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abstract

The present paper gives a detailed study of the structural theory of triple θ-skew cyclic

codes where the codes are over Fq. We give a complete characterization of these codes,

focusing on their representation as modules. We identify the generator polynomials for

the triple skew-cyclic codes as well as those of their duals. We explore the properties

of these generator polynomials and their relationship to the code's structure. Addition-

ally,To illustrate our approach, we give concrete instances of triple θ-skew cyclic codes

to demonstrate how these structures can behave in practice. The special instances we

present reveal that such codes are capable of achieving strong parameters under certain

conditions.
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2020 Mathematics Subject Classi�cation: 94B05, 94B15, 16S36.

1. Introduction

The developments in coding theory over �nite rings, particularly �nite chain rings [2, 3],

have drawn the interest of numerous researchers since the early 1970s, taking advantage

of the algebraic richness of �nite rings, the present work extends the classical framework

of coding theory formulated over Fq [15].

Cyclic codes have served as a fundamental aspect of coding theory since their intro-

duction, providing elegant algebraic structures along with e�cient encoding and decoding

algorithms [12]. These codes characterized by their invariance under cyclic shifts, have

been extensively studied over �nite �elds and rings, enabling many practical applications

in communication networks and storage technologies [14]. The classical framework of
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cyclic codes was later extended to skew-cyclic codes with respect to θ by introducing

the ring of skew-polynomial, enabling non-commutative algebraic constructions. This

generalization, pioneered by [6, 7, 8]. The exploration of multi-component cyclic codes

began with double cyclic codes, which partition coordinates into two cyclic subsets in [5]

characterized Z2 -double cyclic codes as Z[x]-submodules, while [9] extended this to Z4.

Further innovations emerged with double θ-skew cyclic codes, combining skew polynomial

rings with multi-component structures. Aydogdu et al. [1] recently established the alge-

braic foundations of these codes over Fq, determining generator polynomials and duals

under Frobenius automorphisms. Concurrently, triple cyclic codes were introduced as a

three-component generalization. Mostafanasab [13] investigated their structure over Z2,

demonstrating their representation as Z2[x]-submodules and analyzing duality. However,

the integration of skew cyclic properties into multi-component frameworks remains un-

derexplored, particularly for triple-length codes. This gap motivates our work on triple

θ-skew cyclic codes, which unify the algebraic richness of skew polynomial rings with the

�exibility of tripartite cyclic structures, by the same method in [4] we investigate a rela-

tionship between the ring Fq[x, θ] and Fq [x, θ, δ] and we construct a generator polynomial

for triple (θ)-skew cyclic codes over Fq, derived from the factorization of skew polynomi-

als under under Frobenius automorphisms, alongside the characterization of its dual via

a reciprocal polynomial relationship in the non-commutative setting. This work bridges

the gap between multi-component cyclic codes and skew algebraic structures, o�ering

new tools for code design in asymmetric communication channels and quantum-resistant

cryptography. Our results generalize earlier �ndings on double skew cyclic codes [1] and

triple cyclic codes [13], while introducing novel techniques for handling three-dimensional

skew cyclic invariance.

The paper is arranged as below: Section 2 includes fundamental de�nitions and nota-

tion. Section 3 we de�ne the triple θ-skew cyclic codes over Fq of length n = α + β + γ.

Section 4 is for the dual of this kind of codes. Section 5 We present some examples of opti-

mal and maximum distance separable (MDS) codes (α, β, γ) over Fq×Fq×Fq illustrating

how these codes can attain strong parameters in speci�c cases.

2. Preliminaries

Let Fq be a �nite �eld with q elements with q = pm such that p is a prime and m is a

positive integer. We de�ne the noncommutative ring Fq[x, θ, δ] as the set of polynomials

{aαxα + · · ·+ a1x+ a0 : ai ∈ Fq} .

The structure of the ring is determined by:

� θ, which is an automorphism de�ned as a power of the Frobenius map (z 7→ zp).

� δ, which is a θ-derivation given by δ(c) = θ(c) − c, with c ∈ Fq. Also known as an

inner derivation.

� In several instances, we replaced δ with δa, where δa is the θ-derivation de�ned by

δa(b) = ab− θ(b)a, for all b ∈ Fq.
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In Fq[x, θ, δ], addition is performed using standard polynomial addition, whereas mul-

tiplication is de�ned iteratively, beginning with the relation

x · c = θ(c)x+ δ(c), for all c ∈ Fq,

and this extension applies to every element in the ring via the associativity and distribu-

tivity axioms. This construction gives us the ring of skew polynomial with derivation, the

elements of this ring are simply referred to as skew polynomials.

The ring Fq[x, θ, δ] possesses both left-Euclidean and right-Euclidean structures, mean-

ing that every left and right ideal in this ring is principal, generated by a single element.

Take f, g ∈ Fq[x, θ, δ] satisfy deg f = n suppose that g |r f and f = h g for some

h ∈ Fq[x, θ, δ], then the set C =
Fq[x, θ, δ] g

Fq[x, θ, δ] f
, is a left Fq[x, θ, δ]-submodule of the quotient

module
Fq[x, θ, δ]

Fq[x, θ, δ] f
, and is known as a θ-module-code. This code is of length n = deg(f)

and its dimension is k = deg(f)− deg(g).

If f = xn − 1 and g is right divisor of xn − 1, then C is θ-cyclic, for more details see [7].

A code C ⊆ Fα
q is called a skew-cyclic code (relative to the automorphism θ) if C is

linear over Fq and for every codeword c = (c0, c1, . . . , cα−1) ∈ C, it follows that the θ-skew
shift

(θ(cα−1), θ(c0), . . . , θ(cα−2)),

also a member of C.

Proposition 2.1. [11] Let n be a positive integer and λ be a unit in R. Then the following

statements are equivalent:

(a) xn − λ is central in R[x; θ].

(b) ⟨xn − λ⟩ is two-sided.
(c) n is a multiple of the order of σ and λ is �xed by σ.

If |⟨θ⟩|/α then Sα = Fq [x,θ]

(xα−1)
, is a ring, provided that (xα − 1) is a two-sided ideal, the

ideal (xα − 1) in Fq[x, θ] is two-sided precisely when xα − 1 lies in the center of the ring.

In this paper we assume that |⟨θ⟩|/gcd(α, β, γ).
Every left ideal I ⊆ Sα is an ideal generated by (I(x) + ⟨xα − 1⟩) where I(x)|r(xα − 1)

in Fq[x, θ] ( see[6], Theorem 1).

For g(x) + (xα − 1) ∈ Sα and l(x) ∈ Fq[x, θ], de�ne the left multiplication ⋆

l(x) ⋆ (g(x) + (xα − 1)) = l(x)g(x) + (xα − 1).

To represente vectors in Fα
q with polynomials in Sα, we use the isomorphism:

ξ : Fα
q → Fq[x, θ]/(x

α − 1),

(c0, c1, . . . , cα−1) 7→ c0 + c1x+ c2x
2 + · · ·+ cα−1x

α−1.

This ξ is an Fq[x, θ]-module isomorphism, allowing vectors and polynomials to be iden-

ti�ed seamlessly.
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We consider the set S= Fα
q × Fβ

q × Fγ
q = {(a1|a2|a3) : a1 ∈ Fα

q , a2 ∈ Fβ
q , a3 ∈ Fγ

q} where

α, β and γ are positives integers.

Let (c|c′|c′′) ∈ Fα
q × Fβ

q × Fγ
q , u ∈ Fq and the operation "." de�ned by :

Fq × (Fα
q × Fβ

q × Fγ
q ) → Fα

q × Fβ
q × Fγ

q ,

u.(c|c′ |c′′) → (uc|uc′|uc′′).
It is clear that S is a left Fq -module with the addition and the external operation ′′.′′,

this is a left Fq -module with qα+β+γ elements.

Now let u,v ∈ Fα
q × Fβ

q × Fγ
q , where

u = (u0, · · · , uα−1|u′
0, · · · , u′

β−1|u′′
0, · · · , u′′

γ−1),

and

v = (v0, · · · , vα−1|v′0, · · · , v′β−1|v′′0 , · · · , v′′γ−1).

De�ne < u.v > as

< u.v >=(u0, · · · , uα−1|u′
0, · · · , u′

β−1|u′′
0, · · · , u′′

γ−1).(v0, · · · , vα−1|v′0, · · · , v′β−1|v′′0 , · · · , v′′γ−1)

=
α∑

i=0

uivi +

β∑
j=0

u′
jv

′
j +

γ∑
k=0

u′′
kv

′′
k .

Let C ⊆ Fα
q × Fβ

q × Fγ
q be a code of length (α, β, γ). Its dual is de�ned by

C⊥ = {u ∈ Fα
q × Fβ

q × Fγ
q | ⟨u, v⟩ = 0 for all v ∈ C},

where ⟨u, v⟩ denotes the standard inner product.

Let C ⊆ Fn
q . Then C is called a skew-cyclic code of length n over Fq if whenever

(c1, c2, . . . , cn) ∈ C,

it follows that

(θ(cn), θ(c1), . . . , θ(cn−1)) ∈ C.
The set Sα,β,γ = