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ABSTRACT

In 1940, Birkhoff posed an open problem of counting all finite lattices on n elements.
Recently, Bhavale counted all non-isomorphic lattices on n elements, containing up to four
reducible elements, and having nullity up to three. Further, Aware and Bhavale counted
all non-isomorphic lattices on n elements, containing up to five comparable reducible
elements, and having nullity up to three. In this paper, we count all non-isomorphic
lattices on n elements, containing five reducible elements, and having nullity three.
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1. Introduction

In 1940, Birkhoff [7] raised the open problem, compute for small n all non-isomorphic
posets/lattices on a set of n elements. There were attempts to solve this problem by
many authors. In 2002, Brinkmann and Mckay [8] enumerated all non-isomorphic posets
with 15 and 16 elements. The work of enumeration of all non-isomorphic (unlabeled)
posets is still in progress for n > 17. In the same year, Heitzig and Reinhold [11] counted
all non-isomorphic (unlabeled) lattices on up to 18 elements. For further details about
counting of lattices, reader may refer [9] and [12].

In 2002, Thakare et al. [14] counted all non-isomorphic lattices on n elements, con-
taining exactly two reducible elements. Recently, Bhavale and Aware [4| counted all non-
isomorphic lattices on n elements, containing exactly three reducible elements. Bhavale
and Aware [3] also counted all non-isomorphic lattices on n elements, and having nullity
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up to two. Bhavale [2| counted all non-isomorphic lattices on n elements, containing
up to four reducible elements, and having nullity up to three. Aware and Bhavale [1]
counted all non-isomorphic lattices on n elements, containing up to five comparable re-
ducible elements, and having nullity up to three (see [1] also). In this paper, we count
all non-isomorphic lattices on n elements, containing exactly five reducible elements, and
having nullity three.

2. Preliminaries and prerequisites

Let < be a partial order relation on a non-empty set P, and let (P, <) be a poset. Elements
x,y € P are said to be comparable, if either x < y or y < x. A poset is called a chain if
any two elements in it are comparable. Elements x,y € P are said to be incomparable,
denoted by z||y, if ,y are not comparable. An element ¢ € P is a lower bound (an upper
bound) of a,b € P if ¢ < a,c <bla < c¢,b<c). A meetof a,b € P, denoted by a A b, is
defined as the greatest lower bound of a and b. A join of a,b € P, denoted by a V b, is
defined as the least upper bound of a and b. A poset L is a lattice if a Ab and a V b, exist
in L, Ya,b € L. Lattices Ly and Ly are isomorphic (in symbol, L1 = L), and the map
¢ : L1 — Ly is an isomorphism if and only if ¢ is one-to-one and onto, and a < b in Ly if
and only if ¢(a) < ¢(b) in Ls. Algebraically, ¢ : Ly — Ls is an isomorphism if and only
if ¢ is one-to-one and onto, and preserves both meet and join for any two elements.

An element b in P covers an element a in P if a < b, and there is no element ¢ in P such
that a < ¢ < b. Denote this fact by a < b, and say that pair < a,b > is a covering or an
edge. If a < b then a is called a lower cover of b, and b is called an upper cover of a. An
element of a poset P is called doubly irreducible if it has at most one lower cover and at
most one upper cover in P. Let Irr(P) denote the set of all doubly irreducible elements
in the poset P. Let Irr*(P) = {x € Irr(P) : x has exactly one upper cover and exactly
one lower cover in P}. The set of all coverings in P is denoted by E(P). The graph on a
poset P with edges as covering relations is called the cover graph and is denoted by C(P).
The number of coverings in a chain is called length of the chain.

The nullity of a graph G is given by m — n + ¢, where m is the number of edges in
G, n is the number of vertices in G, and c¢ is the number of connected components of
GG. Bhavale and Waphare [5] defined nullity of a poset P, denoted by n(P), to be the
nullity of its cover graph C(P). For a < b, the interval [a,b] = {z € P:a <z < b}, and
[a,b) = {x € P:a <z < b}; similarly, (a,b) and (a,b] can also be defined. For integer
n > 3, crown is a partially ordered set {x1,y1,xo, Y2, 3, Y3, - -, Tpn, Yo} in which z; < y;,
Yi > X1, fori=1,2,...,n—1, and x; <y, are the only comparability relations.

An element z in a lattice L is join-reducible(meet-reducible) in L if there exist y, z € L
both distinct from x, such that yVz = x(yAz = ). An element x in a lattice L is reducible
if it is either join-reducible or meet-reducible. z is join-irreducible(meet-irreducible) if it
is not join-reducible(meet-reducible); = is doubly irreducible if it is both join-irreducible
and meet-irreducible. The set of all doubly irreducible elements in L is denoted by Irr(L),
and its complement in L is denoted by Red(L). An ear of a loopless connected graph G
is a subgraph of G which is a maximal path in which all internal vertices are of degree
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2 in G. Triwial ear is an ear containing no internal vertices. A non-trivial ear is an ear
which is not an edge. A vertex of a graph is called pendant if its degree is one.

Definition 2.1. [15] A finite lattice of order n is called dismantlable if there exists a chain
Ly C Ly C ... C Ly(= L) of sublattices of L such that |L;|= ¢, for all i.

Theorem 2.2. [13] A finite lattice is dismantlable if and only if it contains no crown.

The concepts of ‘1-sum’ and ‘2-sum’ are introduced by Bhavale and Waphare [6]. Let
P, and P, be disjoint posets. Let a € P;. Define a partial order on P = P, U P, with
respect to a as follows. For x,y € P, we say that x <y in Pifx,y € P, and x <y in P,
orx,y € Pband x <yin Pborx € P,y € P, and x < a in P;. It is easy to see that P
is a poset containing P, and P as subposets. The procedure for obtaining P in this way
is called an up I-sum of Py, with Py with respect to a, denoted by P;],P,. A diagram of
P is obtained by placing a diagram of P, and a diagram of P, side by side in such a way
that the minimal elements of P, are at higher positions than a and then by adding the
coverings < a,x > for all x € S, the set of all minimal elements of P,. This clearly gives
|E(P)|= |E(P)|+|E(Py)|+15].

Dually, one can define a down 1-sum of two posets. If P is a down 1l-sum of P, with
Py with respect to a in P; then we write P = P;]*P,. We call the element a an adjunct
element of the 1-sum. We say that P is a I-sum of posets P, and Py with respect to an
element a € Py if P is either an up 1-sum or a down 1-sum of P, and P, with respect to
a. A 1-sum Py, P, or Pi|*Py is called trivial 1-sum if P is a chain and a is respectively a
maximal or a minimal element of P;; otherwise, we say that the 1-sum is non-trivial.

The concept of adjunct operation of lattices, is introduced by Thakare et al. [14].
Bhavale and Waphare 6] extended the concept of adjunct of lattices to 2-sum of posets.

A 2-sum of the posets Py and P, with respect to a pair (a,b) with a < b but a £ b in
Py, is the poset P = P, U P, with a partial order defined on P, which is the union of the
partial orders in P],P» and P|’P,. We denote the 2-sum of the posets P, and P, with
respect to a pair (a,b) by Pi]°P,. The pair (a,b) is called an adjunct pair of the 2-sum.

A lattice L is called an adjunct of lattices Ly, Lo, ..., Ly, if it is of the form L =
Ly Ly - %1 L. Following result is due to Thakare et al. [14].

Theorem 2.3. [11]| A finite lattice is dismantlable if and only if it is an adjunct of chains.

Corollary 2.4. |1| A dismantlable lattice with n elements has nullity k if and only if it
1s an adjunct of k + 1 chains.

According to Bhavale and Waphare [5], if a dismantlable lattice contains r reducible
elements and has nullity £ > 1 then 2 < r < 2k.

