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ABSTRACT

Let Py denote a path of length k, let S,,, denote a star with m edges, and let K, () denote
the complete multigraph on n vertices in which every edge is taken A times. In this paper,

we prove that the necessary conditions are also sufficient for a {Py, Sy }-decomposition of
K,()\).
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1. Introduction

All graphs considered here are finite and undirected, with no loops. For standard graph-
theoretic terminology, the reader is referred to [1]. A simple graph in which each pair
of distinct vertices is joined by an edge is called a complete graph. A complete graph
on n vertices is denoted by K. If more than one edge joining two vertices is allowed,
the resulting object is called a multigraph. Let K, (\) denote the complete multigraph on
n vertices in which every edge is taken A\ times. A complete bipartite graph is a simple
bipartite graph with bipartition (X,Y’) in which each vertex of X is joined to each vertex
of V; if | X|= a and |Y|= b, such a graph is denoted by K,;. If a = b, the complete
bipartite graph is referred to as balanced. In K,;()\), we label the vertices in the partite
set X as1,2,...,aand thosein Y asa+1,a+2,...,a+b. A path is an open trail with no
repeated vertex. A path with k edges is denoted by Py,1. The complete bipartite graph
K, is called a star and is denoted by S,,. For m > 3, the vertex of degree m in S, is
called the center, and any vertex of degree 1 in .5,, is called an end vertex.

Let G be a graph, and let G; be a subgraph of G. Then G\G, is obtained from G
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by deleting the edges of G;. Let G; and G5 be subgraphs of G. The union G; U G5 of
G1 and Gy is the graph with vertex set V(G1) U V(G3) and edge set E(G1) U E(Gs).
We say that G; and G, are edge-disjoint if they have no edge in common. If G; and
G5 are edge-disjoint, we denote their union by Gy + Go. A decomposition of a graph
G is a collection of edge-disjoint subgraphs G, G, ..., G, of G such that every edge of
GG is in exactly one (G;. In this case, G is said to be decomposed or decomposable into
G1,Go, ..., G,. If G has a decomposition into p; copies of GGy, ..., p, copies of GG, then
we say that G has a {p1G1,...,p.G,}-decomposition. If such a decomposition exists
for all values of py,...,p, satistying the trivial necessary conditions, then we say that G
has a {G1,...,Gn}p,,..pry-decomposition or that G is fully {G, ..., G, }-decomposable.
We say that G is decomposed into P, and S, if each G; ~ P, or S;. We say that G is
decomposed into H, or that G has an H-decomposition, if each G; ~ H.

In [10], Priyadharsini and Muthusamy gave necessary and sufficient conditions for the
existence of a {pG1, ¢G5 }-decomposition of K, (A\), when

(G1,G2) € {(Pay St (Cos Stnor): (P Co) .

In [9], Priyadharsini gave necessary and sufficient conditions for the existence of a {pF,,
¢S1 n—1-decomposition of K,.1(A). In [L1], Shyu gave the necessary conditions for a
{pPx+1, ¢Sk }-decomposition of K, and proved that K, is fully { Py 1, Sk }-decomposable
when n > 4k, such that either k£ is even and p > %, or k is odd and p > k; Shyu also
settled the case k = 3 completely, i.e., for all n > 6. In [12], Shyu proved that K, is
fully {Py1, Sk}-decomposable when n > 4k. In [7], Lee and Chen showed the existence
of a {pPy+1, ¢Sk }-decomposition of K,,(A) and K;,(A). In 8], Lee and Chen gave the
necessary conditions for a {pF, ¢Ss}-decomposition of K, and proved that K, is fully
{F, S3}-decomposable when F' € {P,,C,}. In [13], Shyu gave the necessary conditions
for a {pCl, ¢Px11,rSk}-decomposition of K, and proved that K, is fully {Cy, P, Ss}-
decomposable when n is odd. In [5], Ilayaraja and Muthusamy gave the necessary con-
ditions for a {pPgi1,qSm}-decomposition of K, and proved that K, is fully {Py, S4}-
decomposable. In [2], the authors gave the necessary conditions for a {pPyi1,qm}-
decomposition of K, (A\) and proved that K,(A) is fully {P7, S,}-decomposable. In |3,
1], the authors proved that K, () is fully {P7, S3}-decomposable and that K,()) is fully
{Ps, S3}-decomposable. In this paper, we prove that K, () is fully { Py, Sy }-decomposable.

2. Preliminaries

For convenience, we denote V (K, (\)) = {1, x2,...,2,}. The notation S(z1;xe,...,Tn)
denotes an m-star with z; as the center vertex and z,,...,z,, as end vertices, and
(x19 ... xR y1) denotes a path with vertices x1, o, . . ., 1 and edges 129, Toxs, . . ., TpTpi1-

We recall here some results on P;.1- and S,,-decompositions that are useful for our
proofs.

Theorem 2.1. [14] A necessary and sufficient condition for the existence of a Pyyi-
decomposition of K,()\) is that A(3) =0 (mod k) and n >k + 1.
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Theorem 2.2. [15] A necessary and sufficient condition for the ezistence of an Sp,-
decomposition of K, () is that:
(i) A(3) =0 (mod m);

(i) n>2m for A =1;
(tit) n > m+1 for even A;

(iv) n>m+ 145 for odd X\ > 3.

Theorem 2.3. [16| Let k be a positive integer, and let a and b be positive even integers
such that a > b. Then K, ,()\) has a Pyi1-decomposition if and only if a > [E2], b > [£],
and Aab =0 (mod k).

Theorem 2.4. 6] For positive integers a and b with a > b, the complete bipartite multi-
graph Ko p(N) is Sy, -decomposable if and only if a > m and

Aa=0 (modm), ifb<m,
Aab=0 (modm), ifb>m.

In [2], the authors discussed the necessary conditions for a {pPy1, ¢S, }-decomposition
of K, (\) when A > 1, which are as follows.

Theorem 2.5. [2| Let A\, n, k, and m be positive integers. Let p and q be non-negative
integers. The necessary conditions for a {pPyy1,qSm }-decomposition of K,(\) are pk +
qgm = )\(Z) and n > max{k + 1,m + 1}.

In this paper, we prove that the above necessary conditions are sufficient for a { Py, Sy} (p,q-
decomposition of K,(\) in Theorem 3.1.

3. Main Result

In this section, we discuss a {Pj, Si}{pq-decomposition of K, (A) when A > 1. Since
K,,(\) cannot be decomposed into P, and Sy when n < 4, we consider the decompositions
for n > 5.

In the following lemma, we discuss { Py, Sy} {p,q-decompositions of K, g, which will be
used later to decompose K, () into {pPy, ¢S4}

Lemma 3.1. If p and q are non-negative integers such that 3p + 4q = 24, then Ky¢ is
fully { Py, Sy}-decomposable.

Proof. We have (p,q) € {(8,0),(4,3),(0,6)}. By Theorem 2.3, Ky¢ is {8P;,05,}-
decomposable. The graph K44 can be decomposed into four copies of Py:

($8$3I5$4)7 ($4I6953$10), ($1$9$2$10), ($1$7$3$9)7
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and three copies of Sj:
S($1;$57I67$87$10), 5(952;%5@6@7’%8)7 5(I4;$77I8,I9,$10)-

By Theorem 2.4, Ky¢ is {0F,,65,}-decomposable. Therefore, Ky¢ is fully {Py, Si}-
decomposable. O

Lemma 3.2. If p and q are non-negative integers such that 3p + 4q = 24, then Ky 19 is
fully { Py, Sy}-decomposable.

Proof. We have (p,q) € {(8,0),(4,3),(0,6)}. By Theorem 2.3, Kj15 is {8P;,05,}-
decomposable. The graph K39 can be decomposed into four copies of Pj:

(z320w71), (TaZows®1), (T5Taxox1), (TeTaZ10Z1),
and three copies of Sy:
5(351; T3, Ty, Ts, 33'6)7 S(-TD T11,T12, 3513,3714)7 5(9172; 351179512,9513,3514)-

By Theorem 2.4, Ks19 is {0Py, 654}-decomposable. Therefore, K5 is fully {Py, S,}-
decomposable. O

Lemma 3.3. The graph Kg cannot be decomposed into one copy of P, and three copies

Of S4.

Proof. Let V(Kg) = {x1,x2,...,26}, and let P, be the path (zx9x314). Then x5 and x5
cannot be center vertices of any copy of S;. There are two cases.

Case 1. Suppose that we fix 1 as a center vertex. Then x, cannot be a center vertex.
Hence either x5 or x4 can be a center vertex of a copy of Sy, but not both.

