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abstract

In this paper, we consider circulant graphs obtained from the complete graph KN by

deleting all edges belonging to a prescribed distance class. We study, in a uni�ed manner,

the e�ective resistance, the expected hitting time, the number of spanning trees, and

the number of two-component spanning forests of these graphs. For general distance-

class deletions, these quantities admit natural spectral representations in terms of the

Laplacian eigenvalues. However, such representations typically remain at the level of

�nite Fourier sums, and concise closed forms are not expected in general. We focus

on the case of a single deleted distance class. When the number of vertices N is odd

and gcd(r,N) = 1, the graph GN,r is isomorphic to GN,1. In this setting, we derive

explicit exponential-type formulas for the e�ective resistance and the number of spanning

trees, and obtain corresponding closed expressions for two-component spanning forests

and expected hitting times. Our results show that the case r = 2 is not essentially new,

but follows from a general isomorphism structure underlying distance-class deletions. We

also clarify the relation of our formulas to earlier results on the complete graph with a

Hamiltonian cycle removed, and provide a uni�ed derivation within a spectral framework.

Moreover, by asymptotic analysis, we show that the ratio τ(GN,1)/τ(KN) converges to

e−2 as N → ∞.
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1. Introduction

The e�ective resistance on a graph is a fundamental and powerful concept that connects

electrical network theory, spectral graph theory, random walk theory, and the enumeration

of spanning trees [1, 5, 7, 9, 10]. By the classical commute time identity, the e�ective

resistance is closely related to the expected hitting time of a simple random walk. Through

Kirchho�'s matrix�tree theorem, it is also deeply connected with the number of spanning

trees and the number of two-component spanning forests [5, 8, 2]. For highly symmetric

graphs, these quantities admit spectral representations in terms of Laplacian eigenvalues.

However, examples where these representations lead to explicit and readable closed forms

are rather limited [10, 3, 4].

In this paper, we consider circulant graphs obtained from the complete graph KN

by deleting all edges belonging to a prescribed distance class. Identifying the vertex

set with ZN , we denote by GN,r the graph obtained by removing all edges of circulant

distance ±r. These graphs form a natural family that preserves vertex transitivity while

modifying only the local structure. They may be regarded as symmetric perturbations

of the complete graph. In other words, we study the following question: how do spectral

and combinatorial quantities change when one performs a minimal local modi�cation of

a graph with extremely high symmetry?

For general distance-class deletions, the Laplacian eigenvalues can be written explicitly

in trigonometric form, and the e�ective resistance, the expected hitting time, the num-

ber of spanning trees, and the number of two-component spanning forests are naturally

expressed as spectral sums. However, these expressions usually remain Fourier sums, and

concise closed forms are not expected without additional arithmetic structure. In this

paper, we focus on the simplest nontrivial case of a single deleted distance class. When

gcd(r,N) = 1, this case is isomorphic to the case r = 1; the cases gcd(r,N) > 1 and

general multiple deleted distance classes are not treated here.

A closely related problem has been studied by Chair [3], who derived exact expres-

sions for two-point resistances and random-walk quantities on the complete graph with a

Hamiltonian cycle removed. Since GN,1 is precisely the complete graph with the edges of

a Hamiltonian cycle removed, the resistance formula in Theorem 4.2 is closely related to

the results of [3]. Thus, the resistance formula itself should be viewed as a reformulation

and streamlined derivation of known formulas within a uni�ed spectral framework. The

main contribution of the present paper is to connect this resistance formula systemati-

cally with spanning trees, two-component spanning forests, hitting times, and asymptotic

enumeration.

Our main result shows that when r = 1 and the number of vertices N is odd, these

quantities admit remarkably simple closed forms.

Theorem 1.1 (Main Theorem A). Let N ≥ 5 be odd, and let GN,1 be the graph obtained

from the complete graph KN by deleting all edges of circulant distance ±1. For u, v ∈ ZN ,

BY license (https://creativecommons.org/licenses/by/4.0/).
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let

q = q(u, v) ≡ v − u (mod N), q ∈ {0, 1, . . . , N − 1}.

Put

∆ =
√

N(N − 4), ρ =
N − 2 + ∆

2
.

Then the e�ective resistance is given by

R(1)(u, v) =
2

∆(ρN + 1)

{
ρN − 1 + (−1)q(ρq − ρN−q)

}
.

The right-hand side is invariant under q 7→ N − q; hence the resistance depends only

on the unoriented circulant distance between u and v Moreover, the number of spanning

trees admits the closed form

τ(GN,1) =
1

N

(ρN + 1)2

ρN−1(ρ+ 1)2
.

Using the matrix�tree theorem, the all-minors matrix�tree theorem, and the commute

time identity, we also obtain explicit formulas for two-component spanning forests and

expected hitting times.

The essential reason for this simplicity is that the cosine term appearing in the denom-

inator of the eigenvalues reduces, via a complex-variable representation, to a quadratic

polynomial. Its two roots ρ and ρ−1 allow a complete evaluation of the Fourier sums and

lead to exponential-type closed expressions.

The case r = 2 is not essentially di�erent when N is odd. More generally, whenever

gcd(r,N) = 1, multiplication by r−1 gives an automorphism of the cyclic group ZN , and

this induces a graph isomorphism between GN,r and GN,1.

Theorem 1.2 (Main Theorem B). Let N be odd and let r be an integer such that

gcd(r,N) = 1. De�ne

φr(x) = r−1x (mod N).

Then φr de�nes a graph isomorphism

GN,r
∼= GN,1.

Consequently,

τ(GN,r) = τ(GN,1),

and

RGN,r
(u, v) = RGN,1

(φr(u), φr(v)).

In particular, the case r = 2 is obtained as a special case.