If M and N are two disjoint posets then the direct sum, denoted by M & N, is defined
by taking the following order relation on MUN : x < yifand only if x,y € M and z <y
in M,orz,ye€ Nandx <yin N,orxz € M,y € N. In general, M & N # N & M. Also,
if M and N are lattices then |E(M & N)|= |E(M)|+|E(N)|+1.
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Thakare et al. [14] defined a block as a finite lattice in which the largest element is
join-reducible and the least element is meet-reducible. Let L be a finite lattice which is
not a chain. Then L contains a unique maximal sublattice which is a block, called the
maximal block. The lattice L has the form C; @B or B® C5 or L = C; & B @ (5, where
C1, Cy are the chains and B is the maximal block. It follows that n(B) = n(L).

Bhavale and Waphare [5] introduced the concepts namely, retractible element, basic
retract, basic block, and basic block associated to a poset.

Definition 2.5. [5] Let P be a poset. Let x € Irr(P). Then x is called a retractible
element of P if it satisfies either of the following conditions.

1. There are no y, z € Red(P) such that y < = < z.

2. There are y,z € Red(P) such that y < < z and there is no other directed path
from y to z in P.

Definition 2.6. [5] A poset P is a basic retract if no element of Irr*(P) is retractible in
the poset P.

Definition 2.7. [5] Let P be a poset. Consider a (Hasse) diagram of P. If Irr*(P) = ()
then we say that P is a basic retract associated to itself; otherwise, go on removing
elements of Irr*(P) one by one as long as n(P) does not alter. Ultimately we get a
subposet P’ of P such that no element of Irr*(P’) is retractible in P’. The resultant
subposet P' of P is called a basic retract associated to P.

Definition 2.8. [5] A poset P is a basic block if it is one element or Irr(P) = () or removal
of any doubly irreducible element reduces nullity by one.

Definition 2.9. [5| B is a basic block associated to a poset P if B is obtained from the
basic retract associated to P by successive removal of all the pendant vertices.

Theorem 2.10. [5| Let B be a basic retract associated to a poset P. Then Red(B) =
Red(P) and n(B) = n(P).

For the other definitions, notation, and terminology see [10] and [16].

3. Lattices in which reducible elements are comparable

Bhavale and Waphare [5] introduced the concept of RC-lattices as the class of lattices in
which the reducible elements are all lying on a chain. Using Theorem 2.2, they have proved
that RC-lattices are dismantlable. Interestingly, the lattices on up to three reducible
elements are RC-lattices.

Let Z(n;r, k) denote the class of all non-isomorphic RC-lattices on n elements such
that each lattice in it has nullity £ and contains r reducible elements. Note that there
is only one lattice (i.e., a chain) having nullity zero. Therefore £ (n;0,0) consists of the
chain on n elements.
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Theorem 3.1. [14] For an integer n > 4,

m(m — 1)(4m + 1)

()3 if n=2m+1;

|- (n;2,1)|=
m(m — 1)(4m — 5)

5 if n=2m.

Recently, Bhavale and Aware [3| counted all non-isomorphic lattices having nullity up
to two. Further, Aware and Bhavale || counted all non-isomorphic lattices containing
up to five comparable reducible elements, and having nullity up to three (see also 1] and
).

Bhavale |2] defined the class £'(n) as the subclass of £ (n;2, 1), containing the lattices
in which 1 is the reducible element.

n—4
-2
Lemma 3.2. [2] Forn >4, |L'(n Z{n Z J

=0

In Section 4, we count the class of all non-isomorphic dismantlable lattices on n elements
such that each lattice in it has nullity three, and at least two of the five reducible elements
in each lattice in it are incomparable. For that purpose we need the following remark due
to Bhavale [2].

Remark 3.3. [2]| For any j > 3, let S; be the class of all non-isomorphic posets Y on
j elements such that Y = C|,C’, where C,C" are chains. Then Y € §; if and only if
Y @ {1} € £’(] + 1). Therefore |S;|= [L'(j + 1)|. If s; = |S;| for all j, then s; =

121G + >\—Z =

4. Lattices in which reducible elements are incomparable

It is known that the lattices of nullity up to two are RC-lattices (see |3]). But a lattice
of nullity at least three may not be RC-lattice. We define the class of Rl-lattices as the
class of lattices such that each lattice in it contains at least two incomparable reducible
elements. Hereafter, we will limit ourselves to dismantlable lattices only. By Theorem 2.2,
it follows that the lattices of nullity up to three, containing at most 7 reducible elements
are dismantlable, since cube (2%) is the smallest lattice of nullity 3, containing 8 reducible
elements, and which also contains the crown on 6 reducible elements.

