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ABSTRACT

We study a search problem on capturing a moving target on an infinite real line. Two
autonomous mobile robots (which can move with a maximum speed of 1) are initially
placed at the origin, while an oblivious moving target is initially placed at distance d
from the origin. The robots can move along the line in either direction, but the target is
oblivious, cannot change direction, and moves either away from or toward the origin at a
constant speed v. Our aim is to design efficient algorithms for two robots to capture the
target. The target is captured only when both robots are co-located with it. The robots
communicate only face-to-face (F2F), meaning they can exchange information only when
co-located. We design algorithms under various knowledge scenarios regarding d, v, and
the target’s direction of movement. We analyze competitive ratios, i.e., the capture time
versus the optimal full-knowledge scenario, and show that our strategies use at most three
direction changes.

Keywords: autonomous robots, competitive ratio, capture time, oblivious target, F2F
communication, search problem
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1. Introduction

We study the problem of linear search for an oblivious moving target by two autonomous
mobile robots. Linear search problems have been extensively studied and applied in
various domains such as data mining, surveillance, and rendezvous, cf. |1, 2|. Evacuation
(also known as group search) is a related problem in which multiple robots cooperate to
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find an unknown target, cf. [16]. Capturing a moving target can be viewed as a form
of group search where the target itself is mobile. This problem has been explored in
numerous settings, including on graphs, cf. [8], as well as in scenarios involving chasing
and escaping, cf. [22]. A special case of this problem is evacuation with a stationary
target (v = 0).

Several foundational works, including |4, 6, 7|, have initiated the study of linear search
and evacuation with one or more robots moving at uniform or varying speeds. The focus
of this research is to devise algorithms for cooperative searchers that achieve optimal or
near-optimal upper and lower bounds by analyzing the competitive ratio.

The competitive ratio provides a measure of the efficiency of an algorithm by com-
paring the performance of a given algorithm under limited knowledge constraints to the
performance in a full-knowledge model. In the full-knowledge model, robots are aware of
all input parameters, such as the starting location of the target, its speed, its direction
of movement, and its distance from the origin. The optimal algorithm is the one that
minimizes the competitive ratio for linear search time, evacuation time, or capture time,
depending on the specific problem under consideration.

The primary motivation of our study on capturing a moving target by two robots in the
F2F communication model is to understand the impact of input knowledge constraints on
capture time. These constraints include the knowledge of the speed and initial distance
of the target from the origin. Furthermore, our approach treats a searcher’s "turn in
direction" as a resource. We propose algorithms that ensure the target is captured with
a constant and minimal number of turns.

1.1. Preliminaries and notation

In this section, we define the basic concepts of robot mobility and communication, as well
as the four basic knowledge models that we will analyze in the sequel.

The search domain is the infinite line and it is bidirectional in that the robots can
move in either direction without this affecting their speed. The searchers can move with
maximum speed 1. The mobile target is oblivious in that it is unable to change its speed,
its direction of movement, and has no communication capabilities; it can move either away
from or toward the origin with maximum speed v, and this is fixed as part of the input. If
it is moving away from the origin, we assume that v < 1, and we call this the away model.
If the target is moving toward the origin, we assume that v is arbitrary, and we call this
the toward model. It will be convenient throughout the paper to identify the two searching
autonomous robots as Ry and Rs; however, their capabilities are indistinguishable.

An algorithm capturing the target is a complete description of the trajectories traced
by the two robots until they are both co-located with the mobile target (which is moving
at speed v). Note that only one of the two searchers is not sufficient to capture the
moving target; instead, the capture of the target is considered complete only when both
robots are co-located with the target. Clearly, if v = 0, then the target is static, in which
case capturing the target is equivalent to standard evacuation. Our strategies take into
account that there is a cost for changing direction. In our algorithms, we will show that
the searchers capture the moving target while the number of turns (changes in direction)
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by either searcher remains constant (at most 3).

The competitive ratio of a strategy (or algorithm) S, denoted by C'Rg, is defined as the
supremum over all starting positions of the target of the time the agents take to capture
the target divided by the time it would take if the target’s movement was fully known
(initial position, speed, direction of movement) to the searchers. The competitive ratio of
a certain problem is the infimum of C'Rs over all possible strategies S for the problem.
Throughout this paper, we will use the abbreviation C'R to refer to the term "competitive
ratio". The efficiency or optimality of an algorithm is measured using the competitive
ratio.

The searchers are autonomous mobile agents that can move around with maximum
speed 1. In this paper, we are considering the FaceToFace model and refer to it by F2F. In
this model, both robots can exchange information only if they are co-located (i.e., meet at
a specific point on the line). A typical communication exchange may involve information
such as 'target is found’, 'move in this direction’, etc. Both robots are endowed with
pedometers and have computing abilities to deduce the location of each other, through
relevant communication exchanges. The robot performs its movement based on calling
atomic operations such as turn, stop, increase/decrease speed, etc. As an example, if
the robot is moving and it needs to turn, it will use the following operations: stop, turn,
restart, accelerate. In our analysis, we also take into account the number of turns (changes
of direction). Therefore, the goal is to find an algorithm with the best competitive ratio
that reduces the number of turns. Alternatively, in some of our algorithms, we increase
the speed instead, which is less costly than making a turn; this is because we only need
to call accelerate instead of calling turn, while the robot is moving, which requires four
atomic operations.

We consider algorithms under various constraints reflecting the knowledge the two
robots have about the initial distance of the target from the origin, its direction of move-
ment (away or toward), and the speed of the moving target. We will study algorithms
under different knowledge models. The FullKnowledge (FK) model refers to two mobile
agents that have complete knowledge of the initial distance, direction of movement, and
the speed of the moving target. The NoSpeed model refers to no knowledge of the speed
of the target. The NoDistance (ND) model refers to no knowledge of the initial distance
of the target. The NoKnowledge (NK) model refers to the case when the robots have no
knowledge of the speed or the initial distance of the target.

1.2.  Related work

Linear search refers to searching on a line for a target located on the real line. The study
of linear search problems for a single robot was first initiated by Beck [6] and Bellman [7].
Assuming that the distance and the direction to the target are unknown, they proposed an
optimal algorithm with a competitive ratio of 9. Additional work, including deterministic
variants of linear search, can be found in [4].

