning it.

Non-example 3.4. Consider a canonical collection with b0 = 2, T0 = 3[2], b1 = 3,

T1 = [3] and another canonical collection with b′0 = 3, T ′
0 = 2[3], b′1 = 2, T ′

1 = [2]

and all other data the same. Then A0 = A′
1 and A1 = A′

0, so these two collections

are identical and there is no way to reconstruct the order in which their elements

were constructed just from the elements themselves.

(6) Not every canonical collection is complete, even if its sumset is unbounded both

from above and below.
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numeral systems

b

Ex. 2.1

British

number systems

(Def. 2.3)

b0, b1, b2, . . .

Ex. 2.4

canonical collections

(Def. 3.3)

b0, b1, b2, . . .

T0, T1, T2, . . .

Ex. 3.1

Ex. 3.2

↑ contractions of the above (Def. 2.2) ↑

additive systems for N0, de Bruijn's theorem
additive systems for Z

Non-ex. 3.5

N
on
-e
x
.
3.
6Fractran-type

canon. coll.

(Def. 4.6)

F

Fig. 2. The sets of collections considered in this paper. A numeral system is speci�ed by a base b,

a British number system is speci�ed by a sequence of bases b0, b1, b2, . . . , etc. In Section 4, we prove

Theorem 4.4 concerned with the dashed black boundary and Corollary 4.8 concerned with the dashed

orange boundary

Non-example 3.5. Let bi = 3 and Ti = {−2, 0, 2} for all i ∈ N0. Then the sumset

of the corresponding canonical collection is 2Z, so this collection is not complete.

Generally, even if the elements from the union of a canonical collection have no

common factor, the sumset of that collection can be sparse and have gaps. In

that case, using the sequences (bi) and (Ti), one can still formally write down the

expansion n = a0 + a1 + · · · (as noted in the proof for Fact (1)) even for n not in

the sumset, but that expansion will not eventually settle to zero.

(7) Not every additive system for Z is a contraction of a canonical collection (i.e. there

is no analogue of de Bruijn's theorem for the integers).

Non-example 3.6 (the smallest so-called tame aperiodic canon [7]).

Let A = {0, 1, 5, 6, 12, 25, 29, 36, 42, 48, 49, 53}. The collection on the right-hand side

of

Z = A⊕ 18[2]⊕ 8[3]⊕ 72Z,

is not a canonical collection, nor a contraction of one. Indeed, suppose otherwise;

A has no common factor, therefore it is either A0 = T0 itself or its sumset with

some other Ais, and b0|12; the residues modulo b0 in any direct sumset that includes

A0 have to be uniformly distributed, which means b0 = 2 and then necessarily

A0 = {0, 1}; however then the odd half of A would be a translation of the even half

of A by 1, which is false.
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(8) Still, some su�cient conditions for a canonical collection to be an complete can be

noted.

(i) If every Ti consists of consecutive integers then the corresponding canonical

collection is complete if and only if max(Ti) > 0 for in�nitely many i and

min(Ti) < 0 for in�nitely many i. Examples 3.1 and 3.2 satisfy these conditions.

(ii) If A = {A0, A1, . . . } is a canonical collection and for some k the sumset Ak ⊕
Ak+1 ⊕ · · · is equal to NZ, where N = b0b1 · · · bk−1, then A is complete (the

converse of Fact (3)). Therefore one cannot tell whether a canonical collection

is complete or not by looking only at some �nite initial portion of the sequences

(bi) and (Ti).

Proof. Any n ∈ Z can be uniquely decomposed into an element of A0 ⊕ · · · ⊕
Ak−1 and a multiple of N (by the same argument as in the proof of Fact (1)),

and the latter is an element of Ak ⊕ Ak+1 ⊕ · · · by assumption.

The following visual example mirrors Example 2.5.

Example 3.7. In a canonical collectionA = {A0, A1, . . . }, we set b0 = 2 with T0 = {0, 1},
b1 = 4 with T1 = {0, 1,−2, 3}, and b2 = 3 with T2 = {0, 1,−1}.
The sets T0, T1, T2:

- 3 - 2 - 1 0 1 2 3 4 - 3 - 2 - 1 0 1 2 3 4- 3 - 2 - 1 0 1 2 3 4

The sets A0 = T0, A1 = b0T1, A2 = b0b1T2:

- 10 - 5 0 5 10 - 10 - 5 0 5 10 - 10 - 5 0 5 10

The sets A0, A0 + A1, A0 + A1 + A2:

- 15 - 10 - 5 0 5 10 15 20 - 15 - 10 - 5 0 5 10 15 20 - 15 - 10 - 5 0 5 10 15 20

Note that these cumulative sumsets are also ever-expanding, as in the case of British

number systems, even though there are gaps in them. These gaps are all eventually �lled

if A is truly an additive system for Z. Moreover, any of these cumulative sumsets is

a tile that tessellates Z via the one-dimensional lattice of translations generated by the

translation by b0 = 2, b0b1 = 8, and b0b1b2 = 24, respectively.