Let £¥(n) denote the class of all non-isomorphic dismantlable RI-lattices on n elements
such that each lattice in it contains r reducible elements and has nullity k. Let BF(m)
denote the class of all non-isomorphic dismantlable maximal blocks on m elements such
that each maximal block in it is an RI-lattice of nullity £ and contains r reducible elements.
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Theorem 4.1. [2] Forn > 8,

Z 45;5; if nis odd,
|Bi( )|: n=i+j+2, 1>j - ‘
Z 4s;s; + sanz(ansz +1) ifn is even,
n=itj+2, i>j

i-3 | .
— k-1
where s; = Z VTJ )
k=0

The following result follows from Theorem 4.1.

Theorem 4.2. [2] Forn > 8, |L3(n)|= Z\Bi’(n — )]
i=0

Now in the following we prove that, there are eight non-isomorphic basic blocks con-
taining five reducible elements and having nullity three such that at least two reducible
elements are incomparable.

Proposition 4.3. If B is the basic block associated to a lattice L € L3(n) then B €
{By, By, ...,Bs} (see Figure I).

Proof. As B is the basic block associated to a lattice L € L£3(n), not all 5 reducible
elements of B are comparable. Let 0,1,a,b,c be the reducible elements of B. Now at
least two of them are incomparable. Without loss of generality, suppose a||b. Then we
have the following four cases.

1. If ¢|la and c||b then B contains a diamond, Ms; = {0,a,b,c,1} as a sublattice.
Without loss of generality, suppose a is join reducible. Then there exist a’,a” € Irr(B)
such that a||a” with ¢’ V a” = a and o’ A a” = 0. Consider a sublattice L' = M3 U {a"}
of B. By Corollary 2.4, n(L'|é{a’}) = 3, since n(Ms) = 2 = n(L'). Again without loss of
generality, suppose b is join reducible. Then there exist &',0” € Irr(B) such that b'||b”
with & V1" = b and ' AV’ = 0. Consider a sublattice L” = M3 U {a”,0"} of B. Again
by Corollary 2.4, n(L"]&{a’}]5{b'}) = 4, since n(L") = n(Ms). This is not possible, since
n(B) = 3.

2. Without loss of generality, suppose c||a and ¢ is comparable to b with b < ¢. Then B
contains a pentagon, N5 = {0,a,b, ¢, 1} as a sublattice. Now we have the following three
subcases.

a. Suppose a is a join reducible element only. Then there exist a’,a” € Irr(B) such
that a'||a” with @’ V a” = a and a’ A a” = 0. Consider a sublattice L' = N5 U {a"} of B.
By Corollary 2.4, n(L')¢{a'}) = 2, since n(Ns) = 1 =n(L’).

If b and ¢ are both join reducible elements then by similar arguments there exist
b/, b//, C/, !
€ Irr(B) such that b'||b", || and n(L")¢{a'}3{V'}5{c'}) = 4, where L” = L' U {V", "}
is a sublattice of B. Note that n(L"”) = n(L’). Thus B contains a sublattice having nullity
greater than that of B. This is not possible. Similar arguments can be applied if b and
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c are both meet reducible elements as well as if b is a join reducible element and c is a
meet reducible element. Further in both the cases, we get sublattices of B having nullity
greater than that of B. Finally, if b is a meet reducible element and c is a join reducible
element then we left with only one possibility and in that case B is isomorphic to the
basic block B, (see Figure 1).

Fig. 1. Basic blocks of nullity 3 containing 5 reducible elements

b. Suppose a is a meet reducible element only. By duality (and also by similar argu-
ments as applied above), in this case, we find B is isomorphic to the basic block B (see
Figure 1).

c. Suppose a ia meet reducible as well as join reducible element. Then by similar
arguments as applied above, it can be shown that B contains a sublattice having nullity
4. So this is also not possible.