Case 2. Suppose that we fix x5 as a center vertex of a copy of S4. Then z¢ is the only
possible remaining center vertex of a copy of Sj.

Hence, in both cases, we can have only two copies of S;. Therefore, Kg cannot be
decomposed into one copy of P, and three copies of ;. O

We now prove our main result.

Theorem 3.4. For any non-negative integers p and q and any integer n > 5, there exists
a { Py, Si}p,qy-decomposition of K, (N) if and only if 3p+4q = A(g), except possibly when
(A n,p,q) = (1,6,1,3).

Proof. The necessary conditions are obvious. First, we prove the result for odd n with
5 <n <27 and for even n with 6 < n < 30. Then we generalize it for any odd n > 27 and
any even n > 30 by applying mathematical induction. Since we discuss the {pPy, ¢S4}-
decomposition of K, (\) for all possible choices of p and ¢, we have the following cases.
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Case 1. n = 5.

If A =1, then (p,q) € {(2,1)}. The graph K; can be decomposed into two copies of
P4Z

($1$3I4£L’2), (1'31E2$1£L'4>,
and one copy of Sy:
S(w5; 21, T2, T3, T4).

Therefore, Kj is fully { Py, Sy}-decomposable.

If A =2, then (p,q) € {(0,5),(4,2)}. By Theorem 2.2, K5(2) is {0Py, 55, }-decomposable.
We write
Therefore, K5(2) is fully { Py, Sy}-decomposable.

If A\ = 3, then (p,q) € {(2,6),(6,3),(10,0)}. By Theorem 2.1, K5(3) is {10P;,05,}-
decomposable. We write

K5(3) = K5(2) + K5 = {(0,5), (4,2)} +{(2,1)} = {(2,6),(6,3)}.

Therefore, K5(3) is fully { Py, Sy}-decomposable.
If A = 4, then (p, q) € {(0,10),(4,7),(8,4),(12,1)}. By Theorem 2.2, K5(4) is {0Py, 105, }-
decomposable. We write

K5(4) = K5(3) + K5 = {(2,6),(6,3), (10,0)} + {(2, 1)} = {(4,7),(8,4), (12, 1) }.

Therefore, K5(4) is fully {Py, Sy}-decomposable.
If A =5, then (p,q) € {(2,11), (6,8), (10,5), (14,2)}. We write

Ks(5) = Ks(3) + K5(2)

= {(2,6),(6,3),(10,0)} +{(0,5), (4,2)}
={(2,11),(6,8),(10,5), (14,2) }.

Therefore, K5(5) is fully {Py, Sy }-decomposable.
If A = 6, then

(p,q) € {(0,15), (4,12),(8,9), (12,6), (16, 3), (20,0)}.
By Theorem 2.2, K;5(6) is {0F,, 155, }-decomposable. We write

K5(6) = K5(3) + K5(3)

=1(2,6),(6,3), (10,0)} +{(2,6), (6, 3), (10,0)}
={(4,12),(8,9), (12,6), (16,3), (20,0)}.

Therefore, K5(6) is fully { Py, Sy}-decomposable.

If A > 7, then the proof is divided into the following cases.

If A =0 (mod 6), then K5(\) can be decomposed into 2 copies of K5(6). Therefore,
K5(A) is fully {Py, Sy}-decomposable.
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If A\=1 (mod 6), then we write
K5(\) = K5(A = 1) + K.

The graph K5(A — 1) can be decomposed into =% copies of K5(6). Therefore, K5(\) is
fully {Py, Sy}-decomposable.
If A\=2 (mod 6), then we write

K5(A) = K5(A = 2) + K5(2).

The graph K5(\ — 2) can be decomposed into 222 copies of K5(6). Therefore, K5(\) is
fully { Py, Sy}-decomposable.
If A =3 (mod 6), then we write

K5(\) = Ks5(\—3) + K5(3).

The graph K5(A — 3) can be decomposed into 222 copies of K5(6). Therefore, K5(\) is
fully {Py, S,}-decomposable.
If \=4 (mod 6), then we write

K5(A) = K5(A — 4) + K5(4).

The graph K5(A — 4) can be decomposed into 2z4 copies of K5(6). Therefore, K5(\) is
fully { Py, Sy}-decomposable.
If A\=5 (mod 6), then we write

K5(\) = K5(A —5) + K5(5).

The graph K5(\ — 5) can be decomposed into 222 copies of K5(6). Therefore, K5(\) is
fully { Py, S,}-decomposable.

Case 2. n = 6.

If A\ =1, then (p,q) € {(5,0)}, except when (p,q) = (1,3). By Theorem 2.1, Kg is
{5Py, 0S5, }-decomposable.

If A =2, then (p,q) € {(2,6),(6,3),(10,0)}. The graph Kg(2) can be decomposed into
two copies of Py:

(LL’4SL’3I5I6), (I1$6I3I2),

and six copies of Sy:

S(l‘l;x27m3ax47$5)7 S($1;$2,$3,$4,$5)7
5(56’2; T3, T4, Ts, 136)7 5'(56’4; T, T3, Ts, 136)7

S($5;$2,$3,$4,$6), S($6;$1,$2,$3,$4).
Also, Kg(2) can be decomposed into six copies of Py:

(9€6$5$4$3)> ($6I59€4$3), ($19€5$3$6),

($21‘1I6$4), ($1$4$2$3)7 ($1$31‘5$2)a
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and three copies of Sj:
S($1;$27$3,I4,$5), S($2;$3,$4,$5,$6), S(x6;$1,$2,$3,$4).

By Theorem 2.1, K4(2) is {10Py, 05, }-decomposable.
If A\ = 3, then (p,q) € {(3,9),(7,6),(11,3),(15,0)}. The graph Kg(3) can be decom-
posed into three copies of Pj:

($1$6I2$5)7 ($4$5$6$3)7 ($5$6$4$2)7

and nine copies of Sy:
S(xq; w0, 3, T4, 5),  S(x1; X2, T3, T4, T5),
S . S(
(
(

( )

(x9; 21, X3, 4, Ts)

(x3; T2, T4, 5, 26), S

( z4),  S(T6; 71, T2, T3, T4),
( ).

X3;T1,T2, T4, Ty

n

XLy;T1,T2,T3,T5),

)
s),
5)
S )

S Ze; L1, T2, T4,y

X5;T1,T2, T3, T4

By taking K4(3) = Kg(2) + Kg, we obtain all the other possible decompositions.
If A\ =4, then
(p,q) € {(0,15),(4,12),(8,9),...,(20,0)},

where the values of p increase by 4 and the values of ¢ decrease by 3. By Theorem 2.2,
Kg(4) is {0Py, 155, }-decomposable. By taking

Ko(4) = Ko(2) + K¢(2),

we obtain all the above possible decompositions.
If A =5, then
(p,q) € {(1,18),(5,15),(9,12),...,(25,0)}.

The graph Kg(5) can be decomposed into one copy of Pj:
(1'61‘51‘3374),
and eighteen copies of Sy:

S(x1; w3, T4, T5,26),  S(21; 2, T3, T4, T5),

n
n

X1;T2,X3,T4,Ts5), Xo;X1,X3,T4,Ts5),

n
n

Xo;X1,X3,T4,Te), Xo;X1,X3,T4,T5),

N
n

x3;T1,T2,T4,%¢), x3;T1,T2,T4,T¢),

n
N

n
n

X5;T1,T2,T3,T4), X5;T1,X3,T4,Te),

N
N

T5; T2, T3, Ty, Te Ts5; T2, X3, Ty, Te

) )

S

S X6y XL1,T2,T3,T4), S Xe; L1,T2, T4, Ty

n

Te; X1, T2, T3,T4), Te; X1, T2, T3,T4),

( ), S( )
( z5),  S( 5)
( zg), S( 5)
( zg),  S( )
(w4; 21, T2, T3, T6), (74521, T2, 73, T5),
( za),  S( )
( zg), S( )
( z4), S( 4)
( ), S( )-
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By taking
K (5) = Ko(3) + K6 (2),

we obtain all the other possible decompositions.
If A > 6, then the proof is divided into the following cases.
If A\=0 (mod 4), then we write

If A=1 (mod 4), then we write

KoA) = Ko\ —5) + Ko(5) = 2 Ko(d) + K(5).

If A\ =2 (mod 4), then we write

Kg(\) = Kg(A —2) + Kq(2) = ¥K6(4) + Kg(2).

If A =3 (mod 4), then we write

KofA) = Ko(A = 8) + Kg(8) = * > Ko(d) + Ko(3).

Therefore, Kg(A) is fully {Py, S4}-decomposable.