Remark 3.8. In the more general case, when M is an arbitrary abelian group G, one

can still de�ne a canonical collection as follows. First we choose a (possibly left-in�nite)

subgroup series · · · ⊂ G2 ⊂ G1 ⊂ G0 ⊂ G−1 = G. For each i ∈ N0, we form a subset of

Gi−1 (and therefore G) by choosing a representative from each of the equivalence classes

from Gi−1/Gi. These subsets of G together form the canonical system.

Remark 3.9. While the notation ⊕ is widespread, the terminology for the concepts

introduced in De�nition 1.1 di�ers between sources. The term �direct sumset� is from [5].

The term �additive system� is from [9], where it was used speci�cally for M = N0. The



248 a. zabolotskii

term �canonical collection�, introduced in De�nition 3.3, refers to periodic canons that

essentially underlie the canonical collections; that term, in turn, refers to canons in music

[7].

4. Additive systems for Z are undecidable

Section 3 suggests a natural question: given a canonical collection, how can we tell if it

is complete, i.e. is an additive system for Z?
There are uncountably many canonical collections, so one can expect questions like

that to be complex. Still, it is remarkable that we can directly map this question to other

well-known problems, as we will now show.

We will use the notation rb(n) for the (nonnegative) remainder on dividing n by b.

Computing the decimal expansion of a number n ∈ N0 (recalling Example 2.1) is

equivalent to repeated application of the map f(n) = 1
10
(n − r10(n)), which removes the

terminal digit of n (i.e. f(n) = ⌊n/10⌋), until 0 is reached. More generally, computing the

expansion of n ∈ N0 in a British number system is equivalent to computing the sequence

n, f0(n), f1 ◦ f0(n), f2 ◦ f1 ◦ f0(n), f3 ◦ f2 ◦ f1 ◦ f0(n), . . . , (1)

until 0 is reached, where fi(n) =
1
bi
(n− rbi(n)) (i.e. fi(n) = ⌊n/bi⌋).

More generally yet, suppose that the sequences (bi) and (Ti) de�ning a canonical collec-

tion are given. For any integer n, let ti(n) be the unique element of Ti that is congruent

to n modulo bi. Computing the (possibly in�nite) expansion of n ∈ Z in that canonical

collection is equivalent to computing the sequence from Eq. (1) until 0 is reached, this

time with

fi(n) =
1

bi
(n− ti(n)) . (2)

Here fi removes the terminal digit of n and adds an extra term that depends on the

removed digit:

fi(n) = ⌊n/bi⌋+ fi(rbi(n)). (3)

The �oor function ⌊x⌋ returns the greatest integer ⩽ x.

These maps together form a non-autonomous dynamical system, which is the point of

view on the canonical collections that will be convenient for us from now on.

De�nition 4.1. Let (bi) and (Ti) be sequences that de�ne a canonical collection, as in

De�nition 3.3. The canonical system associated with them is the sequence of maps fi
de�ned by Eq. (2). For any n ∈ Z, the sequence shown in Eq. (1) is called the trajectory

of n in the canonical system.

Every canonical collection with given (bi) and (Ti) corresponds to a canonical system

via this de�nition, and conversely, every canonical system corresponds to a canonical

collection. The sets Ti are related to the bases and the maps fi by ti(j) = j − bifi(j), i.e.

instead of specifying (Ti) for a canonical collection one can specify the values of fi(j) for

i ∈ N0 and j ∈ [n] arbitrarily, except for fi(0) = 0 for all i.
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Proposition 4.2. Let (bi) and (Ti) be sequences that de�ne a canonical collection A =

{A0, A1, . . .} and the corresponding canonical system. Let n ∈ Z. Then n ∈
⊕

A if and

only if the trajectory of n in the canonical system eventually becomes constant zero.

Proof. For i ∈ N0, we de�ne ai = b0b1 . . . bi−1ti(ni), where ni = fi−1 ◦ . . . ◦ f1 ◦ f0(n) is
the ith number in the trajectory. Then ai ∈ Ai, moreover, ai are produced precisely by

the procedure described in Fact (1). If n ∈
⊕

A then there exists some I ∈ N0 such that

n = a0 + a1 + · · · + aI−1, and in that case nI = 0 and ai = ni = ti(ni) = 0 for all i ⩾ I,

so the trajectory becomes constant zero. On the other hand, if the trajectory becomes

constant zero, then the sequence a0, a1, . . . has only a �nite number of nonzero terms, so

the sum a0 + a1 + . . . is de�ned and is the desired decomposition of n into elements of

Ai.