We also derive asymptotic consequences. For each �xed distance independent of N , as

N → ∞ through odd integers, the resistance distance has the same order 2/N as that of

the complete graph. On the other hand, the number of spanning trees satis�es

lim
N→∞

τ(GN,1)

τ(KN)
= e−2.
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These consequences are not explicitly derived in [3] and arise naturally from the spectral

approach developed here.

This paper is organized as follows. In Section 2, we review the basic setting of circu-

lant graphs with distance-dependent weights and summarize known results on Laplacian

eigenvalues, e�ective resistance, the matrix�tree theorem, and the commute time iden-

tity. In Section 3, we derive spectral representations for connected general distance-class

deletion graphs and clarify the role of the deleted distance set.

In Section 4, we �rst treat r = 1 explicitly and then reduce all coprime single-distance

deletions, including r = 2, to this case by a graph isomorphism. In Section 5, we analyze

the asymptotic behavior and structural consequences of these formulas. Finally, Section

6 contains concluding remarks and possible directions for further study.

2. Preliminaries and known results

Let N ≥ 3 be an integer, and identify the vertex set with the cyclic group

V = ZN = {0, 1, . . . , N − 1}.

For any u, v ∈ V , we de�ne the oriented di�erence

q(u, v) := v − u (mod N), q ∈ {0, 1, . . . , N − 1}.

We also de�ne the (unoriented) circulant distance by

h(u, v) := min{q(u, v), N − q(u, v)}.

Note that q(u, v) and h(u, v) play di�erent roles: spectral formulas are naturally ex-

pressed in terms of the oriented residue q, while graph-theoretic quantities such as resis-

tance ultimately depend only on the unoriented distance h.

Let

w : {1, 2, . . . , ⌊N/2⌋} → R≥0,

be a distance-dependent weight function. We denote by GN,w the weighted undirected

graph obtained by joining any two vertices at distance k by an edge of weight w(k).

Throughout this paper, we assume that GN,w is connected unless otherwise stated.

Equivalently, all nonzero Laplacian eigenvalues satisfy λj > 0 for 1 ≤ j ≤ N − 1. All

formulas for e�ective resistance, spanning trees, spanning forests, and hitting times are

used under this connectivity assumption.

In particular:

� If w(k) ≡ 1, then GN,w coincides with the complete graph KN .

� If w(r) = 0 for some distance r, then GN,w is the circulant graph obtained from KN

by deleting all edges of distance r.

Let A be the weighted adjacency matrix of GN,w and D the diagonal degree matrix. We

de�ne the Laplacian matrix by L := D−A. Since GN,w is vertex-transitive, the weighted

degree of each vertex is given by

deg =

⌊N−1
2 ⌋∑

k=1

2w(k) + 1{N even}w

(
N

2

)
,
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where 1{N even} denotes the indicator function which equals 1 if N is even and 0 otherwise.

It is well known that circulant matrices are diagonalized by the discrete Fourier basis

[6].

Proposition 2.1. For j = 0, 1, . . . , N − 1, the eigenvalues of the Laplacian matrix L are

given by

λj =

⌊N−1
2 ⌋∑

k=1

2w(k)

(
1− cos

2πjk

N

)
+ 1{N even}w

(
N

2

)
(1− cos(πj)) .

In particular, λ0 = 0, and GN,w is connected if and only if λj > 0 for 1 ≤ j ≤ N − 1.

For circulant graphs, since L is diagonalized by the Fourier basis, the e�ective resistance

admits the following spectral representation.

Proposition 2.2.

R(u, v) =
2

N

N−1∑
j=1

1− cos (2πjq(u, v)/N)

λj

, (1)

where λj is given in Proposition 2.1.

This formula is naturally expressed in terms of the oriented residue q(u, v); however,

since the cosine function is even, the resulting resistance depends only on the unoriented

distance h(u, v).

Such formulas appear in the literature as resistance formulas for circulant networks [10].

Let τ(GN,w) denote the number of weighted spanning trees of GN,w. By the weighted

matrix�tree theorem, we have the following.

Theorem 2.3 (G. Kirchho�, [8]).

τ(GN,w) =
1

N

N−1∏
j=1

λj.

For proofs, see [2, 1, 8].

Let F (u | v) denote the number of two-component spanning forests in which u and v

belong to distinct connected components.

Theorem 2.4 (S. Chaiken, [2]).

F (u | v) = τ(GN,w) ·R(u, v). (2)

Theorem 2.4 follows from the all-minors matrix�tree theorem or the matrix�forest the-

orem [2, 1]. In this paper, we use Theorem 2.4 as a fundamental bridge in deriving closed

forms.
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Next, consider the simple random walk on GN,w, where transition probabilities are

normalized by weighted degrees. Let H(u, v) denote the expected hitting time from u to

v.

Theorem 2.5 (Chandra et al. [5, 7]). For the weighted random walk,

H(u, v) +H(v, u) = vol(G) ·R(u, v),

where vol(G) =
∑

x∈V deg(x) denotes the total weighted degree.

In the present setting, the symmetry H(u, v) = H(v, u) follows from an explicit graph

automorphism. Indeed, for any u, v ∈ ZN , the map

x 7→ u+ v − x (mod N),

is an automorphism of GN,w that interchanges u and v. Hence the distributions of hitting

times from u to v and from v to u coincide, and therefore H(u, v) = H(v, u).

Substituting this symmetry into the commute time identity yields

H(u, v) =
vol(G)

2
R(u, v). (3)

For general distance-dependent weights w or general distance-class deletions, the spec-

tral expressions in Propositions 2.1 and 2.2 do not usually simplify further. In particular,

concise closed forms are not expected without additional structure.