Case 3. n=1.
If A =1, then (p,q) € {(3,3),(7,0)}. The graph K; can be decomposed into three
copies of Py:
(xex5271L4), (xox5w31y4), (x3x9m45),

and three copies of Sy:
S($1;$27$3,9€4,$5), S($6;$17$2,9€3,$4), S($7;$1,I2,9€3,$6)-

By Theorem 2.1, K7 is {7Py, 0S,}-decomposable.
If A =2, then (p,q) € {(2,9),(6,6),(10,3),(14,0)}. The graph K7(2) can be decom-
posed into two copies of Pj:

($39€2I4$7)a ($2$3$49€6),
and nine copies of Sy:
5(901,9627373,554,%5)7 5(951,96271'3,564,555 )
( x7), S(
S(l‘ Lo, X3, Ty, T 6)7 S(
( )7 S(l’7,$1,$2,l’3,$5 )
( )-

n

T4;T2,T3,Te, L7 X5;T2,T3,T4,Tg

Y

)
T6)
Xey L1, T2,X3,T 7)7
)

n

Te; L1, T2, X3, T7

S X7;21,%2,X3,Ts

By taking
K;(2) = K; + K5,
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we obtain all the other possible decompositions.
If A =3, then
(p,q) € {(1,15),(5,12),(9,9),...,(21,0)}.

The graph K7(3) can be decomposed into one copy of P;:
(JI4ZE’7SL’1[L‘6)7
and fifteen copies of Sj:

S X1;T2,X3,T4,T5), S X1;T2,X3,T4,T5),

N
N

T1;X2,T3,T4,Ts5), To; X3, T4, L6, T7),

n
n

To;X3,T4,T6,T7), X2;X3,Ts5,Te6,L7),

n
n

X3, Ty, Ts5,Te, L7

)

n
N

T5; T2, X3, Ty, L7

)

n
N

T5;T2, T4, e, L7 X6y X1,T4,Ts5,T7

Y Y

( )
( 7)
( 7)
(x3; 24, x5, T, T7),
( 7)
( 7)
( )

S

S T7;T1, XT3, Ty, Te

Xe; L1,X3,T4,T5), S X7;X1,T4,T5,T6),

( )
( s5)
( 7)
( w7)
(x4; T2, T3, X5, Tg),
( 7)
( )
( ).

By taking
K;(3) = K7(2) + K7,

we obtain all the other possible decompositions.
If A =4, then
(p,q) € {(0,21),(4,18),(8,15),...,(28,0)}.

By Theorem 2.2, K(4) is {0Fy, 215, }-decomposable. By taking
Kr7(4) = K7(2) + K7(2),

we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
If A\=0 (mod 4), then we write

If A\=1 (mod 4), then we write

A—1

If A =2 (mod 4), then we write
A—2

K7(A) = K7(A = 2) + K7(2) = TK7(4) + K7(2).

If A =3 (mod 4), then we write
3

K7(\) = K7(A = 3) + K7(3) = %m@) + K+(3).
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Therefore, K7(\) is fully {Py, Ss}-decomposable.

Case 4. n = 8.

If A\ = 1, then (p,q) € {(0,7),(4,4),(8,1)}. By Theorem 2.2, Kg is {0P;, 7S,}-
decomposable. By Theorem 2.1, Ky is {2P;,0S4}-decomposable. By Theorem 2.4, K, 4
is {0Py, 45, }-decomposable, and by Theorem 2.3, K, 3 is {4Py, 0S,}-decomposable. By
taking

Ky = Ky+ K4+ Ky,

we obtain the decomposition when (p,q) = (4,4), and by taking
Ky = K5+ Ky + K43,

we obtain the decomposition when (p,q) = (8,1).
If A = 2, then

(p,q) € {(0,14), (4,11),(8,8),...,(16,2)}.

By taking
K8(2) - Kg + Kg,

we obtain all the above possible decompositions.
If A =3, then
(p,q) € {(0,21),(4,18),(8,15),...,(28,0)}.

By Theorem 2.1, Kg(3) is {28Fy, 05, }-decomposable. By taking
K8(3> = K8(2) + Kg,

we obtain all the above possible decompositions.
If A > 4, then the proof is divided into the following cases.
If A\=0 (mod 3), then we write

If A\=1 (mod 3), then we write

A—1

If A\ =2 (mod 3), then we write

Ks() = Ko\ = 2) + Ks(2) = “ 22 K(3) + Ks(2),

Therefore, Kg(A) is fully {Py, Sy }-decomposable.

Case 5. n=29.
If A =1, then (p,q) € {(0,9),(4,6),(8,3),(12,0)}. The graph K;g is {0P;,25,}-
decomposable. By Theorem 2.1, Ky is {12P,,05,}-decomposable. By taking

K9 = Kg + K 3,
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we obtain all the other possible decompositions.
If A > 2, then Ko(\) can be decomposed into A copies of Ko. Therefore, Kqo(A) is fully
{Py, S4}-decomposable.

Case 6. n = 10.

If A\ =1, then (p,q) € {(3,9),(7,6),(11,3),(15,0)}. The graph Ko can be decomposed
into three copies of Pj:
($31'4ZE6$2),

(ZE4$21‘3$6), (1'81‘61‘7335),

and nine copies of Sy:

S X1;T2,X3,T4,T5),

»nn O

S $1,$67$7,1‘8,$9)

N

X9 I27$3,$4,$10)>

S
S

S

)
Ty; T, T3, Ty, Tg),
)
Tg; X5, Tg, T7, Xg),

( (

( S(xy; w9, 13, T4, Tg),
(xg; To, T3, T4, Ts5), (

( (

(

X10;, X1, T2, X3, $4>
Z105 Ts5, Te, L7, .I'g).
The graph K, is {2P;, 0S,}-decomposable. By taking

Kip = K¢ + K4 + Kg 4,

we obtain all the other possible decompositions.
If A =2, then

(p,q) € {(2,21),(6,18),(10,15),...,(30,0)}.

By Theorem 2.4, K5 4(2) is {0P;, 10S,}-decomposable. By taking

K10(2) - K@(Q) + K5(2> + K574(2>,

we obtain the decomposition when (p,q) = (2,21). By taking

K10(2) = K9 + Ko,

we obtain all the other possible decompositions.
If A =3, then

(p,q) € {(1,33),(5,30),(9,27),...,(45,0)}.

The graph Kj((3) can be decomposed into one copy of Pj:

($1[E’5$4[L‘2)7
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and thirty-three copies of Sy:

By taking

S X1;T2,T3,T4,T5),

N

T2, X1, T3, Ty, X7

Y

%!

X3;X2,T4,T5,Te

Y

)

Xy;T1,T2,T3,T7

Y

»n U\

Te; L1, T2, Ly, X7

Y

%)

X6y X1, T2, T4, L7

Y

N

X751, T2, T3, T4

Y

)
7)
T6)
7)
Ty; T, Ty, T, T7),
7)
7)
4)
)

U O\

€Xg;x1,T2,T3,T10

),
)

N

xg; T1,T2,T3,T10),

%!

T9; L1, T2, T3, .T4),

)

X9, Ts5,T6, X7, x8)7

N

X9 x57x67x77x8>

%)

T105 %1, T2, T3, 334)>
X10;, L5, L6, L7, T 9)7

L10; X5, T, X7, 1:9)

S

(
(
(
(
(
(
(
(
(xs; T4, x5, T, T7),
(
(
(
(
(
(
(
S(

S X1;T2,X3,T4,T7),

N

X3;T2,T4,Ts5,Te

Y

N

X351, L5, Lg, L7

Y

%)

X5;T1,T2,Te, L7

?

»n U\

Loy L1, T2, Ly, X7

Y

%)

X7;X1,T2,T3,T4

J

S

S Xg;T4,T5,Te, .T7)

( )
( )
( 7)
( 7)
(253 22, T4, X6, T7),
( 7)
( 4)
(xs; x4, x5, Ts, T7),

(
S(ws; x1, e, T3, T10),
S(wg; 21, 2, T3, T4),
S(wg; 1, T2, T3, T4),
S(xg; x5, 6, T7, T8),
S(210; 71, T2, T3, T4),
S(x105 1, T2, T3, T4),

S(fflo; L5, L6, L7, .Z'g),

Ki9(3) = K10(2) + Ko,

we obtain all the other possible decompositions.
If A =4, then
(p.q) € {(0,45), (4,42),(8,39). ..., (60,0)}.

By Theorem 2.2, Kj¢(4) is {0Fy, 455, }-decomposable. By taking
Ki0(4) = K10(2) + K10(2),

we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
If A=0 (mod 4), then we write

Kio(\) = 2[(10(4).

If A\=1 (mod 4), then we write

)\_
Klo()\) = Kl()()\ — ].) + K10 = TK10(4) + KlO-

If A =2 (mod 4), then we write
A—2

Kio(N) = Kio(A = 2) + Kuo(2) = "= Kuo(4) + Kio(2).
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If A =3 (mod 4), then we write
Kip(A) = K1o(A — 3) + K19(3) = TK10(4) + K10(3).

Therefore, Kio()) is fully {Py, Sy}-decomposable.

Case 7. n =11.
If A =1, then
(p,q) € {(1,13),(5,10),(9,7),...,(17,1)}.

The graph K, can be decomposed into one copy of Py:

(l'lxllexlO)?

and thirteen copies of Sy:

S(x1; w9, k3, T4, x5), S(x1; 26, T7, T8, X9),
S(xo; w3, x4, T5,76), S(x4; 23,5, 26, T7),
S(zs; x3, v6, T7,78), S(T6; X3, T7, T8, Tg),
S(x7; w9, k3,8, Tg), S(xs;x2, T3, T4, X9),
S(xg; w9, x3, T4, x5), S(x10; 71,23, T4, T5),
S(z10; 6, T7, T8, Tg),  S(T11; T3, Ta, Ts, Tp),
S(x11; 7, T8, Tg, T10)-

By taking
Ky = K7+ Ks + Kg 4,

we obtain all the other possible decompositions.
If A =2, then
(b, q) € {(2.26), (6,23), (10,20). ..., (34,2)}.

By taking
Ki1(2) = K11 + Ky,

we obtain all the above possible decompositions.
If A =3, then
(p,q) €{(3,39),(7,36),(11,33),...,(55,0)}.

By Theorem 2.1, K11(3) is {55P;, 0S4 }-decomposable. By taking
Kn(3) = Ku(2) + Ki,

we obtain all the above possible decompositions.
If A =4, then
(p,q) € {(0,55),(4,52),(8,49),...,(72,1)}.

By Theorem 2.2, Ki1(4) is {0Fy, 555, }-decomposable. By taking

Kiy1(4) = K11(3) + Ky,
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we obtain all the above possible decompositions.
If A =5, then

(p,q) € {(1,68),(5,65),(9,62),...,(89,2)}.

By taking
Ky1(5) = K11(4) + Ky,

we obtain all the above possible decompositions.
If A =6, then
(p7 q) E {(27 81)? (67 78)7 (]‘07 75)’ ctt (1107 0)}'

By Theorem 2.1, K31(6) is {110Py, 05, }-decomposable. By taking
K11(6) - K11(4) ‘l‘ K11(2),

we obtain all the above possible decompositions.
If A\=7, then
(p7 Q) S {(37 94)7 (77 91)7 (117 88)7 SRR (1277 1)}

By taking
K11 (7) = K11(6) + Ky,

we obtain all the above possible decompositions.
If A =8, then

(p,q) € {(0,110), (4,107),(8,104), ..., (144,2)}.

By taking
K11(8) = Ky1(4) + K11(4),

we obtain all the above possible decompositions.
If A =29, then

(p.q) € {(1,123),(5,120), (9, 117),..., (165,0)}.
By Theorem 2.1, K31(9) is {165Fy, 05, }-decomposable. By taking
K11 (9) = Kui(8) + Kui,

we obtain all the above possible decompositions.
If A =10, then

(p,q) € {(2,136),(6,133), (10, 130),...,(182,1)}.

By taking
K11(10) = K11(6) + K11(4)7

we obtain all the above possible decompositions.
If A =11, then

(p,q) € {(3,149), (7,146), (11,143),...,(199,2)}.
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By taking
Kll(ll) - K11(10) + th

we obtain all the above possible decompositions.
If A =12, then

(p,q) € {(0,165), (4,162), (8,159), ..., (220,0)}.
By Theorem 2.1, K3,(12) is {220P;, 05, }-decomposable. By taking
K11(12) = K11 (8) + K11(4),

we obtain all the above possible decompositions.
If A > 13, then the proof is divided into the following cases.
If A\=0 (mod 12), then we write

A
Kll()\) = EK11(12)

If A\=1 (mod 12), then we write

A—1
K11<)\) - K11<)\ - 1) + Kll - TK11(12) + Kll-

If A =2 (mod 12), then we write

Kn(\) = Kn(A—2) + Kn(2) = %Kll(w) b KL (2).

If A =3 (mod 12), then we write

K\ = Kin(A —3) + Kn(3) = %Ku(m) +Kn(3).

If A=4 (mod 12), then we write

KH(/\) = KH(/\ — 4) -+ K11(4) = %K11(12) + K11(4>

If \=5 (mod 12), then we write

A—=5

Ki(\) = Kii(A=5) + Kii(5) = TKH(H) + K11 (5).
If \=6 (mod 12), then we write
KN = Ku(A—6) + Kn(6) = “—CKn(12) + K0 6)
If \=7 (mod 12), then we write
A—=T

Kn(A) = KA = 7) + Ku(7) = S5 K (12) + Ku(D).
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If A =8 (mod 12), then we write
A—8

Ki(\) = Kii(A—=8) + K11 (8) = TKH(lZ) + K11 (8).
If A\=9 (mod 12), then we write
Ku(N) = Ku(A—9) + Kn(9) = =2 K0n(12) + K 9)
If A\=10 (mod 12), then we write
A—10

Kii(A\) = Kii(\ —10) + K11(10) =

K1 (12) + K1, (10).

If \=11 (mod 12), then we write

A—11
K11(>\) = Kll()\ - 11) —|— Kll(ll) -

K (12) + Ky (11).

Therefore, Ki1(A) is fully { Py, S4}-decomposable.
Case 8. n =12.

If A = 1, then

(p,q) € {(2,15),(6,12),(10,9),...,(22,0)}.
By Theorem 2.1, K14 is {22P;, 0S4 }-decomposable, and by Theorem 2.4, K7 4 is {0Py, 7S, }-
decomposable. The graph K 4 is {0Py, 1.5, }-decomposable. By taking
Ko = Kg+ K5 + Kga + Ky 4,
we obtain the decompositions when (p, q) € {(14,6), (18,3)}. By taking
K1y = Ks + K5 + K74,

we obtain all the other possible decompositions.
If A =2, then
(p,q) € {(0,33),(4,30),(8,27),...,(44,0)}.

By Theorem 2.2, Ki5(2) is {0Fy, 335, }-decomposable. By taking
K12(2) = K1z + Kia,

we obtain all the above possible decompositions.
If A > 3, then the proof is divided into the following cases.
If A\=0 (mod 2), then we write
A

Kio(\) = §K12(2).

If A=1 (mod 2), then we write

A—1
KlQ()\) — K12<)\ - 1) + K12 — TK12(2) + KIQ-
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Therefore, Ki5(A) is fully { Py, S4}-decomposable.

Case 9. n = 13.
If A =1, then
(p,q) € {(2,18),(6,15),(10,12),...,(26,0)}.
By Theorem 2.1, K3 is {26Py, 0S,}-decomposable. The graph K 19 is {0P;, 354} - de-
composable. By taking
K3 = Ko + Ky 12,

we obtain all the other possible decompositions.
If A =2, then
(p,q) € {(0,39),(4,36),(8,33),...,(52,0)}.
By Theorem 2.2, Ki3(2) is {0Fy, 395, }-decomposable. By taking
K13(2) = K13 + K3,
we obtain all the above possible decompositions.

If A > 3, then the proof is divided into the following cases.

If A\=0 (mod 2), then we write
A

K13(>\) = §K13<2)

If A\=1 (mod 2), then we write
A—1
K13()\) = K13<>\ - ].) + Klg — TK13(2) + K13.

Therefore, Ki3()) is fully {Py, S;}-decomposable.

Case 10. n = 14.
If A =1, then
(p,q) € {(1,22),(5,19),(9,16),...,(29,1)}.

The graph K4 can be decomposed into one copy of Pj:
(T57372713),
and twenty-two copies of Sj:
S(w1; 9, w3, 27, 713),  S(T4; 71, T2, T3, T5),

S I5,x17$2,x6,$7> Iﬁ,x17x2,x3,.r4)

»nn O\

S(
X7 5C2,373,374,9€6)7 S(«?E 5U1,372,373,3f9)7
Ts; Ty, T, Lo, T7), S(To;T1, T2, T3, 211),
S(

n

L9 $47$57I6,$7), $107$4,1‘57$6,I7)

U O\

T11; X5, Te, Tr, Tg),  S(T115 21, T, T3, T4),

n

$127$17I2,$3,I‘13) S($12;$4,$5,I6,$7>,

n

$127$8,$97$107$11) 5(5513;1'3,3?57%6,357),
$137$4,$8,$9,IE11) 5($14;$2,I3,$4,$13),

S
S

(
(
(
(
(7105 21, T2, w3, 11),  S(210; T8, Tg, T13, T14),
(
(
(
(
(

T14; Ts, Te, T7, Tg)y,  S(T145 X1, Tg, T11, T12).
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By taking
Ky = Kg+ K¢ + Ky 6+ Kypg,

we obtain all the above possible decompositions.
If A =2, then
(p,q) € {(2,44),(6,41),(10,38),...,(58,2)}.

By taking
K14(2) = K14 + Ky,

we obtain all the above possible decompositions.
If A = 3, then
(p7 q) E {(37 66)7 (77 63)7 (117 60)7 et (917 0)}'

By Theorem 2.1, K14(3) is {91P;, 0S4 }-decomposable. By taking
Ki14(3) = K14(2) + Kua,

we obtain all the above possible decompositions.
If A =4, then
(p7 Q) € {<07 91)7 (47 88>’ (87 85)7 AR (1207 1)}

By Theorem 2.2, K14(4) is {0P;, 915, }-decomposable. By taking
Ki4(4) = K14(3) + Kig,

we obtain all the above possible decompositions.
If A =05, then

(p,q) € {(1,113),(5,110), (9,107), ..., (149, 2)}.

By taking
Ki14(5) = K14(4) + K14,

we obtain all the above possible decompositions.
If A =6, then

(.9) € {(2,135),(6,132), (10,129), ..., (182, 0)}.
By Theorem 2.1, K4(6) is {182F;, 0S,}-decomposable. By taking
K14(6) = K14(4) + K14(2),

we obtain all the above possible decompositions.
If A\=7, then

(p,q) € {(3,157),(7,154), (11,151),...,(211,1)}.

By taking
K14(7) = K14(4) + K14(3),



DECOMPOSITIONS OF K, (A) INTO Py AND Sy 373

we obtain all the above possible decompositions.
If A =8, then

(p,q) € {(0,182), (4,179), (8,176), ..., (240,2)}.

By taking
K14(8) = K14(4> + K14(4),

we obtain all the above possible decompositions.
If A=29, then

(p, ) € {(1,204), (5,201), (9,198), ..., (273,0)}.
By Theorem 2.1, K14(9) is {273 Py, 0S,}-decomposable. By taking
Ki14(9) = K14(8) + Kig,

we obtain all the above possible decompositions.
If A =10, then

(p,q) € {(2,226), (6,223), (10, 220),...,(302,1)}.

By taking
K14(10) = K14(6) + K14(4),

we obtain all the above possible decompositions.
If A =11, then

(p,q) € {(3,248),(7,245),(11,242),...,(331,2)}.

By taking
K14(11) = K14(8) + K14(3),

we obtain all the above possible decompositions.
If A =12, then

(p,q) € {(0,273), (4,270), (8,267), ..., (364,0)}.
By Theorem 2.1, K4(12) is {364Py, 0S,}-decomposable. By taking
K14<12) - K14(8) + K14(4),

we obtain all the above possible decompositions.
If A > 13, then the proof is divided into the following cases.
If A=0 (mod 12), then we write

A
Ki(N) = = Ku(12).

If A\=1 (mod 12), then we write

A—1
K14<)\) — K14<)\ - 1) + K14 — TK14(12) + K14.
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If A =2 (mod 12), then we write

Ku(A) = Kiu(A = 2) + Ku(2) = %Km(m) + K14(2).
If A =3 (mod 12), then we write
Ku() = KA = 3) + Ku(®) = *— 2 K.u(12) + Ku(3).
If A=4 (mod 12), then we write
A—4

Kis(N) = K = 4) + Kuu(4) = =K (12) + Ku(4).

If A\=5 (mod 12), then we write

A—5
K14()\) — K14(/\ - 5) —|— K14(5) - TK14(12) + K14(5)
If \=6 (mod 12), then we write
A—6
K14(A) — K14()\ - 6) + K14<6) — TK14(12) + K14(6)
If A\=7 (mod 12), then we write
A—=T
K14(A) - K14(/\ - 7) —|— K14(7) - TK14(12) + K14(7)
If A =8 (mod 12), then we write
A—38
K14(>\) — K14()\ - 8) + K14<8) — TK14(12) + K14(8)

If A=9 (mod 12), then we write

Kua(\) = Kua(A — 9) + K14(9) = %KM(H) + Ku(9).

If A\=10 (mod 12), then we write

A—10
Kiu(\) = Kia(A — 10) + K,4(10) =

K14(12) + K14(10).

If A =11 (mod 12), then we write

A—11
K14<>\) = K14(/\ — 11) + K14(11) =

K14(12) + K14(11).

Therefore, Ki4(\) is fully {Py, S4}-decomposable.

Case 11. n = 15.
If A =1, then
(p,q) €{(3,24),(7,21),(11,18),...,(35,0)}.
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By taking
Kis = Kg+ K7 + Ky6 + Kypg,

we obtain all the above possible decompositions.
If A =2, then
(p,q) € {(2,51),(6,48), (10,45),...,(70,0)}.

By taking
Ki5(2) = Ko(2) + K7(2) + Ky + Ky + Ky + Ky,

we obtain all the above possible decompositions.
If A =3, then
(p,q) € {(1,78),(5,75),(9,72),...,(105,0)}.

By taking
Ki5(3) = Ko(3) + K7(3) + Ky + Kup + Kug

+ Ky + Kag + Kyg,

we obtain all the above possible decompositions.
If A =4, then
(p’ q) G {(07 105)7 (47 102)7 (87 99)7 et (1407 O)}'

By Theorem 2.2, K;5(4) is {0Py, 1055, }-decomposable. By taking
Ki5(4) = Ki5(2) + K15(2),

we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
If A=0 (mod 4), then we write

K15(/\) = %K15<4)

If A\=1 (mod 4), then we write

A—1
K15()\) = K15<>\ - ].) + K15 — TK15(4) + K15.

If A=2 (mod 4), then we write
A—2

Kis(V) = Kis(A = 2) + K15(2) = "= Ku5(4) + Kis(2).

If A =3 (mod 4), then we write
A—3

Kis(V) = Kis(A = 38) + Ku5(3) = "= Ku5(4) + Kis(3).

Therefore, Ki5()) is fully {Py, S;}-decomposable.

Case 12. n = 16.
If A =1, then
(p,q) € {(0,30),(4,27),(8,24),...,(40,0)}.
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By Theorem 2.2, Ky is {0P;, 3054 }-decomposable, and by Theorem 2.4, Ky g is {0P;, 45, }-
decomposable. By taking

K¢ = Kg+ Kg+ Kga + K¢a + Kag,

we obtain the decomposition when (p, ¢) = (4,27). By Theorems 2.3 and 2.4, Kg¢ is both
{12Py, 0S4 }-decomposable and {0Py, 954 }-decomposable. By taking

K6 = Ko+ K¢ + Ky6 + K,

we obtain all the above possible decompositions.
If A > 2, then Ki6(\) can be decomposed into A copies of Kig. Therefore, Kig()) is
fully { Py, S,}-decomposable.

Case 13. n=17.
If A =1, then

(p,q) € {(0,34),(4,31),(8,28),...,(44,1)}.
By Theorem 2.1, Ky is {0P;,4S,}-decomposable, and by Theorems 2.3 and 2.4, Kgg is
both {12P;, 0S4}-decomposable and {0P;, 95, }-decomposable. By taking
Kz = K + K7 + Ky + Keg,
we obtain the decomposition when (p,q) = (44,1), and by taking
K7 = Ko+ Ko+ Kea + Ko a + Ko,
we obtain all the other possible decompositions.

If A =2, then
(p,q) € {(0,68),(4,65),(8,62),...,(88,2)}.
By taking
Ki7(2) = Ki7 + Kz,

we obtain all the above possible decompositions.
If A =3, then
(p.q) € {(0,102), (4,99), (8,96), ..., (136,0)}.

By Theorem 2.1, K;7(3) is {136Py, 0S4 }-decomposable. By taking
Ki7(3) = K17(2) + Kir,

we obtain all the above possible decompositions.
If A > 4, then the proof is divided into the following cases.
If A\=0 (mod 3), then we write

Kiz(\) = %KN(?)).

If A\=1 (mod 3), then we write

A—1
Kiz(A\) = Kiz(A—=1) + K7 = TK17(3) + K7,
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If A=2 (mod 3), then we write
Ki7(\) = Kiz(A—2) + Ki7(2) = TKN(?)) + Ki7(2).

Therefore, Ki7(A) is fully { Py, S4}-decomposable.

Case 14. n = 18.
If A =1, then

(p,q) € {(3,36),(7,33),(11,30),...,(51,0)}.
By Theorem 2.4, Kog is {0Py, 205, }-decomposable. By taking

Kig = Ko+ Kg + Ko,
we obtain the decomposition when (p,q) = (3,36), and by taking
Kig = K2 + K¢ + Ky + K46 + Ky,

we obtain all the other possible decompositions.
If A =2, then
(p7 q) S {(27 75)7 (67 72)7 (107 69)7 SRR (1027 O)}

By taking
Ki5(2) = Ki2(2) + K6(2) + Kug + Ki6 + Kag

+ Ky + Ky + Ky,

we obtain all the above possible decompositions.
If A =3, then

(pq) € {(1,114), (5, 111), (9, 108), .., (153,0)}.
By Theorem 2.4, K, g is {0F,, 85, }-decomposable. By taking

K15(3) = K10(3) + Ks(3) + Keu + Kea + Kga + Ko s
+ Keu + Kea+ Ky + Kyg + Kyg,

we obtain the decomposition when (p,q) = (1,114), and by taking

Ki5(3) = K12(3) + K¢(3) + Ky + Ku6 + Ku6 + Kug
+ Ky + Kyg+ Ky + Ky + Ky,

we obtain all the other possible decompositions.
If A =4, then

(1.4) € {(0,153), (4, 150), 3, 147), .. (204, 0)}.
By Theorem 2.2, Ki5(4) is {0Py, 153S4}-decomposable. By taking

Kis(4) = K15(2) + Ki5(2),
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we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
If A\=0 (mod 4), then we write

Kis(A) = %K18<4)'
If A=1 (mod 4), then we write
Kig(A\) = Kis(A— 1)+ K5 = %Klg(él) + Kis.
If A=2 (mod 4), then we write
A—2

Kis(\) = Kis(\ = 2) + Ki(2) = " Kus(4) + Kis(2).

If A =3 (mod 4), then we write

Kis(\) = Kis(A — 3) + Kis(3) = %Klgu) b Kys(3).

Therefore, Kig(A) is fully { Py, S4}-decomposable.

Case 15. n =19.
If A =1, then
(p,q) € {(1,42),(5,39),(9,36),...,(57,0)}.

By Theorem 2.4, K, is {0F,, 85, }-decomposable. By taking
Kig=Kn+ Ko+ Keu+ Ko+ Kyg,

we obtain the decomposition when (p,q) = (1,42), and by taking
Kig=Kis+ K;+ Ky + Ky + Kyg,

we obtain all the other possible decompositions.
If A =2, then
(p,q) € {(2,84),(6,81),(10,78),...,(114,0)}.

By taking
Ki9(2) = K9 + Ko,

we obtain all the above possible decompositions.
If A =3, then

(p,q) € {(3,126), (7,123), (11, 120),...,(171,0)}.

By taking
Ki9(3) = K19(2) + K9,

we obtain all the above possible decompositions.
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If A =4, then
(p,q) € {(0,171),(4,168), (8,165), ..., (228,0)}.
By Theorem 2.2, Kj9(4) is {0Fy, 1715, }-decomposable. By taking
Ki9(4) = K19(2) + Ki9(2),

we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
If A\=0 (mod 4), then we write

Kiy(A) = %K19(4)'
If A=1 (mod 4), then we write
Kig(A) = Kig(A — 1) + K9 = %Kw(@ + K.
If A=2 (mod 4), then we write
A—2

Kig(\) = Kis(A = 2) + K1o(2) = "= Kig(4) + K1 (2).

If A =3 (mod 4), then we write

A—3

Kig(N) = Kis(A = 3) + Kr(3) = " Kig(4) + Kuo(3).

Therefore, Ki9(A) is fully { Py, S4}-decomposable.

Case 16. n = 20.
If A =1, then
(p,q) € {(2,46), (6,43), (10,40),...,(62,1)}.

By taking
Koy = Ko+ Ky + Ko a + Koa+ Koa+ Kg,

we obtain all the above possible decompositions.
If A =2, then
(p,q) € {(0,95),(4,92), (8,89),...,(124,2)}.

By Theorem 2.2, Ky0(2) is {0P;, 955, }-decomposable. By taking
K (2) = Koo + Koo,

we obtain all the above possible decompositions.
If A =3, then

(p,q) € {(2,141), (6,138), (10, 135),...,(190,0)}.
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By Theorem 2.1, K(3) is {190Fy, 05, }-decomposable. By taking
K0(3) = Koo(2) + Kao,

we obtain all the above possible decompositions.
If A =4, then

(p,q) € {(0,190), (4, 187), (8, 184), ..., (252,1)}.
By Theorem 2.2, Ky(4) is {0P;, 1905, }-decomposable. By taking
K(4) = Ko(3) + Ka,

we obtain all the above possible decompositions.
If A =5, then

(p,q) € {(2,236),(6,233),(10,230),...,(314,2)}.
By taking
Ky(5) = K2(3) + K9(2),

we obtain all the above possible decompositions.
If A =6, then

(p.q) € {(0,285), (4,282), (8,279), ..., (380,0)}.
By Theorem 2.2, Ks(6) is {0Fy, 2855, }-decomposable. By taking
K20(6) = K20(3) -+ K20(3),

we obtain all the above possible decompositions.
If A > 7, then the proof is divided into the following cases.
If A\=0 (mod 6), then we write

Ky(A) = %Kzo((i).

If A\=1 (mod 6), then we write

A—1
Kgo()\) = KQO()\ - ].) + KQ() - TKQO(6) + KQ().

If A\ =2 (mod 6), then we write

KQ()()\) = Kgg(/\ — 2) + K20(2> = %Kgo(G) + KQ()(Q)

If A\ =3 (mod 6), then we write

Kao(A) = Kao(A — 3) + Koo(3) = %KQO(G) + Koo (3).
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If A\=4 (mod 6), then we write
A—4

Kgo(A) = KQO()\ — 4) + K20(4> = TKQQ(G) + K20(4)

If A\=5 (mod 6), then we write
A—5

Kan(A) = Kao(A = 5) + K (5) = “—K20(6) + Ko (5).

Therefore, Koo(A) is fully { Py, S4}-decomposable.

Case 17. n = 21.
If A=1, then
(p,0) € {(2.51),(6,48), (10,45), .., (70,0)}.
By taking

Koy = Ki3+ Ko+ K¢+ Koa + Koa + Kga,

we obtain all the above possible decompositions.
If A =2, then
(p.q) € {(0,105), (4,102), (8,99),.. .., (140,0)}.

By Theorem 2.2, K9(2) is {0F}, 1055, }-decomposable. By taking
K51 (2) = Ko + Ko,

we obtain all the above possible decompositions.
If A > 3, then the proof is divided into the following cases.
If A =0 (mod 2), then we write

Kgl(/\) = %K21<2)

If A\=1 (mod 2), then we write

A—1
Kn(A) = Kan(A—1)+ Ky = TK21(2) + K.

Therefore, Ko () is fully {Py, Ss}-decomposable.

Case 18. n = 22.
If A =1, then
(p,q) € {(1,57),(5,54),(9,51),...,(77,0)}.

By Theorem 2.4, K45 is {0P;, 285, }-decomposable. By taking
Koy = Kiy + Ks + Kuag,
we obtain the decomposition when (p,q) = (1,57). By taking
Koy = K6+ Ko+ Ky + Kyg+ Ky + Kyp,

we obtain all the above possible decompositions.
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If A =2, then
(p7 Q) E {(27 114)7 (67 111)7 (107 108)7 ctct (1547 0)}‘
By taking
K2(2) = Koy + Koo,

we obtain all the above possible decompositions.
If A =3, then

(.q) € {(3,171), (7,168), (11,165), ., (231,0)}.
By taking
K2 (3) = K2(2) + Koo,

we obtain all the above possible decompositions.
If A =4, then

(p,q) € {(0,231), (4,228), (8,225), ..., (308, 0)}.
By Theorem 2.2, Kyy(4) is {0P,, 2315, }-decomposable. By taking
K(4) = K2(2) + K2(2),

we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
If A\=0 (mod 4), then we write

Kyp(N) = 2[(22(4).

If A\=1 (mod 4), then we write

A—1
Ky(N) = Kopo(A—1) + Kap = TK22(4) + K.

If A\ =2 (mod 4), then we write

Kn(A) = Kan(A— 2) + Kan(2) — %Kﬂ@) + Kon(2).

If A =3 (mod 4), then we write

Koa(\) = Kap(A — 3) + Ka(3) = %Km@) b Kn(3).

Therefore, Ko(\) is fully {Py, Sy}-decomposable.

Case 19. n = 23.
If A\ =1, then

(p,q) € {(3,61),(7,58), (11,55),...,(83,1)}.
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By taking
K23 = K17 + K? + K4,6 + K4,6 + K4,6 + K4,67

we obtain all the above possible decompositions.
If A =2, then
(p.q) € {(2,125), (6,122), (10,119), ..., (166,2)}.
By taking
Ky3(2) = K17(2) + K7(2) + Ky6 + Ku6 + Kap + Kig
+ Ky + Kyg + Ky + Kyp,
we obtain all the above possible decompositions.
If A =3, then
(p.q) € {(1,189), (5,186), (9,183). ..., (253,0)}.
By taking
Ky3(3) = K17(3) + K7(3) + Ku6 + Kug + Kup + Kap
+ Ky + Ky + Kag+ Kag+ Kig+ Kug
+ Ky + Kyg,
we obtain all the above possible decompositions.
If A =4, then
(p,q) € {(0,253), (4,250), (8,247), ..., (336, 1)}.
By Theorem 2.2, K3(4) is {0Fy, 2535, }-decomposable. By taking
Ko3(4) = K»3(3) + Kas,

we obtain all the above possible decompositions.
If A =5, then

(p,q) € {(3,314),(7,311),(11,308), ..., (419, 2)}.

By taking
Ky3(5) = Ka3(3) + Ka3(2),

we obtain all the above possible decompositions.
If A =6, then

(p,q) € {(2,378),(6,375),(10,372),...,(506,0)}.

By taking
Ko3(6) = Ko3(3) + Ka3(3),

we obtain all the above possible decompositions.
If A =17, then

(p,q) € {(1,442), (5,439), (9,436), ..., (589,1)}.
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By taking
Kos(7) = Ka3(4) + K23(3),

we obtain all the above possible decompositions.
If A =28, then

(p,q) € {(0,506), (4,503), (8,500),...,(672,2)}.

By taking
K53(8) = Kaz(4) + Kas(4),

we obtain all the above possible decompositions.
If A=29, then

(p,q) € {(3,567),(7,564), (11,561),...,(759,0)}.

By taking
K23(9) - K23(6) + K23(3),

we obtain all the above possible decompositions.
If A =10, then

(p,q) € {(2,631), (6,628), (10,625),...,(842,1)}.

By taking
K53(10) = Ko3(6) + Ka3(4),

we obtain all the above possible decompositions.
If A =11, then

(p,q) € {(1,695), (5,692), (9,689),...,(925,2)}.

By taking
Ky3(11) = Ka3(8) + Ka3(3),

we obtain all the above possible decompositions.
If A =12, then

(p,q) € {(0,759), (4,756), (8, 753), .. ., (1012, 0)}.
By Theorem 2.2, K53(12) is {0P;, 7595, }-decomposable. By taking
K23(12) == K23(6> + K23(6),

we obtain all the above possible decompositions.
If A > 13, then the proof is divided into the following cases.
If A=0 (mod 12), then we write

A
Kgg()\) == EK23(12)
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If A\=1 (mod 12), then we write
A—1
K23<)\) = KQg()\ — 1) + K23 == TKQg(lQ) + K23.

If A\ =2 (mod 12), then we write

A—2
Kgg(/\) = Kgg(/\ — 2) —+ K23(2) = TK23(12) —+ K23(2>
If A =3 (mod 12), then we write
A—3
KQg()\) — Kgg()\ - 3) + K23(3) . TKQg(lQ) + K23(3)
If A\=4 (mod 12), then we write
A—4
KQg()\) = Kgg()\ - 4) —|— K23(4) == TKQg(lQ) + K23<4)
If \=5 (mod 12), then we write
A—5
KQg(A) — Kgg(/\ - 5) ‘|— K23(5) — TK23(12) + K23(5>
If A=6 (mod 12), then we write
A—6
Kgg(A) — Kgg()\ - 6) + K23(6) — TK23(12) + K23(6)
If A\=7 (mod 12), then we write
A—=T
Kgg()\) - Kgg()\ - 7) —|— K23(7) - 1—2K23(12) + K23(7)
If A =8 (mod 12), then we write
A—38

Ks(N) = Kag(A = 8) + Kag(8) = "= K (12) + Kas(8).

If A=9 (mod 12), then we write
A—=9

Kgg(/\) = Kgg()\ — 9) + K23<9) = TK23(12) + K23(9>

If A=10 (mod 12), then we write

A—10
KQg(}\) - Kgg()\ - 10) + Kgg(l()) =

If A\=11 (mod 12), then we write

A\ —

(V) = Kog(A = 11) + Kng(11) = “—

Therefore, Kp3()) is fully {Py, Sy}-decomposable.

Ko3(12) + Ka3(10).

11
Kp3(12) + Kyg(11).
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Case 20. n = 24.
If A =1, then
(p,q) € {(0,69),(4,66),(8,63),...,(92,0)}.

By Theorem 2.2, Ky, is {0Fy, 695, }-decomposable. By taking
Koy =Ko+ Ko+ Ky + Ky + Ky + Ky + Ky + Ky,

we obtain all the above possible decompositions.
If A\ > 2, then Ky () can be decomposed into A copies of Ky;. Therefore, Koq()) is
fully { Py, Sy}-decomposable.

Case 21. n = 25.
If A\=1, then
(p,q) € {(0,75),(4,72),(8,69),...,(100,0)}.

By Theorem 2.2, K5 is {0Py, 755, }-decomposable. By taking
Kos = K13+ K13+ Ky + K+ Kag+ Kag+ Kug+ Kug,

we obtain all the above possible decompositions.
If A > 2, then Ky () can be decomposed into A copies of Ks;. Therefore, Ky5(\) is
fully {Py, S,}-decomposable.

Case 22. n = 26.
If A =1, then
(n,9) € {(3,79), (7,76), (11,73), ..., (107, 1)}

By taking
Kos = Kig+ Kg + Keu + Ko u + Koa+ Koa+ Kea+ Kga,

we obtain all the above possible decompositions.
If A =2, then

(p,q) € {(2,161), (6,158), (10, 155),...,(214,2)}.

By taking
Ko6(2) = K1s(2) + K3(2) + Kou + Kou + Ko + Kea

+ K674 + K674 + K6,4 + K6’4 + K674 + K674

+ Ko+ Ko g,
we obtain all the above possible decompositions.
If A =3, then
(p:q) € {(1,243),(5,240), (9,237),...., (325,0)}.
By taking

K6(3) = K15(3) + K3(3) + Kea + Koa + Ko a + Kgu
+ Kea + Koa + Kou+ Ko+ Kea+ Koa
+ Kea+ Kea+ Kea+ Kea+ Keu+ Ko
+ Ko + Ko,
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we obtain all the above possible decompositions.
If A =4, then

(p,q) € {(0,325), (4,322),(8,319),...,(432,1)}.
By Theorem 2.2, Ky4(4) is {0Fy, 3255, }-decomposable. By taking
Kog(4) = Ka6(3) + Ko,

we obtain all the above possible decompositions.
If A =5, then

(p,q) € {(3,404), (7,401), (11,398),...,(539,2)}.

By taking
Ky6(5) = Ka6(4) + Ko,

we obtain all the above possible decompositions.
If A =6, then

(p,q) € {(2,486), (6,483), (10, 480), ..., (650,0)}.

By taking
K26(6) - K26(3) + K26(3),

we obtain all the above possible decompositions.
If A =17, then

(p,q) € {(1,568), (5,565), (9,562), ..., (757,1)}.

By taking
K26(7) - K26<4) + K26(3)7

we obtain all the above possible decompositions.
If A =8, then

(p,q) € {(0,650), (4,647), (8,644), ..., (864,2)}.

By taking
Ko6(8) = Kag(4) + Kag(4),

we obtain all the above possible decompositions.
If A=29, then

(p,q) € {(3,729),(7,726), (11,723),...,(975,0)}.

By taking
K5(9) = Ka6(6) + Ka6(3),

we obtain all the above possible decompositions.



388 R. CHINNAVEDI AND R. SANGEETHA

If A =10, then
(p.q) € {(2.811), (6,808), (10,805),. .., (1082, 1)}.

By taking
K26(10) == K26(6> + K26(4),

we obtain all the above possible decompositions.
If A =11, then

(p,q) € {(1,893), (5,890), (9,887),...,(1189,2)}.