Corollary 4.3. A canonical collection is complete if and only if the trajectory of every

integer in the corresponding canonical system eventually becomes constant zero.

The famously hard Collatz conjecture [2] posits that any n ∈ N eventually enters

the cycle 1 → 4 → 2 → 1 → · · · under repeated application of fC : N → N where

fC(n) = 3n + 1 if n is odd and fC(n) = n/2 if n is even. The sequence (f i
C(n))i∈N0

is

called the Collatz trajectory of n.

Theorem 4.4. There exists a canonical collection AC such that AC is complete if and

only if the Collatz conjecture is true.

Proof. Let AC be the canonical collection with bi = 4i+1 for i ∈ N0 and ti(j) = j−bifC(j)

for j ∈ [bi] \ [2] and ti(1) = 1. The corresponding canonical system (fi)i∈N0 satis�es

fi(j) =


0 if j = 1,

j/2 if j is even,

3j + 1 otherwise,

for j ∈ [bi]. (Our speci�c choice of bi is not the only possible one for our purposes.)

We will now show thatAC has the property required in the theorem, using Corollary 4.3.

Suppose that the ith value in a trajectory in this canonical system, ni, falls into the

interval [bi]. Then the next value in the trajectory, ni+1 = fi(ni), is either 0 (if ni ∈ [2]) or

fC(ni), from the de�nition ofAC . Therefore ni+1 ⩽ fC(ni) ⩽ 3ni+1 < 3bi+1 < 4bi = bi+1,

so ni+1 ∈ [bi+1]. By induction, at each further step i′ > i, the trajectory value ni′ will

always be in the interval [bi′ ]. Then the trajectory itself will proceed as the Collatz

trajectory of ni unless and until it reaches 1, at which point it becomes constant zero.

The Collatz conjecture states that it happens for any positive integer value of ni.

It remains to prove that any number n ∈ Z ends up on a Collatz trajectory (by getting

into the interval [bi] on the ith step for some i) and that every Collatz trajectory is reached

from some starting number.
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Suppose �rst that n is positive. Assume it is the ith value in a trajectory (possibly

i = 0), i.e. n = ni, and n is not already in [bi], i.e. is of the form ni = biki+ ri, ri = rbi(ni)

with ki ∈ N. Then, recalling Eq. (3),

ni+1 =fi(n) = ki + fC(ri) ⩽ ki + 3ri + 1 = n− ri − (bi − 1)ki + 3ri + 1

=n+ 2ri + 1 + ki − biki < n+ 2bi + ki − biki = n+ 2− (ki − 2)(bi − 1).

If ki > 2 then ni+1 < n, so ki+1 will be less than ki but will not become negative, so at

some step i′ > i (repeating the argument for each step) we will get ki′ ⩽ 2. If ki = 2 or

ki = 1 then ni+1 < bi+1 = 4bi, as desired.

Suppose instead that n is negative. We will show that it strictly increases with each

iteration until it becomes nonnegative, which is then the case already considered in the

previous paragraph. Again, let n = ni = biki + ri, ri = rbi(ni) with ki a negative integer.

Then ni+1 = fi(n) = ki + fC(ri). Suppose ki < −1, then ni+1 ⩾ ki ⩾ bi(ki + 1) > n,

i.e. ni′ will increase as a function of i′ ⩾ i until ki′ becomes nonnegative (and then ni′ is

nonnegative too, as desired) or equal to −1. In the latter case, ni′+1 = fi′(ni′) > ni′ too,

because either ni′+1 ⩾ 0 or ri′ ∈ [2], in which case ni′+1 = −1 > ni′ .

Finally, the Collatz trajectory of any n ∈ N is reached by the canonical system corre-

sponding toAC starting from n·
∏⌈log4 n⌉

i=0 bi = n·41+2+···+(⌈log4 n⌉+1) = n·2(⌈log4 n⌉+1)(⌈log4 n⌉+2).

This theorem shows that if a canonical collection is given, it can be very hard to tell

if it is complete or not. Actually, even for a smaller, well-behaved subset of the set of all

canonical collections, there is no procedure for identifying all those collections that are

complete, as we will now show.

Fractran is a programming language which takes a single natural number as input;

we will also allow the zero input, for which the program halts immediately. A Fractran

program is a �nite sequence of positive rational numbers. To execute a Fractran program,

calculate the product of the input by each fraction from the sequence in turn and replace

the input by the �rst resulting value that is an integer (this is a single Fractran iteration),

and then repeat this while possible (producing a Fractran trajectory).

Example 4.5. The execution of the program(
33

20
,
5

11
,
13

10
,
1

5
,
2

3
,
10

7
,
7

2

)
,

with input 8 proceeds as

8
× 7

27−−→ 28
× 10

77−−→ 40
× 33

207−−→ 66
× 5

117−−→ 30
× 13

107−−→ 39
× 2

37−−→ 26
× 7

27−−→ 91
× 10

77−−→ 130
× 13

107−−→ 169,

and halts at that point. This program, given the Nth power of 2 as input, outputs 13

raised to the power of the Hamming weight of N [10].