3. If ¢ is comparable to both a and b with ¢ < a and ¢ < b. Clearly a A b = c¢. Further,
c can not be join reducible element, since otherwise B contains a sublattice having nullity
greater than 3. Now we have the following three subcases.

a. a and b are both join reducible elements. Then (c,a) and (¢,b) can not both be
adjunct pairs in an adjunct representation of B, since otherwise B contains a sublattice
having nullity greater than 3. Therefore at the most one of (¢,a) and (¢,b) may be an
adjunct pair in an adjunct representation of B.

Suppose without loss of generality, (¢, a) is an adjunct pair in an adjunct representation
of B. But then there exists x € Irr(B) such that x Ac =0 and z V¢ = b, since b is a join
reducible element. In this case B is isomorphic to the basic block By (see Figure 1).

If none of (¢,a) and (c,b) is an adjunct pair in an adjunct representation of B then
there exist x,y € Irr(B) such that t A\c =0,2Ve=a,yANc=0and yVc=Db, since a
and b are join reducible elements. In this case B is isomorphic to the basic block Bg (see
Figure 1).
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b. a is join(meet) reducible and b is meet(join) reducible element then B is isomorphic
to the basic block Bg (see Figure 1). c¢. a and b are both meet reducible elements. But
this is not possible, since otherwise B contains a sublattice having nullity > 3.

4. If ¢ is comparable to both a and b with a < ¢ and b < ¢. The proof is similar to the
earlier case, and by duality, we get the basic blocks Bz, B; and Bs up to isomorphism. [J

5. Counting of RI-lattices containing 5 reducible elements and
having nullity 3

For each i, 1 <i < 8, let B, = {B € B2(n) | B; is the basic block associated to B}. Then

k-3
Proposition 5.1. Forn > 9, |B,|= Z <|$(i;2, 1)|x Z {%J), where

Proof. Let B € B;. As B (see Figure 1) is the basic block associated to B}, B\ {0,1}
is the disjoint union of a sublattice M € £} (i) and a subposet Y € S; of B, where i > 4
and 7 > 3 with |[Bl=n =14+ j+2 > 9. Also, observe that B = ({0} & M & {1})]}Y
(or B= ({0} @Y @ {1})]iM). Further, if B’ = ({0} & M’ & {1})|{Y’ € B; then B 2 B’
if and only if M = M’ and Y = Y’. Now for fixed i, there are |-Z(i;2,1)|x|S,_i—2|
maximal blocks in B; up to isomorphism. Further, 4 <7 =n—j5—2 < n —5 and

n—>5
there are Z (|-Z(;2,1)| x| Sp—i—2|) maximal blocks in B; up to isomorphism. Therefore
i=4
n—>5 7j—3 k1
B1|= Z (|-L(1;2,1)|x|Sp—i—2|). But by Remark 3.3, |5;|= VTJ Hence the
i=4 k=0
proof follows from Theorem 3.1. O
n—>5 n—i—>5 n—i—k—3
Corollary 5.2. Forn > 9, |Bs|= ; (\3(2;2, 1)|x ;0 {fJ); where
—1)(4 1
m{m ?7”+) if i=2m+1;
L (52, 1)|=
—1)(4dm —5
m(m é(m ) if i=om.

Proof. Clearly |B;|= |B,|, since B € B, if and only if the dual of B, B* € B;. Thus the
proof follows from Proposition 5.1. O
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For n > 6, Thakare et al. [14] denoted the class of all non-isomorphic maximal blocks
(containing n elements and having nullity two) of type B, where B = €15 C5]%2 C5 (where
0=a; < ay < b =by=1o0n amaximal chain C; and Cy, C5 are chains) by 8172, and
obtained the following result.

n—2r—3

Proposition 5.3. [14] Forn > 6, |B7,|= Z Z (n—1-—2r—2).