By taking
Kog(11) = Ko6(8) + Ko6(3),

we obtain all the above possible decompositions.
If A =12, then

(p.q) € {(0,975), (4,972), (8,969), ..., (1300, 0)}.
By Theorem 2.1, Ky(12) is {1300P;, 05, }-decomposable. By taking
Ky6(12) = Ka6(8) + Kog(4),

we obtain all the above possible decompositions.
If A > 13, then the proof is divided into the following cases.
If A =0 (mod 12), then we write

A
Kag(N) = £ Kas(12).

If A\=1 (mod 12), then we write
A—1
K26<)\) — K26<)\ - 1) + K26 — 1—2K26(12) + K26-
If A\ =2 (mod 12), then we write
A—2
Kog(A) = Kog(A — 2) + Ko6(2) = TK%(H) + Ko6(2).

If A =3 (mod 12), then we write

Kos(A) = Kas (A — 3) + Ky6(3) = %K%(w) + Ks(3).
If A =4 (mod 12), then we write
Kog(\) = Kog(A —4) + Kog(4) = %K%(H) + Ko(4).
If A\=5 (mod 12), then we write
A—5

Kag(A) = Kas (A = 5) + Kng(5) = “15= Kon(12) + Kag (5).
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If A\=6 (mod 12), then we write

KQG()\) - KQG()\ - 6) —|— K26<6) - %KQG(]_Q) + K26(6>

If A\=7 (mod 12), then we write
A—=T

KQ@,()\) = KQG()\ - 7) —|— K26(7) == TKQﬁ(lQ) + K26<7)
If A =8 (mod 12), then we write
A—38
Kos(A) = Kog(A — 8) + K(8) = TK%(H) + Ka6(8).
If A\=9 (mod 12), then we write
A—9
KZG()\) — Kgﬁ()\ - 9) + K26<9) — TK26(12) + K26(9)
If A =10 (mod 12), then we write
A—10
KQG()\) - K26(>\ - 10) + Kzﬁ(lo) = 12 K26<12> + K26(10)
If A=11 (mod 12), then we write
A—11

KQG()\) = KQG(/\ — 1].) + KQG(ll) =

K26(12) + K26(11)

Therefore, Kog()) is fully { Py, Sy}-decomposable.

Case 23. n = 27.
If A =1, then

(p.q) € {(1,87), (5,84),(9,81), ..., (117,0)}.
By taking
Ko = Kig+ Ko+ Koy + Keu+ Koa+ Koy + Ko+ Ko,

we obtain all the above possible decompositions.
If A =2, then

(p,q) € {(2,174),(6,171),(10,168), ..., (234,0)}.

By taking
Ky (2) = Ko + Koy,

we obtain all the above possible decompositions.
If A =3, then

(p,q) € {(3,261),(7,258),(11,255),...,(351,0)}.

By taking
Ky7(3) = K27(2) + Koy,
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we obtain all the above possible decompositions.
If A =4, then

() € {(0,351), (4,348), (8,345), ..., (468, 0)}.
By Theorem 2.2, Ky7(4) is {0Fy, 3515, }-decomposable. By taking
Ky7(4) = K7(2) + Ka7(2),

we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
If A\=0 (mod 4), then we write

A
Ky (N) = ZK27(4).
If A\=1 (mod 4), then we write
A—1
K27()\) = K27<>\ - ].) + K27 — TKQ7(4) + K27.
If A=2 (mod 4), then we write
A—2
Koz (\) = Kor(A —2) + K97(2) = TKQ7(4) + Ko7 (2).
If A =3 (mod 4), then we write
A—3
K27()\) = K27(>\ - 3) + K27(3> - TK27(4) + K27<3>

Therefore, Ko7()) is fully { Py, S;}-decomposable.

Case 24. n = 28.
If A\=1, then
(p) Q) S {(27 93>’ (67 90)7 (107 87)7 R (1267 0)}

By taking
Kog = K6+ Kig + Ky + Kyp + Ky + Ky + Kyp+ Ky + Ky + Kyp,

we obtain all the above possible decompositions.
If A =2, then

(pq) € {(0,189), (4,186), (8,183),.. ., (252,0)}.
By Theorem 2.2, Kyg(2) is {0P,, 1895, }-decomposable. By taking
Ko3(2) = Kag + Ko,

we obtain all the above possible decompositions.
If A > 3, then the proof is divided into the following cases.
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If A=0 (mod 2), then we write

Kgg(/\) = %K28<2)

If A\=1 (mod 2), then we write

A—1
KQS()\) = Kgg()\ — ].) + K28 = TK28(2) + K28.

Therefore, Kog(A) is fully { Py, S4}-decomposable.

Case 25. n = 30.
If A =1, then

(p,q) € {(145,0), (141, 3), (137,6), ..., (1,108)}.
By Theorem 2.4, Ky g is {0Py, 445, }-decomposable. By taking
K3p = Koo + Kg + Koz,
we obtain the decomposition when (p,q) = (1,108), and by taking
K3y = Koy + Ko+ Ky + Ky + Ky + Ky + Kyg+ Kyg,

we obtain all the above possible decompositions.
If A =2, then

(p,q) € {(290,0), (286, 3), (282,6),...,(2,216)}.

By taking
K30(2) = K30 + Ko,

we obtain all the above possible decompositions.
If A =3, then

(p,q) € {(435,0), (431, 3), (427,6),...,(3,324)}.

By taking
K30(3) = K30(2) + Ks,

we obtain all the above possible decompositions.
If A =4, then

(p.q) € {(580,0). (576,3), (572,6), .. (0,435)}.
By Theorem 2.2, K3¢(4) is {0Fy, 4355, }-decomposable. By taking
K30(4) = K30(2) + K30(2),

we obtain all the above possible decompositions.
If A > 5, then the proof is divided into the following cases.
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If A=0 (mod 4), then we write

A
Kgo()\) = ZK30(4)
If A=1 (mod 4), then we write
A—1
Kgo()\) — Kgo(}\ — 1) —|— Kg() — TK30(4) + Kgo.
If A\ =2 (mod 4), then we write
A—2

Ko (V) = Kao(A—2) + Kao(2) = "= Kao(4) + Kio(2).

If A =3 (mod 4), then we write

A—3
Therefore, K3o(A) is fully { Py, S4}-decomposable.
Now we prove the result for odd n > 27 and even n > 30. Let n = 2r or n = 2r + 1,
where r > 2. We prove the result by mathematical induction on n, splitting the proof
into two cases as follows.

Case A. n =0 (mod 2).

Let n = 2r, where r > 3. If 3 < r < 15, then the result follows from Cases 2, 4, 6, 8,
10, 12, 14, 16, 18, 20, 22, 24, and 25. Now, for some t > 15, assume that there exists a
{ Py, Si}p,qy-decomposition of Ky, (A) for all r with 3 <r < t. We write

Ko (X) = Kau—12)(A) + Koa(A) + Ko—12)24(A)
= Koy-12)(A) + Kos(N) + (1 — 12) K9 24(N)
(A) + Kas(A) + 2(t — 12) Ky 19()).
By the induction hypothesis, there exists a {Pj, Si}{p,q-decomposition of Ky;_12)(A).

By Case 20, there exists a {Fy, Si}(pq1-decomposition of Kou(A). By Lemma 3.2, Koo
is fully { Py, Sy}-decomposable, and hence K, j5(\) is decomposable by taking A copies.

= Ky-12)

Therefore, a { Py, Su}p.q1-decomposition of Ky (A) exists.

Case B.n =1 (mod 2).

Let n = 2r + 1, where r > 2. If 2 < r < 13, then the result follows from Cases 1, 3,
5,7,9, 11, 13, 15, 17, 19, 21, and 23. Now, for some ¢t > 13, assume that there exists a
{ Py, S} ipqy-decomposition of Ky, 1(A) for all r with 2 <r < t. We write

)
Koy1(N) = Koq- 12)41(A) + Kos(A) + K2(t—12),24()\)
= Ko-12)+1(A) + Kos(A) + (t — 12) K3 24(\)
= Kou-12)41(A) + Kas(A) + 2(t — 12) Ko 12(N).
By the induction hypothesis, there exists a { Py, Si}{p,q3-decomposition of Kau_12)41(A).
By Case 21, there exists a { Py, Si}pq-decomposition of Ky5(A). By Lemma 3.2, Ky o
is fully { Py, Sy}-decomposable, and hence K5 j5(\) is decomposable by taking A copies.

Therefore, a { Py, Sy} 1p q1-decomposition of Ky 1(A) exists, and the result follows by math-
ematical induction. O
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