In the following sections, we focus on the case of a single deleted distance class. When

gcd(r,N) = 1, this case reduces to r = 1 via a graph isomorphism, and we derive complete

closed formulas for the e�ective resistance, the numbers of spanning trees and spanning

forests, and the expected hitting times.

3. Spectral representations for general distance-class deletions

In this section, we show that for circulant graphs with general distance-class deletions and

distance-dependent weights, the e�ective resistance, expected hitting times, spanning tree

counts, and two-component spanning forest counts are described in a uni�ed manner by

the same spectral data. Although the discussion does not yield closed forms in general,

it provides the basis for the explicit derivations in the next section.

Let S ⊂ {1, 2, . . . , ⌊N/2⌋} be a set of distances. We write GN,S for the circulant graph

obtained from the complete graph KN by deleting all edges whose circulant distance

belongs to S.

In the following, we assume that GN,S is connected. Equivalently, the Laplacian eigen-

values satisfy

λj > 0 (1 ≤ j ≤ N − 1).

All formulas for resistance, spanning trees, spanning forests, and hitting times are used

under this connectivity assumption.
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Then GN,S can be regarded as a weighted graph GN,wS
with the distance-dependent

weight

wS(k) =

{
0 (k ∈ S),

1 (k /∈ S).

By Proposition 2.1, the Laplacian eigenvalues λj of GN,S are given by

λj =
∑

1≤k≤⌊N−1
2 ⌋

k/∈S

2

(
1− cos

2πjk

N

)
+ 1{N even}1{N/2/∈S} (1− cos(πj)) .

On the other hand, for the complete graph KN , the Laplacian eigenvalues are given by

λj = N (j ̸= 0).

Therefore, when deleting distance classes S, the contribution removed from the Lapla-

cian is not simply a cosine term, but rather

2

(
1− cos

2πjk

N

)
.

Hence, for odd N and S ⊆ {1, 2, . . . , (N − 1)/2}, we obtain

λj =
∑

1≤k≤(N−1)/2
k/∈S

2

(
1− cos

2πjk

N

)
= N −

∑
k∈S

2

(
1− cos

2πjk

N

)
, 1 ≤ j ≤ N − 1.

Equivalently,

λj = N − 2|S|+2
∑
k∈S

cos

(
2πjk

N

)
, 1 ≤ j ≤ N − 1.

This shows that the e�ect of deleting distance classes is directly re�ected in the Lapla-

cian eigenvalues as a �nite sum of cosine terms. In particular, as |S| increases, the

structure of λj becomes a trigonometric polynomial of higher complexity.

This expression is consistent with the identity

(N−1)/2∑
k=1

2

(
1− cos

2πjk

N

)
= N, j ̸= 0,

used in Lemma 4.1.

Once the Laplacian eigenvalues {λj}N−1
j=1 are given, the following quantities are deter-

mined solely by this spectral data:

� the e�ective resistance

R(u, v) =
2

N

N−1∑
j=1

1− cos (2πj q(u, v)/N)

λj

,
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� the number of spanning trees

τ(GN,S) =
1

N

N−1∏
j=1

λj,

� the number of two-component spanning forests

F (u | v) = τ(GN,S) ·R(u, v),

� and, by the symmetry argument in Section 2, the expected hitting time

H(u, v) =
vol(GN,S)

2
R(u, v).

In this sense, for distance-class deletion graphs, the e�ective resistance, the spanning

tree count, the spanning forest count, and the expected hitting time are described in a

uni�ed way by the same eigenvalue information.

As Proposition 2.1 indicates, for a general distance set S, the Laplacian eigenvalues

λj are given as a linear combination of �nitely many cosine terms. Since the e�ective

resistance R(u, v) is given by Proposition 2.2, Fourier analysis shows that R(u, v) can be

expressed as a linear combination of �nitely many exponential terms. The number of such

terms increases with |S|, and therefore concise closed forms are not expected in general.

The structure of the graph depends not only on the number of deleted distance classes,

but also on their arithmetic properties. In particular, the following distinctions are im-

portant:

(i) Single deleted classes with gcd(r,N) = 1, which reduce to the case r = 1 by a graph

isomorphism;

(ii) Single deleted classes with gcd(r,N) > 1, which may exhibit di�erent structural

behavior and are not analyzed in this paper;

(iii) Multiple deleted classes S, considered up to multiplication by units modulo N ;

(iv) The special even-N class N/2, which contributes only one edge per vertex.

In this paper, we focus on the simplest case of a single deleted distance class with

gcd(r,N) = 1, and do not attempt to treat the other cases.

In the next section, we focus on the case r = 1, and show that in this situation the

spectral expressions admit complete closed forms. The case r = 2 will then be treated as

a special instance of the general isomorphism described above.

We emphasize that the case gcd(r,N) > 1 may lead to fundamentally di�erent spectral

structures, and is left as an interesting direction for future work.

4. Closed forms for distance-class deletions

Throughout this section, we assume that N ≥ 5 is odd. In addition, all graphs considered

in this section are assumed to be connected, so that the spectral formulas for resistance,

spanning trees, spanning forests, and hitting times are valid. Under this assumption,

sign issues disappear and all resulting closed forms are naturally expressed as positive

quantities.
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4.1. The complete graph with distance-1 edges removed

Let GN,1 be the circulant graph obtained from the complete graph KN by deleting all

edges of distance 1 (i.e., ±1). Equivalently, the vertex set is ZN , and each i ∈ ZN is

adjacent to every vertex except i± 1. Thus each vertex has degree N − 3.

For u, v ∈ ZN , we use the notation

q = q(u, v) ≡ v − u (mod N),

and

h(u, v) = min{q, N − q},
as introduced in Section 2.