r=1 =
Proposition 5.4. Forn > 8§,

nZ]—

n—7n—j— 6L Jn—i—j—2r—3

Bsl=> > Z doodn—i—j—1-2r-2).
j=1 i=1 r=1 =1

Proof. Let B € B3. Clearly B3 (see Figure 1) is the basic block associated to B. As
the nullity of Bs (and hence of B) is 3, by Corollary 2.4, B = C1|5C5]:C5];Cy, where
(' is a maximal chain containing a and ¢, and Cy, (5, Cy are chains with b € C5. Note
that a,b,c € Red(Bs3) and by Theorem 2.10, Red(B) = Red(B;). Let B’ = BN [0, ]
and C] = C; N (¢, 1] with |Cf|=147 > 1 and |B/|= k& > 6. Suppose |Cy|= j > 1. Then
B = (B'® (),Cy with B' € Bf, and [B|=n = i+ j+k > 8 Further, if D =
(D' & C")];C" € B, where D’ € B}, and C’,C" are chains with |C'|= ¢ and |C"|= j,
then B = D if and ounly if B" = D', C] = ' and Cy = C”. By Proposition 5.3,
J k—2r—3

By ,|= Z Z (k —1—2r —2), where | = |Cy|, r = |C3|, and for fixed [ and r,
r=1 =

k—1—2r— 2 is the number of possible positions of a in the block B’ € B, (and hence
in the block B € B3).

Now for fixed ¢ and j, there are |Bf’§i_j| maximal blocks in B3 up to isomorphism.
n—j—6

Therefore for fixed j, we have 1 <i=mn—7j—k <n —j — 6 and there are Z 1B}, +=J
maximal blocks in B3 up to isomorphism. Further, 1 <j=n—1—k <n— 1 — 6 =n—7

n—7n—j—6
and there are Z Z 1By, ~J| maximal blocks in B3 up to isomorphism.
1=

Now b takes l number of positions in the block B’ € B, and hence in the block B € B;.

n—7n—;j—6

Therefore there are Z Z (|87, |x1) maximal blocks in B3 up to isomorphism. Thus
j=1 i=1

the proof follows from Proposition 5.3. m

Corollary 5.5. Forn > 8§,

nZ]

n—7n—j— 6L Jn—i—j—2r—3

Bal=> " > Z Yoodn—i—j—1-2r-2).
j=1 i=1 r=1 =1
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Proof. Clearly |B,|= |Bs|, since B € B, if and only if the dual of B, B* € B;. Thus the
proof follows by Proposition 5.4. O]

Corollary 5.6. Forn > 8,

n—7n—j—6 Ln Jn 1—j—2r—3

Bol=> " > Z Y ln—i—j-1-2r-2)
j=1 i=1 r=1 =1

Proof. Let B € Bgs. Clearly Bg (see Figure 1) is the basic block associated to B. As

the nullity of Bg (and hence of B) is 3, by Corollary 2.4, B = C4]1C5];C5]aCy, where

('} is a maximal chain containing b and ¢, and Cy, C5, C)y are chains with a € C5. Note

that a,b,c € Red(Bg) and by Theorem 2.10, Red(B) = Red(Bg). Let B' = BN e, 1]

and C] = C; N [0,¢) with |C]|=¢ > 1 and |B’|= k > 6. Suppose |C4|= j > 1. Then
= (C{®B)]¢C, with B' € By, and [Bl=n=1i+j+k > 8.

Now by applying the similar arguments as applied in the proof of Proposition 5.4, we
n—7n—j—6

have |Bg|= Z Z (|Bf§i_j|><l). Hence the proof follows from Proposition 5.3. O

j=1 =1

Corollary 5.7. Forn > 8,

R sziJ’nlj 2r—3

n
|B5:Zi: I(n—i—j—1—2r—2).

r=1 =1

Proof. Clearly |Bs|= |Bg|, since B € B; if and only if the dual of B, B* € Bs. Thus the
proof follows by Corollary 5.6. O

Proposition 5.8. Forn > 7,

n—7 n—Il— 6|.n_l_r_4Jn q—Il—r—3 \_ b) Jn r— 5 " l?ﬂ_ﬂ I.n 5J I.n 22p BJ
Bi=2 2 2 2 xovd 2, 2 w2 ) ol
=1 r=1 p=q+1 r=1 l=r+1 p=1 p=1 =1

Proof. Let B € B;. Clearly B; (see Figure 1) is the basic block associated to B. As
the nullity of B; (and hence of B) is 3, by Corollary 2.4, B = C41]5C|LC3]iCy, where
(] is a maximal chain containing a and ¢, and Cy, C3, Cy are chains with b € C5. Note
that a,b,c¢ € Red(B7) and by Theorem 2.10, Red(B) = Red(B;). Suppose C : xy <
1 < Ty < 0 < Tpyy, Co Y1 < ya < o0 <y, O3 1 21 < 29 < --- < gz, and
Cy:wy < wg < -+ < w, are disjoint chains with zy = 0,2,41 = ¢,a € Cy N [z1,x,] and
Tprt = 1. Thenp+qg+1+7r+t+1=n>8with ¢t > 2. Note that, a has p choices and
b has ¢ choices in B. Further, as C'j is maximal, p > ¢q. Now we have the following two
cases.

1. Suppose p > q. Let S1 = {(p,q,l,m,t) |p>q+1,t > 2,p,q,l,r,t €N, 1+p+q+
l+7r+t=mn2>8} Suppose B’ € B; and (p/,¢,l',7',t') € S; corresponds to B’. Then
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B = B’ if and only if (p,q,l,7,t) = (p',¢,U',7",t'), and h(a), h(b) are the same in both B
and B’, where h(a) is a height of a.
Now for fixed p,q,l,7,2 <t=n—p—q—1—r—1, and there are p X ¢ maximal blocks
in B7 up to isomorphism. Therefore for fixed ¢,l,r, ¢+1<p=n—qgq—I>1—r—t—-1<
n—q—Il—r—3
n—q—1—1r—3since t > 2, and there are Z (p x q) maximal blocks in B7 up to
=q+1
isomorphism. Again for fixed I,r, 1 < ¢ = n—pp—ql —r—t—1<n-(¢+1)—-1l—-r-3
since p > g+ 1andt > 2. Thatis, 1 < g < L%J Therefore for fixed [,r, there are
L%J n—q—l—r—3
Z Z (p X q) | maximal blocks in B; up to isomorphism. Further, for fixed [,
q=1 p=q+1
1<r=n—-p—q—-Il—-t—-1<n—(q+1)—q¢—1—-3=n—-2¢—1—4<n—-I01—6sincep>q+1,
n—Il—6 L"‘l;'"_4j n—q—Il—r—3
t > 2 and g > 1. Therefore for fixed I, there are Z Z Z (p X q) | maximal
q=1 p=q+1
blocks in B7 up to isomorphism. Also 1 <l=n—p—q—r—t—1<n-—7sincep>q+1,t> 2,
—r—4

n—"7 nflfGLn712 ol n—q—Il—r—3

g > 1 and » > 1. Thus in this case, there are Z Z Z Z (p X q) | maximal
=1 r=1 q=1 p=q+1

r=1

blocks in B~ up to isomorphism.

2. Suppose p = q. In this case, without loss, suppose [ > r. But then again we have to
consider the following two subcases.

a. Suppose [ > r. Let Sy = {(p,l,r,t) | >r+1,t > 2,pl,r,it e N1 +2p+1+7r+t=
n > 8}. Suppose B’ € By and (p/,l',7',t') € Sy corresponds to B’. Then B = B’ if and only if
(p,l,r,t) = (p', ;7" t'), and h(a), h(b) are the same in both B and B'.