Conway introduced Fractran and showed that it is a computationally universal pro-

gramming language [3]. In particular, this fact implies that the universal halting problem
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for Fractran (given a program, determine whether the program evaluated on every input

eventually terminates) is undecidable; a problem that has �nite data as input is undecid-

able if there does not exist an algorithm that solves it for any valid input.

De�nition 4.6. Let F = (F1, . . . , Fm) be a Fractran program. Then let fF : N0 → N0 be

the function that applies a single Fractran iteration of that program to its input if it is

possible or returns 0 otherwise (i.e. if the program immediately halts on that input).

We de�ne a canonical collection AF as follows. The sequence of bases is de�ned to be

bi = bi+1, where b = 1 + ⌈maxmk=1 Fk⌉ (we want to ensure that this is an integer greater

than 1). The sets Ti are de�ned through the corresponding canonical system by setting

fi(r) for r ∈ [bi − 1] to be equal to fF (r); while for r = bi − 1 (which is to be referred as

the exceptional case) we set fi(r) = 1.

We will say that a canonical collection of the form AF for some F is Fractran-type.

Note that the family of Fractran-type canonical collections is well-behaved in the sense

that specifying a Fractran-type canonical collection requires only a �nite amount of data.

Theorem 4.7. A Fractran program F halts for all inputs if and only if AF is complete.

Proof. The proof is similar to that of Theorem 4.4.

Suppose that the ith value in a trajectory in the canonical system corresponding to AF ,

ni, falls into the interval [bi − 1]. Then the de�nition of AF ensures that the trajectory

continues as the Fractran trajectory of ni, only becoming constant zero if the actual

Fractran trajectory terminates and the program F halts on the input ni. The number

ni = bi − 1 hits the exceptional case and continues to the Fractran trajectory of 1.

It remains to prove that any number n ∈ Z ends up on a Fractran trajectory (by

getting into the interval [bi] on the ith step for some i) and that every Fractran trajectory

is reached from some starting number.

Suppose �rst that n = ni is positive. Suppose it is not already in that interval, i.e. is of

the form n = biki + ri, ri = rbi(n) with ki ∈ N. In the exceptional case n is immediately

sent to 1 and we are done, so suppose we are not in the exceptional case. Then

ni+1 = fi(n) = ki + fF (ri) < ki + bri = n− (bi − 1)ki + (b− 1)ri

⩽ n− (bi − 1)ki + (b− 1)(bi − 1) = n+ (bi − 1)(b− 1− ki).

If ki ⩾ b − 1 then ni+1 < n, so ki′ will decrease as a function of i′ ⩾ i (but will not

become negative), so at some step we will get ki′ < b − 1. While if ki < b − 1, we get

ni+1 < bi+1 = bbi, as desired.

Suppose instead that n = ni is negative. We will show that it strictly increases with

each iteration until it becomes nonnegative, which is then the case already considered in

the previous paragraph. Again, let n = biki + ri, ri = rbi(n) with ki a negative integer.

Then ni+1 = fi(n) = ki + fF (ri) unless we are in the exceptional case. Suppose ki < −1,

then ni+1 ⩾ ki ⩾ bi(ki+1) > n, i.e. ni′ will increase as a function of i′ ⩾ i until ki′ becomes

nonnegative or equal to −1. In the latter case, if ni′ = −1, this is the exceptional case,
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ni′+1 = fi′(ni′) = ki′ + 1 = 0, and we are done, so suppose this is not the exceptional

case. Then either fF (ri′) > 0 and ni′+1 ⩾ 0 (and then we are done) or fF (ri′) = 0 and

ni′+1 = −1 > ni′ .

Finally, for n ∈ N, let L = ⌈logb(n + 1)⌉, then the Fractran trajectory of n is reached

by the canonical system corresponding to AF starting from n ·
∏L−1

i=0 bi = n · b1+2+···+L =

n · bL(L+1)/2. Indeed, the trajectory of that starting number reaches n after L steps and

bL = bL · b ⩾ (n + 1)b > n + 1, so the trajectory does not hit the exceptional case and

continues to the Fractran trajectory.

Corollary 4.8. Consider the problem of determining if the Fractran-type canonical col-

lection AF corresponding to a given Fractran program F is complete. That problem is

undecidable.

Remark 4.9. Results similar to the corollary above are known in the �eld of dynamical

systems, such as [1]. In the context of tiling problems, undecidability results are known

for problems like �given one subset of a certain abelian group, �nd another one such that

they together form an additive system for that group�, such as in [6].
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