There are numerous variants of search and evacuation problems. These can involve
environments with multiple robots operating at distinct speeds [5, 14, 17|, as well as
different search domains such as disks, triangles, and circles |9, 11, 15].
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Further extensions to these problems explore augmenting the capabilities of the robots
with additional agents. For instance, the inclusion of a bike as an auxiliary mobile agent
to assist robots in reaching the target faster was studied in [19], where robot evacuation
on a line was considered in the presence of such an agent.

In the context of this paper, we focus on algorithms for capturing a moving target.
This problem resembles the evacuation of robots toward a static target, but with the
added complexity of a moving target. The case of a moving target was first studied
by McCabe |21], who investigated searching for an oblivious target following a Bernoulli
random walk on the integers. A deterministic oblivious target was first considered in
Alpern and Gal |2|[Section 8.5], where the target moves away from the origin at a constant
speed v < 1, which is known to the searching robot. In their work, the initial distance of
the target is unknown, and they provide an algorithm with an optimal competitive ratio
for this scenario.

Our work is strongly influenced by and builds upon the results of [13|, where the authors
analyzed the competitive ratio under four knowledge models: FullKnowledge, NoSpeed,
NoDistance, and NoKnowledgeOfSpeedAndDistance. While their analysis focuses on a
single searcher, we extend their work to two searchers operating in the F2F communication
model. Additionally, the tightness of the main lower bound for the NoSpeed model with
a single searcher was recently established in [12].

The cost of turns in a search algorithm was first proposed in |2] and further investigated
in |3, 18]. However, the strategies in [13] do not account for the cost of changing direction.
In contrast, our study focuses on capturing a moving target with two robots under the
F2F communication model, explicitly considering turn costs. We provide upper and
lower bounds for the capture problem while maintaining a constant number of turns and
analyzing the impact of various knowledge constraints on the competitive ratio.

1.3.  Qutline and results of the paper

In this section, we outline the main results of the paper based on the speed v of the target.

1.3.1.  Full knowledge model. Section 2 discusses the Full Knowledge Model. Results are
similar to those in |13] and are summarized in Table 1.

Table 1. Competitive Ratios (CRs) in the Full Knowledge Model

Knowledge | Algorithm | Movement | Competitive Ratio
v,d Algorithm 1 Away ‘f%i ifv<l1
v,d Algorithm 2 |  Toward i’i—z ifv<l1
v,d Algorithm 3 | Toward % ifo>1

1.3.2. No distance model. Section 3 is about the No Distance Model, and results are

summarized in Table 2.
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Table 2. CRs in the No Distance Model

Knowledge | Algorithm | Movement | Competitive Ratio

v Algorithm 4 Away gtigz
v Algorithm 5 Away gti;z
v Algorithm 6 | Toward (ﬁ)2 if v >3
v Algorithm 7 | Toward (1) ifv >3
v Algorithm 3 Toward 1+ % ifv<3

Note that in Table 2, Algorithms 5 and 7 require at most 3 changes of direction. They
have the same competitive ratios as Algorithms 4 and 6, respectively, but for the last two
algorithms, the number of turns in direction is unbounded.

1.3.3.  No Speed Model. Section 4 is about the No Speed Model, and results are summa-
rized in Table 3.

1—v

Table 3. CRs for the No Speed Model: M = ( 1 )

Knowledge | Algorithm | Movement | Competitive Ratio
d Algorithm 8 Away O (M3(log® M) /d)
d Algorithm 9 | Toward 3

1.3.4. No knowledge model. Section 5 discusses the No Knowledge Model, and results
are summarized in Table 4.

Table 4. CRs for the No Knowledge Model: M = max (d7 1 )

1—v

Knowledge | Algorithm | Movement | Competitive Ratio
None Algorithm 10 Away O (M (log® M)/d)
None Algorithm 3 Toward 1+ %

Note that the number of turns (changes of direction) in all algorithms is at most 3,
with the exception of Algorithms 4 and 6. A conference version of this paper is appearing
in the proceedings of ICDCN [20].

2. Full knowledge model

We begin with the analysis of the FullkKnowledge model and distinguish the cases where
the target is moving away or toward the origin. Note that Algorithms 1, 2, 3 below are
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similar to the corresponding single robot algorithms in [13] the only difference being that
the two robots stay together as a single robot. We include the proofs for completeness.
Alternatives to Algorithms 1, 2 arise when the searchers move separately in opposite
directions but it is easily verified that this will not change the CRs. The lower bound
proofs are slightly different

2.1.  Target moving away from the origin

Here is the outline of the algorithm: Both robots know the speed and the distance to the

target, thus they both move in the same direction distance %. If they don’t find the

target, then they switch direction till they reach the target.

Algorithm 1 FKGoTogetherAway (S source, D destination)

1: R; and Ry move together in any direction with speed 1
2: if Ry and R, don’t reach the target at point -4 then

1—v

3: Both robots switch direction and move till they reach the target

We can prove the following theorem.

Theorem 2.1. For the full knowledge away model, the competitive ratio of Algorithm 1
s at most f:—g

Proof. Robots R; and Rs move in the same direction for a distance of %. If neither of

them catches the target during this time, then the target will be ahead of the robots by
2d

a distance of %. To cover this remaining distance, they need an additional time of %

Therefore, the total time required for both robots to capture the target is:

d_ . 2L 3d—dv
l—v 1—-v (1—-0)%

This yields the competitive ratio:

sd-dy o,
CrR=17" =
1-v

This proves Theorem 2.1. O
In the next theorem Algorithm 1 is shown to be optimal.

Theorem 2.2. The competitive ratio of any algorithm in the FullKnowledgeAway model
15 at least %

Proof. If both robots R, and R, are at the origin and the moving target is at a distance
d away from the origin, then any of the two robots needs % to catch up with the target.
Assume R; reaches point %, then the adversary would place the target at —%. At this
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point, Ry catches the target and R, would be far from the target by -2 1 . Thus, for R; to

2d

reach the target, it needs time 1= = 29— The competitive ratio is then
1-v (1- v)
2d d
cp— 0P 1o 3-w
d 1—v
1—v
This proves Theorem 2.2. O

2.2.  Target moving toward the origin

The target moves with speed v toward the origin. There are two cases to consider:

Case 1: v <1

Here is the outline of the algorithm: Since both robots know the speed and the distance
to the target, they move in the same direction distance <. If they don’t catch the target,
then they switch direction and keep moving till they reach the target. The algorithm will
be as follows:

Algorithm 2 FKGoTogetherToward (S source, D destination)

1: Ry and R, move together in any direction with speed 1
2: if Ry and Ry don’t reach the target at point ; d — then
3: Both robots switch direction and move tlll they reach the target

We prove the following theorem.

Theorem 2.3. For the full knowledge toward model, the competitive ratio of Algorithm 2
15 at most 3*” ifv < 1.

Proof. Both robots R; and Ry move in opposite directions for a distance of 5. If R,
reaches the target then R, would be at a distance % in the other dlrectlon Thus it

needs time @
will be:

+1)2 to reach the target. The total time needed for both robots to evacuate

d_, 2 _3dtd
v+1 (v+1)2  (v+1)%

The competitive ratio is then:

3d+dv

v 3
CR= D _ 2t
v+1 1+o
This proves Theorem 2.3. 0

Case 2: v >1
Here is the outline of the algorithm: Both robots stay at the origin waiting for the
target to reach the origin. The algorithm will be as follows:
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Algorithm 3 FKStayAtOriginToward (S source, D destination)
1: R; and R, stay at the origin.

2: The target moves toward the origin with speed v and meets the two robots

We prove the following results.

Theorem 2.4. For the full knowledge toward model the competitive ratio of Algorithm 7
18 at most ”Uil ifv>1.

Proof. If both robots wait for the moving target at the origin, then the capture time will
be %, thus the competitive ratio would be:

d

" v+1
CR=—"-= .

v+1 v

This proves Theorem 2.4. O

Theorem 2.5. The competitive ratio of any algorithm in the FullKnowledge Toward model

is at least “ if v > 1 and 352 if v < 1.

Proof. Consider point a in any direction away from the origin. It takes time % for
a

the target to reach a. On the other hand, it takes time % for any of the two robots to

reach point a. If one of the two robots reaches point a, then in the worst-case scenario,

the adversary would place the target at the other side, and in this case, it would take the
_2a_

other robot time T

to reach the target. Thus, the competitive ratio in this case would
be as follows:

d—a 2a
OR = ;rlﬂ,:d+dv—a+av:1+l+a(1}—1).
g dv v dv

Thus, based on this equation and the value of a, we have two cases to consider:

Case 1: If v > 1, then clearly CR > 1+ %

Case 2: If v < 1, then a > 1%}, otherwise the robots would have captured the target.
The competitive ratio satisfies:

d(v—1)
- 2 3
CR>1+ -+ -1 =14 Sy
) dv 14w 1+o

This proves Theorem 2.5. O

3. No distance model

In this section, we consider the NoDistance model and distinguish the cases where the
target is moving away or toward the origin. There are two different classes of algorithms
that have identical competitive ratios: ZigZag and NonZigZag.
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In the case of ZigZag algorithms, there are two possibilities. The first algorithm is
inspired by the single searcher algorithm in [2|, where the two robots move together as
a single searcher (we will not include the proof of this here). In the second algorithm
(which we describe below), the robots move separately and both follow a ZigZag strategy
in that they come back to the origin after every iteration. This means that each robot
will use the ZigZag strategy to cover one side of the line starting from the origin.

The second class of algorithms is NonZigZag. The two robots move in opposite direc-
tions with a certain optimal speed u (to be determined in the course of the proof). When
any of the robots finds the target, it switches its direction and goes back with its maxi-
mum unit speed to inform the other robot. Then both robots proceed to the target with
their maximum unit speed (see [10]). What is surprising is that all these algorithms are
shown to have the same competitive ratio. However, the NonZigZag algorithm is unique
to the two-robot search and is superior in that it minimizes the total number of turns
(changes of direction).

Note that the observations above apply to the away as well as the toward case of the
two-robot search considered in our paper (see also [13]).

3.1.  Target moving away from the origin

First, we consider the ZigZag case. In the first algorithm, the two robots move together

as a single searcher executing a ZigZag search. It is shown in [2| that this algorithm has

a competitive ratio of E;’fi’;

Next, we design an algorithm in which each of the two robots uses a separate ZigZag
strategy only on one side of the origin.

Algorithm 4 NDAwayZigZagTillOrigin
1: for k<1 to oo do
2: R; moves in one direction a distance a* unless the target is found, then comes
back to the origin

Ry moves in the other direction a distance a* unless the target is found, then

@

comes back to the origin

4: if Target is found by R; then

5: Switch direction and move to catch Ry;

6: Both Robots move back to catch up with the target

T Quit;

8: else

9: if Target is found by R, then

10: Switch direction and move to catch Ry;

11: Both Robots move back to catch up with the target
12: Quit;

We prove the following result.

(v+3)?
(1-v)%"

2(14wv)
1—v /7

Theorem 3.1. Setting a =

the competitive ratio of Algorithm / is at most
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Proof. If the target is at distance d from the origin, then eventually either R, or Ry will
capture the target. Without loss of generality, assume that R; captures the target. The
worst-case scenario occurs if, during iteration £—1, R; just misses the target. Specifically,
when R, reaches xp_q, the target is at distance x,_; + €. Thus, for R; to capture the
target, it requires time:

k=1

k-1 d+ 2v (Z a:l>
i=0

2§:@+ — : (1)

d+2v<z )
At this point, Ry is at a distance of - 2 on the opposite side of R;. For Ry to

(2

k-1 k=1
d+ 2v (le) d+2v(2:ﬁi)
1=0 i=0
— = Tp. 2
ok 1—w * 1—w o 2)

meet Ry, it requires time:

At this time, the target is at a distance of x; + vz from both robots. Thus, for the
robots to capture the target, they require additional time:

T + vy
1—v

(3)

Using Egs. (1), (2), and (3), the competitive ratio is given by:

k—1 k—1 k—1
2> xi—2v >, xi+d+2v Y mitrr—vrgtogtury
i=0 i=0 i=0
1—
CR = B

—v

—

k—1
2 +d+2> x;
i=0

d
k—1

2 Z x; + QZL’k
i=0
d
To analyze further, assume that in round k, the robot captures the target. Then, in

round k — 1, the following must hold:

+ 1 (4)

d+@w+~w+m“ﬂv> -

1—w =a
k—1
-1
— d>ad" P —vd - 22 ,
a—1
g a* — a1t —va* +vabt — 20adF Tt + 20
a—1 ’
k_ k-1 k k—1
a® —a" "t —wva® —va" " + 2v
= d> 1 : (5)
Thus, the competitive ratio becomes:
2axy, — 2 2a*
CR = k +1= - +1. (6)

ak — ak—1 —pak —vak-1 + 2 a—1—av—v
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Let us find the optimal value of a that minimizes the competitive ratio. Define f(a) =
+ 1. Its derivative f’(a) is given by:

a— 1 av—v
4a(a —1—av —v) — 2a*(1 — v)
f'a) = 2
(a—1—av—0)
_4a® —4a — da® — dav — 2a*(1 — v)
B (a—1—av—0)?

2a — 20a? —4a—4cw

(7)

(a—1—av—v)?

Setting f'(a) = 0 gives a = % Substituting this value of a into the competitive

ratio expression yields:

8(1+ U)Q
1—0v)?2-(a—1—av—v)
8(1+ U)2
(1—v)2- <2+2U—1+v—2v(1+y)_y+v2)

CR=1+

81 4w)? _
- (=) —v?)

~ 8(1+w)

— a7 !

- ®)

This completes the proof of Theorem 3.1. m

Theorem 3.2. The number of turns for Algorithm / is at most

2d
1+2log<1 )
—v

Proof. Let us assume that the target was detected by one of the robots at iteration k.
Then at the end of iteration k£ — 1, both robots would have completed 2(k — 1) turns. At
iteration k, one of the robots would make a turn to meet the other robot at the origin,
since the other robot already caught the target. Thus, the total number of turns would
be 2(k —1)+1=2k—1.

In order to find the number of turns in terms of d and v, we assume that the target is
caught by one of the robots at iteration k. Then, at iteration k — 1, and based on Eq. (5),
we have:

k=1(, _ 1 — 1n —
a" tHa—1—av U><d

— Y

a
which implies the following:

b1 ad

“a—1—av—v’
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2d(14v)
< 1—v
— 242v—14v—2v—2v2—vt0?’
1—v

2d(1 4+ v)
1—02
2d
1—v

Taking the logarithm, we obtain:

2
k§1+10g(1—d).
— v

Thus, the total number of turns would be at most:

2k—1:1+210g<12—d).

This proves Theorem 3.2. O

Next, we design a NonZigZag algorithm in which the robots move in opposite directions
with a specially chosen (in the course of the proof) speed.

Algorithm 5 NDAwayMovingInOppDirection

3v+1
34+v °

2: Ry moves in the other direction with speed u =
3: if R; reaches the target then
4: It switches direction until it catches Rs.

1: Ry moves in one direction with speed u =

Jv+1
3+v ”

5 Both robots switch direction to meet the target.

6: else

7: if R, reaches the target then

8 It switches direction until it catches R;.

9 Both robots switch direction to meet the target.

We prove the following result:

Theorem 3.3. The competitive ratio of Algorithm 5 is at most
(v + 3)2
(1—-v)*
Proof. According to Algorithm 5, for robot R; to reach the target, it needs time
d

)
u—7v

where u = % At this point, R, will be at a distance % from the target. In order for

R to catch R, it needs time
2du

(u—v)(1—u)




CAPTURING A MOVING TARGET BY TWO ROBOTS IN THE F2F MODEL 45

At this point, both robots will be at a distance of % from the target. Thus, the

time needed for both robots to reach the target is

2du + 2duv
(u—v)(1—=u)(1—v)
We conclude that the total time required for both robots to evacuate is as follows:

d 2du 2du + 2duv
i—v = -w  w=—u(-—w—0)
d(1 —v—u+uv)+ 2du — 2duv + 2du + 2duv
(u—0)(1 —u)(1—-v)
_d—dv—du+ duv + 4du
- (u=v)(I—u)(l-v)

Thus, the competitive ratio is:

OR= 1) = T

The derivative of f(u) is:

B+v)(u—v?—v+uv) — (1 —v+3u+uw)(l—2u+v)

!
u =
S (u —u? — v+ uv)?
B 3u? +vu +2u —2uv — 3v —1
B (u —u? — v+ uv)?
 Butuww—3v—-1)(u+1)
B (u—u? — v+ uv)?
The optimal speed is u = %, and the competitive ratio can be shown to be:
9v+3 3v2+v
CR — L —v+ 35 + 55
3u+1 3v+1
(5 —v) (- F5)
3+v—3v—v2+4+9v+3+3v2+v
o 3+v
T (3v+1—3v—02 34+v—3v—1
( 3+v ) ( 3+v )
(v + 3)?
C(1—w)?
This proves Theorem 3.3. O]

Theorem 3.4. The number of turns for Algorithm 5 is 3, and this is optimal.

Proof. The robot that captures the target needs to turn to inform the other robot. After
reaching the other robot, both robots will turn and proceed in the same direction to reach
the target. Thus, the total number of turns is 3.

Next, we prove that no algorithm can capture the target with fewer than three turns.
Recall that both searchers must eventually reach the target. Assume, on the contrary,
there is a correct search algorithm that solves the problem with at most two turns.
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First, if one of the searchers does not turn, then the adversary can place the moving
target on the side of the origin opposite to the searcher’s position, and the searcher will
never reach the target—a contradiction. Therefore, at least two turns are required, one
by each searcher.

Second, a searcher should not turn unless it knows the target is in the opposite direction;
otherwise, the adversary can place the target farther away in an unvisited area. Since
communication is face-to-face, the searcher that finds the target must visit the other
searcher, requiring a total of three turns.

This proves Theorem 3.4. O

3.2.  Target moving toward the origin

In this section, we consider the case when the target is moving toward the origin. As in
Subsection 3.1, we first consider a ZigZag algorithm in which the searchers move sepa-
rately.

Algorithm 6 NDTowardZigZagTillOrigin
1: for k < 1 to oo do

2: R; moves left a distance of a* unless the target is found, then comes back to the
origin

3: Ry moves right a distance of a* unless the target is found, then comes back to the
origin

4: if Target is found by R; then

5: Switch direction and move to catch Rs

6: Both robots move back to catch up with the target

7 Quit

8: else if Target is found by R, then

9: Switch direction and move to catch R;

10: Both robots move back to catch up with the target

11: Quit

We prove the following result:

Theorem 3.5. The competitive ratio of Algorithm 0, where a = 2(11;:), 15 at most 1 +
8(1—v)
(1+v)%”

Proof. If the target is at distance d away from the origin, then eventually either R; or
Ry will capture the target. If we assume that R; captures the target, then the worst-case
scenario occurs when, during iteration k£ — 1, Ry just misses the target. In other words,
when R; reaches z;_1, the target would be at distance z;_1 +¢. Thus, in order to capture

k=1
k-1 d—2v (z xl)

9 . =0 ] 9
Zx+ 1+ )

the target, Ry needs time:
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d—2v <kz_:1xl>
At this point, R, is at distance % to the right of the origin. In order for R,

to capture Ry, it needs time:

d — 2v (1:2_01 %) d=2v (I:Z_ol xl) _ (10)

Tk 1+0 * 1+o = T

At this time, the target is at a distance of x; — vx) away from both robots. Thus, in
order for both robots to capture the target, they need time:

T — VT

14w (1)

Thus, using Eqgs. (9), (10), and (11), the competitive ratio is as follows:

k—1
k—1 d—2v __2:012
2 xT; + _\"= J + zp + Tk —VTk
=0

y 1+v 1+v
CR=-— y
14+v
k—1 k—1 k—1
23w +20> i+ d—20 > x; + xp + vy + 1) — VTR
i=0 i=0 i=0
<
- d
k—1
2> x; + 22, + d
< _i=0
- d
2 -2
d(a —1)

If we assume that in round k, the robot captures the target, then in round k£ — 1 we
should have the following:

d—(2a"+ -+ 2a" %) v

> gh1
14w -
a1 —
= d>d" " +ud Tt + 2v—1
a/ —_—

K1 o 20+ad—d < 20+ad—d
T (a-D@+v+2) T atav+v—1

a—1

(12)

— a

Thus, the competitive ratio is as follows:

2vu+ad—d
20% (Fovit) =2

d(a—1)

dva® + 2da® — 2da® — 2a — 2av — 20 + 2
<14

dla—1)(a+av+v—1)
S14_46L1)—|—2da2—2—|—2v
dla+av+v—1)
2 _

S1+hm4av—l—2da 2+ 2v
d—oo d(a+av+v—1)

CR<1+
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2a?
a+av+v—1

If we set f(a) = #‘i_w then

— 14+

_dala+av+v—1)—2a*(1 +v)

B (a+av+v—1)2

_4a® 4 dva® + 4av — da — 20 — 2va?

B (a+av+v—1)?2

< 2a” + 2va? + 4av — 4a
(a+av+v—1)32

f'(a)

Setting f’(a) = 0 gives 2a + 2av + 4v — 4 = 0. Thus, a = 2(11;:).
Thus, the competitive ratio would be:
8—16v+§v2
(1+v)
CR <1+ 2—2v24+v+v2—1—v
1+v
2 _
<14 8v® —6v + 8
L+ o)l —0?)
8(1 —v)
1+ —-7=.
(1+v)?
This proves Theorem 3.5. O

Next, as in Subsection 3.1, we consider a NonZigZag algorithm in which the searchers
move separately. The search algorithm is as follows.

Algorithm 7 NDTowardMovingInOppDirection

1-3v
3—v
2: Ry moves in the other direction with speed u =

3: if R; reaches the target then
4: It switches direction until it catches R,.
Both robots switch direction to meet the target.

1: R; moves in one direction with speed u =
1-3v
3—v °

else
if R, reaches the target then
It switches direction until it catches R;.
Both robots switch direction to meet the target.

Note that Algorithm 7 requires that v < 1 but there is no additional requirement on v.

Theorem 3.6. Algorithm 7 is correct if v < %, and its optimal competitive ratio is

3
obtained when u = %; moreover, for that value of u it satisfies
8(1—w)
CRv)=14+——. 13

Ifv > %, then the waiting algorithm has a competitive ratio of 1 + %
Moreover, Algorithm 7 requires only a total of 3 turns by both robots together for v < %,
while the waiting algorithm requires zero turns for v > %
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Proof. The mobile target starts at a distance d > 1 and moves toward the origin with
speed v. The algorithm involves three critical meeting points which we specify below:

(a) T7: the time it takes for the first searcher, say r1, to meet the mobile target; let’s
call the meeting point M;. Here, both searchers move with speed w.

(b) Ty: the time it takes searcher r; to catch up with the other searcher ry; let’s call
their meeting point Ms. Here, r; moves with speed 1 but r, moves with speed wu.

(c) Ts: the time it takes for the two searchers, r; and rq, moving together with speed 1,
to meet the moving target; let’s call their meeting point Mj3. Here, both searchers move
with speed 1.

In the sequel, we indicate how to calculate the times T; for ¢ = 1, 2, 3.

Calculating T} : One of the two searchers, say 1, meets the target first in time

d

T1: .
U+ v

(14)

du
u+v
from the origin. Since 75 moves with speed u, when searcher r; catches up to the target,

The meeting point with one of the searchers (say r1) is at a point at distance

searcher ry will be on the other side of the origin and at distance Udﬁ from it.
Calculating Ty: The distance between the two searchers when r; meets the target is

equal to
du du d(2u)

+ .
u-+v uU-+v uU-+v

Now searcher r; moves with speed 1 and catches up to searcher r, in additional time

d(2u)

S l-u  (ut+v)(l—u)

(15)

Calculating T5: The searchers have moved away from the origin. Moreover, the mobile
target has been displaced an additional distance Tov (towards, and maybe past, the origin),
while searcher r, has been displaced an additional distance Thu (away from the origin).
Therefore, the distance between the two searchers (who are now together) and the target
will be equal to

d(2u) d(2u) d(2u)

u+v T Ta(u =) = u+v * (u—i—v)(l—u)(u_v)
_ d(2u)(1 — u) d(2u)(u — v)
(u+v)(1—u) (u+v)(1—u)

~d2u)(1 —v)

 (u+v)(1—u)

Since the target is moving with speed v and the searchers with speed 1, the time it
takes for the two robots to catch the target satisfies

d(2u)(1—v)
_ oy dR2u)(1—v)
T = = . (16)
1+w (u+v)(1—u)(1+0)
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Using Eqgs. (14), (15), and (16), we conclude that the competitive ratio CR(u,v) of the
algorithm satisfies

T+ Ty + T
CR(u,v) = 2578
14+v
d_ d(2u) d(2u)(1—v)
_ utv + (utv)(1—u) + (utv)(1—u)(1+v)
d
T+v
14w (2u)(1 +v) (2u)(1 —v)
Cutv (wtv)(I-u)  (u+v)(l—u)
1 2
P O o0
(1 —u)(u+wv)
To compute the minimum of C'R(u,v) as a function of u, we set acz;_gju,v) = 0 and solve
for u to obtain the equation
1—-3v
u= .
3—v
If we plug in u = 13_%: into the formula for C'R(u,v) above, we obtain
CR(v) = CR 122 P Gl
3—v’ (1+ v)?

Given that 0 < u < 1, we note that the value u = % does not make sense when

v > % In this case, we can employ the waiting algorithm in which both robots wait at
the origin for the moving target to arrive. The competitive ratio of the waiting algorithm

is 1+ 1.
The proof of the assertion of the theorem regarding the number of turns is the same as
Theorem 3.4. O

4. No speed model

4.1.  Target moving away from the origin

For this model, none of the robots know the speed of the target, so each robot will
attempt to guess the speed. Let us consider a monotone increasing sequence of non-
negative integers {f; : ¢ > 0}. The idea is to guess the speed of the target. We will
use the guess v; = 1 — 27/, Initially, both robots R, and R, are situated at the origin.
The robots move in opposite directions to find the target by guessing its speed. In each
iteration, both robots use speed u; > v; with the assumption that the target’s speed is
v;. Each robot moves a necessary distance such that if the target’s speed is less than or
equal to v;, it will be caught in iteration 7. If the target is not caught during iteration ¢,
in iteration ¢ + 1, each robot continues in the same direction and increases its speed to
u;+1. The robots will continue doing this until one of them catches the target, after which
it switches its direction to catch up with the other robot. Both robots will then proceed
to the target moving with unit speed.
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Algorithm 8 NSAway (.S source, D destination)
Input: Target initial distance d
Increasing integer sequence f; such that f; < fiiq, fo=1and t =0

1: for i < 0 to co do

2: v, =1-— 2t

3: R; and Ry move distance x; = i*—_tfh in opposite directions with speed u; = a;v;,
where a; =1 + 2% > 1, unless the target is found, in which case they continue in the
same direction

4: t=1t+ |JZZ|

5: if One of the robots reaches the target then

6: It switches its direction and moves with unit speed to catch up with the other

robot, then both robots proceed to the target with unit speed

We prove the following results.

Theorem 4.1. The competitive ratio of Algorithm & is bounded from above by

5 22 - log? (ﬁ)
2i—0p T =0

Proof. Assume that the target is situated at distance d away from the origin. Let d; be
the distance from the origin to the target during iteration i. The guess for the speed of
the target during iteration 7 is v; = 1 — 277, and each of the robots moves with speed
u; = a;v;, where a; > 1. We now have the following equations:

i—1
di = d+’Ui E iL’j
=0
i—1
d—i‘?)i Z T
Jj=0
U; — U;

Rearranging the above equations, we get:

Z xz(ul Uz) —d
Xy =
/l},
=0 ’
i
ij _ $i+1(ui+1 - Uz‘+1) - d.
/l),
=0 +1

After simplification:

37¢+1(Uz‘+1 — Vig1 — d) _ %‘(Ui — U — d)
Vi+1 V4
xz‘+1(ui+1 - Uz‘+1) %(Uz - Ui) —d d

=x; + +
Vit U; Vit

xT; =




52 JAWHAR AND KRANAKIS

Ti;Vi41
Tipg < — (17)
Ui+l — Vil

Now, considering a; 1 = 1 + 21—%, we have:

1 1 92!

2i+l

<22

U1 — Vi1 Vig1(@ipr — 1) v
Based on Eq. (17), and considering f; = 2¢, we get:

Ty <204 g,

i+1

S 2J§0f] . 47§+1.
If the target is captured at iteration ¢ by one of the robots, then the competitive ratio
CR becomes as follows:
1—1
d+v Z z;

Jj=0
uif'u

i—1
i—1 2u; Z Ij+2ui
i—1 dtv 3 x; =0

i
R
s

U; —v 1—u;
J
CR =

d

1—-v

i—1 i—1
i—1 d+v .;O zj i—1 d+v 20 zj
2u; Z zj-+2ui J= +2u;v Z :vj+2vui J=
r'—o

u;—v U;—V

=0 =

(1—ug)(1-v)

_a_
1—v

+

i—1 i-1 i1
w Yy ri+d—uwv Y, r; —vd — (u)* > x; — ud
=0 =0 i=0

= (L — ) (s — 0)

i1 i-1

utv >y + duv + 4u? S xj + dud
j=0 j=0

_l’_

d(1 — u;)(u; — v)

1

——, and since 27! <

Since the target is detected at iteration i, we have 227 <

1
i+1 2 1
47 < 16log .
1—-v

log (1—11)’ we get

1

Considering a; = 1 + we have the following:

ﬁ?
2
v _ (1—v)
Ui — UV > U; — Uy ﬁ_ 5 ,
and
/l}A
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1
_ -2
—1- (1—2 ) (1+221>
i 1
_ -2
=1-1-— 52 +2 22T
1
= 92iF1 > (1 - 1))4
Next, we have
i—1
x] S xl(ul /U’L)
Ui
7=0
< 2(u; — ;)20 4
<2 Vi g2ty
2%
2
1
< (=) v (=)
—v 1—w
The competitive ratio becomes:
5 22 -log? (1=
2(1 —v)8 (1—v)®
Thus, Theorem 4.1 is proven. O

Theorem 4.2. The number of turns for Algorithm & is at most 3 and this is optimal.

Proof. The robot that catches up with the target needs to turn to inform the other robot.
After reaching the other robot, both robots will turn and proceed in the same direction to
reach the target. Thus, the total number of turns will be 3. The optimality is established
exactly as in Theorem 3.4.

4.2.

Target moving toward the origin

O

The worst-case scenario occurs when the target’s speed is very small. In such cases, if the

robots wait at the origin, the competitive ratio can become arbitrarily large. To mitigate

this, it is reasonable for both robots to move in one direction for a distance d. If the target

is not found within this range, the robots then switch direction and continue moving until

they catch the target.

Algorithm 9 NSToward (S: Source, D: Destination)

1: R; and Ry choose a direction and move a distance d.

2: if the target is not found then

3:

Ry and R, reverse direction and continue moving until they encounter the target.

We now prove the following results.
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Theorem 4.3. The competitive ratio of Algorithm 9 is upper bounded by 3, and this
bound is optimal.

Proof. In the worst-case scenario, if the target’s speed is very small, the robots may not
catch up to the target immediately. In this case, the robots will move a distance d in one
direction. At this point, they will be away from the target by a distance of 2d — dv, where
v is the speed of the target.

The competitive ratio (CR) can then be calculated as follows:

_ Distance traveled by the robots

CR = —
Distance traveled by the target
2d—d
_ d+ 1+vv
o _d_
1+v
=3.
Hence, the competitive ratio is 3, which proves Theorem 1.3. O

Theorem 4.4. The competitive ratio of the NoSpeed Toward model is lower bounded by
3, and this bound is also optimal.

Proof. To prove the lower bound, both points d and —d must be visited by the robots.
If only one of these two points, say —d, is visited while the other point d is not, the
adversary could place the target at d. In this case, the robots would fail to catch the
target efficiently.

Similarly, if the target is placed at —d and one of the robots visits d first, then by
the time the robot reaches d, the target would have moved at least dv. Following this
argument, the competitive ratio would be calculated as follows:

_ Distance traveled by the robots

CR =
Distance traveled by the target
d+ 2(1ifdv
— v
—— 3
1+v

Thus, the competitive ratio is at least 3, proving the lower bound and Theorem 4.4. [J

5. No knowledge model

In this section, we consider the No Knowledge model and distinguish the cases where the
target is moving away or toward the origin.

5.1.  Target moving away from the origin

We assume that the speed and the initial distance of the target from the origin are
unknown. Let us consider two monotone increasing sequences of non-negative integers



CAPTURING A MOVING TARGET BY TWO ROBOTS IN THE F2F MODEL 99

{fi :1 >0} and {g; : ¢ > 0}. The idea is to try to guess the speed of the target and
its initial distance from the origin. Each robot moves in opposite directions. At iteration
7, each robot moves with speed u; = a;v;, where a;, = 1 + 2_2i, guessing that the speed
of the target is v; and that the initial distance from the origin is d;. If the target is not
found by any of the robots, they continue in the same direction and repeat this process in
subsequent iterations until the target is found by one of the robots. The robot that finds
the target switches its direction and increases its speed to 1 (the maximum possible) to
catch up with the other robot. After they meet, both robots proceed to meet the moving
target. The algorithm is as follows:

Algorithm 10 NKAway (S: source, D: destination)
1: Input: Target initial distance d

Increasing integer sequences { f;}, {¢;} such that f; < f;11 and g; < g;41, with fo =1,
go =0, and t = 0.

2: for i + 0 to oo do

3: d; = 2%

4: v, =1— 2~ fi

5: Robots R; and R; move distance x; = % in opposite directions with speed
u; = a;v;, where a; = 1 + %, unless the target is found, in which case they continue

T
in the same direction. ’

6: t=1t+ |z

7: if one of the robots reaches the target then

8: It switches its direction to catch up with the other robot, then both robots proceed
to the target.

Theorem 5.1. The competitive ratio for the NoKnowledgeAway algorithm is bounded
from above by

1
12M7 +192(loglog M +3) - M*™ -1og® M - (3) :

where M = max (d, ﬁ)

Proof. Assume that the target is situated at distance d away from the origin. Let d; be
the distance from the origin to the target during iteration . Assume that the guess for
the speed of the target during iteration 7 is v; = 1 — 271, and assume that each of the
robots moves with speed u; = a;v;, where a; > 1. Then we have the following:

i—1
i . )
i—1 29: + V; Z:Ox]
d; = 29 4+ v, E Tj, Tj=
— U; — Uy
7=0

As a consequence, we have
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— 29i+1

i

ij _ $z‘+1(ui+1 - U¢+1)
/l)A

]:0 Z+1

After simplification, we get the following:

Ti1(Wip1 — Vip1) = 2940 iy —v;) — 2%

%

Vi1 Uy
Tig1 (Uip1 — Vig1) zi(w —v;) 29 29
=r+——F — +

Vit+1 (% (% Vi1
Tip1(Uip1 — Vig1) DU . L

Vit1 v; Uiy 291w
Tit1 (Uit — Vi) < Tt 1 99t

Vit1 Y

TiUViq1 291044
Tit1 < + (18)

Uz‘(ui+1 - Ui+1) Uit1 — Vig1

Consider a;,1 = 1+ 22% We have the following:

1 1
Ui+1 — Vit Ui+l(ai+1 - 1)
2i+l
_ < 2 . 22i+1
Vit1

Thus, based on Eq. (18), and considering f; = 22 we have the following:

Tit1 < 2f1’+1 Az +2- 99i+1 2fi+1
i1

i+1
+>
S 2. E 2% j;k; ’ . 4z—k+1.
—0

If the target is captured at iteration ¢ by one of the robots, then the competitive ratio
would be as follows:

i—1
i1 dﬁvj;) j

i—1 2 > wizj+2u, —
i—1 ditv 3 z; = e

j=0
'Z:O L + U;—v + 1—u;
]:

CR = _
1—v
i—1 i—1
i1 dl-&-ngox] i1 di+vj§0xj
23 wixj+2u; — +20 Y wixi+2vu; —
j=0 j=0 z
(1—u;)(1—v)
+ Zd
1—v
i—1 i—1 i—1 i—1
u; Y, xj+d; 2ui Y uirj—2v Y uimj+2uidi+H2vu; Y T
j=0 + j=0 j=0 j=0
o U;—V (1—us)(1—v)(u;—v)
- d

1—v
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i—1 i—1 i—1 i—1
2ui Y uiwj—2v Y uimj+2uidi+2uv Y, mj+2vu$ > xj+2vud;
i=o 7=0 i=0 7=0

(1—us)(1—v)(u;—v)

+ d
1—v
i—1 i1 i-1 i-1
w Y xj+di —uv Y. xy—vod; — ()Y 1 — wdi +uiv Y x
< J=0 Jj=0 Jj=0 Jj=0

d(1 — u;)(u; — v) |

> T
=0

1
J

i1 i1

diuiv + 2w Y wiry — 20 Y wi; + 2ud; + 2oy,
j=0 j=0

_|_

d(1 — u;)(u; — v)

i1 i1 i1 i1
2u; Yo wiy — 20 > wiry 4 2ud; + 2uv Y x4 20u? Y @y + 2vud;
Jj=0 J=0 J=0 j=0

* A0 —w)(u —0)
i—1 i—1 i—1
(% Z X + dz - dﬂ) + 3uzdl - uf Z € + 3ufv Z Z; + 3d,uzv
< Jj=0 j=0 J=0

d(1 — u;)(u; — v)

i—1 i—1 i1 i—1
du; Y iy —4Av Y wiry —wiv Yy xy +4uv Y
Jj=0 Jj=0 Jj=0 j=0

+ A1 = w) (@ — o)
i—1 i—1
ui(l—v) >z 6> uz;
< 6d; n =0 =0
“d(l —u)(u; —v)  d(l—uy)(up —v)  d(1—uy)(u; — v)
i—1 i1
1—w T 6 T
6d. | ( >j:0 i ]go j

ST w—0) T a0 =) —v) T =) —0)

Since the target is detected at iteration i, we have 227 < 1 d;i_q1 < 291 < d, and

1—v’

since 2771 <'log (1£=), we get

~ 1
471 < 16 log? ( ) :
1—-wv

L and g; = 2!, we have the following:

Considering a; = 1 +

=
v _ (1—v)?
U; — U > U; — U; ﬁ = 2 s
and
'l}.
1 U; 1 2—; V;
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1 4
= 22i+1 > (1 - U)
Next, we have
i—1
zi(u; — v
CC]' S z( 7 z)

- )

7=0
'L gkt XZ: fi

<duy—vy) S 2 gk
k=0

. DY
< A(u; — ;) (+1)-29 2507 g

V; 3 i+1 i
<doy (i+1)-d*- 27 -4

1"
<4(i14+1)- d -4
<4(i+1) max(,l_v)

§4((i—1)+3)-max(d,1iv)4-4i

1
<16 - (log log max (d, m) + 3)
1 \* 1
- max <d, —) - log? (max (d, >) :
1—w 1—wv

We conclude that the competitive ratio becomes as follows:

6. | (1—0v) ;g)xj 6;2:::35]-
R =) " a0 =) —v) a1 =) (w =)

1\’ 1
<12 max (d, —) + 32 (log log max (d, —> + 3)
1—v 1—w
1 10 B
-max | d, . (1-v) -log? [ max ( d, L
1—wv d 1—w
1 1 10
+ 192 (lOg lOg max <d, 1_ U) + 3) - max (d, m)

1 9 1
i log (max <d, E)) .

The result follows by simplifying the expression above after setting M = max (d, ﬁ)

This proves Theorem 5.1. O

Theorem 5.2. The number of turns for Algorithm 10 is at most 3.

Proof. The robot that catches up to the target needs to turn to inform the other robot.
After reaching the other robot, both robots will turn and proceed in the same direction to
reach the target. Thus, the total number of turns is at most 3. This proves Theorem 5.2.

m
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59.2.  Targel moving toward the origin

If both robots wait at the origin, then the competitive ratio would be at least 1 + % as
shown below.

Theorem 5.3. The competitive ratio of any algorithm in the NoKnowledge Toward model

18 bounded from below by

1
14—
v

Proof. The optimal competitive ratio follows from having both robots wait at the origin.
If we assume that one of the two robots catches up to the target at a distance d’, then
the other robot would be at a distance of —d’ away from the origin. Alternatively, if both
robots are at distance d’, then the adversary would have placed the target at distance
—d'. In this case, the competitive ratio would be as follows:

d—d’ 2d’
CR — v d 14+v
1+v
d—d'+dv—vd' +2d'v
. v(14v)
- d
T+v
d
1+v  d
- 1
1+v

Thus, we conclude that the optimal competitive ratio of NoKnowledgeToward is 1 + %}
This proves Theorem 5.3. O

6. Conclusion

We considered the problem of two robots capturing an oblivious moving target on an
infinite line. Two cases were considered depending on whether the target is moving toward
or away from the origin. In each of these two cases, we considered different constraints
based on the knowledge about the speed and the initial distance of the target from the
origin. Our algorithms are optimal in the number of turns required to achieve the desired
competitive ratio. All algorithms were based on the F2F communication model.

It remains an open problem to prove tight bounds for the case when the distance is
unknown, and the target is moving away from the origin. It also appears that there
is a tradeoff between the competitive ratio and the number of direction changes during
the execution of the search algorithm. However, it is an open problem to determine the
optimal tradeoffs.

An interesting and challenging open problem, motivated by [14, 17], concerns the n-
searcher problem for capturing a moving target when at most f of the searchers may be
byzantine or crash faulty, respectively.
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