Now for fixed p,l,r, 2<t=n—2p—1—1r — 1, and there are p x p = p?> maximal blocks in
B7 up to isomorphism. Again for fixed [,7, 1 < p = "_l_;_t_l < "_lgr_3 since t > 2. That

Lnfl;rflij

i, 1 <p< L%J Therefore for fixed I, r, there are Z p? maximal blocks in By

p=1
up to isomorphism. Further, for fixed r, r+1 <l =n—-2p—r—t -1 < n —r — 5 since

n—r—>5 L%J
t > 2,p > 1, and there are Z Z p? | maximal blocks in By up to isomorphism. Also
l=r+1 p=1
1<r=n—-2p—-I1l—t—1<n-—(r+1)—>5since t > 2,p > 1. That is, 1§7‘§”T_6. Thus in
I_nT76J n—r—> L%J
this subcase, 1 <r < L”T_Eij, and there are Z Z Z p? | maximal blocks in By up
r=1 l=r+1 p=1

to isomorphism.

b. Suppose | = r. Let S3 = {(p,l,t) | t > 2,p,l,r,t e N1+ 2p+2l+t¢t=mn > T} Suppose
B’ € B; and (p/,!',t') € S corresponds to B’. Then B = B’ if and ouly if (p,l,t) = (p/,U',t),
and h(a), h(b) are the same in both B and B’ alongwith h(a) < h(b).

Now for fixed p,l, 2 <t=n—2p—2l—1, and thereare p+ (p—1)+---+3+2+1= w
maximal blocks in By up to isomorphism. Note that, if h(a) = ¢ (1 < i < p) then there are

p — 1+ 1 choices for b in a maximal block B € By. Again for fixed p, 1 <1 = "721’2%71 < n722p73

|22

sincet > 2. Thatis, 1 <[ < L%J Therefore for fixed p, there are Z
=1

p(p+1)
2

maximal
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blocks in B7 up to isomorphism. Also 1 < p = M < ”_5 since t > 2 and [ > 1. That is,

Ln 5 Ln 2p— SJ

1<p< L%“E’J Thus in this subcase, there are Z ( p(p + ) maximal blocks in By
p=1

up to isomorphism. O

Corollary 5.9. Forn > 17,

n—7n—1-6 | 2=5"= n—q—1—r—3 1258 ) n—r—5 [ 215722 |252) [ 2=3=2 )
Bl=2 2, 2 2, xa+ ) > P+ pr il
r= p=q+1 r=1 l=r+1 p=1 p=1 =1

Proof. Clearly |Bg|= |B|, since B € Bg if and only if the dual of B, B* € B;. Thus the
proof follows from Proposition 5.8. O]

Using Proposition 5.1, Corollary 5.2, Proposition 5.4, Corollary 5.5, Corollary 5.6,
Corollary 5.7, Proposition 5.8 and Corollary 5.9, we obtain the following result.

8
Theorem 5.10. Forn > 7, |B3(n)|= > [Bi.

Proof. The proof follows from the fact that {B; : 1 < i < 8} forms a partition of the
class B2(n). O

The following result follows from Theorem 5.10.

Theorem 5.11. Forn > 7, |£3(n)|= ) |B(n—1i)|.
i=0

Table 1. Values of |£3(n)| for 7 <n < 24

n 7 8 9 10 11 12 13 14 15
|L3(n)| 2 14 72 258 760 1914 4320 8918 17178

n 16 17 18 19 20 21 22 23 24
|L3(n)] | 31220 | 54096 | 89964 | 144480 | 225036 | 341280 | 505428 | 732930 | 1042866

6. Conclusion

Aware and Bhavale [1] counted all non-isomorphic lattices containing up to five comparable
reducible elements, and having nullity up to three. Bhavale [2| obtained the number
of all non-isomorphic lattices on n elements, having nullity three, and containing four
reducible elements such that at least two of them are incomparable (see Theorem 4.2). In
Theorem 5.11 we obtain the number of all non-isomorphic lattices on n elements, having
nullity three, and containing five reducible elements such that at least two of them are
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incomparable. Thus, this counting achieve the counting of all non-isomorphic lattices on
n elements, containing up to five reducible elements, and having nullity up to three.

We now raise the following three problems. Find up to isomorphism all RC-lattices
containing r > 6 reducible elements. Find up to isomorphism all dismantlable lattices
containing r > 6 reducible elements. Find up to isomorphism all lattices containing r > 4
reducible elements.
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