We use the following constants throughout:

∆ :=
√

N(N − 4), ρ :=
N − 2 + ∆

2
> 1. (4)

Then

ρ+ ρ−1 = N − 2, ρ− ρ−1 = ∆. (5)

Lemma 4.1. The Laplacian eigenvalues of GN,1 are given by

λ0 = 0, λj = (N − 2) + 2 cos

(
2πj

N

)
(j = 1, 2, . . . , N − 1).

Proof. Since only the distance-1 edges are removed, all edges of distances k ≥ 2 are

present. In Proposition 2.1, we put w(1) = 0 and w(k) = 1 for k ≥ 2. Then for j ̸= 0,

λj =

(N−1)/2∑
k=2

2

(
1− cos

2πjk

N

)
.

On the other hand, the graph having all distance-k edges for k = 1, 2, . . . , (N − 1)/2 is

the complete graph KN , and hence for j ̸= 0,

(N−1)/2∑
k=1

2

(
1− cos

2πjk

N

)
= N.

Therefore,

λj =

(N−1)/2∑
k=1

2

(
1− cos

2πjk

N

)
− 2

(
1− cos

2πj

N

)
= N − 2 + 2 cos

(
2πj

N

)
,

as claimed.

This expression is consistent with the identity

(N−1)/2∑
k=1

2

(
1− cos

2πjk

N

)
= N, j ̸= 0,

used in Section 3.
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Theorem 4.2. Let N ≥ 5 be odd, and let GN,1 be the graph obtained from KN by deleting

all edges of distance 1. Identify the vertex set with ZN = {0, 1, . . . , N − 1}, and for

u, v ∈ ZN let

q = q(u, v) ≡ v − u (mod N), q ∈ {0, 1, . . . , N − 1}.

Then the e�ective resistance in GN,1 is given by

R(1)(u, v) =
2

∆(ρN + 1)

{
ρN − 1 + (−1)q(ρq − ρN−q)

}
.

Moreover, the right-hand side is invariant under q 7→ N − q. Hence the resistance

depends only on the unoriented circulant distance

h(u, v) = min{q,N − q}.

If u ̸= v, then R(1)(u, v) > 0.

Proof. By Proposition 2.2 and Lemma 4.1, for q ≡ v − u (mod N) we obtain

R(1)(u, v) =
1

N

N−1∑
j=1

2 (1− cos(2πjq/N))

(N − 2) + 2 cos(2πj/N)
. (6)

If q = 0, then u = v and hence R(1)(u, v) = 0. The stated closed form also gives 0 in

this case. Thus, in the following, we assume 1 ≤ q ≤ N − 1.

Let z := ωj. Then

cos

(
2πj

N

)
=

1

2
(z + z−1), cos

(
2πjq

N

)
=

1

2
(zq + z−q),

and hence

(N − 2) + 2 cos

(
2πj

N

)
=

z2 + (N − 2)z + 1

z
, 2

(
1− cos

(
2πjq

N

))
= 2− (zq + z−q).

Therefore,

2 (1− cos(2πjq/N))

(N − 2) + 2 cos(2πj/N)
=

z (2− (zq + z−q))

z2 + (N − 2)z + 1

=
2z − (zq+1 + z1−q)

z2 + (N − 2)z + 1
. (7)

Since zN = 1, we may rewrite

z1−q = zN−q+1.

Since N ≥ 5, the discriminant of z2 + (N − 2)z + 1 is (N − 2)2 − 4 = N(N − 4) > 0.

Let ρ > 1 be the real number satisfying ρ+ ρ−1 = N − 2. Then

z2 + (N − 2)z + 1 = (z + ρ)(z + ρ−1).
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Putting ∆ := ρ− ρ−1, we have the partial fraction decomposition

1

(z + ρ)(z + ρ−1)
=

1

∆

(
1

z + ρ−1
− 1

z + ρ

)
. (8)

We next use the following �nite root-of-unity sum. Let N be odd, ω = e2πi/N , and

ρ > 0. For any integer m, let m be the representative of m modulo N in {0, 1, . . . , N−1},
and de�ne

Sm(ρ) :=
N−1∑
j=0

ωjm

ρ+ ωj
.

Since ωN = 1, we have Sm(ρ) = Sm(ρ). Moreover,

Sm(ρ) = Sm(ρ) =


NρN−1

ρN + 1
, m = 0,

−N(−1)mρm−1

ρN + 1
, 1 ≤ m ≤ N − 1.

This identity follows from the factorization

xN − 1 =
N−1∏
j=0

(x− ωj),

together with the orthogonality relation

N−1∑
j=0

ωjℓ =

{
N, ℓ ≡ 0 (mod N),

0, ℓ ̸≡ 0 (mod N).

The corresponding identity with denominator ρ−1 + ωj is obtained by replacing ρ with

ρ−1.

From (6) and (7), we have

R(1)(u, v) =
1

N

N−1∑
j=1

2z − (zq+1 + zN−q+1)

(z + ρ)(z + ρ−1)
. (9)

At j = 0 (i.e., z = 1), the numerator becomes 2 − (1 + 1) = 0, so we may include the

j = 0 term:
N−1∑
j=1

2z − (zq+1 + zN−q+1)

(z + ρ)(z + ρ−1)
=

N−1∑
j=0

2z − (zq+1 + zN−q+1)

(z + ρ)(z + ρ−1)
.

Substituting (8) into (9), we obtain

R(1)(u, v) =
1

N∆

N−1∑
j=0

{
2z − (zq+1 + zN−q+1)

z + ρ−1
− 2z − (zq+1 + zN−q+1)

z + ρ

}
. (10)

We �rst compute the sum with denominator z + ρ. Since z = ωj,

zm

z + ρ
=

ωjm

ρ+ ωj
.



290 shunya tamura

We apply the root-of-unity identity with m = 1, m = q + 1, and m = N − q + 1,

reducing the exponents modulo N when necessary. Thus

N−1∑
j=0

z

z + ρ
=

N

ρN + 1
,

N−1∑
j=0

zq+1

z + ρ
=

N(−1)qρq

ρN + 1
,

N−1∑
j=0

zN−q+1

z + ρ
= −N(−1)qρN−q

ρN + 1
.

Therefore,

N−1∑
j=0

2z − (zq+1 + zN−q+1)

z + ρ
=

N

ρN + 1

{
2− (−1)q(ρq − ρN−q)

}
. (11)

Similarly, for the sum with denominator z + ρ−1, we obtain

N−1∑
j=0

z

z + ρ−1
=

NρN

ρN + 1
,

N−1∑
j=0

zq+1

z + ρ−1
=

N(−1)qρN−q

ρN + 1
,

N−1∑
j=0

zN−q+1

z + ρ−1
= −N(−1)qρq

ρN + 1
.

Hence

N−1∑
j=0

2z − (zq+1 + zN−q+1)

z + ρ−1
=

N

ρN + 1

{
2ρN − (−1)q(ρN−q − ρq)

}
. (12)

Substituting (11) and (12) into (10), we obtain

R(1)(u, v) =
1

N∆

[
N

ρN + 1

{
2ρN − (−1)q(ρN−q − ρq)

}
− N

ρN + 1

{
2− (−1)q(ρq − ρN−q)

}]
=

2

∆(ρN + 1)

{
ρN − 1 + (−1)q(ρq − ρN−q)

}
,

which is the desired closed form.

Since N is odd, we have (−1)N−q = −(−1)q, and thus

ρN − 1 + (−1)N−q
(
ρN−q − ρq

)
= ρN − 1 + (−1)q

(
ρq − ρN−q

)
.

Hence the right-hand side is invariant under q 7→ N − q.

Finally, we justify the positivity for u ̸= v directly from the spectral representation (6).

For N ≥ 5, we have

(N − 2) + 2 cos

(
2πj

N

)
≥ N − 4 > 0 (1 ≤ j ≤ N − 1),

so all denominators are strictly positive. Moreover, if u ̸= v, then q ̸≡ 0 (mod N), and

hence

1− cos

(
2πjq

N

)
≥ 0,
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for all j, and this quantity is not identically zero as j varies. Therefore, each term in (6)

is nonnegative and at least one term is strictly positive. Consequently,

R(1)(u, v) > 0 (u ̸= v).

Remark 4.3. The essential point of the proof is that the denominator of the eigenvalues

is a linear cosine expression

(N − 2) + 2 cos θ.

After passing to the complex variable, this leads to the quadratic polynomial z2+(N −
2)z + 1 whose roots are ρ and ρ−1. This �quadratic reduction� is the source of the closed

form.

Theorem 4.4. Let N ≥ 5 be odd. Then

τ(GN,1) =
1

N

(ρN + 1)2

ρN−1(ρ+ 1)2
,

holds.

Proof. By Theorem 2.3 and Lemma 4.1,

τ(GN,1) =
1

N

N−1∏
j=1

λj =
1

N

N−1∏
j=1

(
(N − 2) + ωj + ω−j

)
.

Note that

(N − 2) + ωj + ω−j =
ω2j + (N − 2)ωj + 1

ωj
=

(ωj + ρ)(ωj + ρ−1)

ωj
.

Hence
N−1∏
j=1

λj =

(
N−1∏
j=1

(ωj + ρ)

)(
N−1∏
j=1

(ωj + ρ−1)

)(
N−1∏
j=1

ω−j

)
.

If N is odd, then
N−1∏
j=1

ωj = ω
N(N−1)

2 = eπi(N−1) = 1,

and thus
∏N−1

j=1 ω−j = 1. Moreover,

N−1∏
j=1

(ρ+ ωj) =
ρN + 1

ρ+ 1
.

Similarly,
N−1∏
j=1

(ρ−1 + ωj) =
ρ−N + 1

ρ−1 + 1
=

ρ(ρ−N + 1)

ρ+ 1
.
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Multiplying these identities yields

N−1∏
j=1

λj =
ρN + 1

ρ+ 1
· ρ(ρ

−N + 1)

ρ+ 1
=

(ρN + 1)2

ρN−1(ρ+ 1)2
.

Finally, using τ(GN,1) =
1
N

∏N−1
j=1 λj completes the proof.

Corollary 4.5. For distinct vertices u and v,

F (1)(u | v) = 2(ρN + 1)

∆NρN−1(ρ+ 1)2
{
ρN − 1 + (−1)q(ρq − ρN−q)

}
.

Proof. This follows from Theorem 2.4, which states that

F (u | v) = τ(G)R(u, v).

Substituting the explicit expressions for τ(GN,1) from Theorem 4.4 and R(1)(u, v) from

Theorem 4.2 yields the result.

Corollary 4.6. The number of edges of GN,1 is m = N(N−3)
2

. Consequently, the expected

hitting time satis�es

H(1)(u, v) =
N(N − 3)

∆(ρN + 1)

{
ρN − 1 + (−1)q(ρq − ρN−q)

}
.

Proof. Since GN,1 is (N − 3)-regular, we have

vol(GN,1) = N(N − 3).

By the result in Section 2, the symmetry H(u, v) = H(v, u) holds, and hence

H(u, v) =
vol(GN,1)

2
R(u, v).

Substituting the explicit expression for R(1)(u, v) from Theorem 4.2 yields the desired

formula.

4.2. The complete graph with distance-2 edges removed

We again assume that N ≥ 5 is odd. Let GN,2 be the circulant graph obtained from the

complete graph KN by deleting all edges of distance 2.

The case r = 2 is a special instance of a more general phenomenon. When gcd(r,N) = 1,

multiplication by r−1 de�nes an automorphism of the cyclic group ZN , which induces a

graph isomorphism

GN,r
∼= GN,1.
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In particular, since N is odd, we have gcd(2, N) = 1, and hence

GN,2
∼= GN,1.

Let φ2(x) = 2−1x (mod N) denote the isomorphism. Then for u, v ∈ ZN ,

RGN,2
(u, v) = RGN,1

(φ2(u), φ2(v)), τ(GN,2) = τ(GN,1).

Theorem 4.7. Let N ≥ 5 be odd. Let q = v − u (mod N), and let s = 2−1 (mod N).

De�ne

δ2(q) = min{sq mod N, N − (sq mod N)}.

Then

R(2)(u, v) = R
(1)
δ2(q)

.

Equivalently, using Theorem 4.2, this is written explicitly as

R(2)(u, v) =
2

∆(ρN + 1)

{
ρN − 1 + (−1)δ2(q)

(
ρδ2(q) − ρN−δ2(q)

)}
.

Proof. By the graph isomorphism GN,2
∼= GN,1 induced by φ2(x) = 2−1x, we have

R(2)(u, v) = R(1)(φ2(u), φ2(v)).

Since φ2(v) − φ2(u) ≡ s(v − u) ≡ sq (mod N), the corresponding distance in GN,1 is

given by

δ2(q) = min{sq mod N, N − (sq mod N)}.

Therefore,

R(2)(u, v) = R
(1)
δ2(q)

.

The explicit formula follows by substituting δ2(q) into Theorem 4.2.

Theorem 4.8. Let N ≥ 5 be odd. Then

τ(GN,2) = τ(GN,1).

Proof. This follows immediately from the graph isomorphism GN,2
∼= GN,1.

Corollary 4.9. For distinct vertices u and v,

F (2)(u | v) = τ(GN,2)R
(2)(u, v).

In particular,

F (2)(u | v) = τ(GN,1)R
(1)
δ2(q)

.

Using Theorems 4.2 and 4.4, this admits the explicit form

F (2)(u | v) = 2(ρN + 1)

∆NρN−1(ρ+ 1)2
{
ρN − 1 + (−1)δ2(q)

(
ρδ2(q) − ρN−δ2(q)

)}
.
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Corollary 4.10. The graph GN,2 is (N − 3)-regular and has m = N(N−3)
2

edges.

Consequently,

H(2)(u, v) =
vol(GN,2)

2
R(2)(u, v).

In particular,

H(2)(u, v) =
N(N − 3)

2
R

(1)
δ2(q)

.

Hence, using Theorem 4.2, we obtain the explicit formula

H(2)(u, v) =
N(N − 3)

∆(ρN + 1)

{
ρN − 1 + (−1)δ2(q)

(
ρδ2(q) − ρN−δ2(q)

)}
.

Remark 4.11. The reduction of the case r = 2 to r = 1 is not merely a consequence of

a permutation of eigenvalues, but follows from a structural isomorphism of graphs. This

explains why all quantities for r = 2 admit explicit closed forms in terms of those for

r = 1.

5. Asymptotic and structural consequences

In this section, we analyze in detail the asymptotic structure and combinatorial conse-

quences derived from the closed forms obtained in Section 4. In particular, we evaluate

explicitly the limiting behavior of the resistance distance, the Kirchho� index, and the

exponential growth rate of the number of spanning trees. Throughout this section, we

consider asymptotics as N → ∞ through odd integers, and all statements involving a

�xed distance mean that the parameter is independent of N .

By Theorem 4.2,

R(1)(u, v) =
2

∆(ρN + 1)

{
ρN − 1 + (−1)q(ρq − ρN−q)

}
,

where

∆ =
√
N(N − 4), ρ =

N − 2 + ∆

2
.

5.1. Asymptotics of ρ and ∆

We �rst obtain an asymptotic expansion of ρ. Since

∆ =
√
N2 − 4N = N

√
1− 4

N
,

applying the binomial expansion

√
1 + x = 1 +

x

2
− x2

8
+O(x3),

with x = −4/N yields

∆ = N

(
1− 2

N
− 2

N2
+O(N−3)

)
.
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Here O(N−3) denotes terms of order at most N−3 as N → ∞.

Consequently,

ρ =
N − 2 +N − 2− 2

N
+O(N−2)

2
= N − 2− 1

N
+O(N−2).

In particular,

ρ ∼ N − 2, ∆ ∼ N.

5.2. Limit of R(1)(u, v) for �xed q

Fix an integer q ≥ 1 independent of N , and let N → ∞. Then

ρN−q = ρNρ−q = ρN O(N−q),

and hence

ρN − 1 + (−1)q(ρq − ρN−q) = ρN
(
1− (−1)qρ−q

)
+ (−1)qρq − 1.

Since ρ → ∞ as N → ∞, we have

1− (−1)qρ−q → 1.

Thus, the numerator is asymptotic to ρN for all �xed q ≥ 1. Since ρN + 1 ∼ ρN , we

obtain

R(1)(u, v) ∼ 2

∆
∼ 2

N
.

Theorem 5.1. For each �xed integer q ≥ 1 independent of N ,

R(1)(u, v) ∼ 2

N
(N → ∞).

This is the same asymptotic behavior as the resistance distance in the complete graph

KN ,

RKN
(u, v) =

2

N
.

5.3. Kirchho� index

We use the standard spectral identity

Kf(G) = N
N−1∑
j=1

1

λj

.

Applying this to GN,1, we obtain

Kf(GN,1) = N

N−1∑
j=1

1

N − 2 + 2 cos
(
2πj
N

) .
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Alternatively, using pairwise distances,

Kf(G) =
1

2

∑
u,v

R(u, v),

and for circulant graphs,

Kf(GN,1) =
N

2

N−1∑
q=1

R(1)(q),

where q = v − u (mod N) is the oriented residue. The factor N/2 accounts for double

counting of unordered pairs.

Substituting Theorem 4.2, we obtain

Kf(GN,1) =
N

∆(ρN + 1)

N−1∑
q=1

{
ρN − 1 + (−1)q(ρq − ρN−q)

}
.

Let

S(N, ρ) :=
N−1∑
q=1

{
ρN − 1 + (−1)q(ρq − ρN−q)

}
.

Then

S(N, ρ) =
N−1∑
q=1

(ρN − 1) +
N−1∑
q=1

(−1)qρq −
N−1∑
q=1

(−1)qρN−q.

First,
N−1∑
q=1

(ρN − 1) = (N − 1)(ρN − 1).

Next, by the geometric series,

N−1∑
q=1

(−1)qρq =
N−1∑
q=1

(−ρ)q =
(−ρ){1− (−ρ)N−1}

1− (−ρ)
= −ρ{1− (−ρ)N−1}

1 + ρ
.

Since N is odd, N − 1 is even, and hence (−ρ)N−1 = ρN−1. Therefore,

N−1∑
q=1

(−1)qρq = −ρ(1− ρN−1)

1 + ρ
=

ρ(ρN−1 − 1)

1 + ρ
=

ρN − ρ

1 + ρ
. (13)

Similarly,
N−1∑
q=1

(−1)qρN−q = ρN
N−1∑
q=1

(−1)qρ−q = ρN
N−1∑
q=1

(−ρ−1)q.

Again by the geometric series,

N−1∑
q=1

(−ρ−1)q =
(−ρ−1){1− (−ρ−1)N−1}

1 + ρ−1
.
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Since N − 1 is even, (−ρ−1)N−1 = ρ−(N−1), and using 1 + ρ−1 = (ρ+ 1)/ρ we obtain

N−1∑
q=1

(−ρ−1)q =
(−ρ−1)(1− ρ−(N−1))

(ρ+ 1)/ρ
= −1− ρ−(N−1)

ρ+ 1
.

Thus,
N−1∑
q=1

(−1)qρN−q = ρN
(
−1− ρ−(N−1)

ρ+ 1

)
= −ρN − ρ

ρ+ 1
. (14)

Using (13) and (14), we have

N−1∑
q=1

(−1)q(ρq − ρN−q) =
ρN − ρ

ρ+ 1
−
(
−ρN − ρ

ρ+ 1

)
=

2(ρN − ρ)

ρ+ 1
.

Hence

S(N, ρ) = (N − 1)(ρN − 1) +
2(ρN − ρ)

ρ+ 1
.

Substituting this into Kf(GN,1) =
N

∆(ρN + 1)
S(N, ρ) yields the closed form

Kf(GN,1) =
N

∆(ρN + 1)

{
(N − 1)(ρN − 1) +

2(ρN − ρ)

ρ+ 1

}
. (15)

We now derive the asymptotics ofKf(GN,1). Since ρ > 1, the term ρ−N is exponentially

small, and hence

ρN − 1

ρN + 1
= 1 +O(ρ−N),

ρN − ρ

ρN + 1
= 1 +O(ρ−1).

Therefore, from (15),

Kf(GN,1) =
N

∆

(
(N − 1) +

2

ρ+ 1

)
+O

(
N

∆
ρ−N

)
.

Since ρ ∼ N and ∆ ∼ N , we have

N

∆
· 2

ρ+ 1
= O(N−1),

and hence

Kf(GN,1) =
N(N − 1)

∆
+O(N−1).

Thus we obtain the following.

Theorem 5.2.

Kf(GN,1) ∼
N2

∆
∼ N2

N
= N (N → ∞).

For the complete graph, Kf(KN) = N − 1, and hence the Kirchho� index remains of

the same order.
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5.4. Asymptotics of the number of spanning trees

By Theorem 4.4,

τ(GN,1) =
1

N

(ρN + 1)2

ρN−1(ρ+ 1)2
.

Using ρ ∼ N − 2, we obtain

τ(GN,1) ∼
ρ2N

N ρN−1ρ2
=

ρN−1

N
,

and hence

τ(GN,1) ∼
(N − 2)N−1

N
.

On the other hand, by Cayley's formula,

τ(KN) = NN−2.

Taking the ratio gives

τ(GN,1)

τ(KN)
∼ (N − 2)N−1

NN−1
=

(
1− 2

N

)N−1

.

Therefore we obtain:

Theorem 5.3.

lim
N→∞

τ(GN,1)

τ(KN)
= e−2.

In other words, deleting all distance-1 edges decreases the number of spanning trees by

the exponential factor e−2.

In summary, the distance-1 deletion graph GN,1 has the same local order of resistance as

the complete graph. At the same time, the number of spanning trees decays exponentially

by a factor e−2, while the Kirchho� index grows linearly in N .

6. Conclusion

In this paper, we studied a family of circulant graphs obtained from the complete graph

KN by deleting all edges belonging to a prescribed cyclic distance class. We derived, in a

uni�ed manner, formulas for the e�ective resistance, the expected hitting time, the number

of spanning trees, and the number of two-component spanning forests, based on the

Laplacian eigenvalues. For general distance-class deletions, these quantities admit natural

spectral representations, but one should not expect readable closed forms in general.

In particular, we clari�ed that for a single deleted distance class r with gcd(r,N) = 1,

the graph GN,r is isomorphic to GN,1. Thus, all spectral and combinatorial quantities in

this setting reduce to the case r = 1.

On the other hand, when the deleted distance class is r = 1 (and hence also for all

r with gcd(r,N) = 1), and the number of vertices N is assumed to be odd, we showed

that remarkably simple closed forms hold. For the distance-1 deletion, the eigenvalue
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denominator becomes a linear cosine expression, which reduces to a quadratic polynomial

under the complex-variable substitution. This yields explicit exponential-type formulas

for the resistance distance and for the spanning tree count.

We emphasize that the resistance formula itself is closely related to earlier work of

Chair [3], where exact expressions for the complete graph minus a Hamiltonian cycle

were derived. The contribution of the present paper lies in providing a uni�ed spectral

derivation and in extending the analysis to include explicit formulas for spanning trees,

two-component spanning forests, and hitting times, as well as their asymptotic behavior.

Furthermore, the case r = 2 is not a separate phenomenon but a special instance of this

general isomorphism. Indeed, the map x 7→ 2−1x (mod N) induces a graph isomorphism

GN,2
∼= GN,1 when N is odd, and therefore both the e�ective resistance and the spanning

tree count reduce completely to those of the case r = 1. This shows that the coincidence

of spectra is a consequence of a structural equivalence rather than a mere permutation of

eigenvalues.

We also performed an asymptotic analysis. For each �xed distance h = h(u, v) ≥ 1

independent of N , the resistance distance has the same order 2/N as in KN , whereas the

number of spanning trees decays exponentially by the factor e−2. In addition, we showed

that the Kirchho� index remains of linear order in N .

These results demonstrate that the simple operation of deleting a distance class pro-

duces precise and quantitative changes in the spectral structure and in combinatorial

invariants of highly symmetric graphs.

At the same time, we note that for more general distance sets S, especially when

gcd(r,N) > 1 or when multiple distance classes are removed, the structure may di�er

substantially, and the present analysis does not yield comparable closed forms. Thus, the

general theory remains at the level of spectral representations in such cases.

Possible directions for future work include the analysis of the eigenvalue structure when

multiple distance classes are deleted simultaneously, as well as a systematic understanding

of the symmetry-breaking phenomena that appear for even N . It is also an interesting

problem to investigate whether similar closed forms can be obtained for other highly

symmetric graph families.

References

[1] R. B. Bapat. Graphs and Matrices. Springer, 2010.

[2] S. Chaiken. A combinatorial proof of the all minors matrix tree theorem. SIAM Journal on

Algebraic and Discrete Methods, 3:319�329, 1982. https://doi.org/10.1137/0603033.

[3] N. Chair. Exact two-point resistance, and the simple random walk on the complete graph
minus N edges. Annals of Physics, 327(12):3116�3129, 2012. https://doi.org/10.1016/
j.aop.2012.09.002.

[4] N. Chair. The e�ective resistance of the N -cycle graph with four nearest neighbors. Journal
of Statistical Physics, 154:1177�1190, 2014. https://doi.org/10.1007/s10955-014-
0916-z.

https://doi.org/10.1137/0603033
https://doi.org/10.1016/j.aop.2012.09.002
https://doi.org/10.1016/j.aop.2012.09.002
https://doi.org/10.1007/s10955-014-0916-z
https://doi.org/10.1007/s10955-014-0916-z


300 shunya tamura

[5] A. K. Chandra, P. Raghavan, W. L. Ruzzo, R. Smolensky, and P. Tiwari. The electrical
resistance of a graph captures its commute and cover times. In Proceedings of the 21st

ACM Symposium on Theory of Computing, pages 574�586, 1989. https://doi.org/10.
1145/73007.73062.

[6] P. J. Davis. Circulant Matrices. Wiley, 1979.

[7] P. G. Doyle and J. L. Snell. Random Walks and Electric Networks. Mathematical Associ-
ation of America, 1984.

[8] G. Kirchho�. Über die au�ösung der gleichungen, auf welche man bei der untersuchung
der linearen vertheilung galvanischer ströme geführt wird. Annalen der Physik und Chemie,
72:497�508, 1847. https://ui.adsabs.harvard.edu/link_gateway/1847AnP...148.
.497K/doi:10.1002/andp.18471481202.

[9] D. J. Klein and M. Randi¢. Resistance distance. Journal of Mathematical Chemistry, 12:81�
95, 1993. https://doi.org/10.1007/BF01164627.

[10] F. Y. Wu. Theory of resistor networks: the two-point resistance. Journal of Physics A:

Mathematical and General, 37:6653�6673, 2004. https : / / doi . org / 10 . 1088 / 0305 -
4470/37/26/004.

Shunya Tamura
Okegawa City Okegawa West Junior High School, Saitama, 363-0027, Japan
E-mail shunya.tamura059@gmail.com

https://doi.org/10.1145/73007.73062
https://doi.org/10.1145/73007.73062
https://ui.adsabs.harvard.edu/link_gateway/1847AnP...148..497K/doi:10.1002/andp.18471481202
https://ui.adsabs.harvard.edu/link_gateway/1847AnP...148..497K/doi:10.1002/andp.18471481202
https://doi.org/10.1007/BF01164627
https://doi.org/10.1088/0305-4470/37/26/004
https://doi.org/10.1088/0305-4470/37/26/004
mailto:shunya.tamura059@gmail.com

	Introduction
	Preliminaries and known results
	Spectral representations for general distance-class deletions
	Closed forms for distance-class deletions
	The complete graph with distance-1 edges removed
	The complete graph with distance-2 edges removed

	Asymptotic and structural consequences
	Asymptotics of  and 
	Limit of R^(1)(u,v) for fixed q
	Kirchhoff index
	Asymptotics of the number of spanning trees

	Conclusion

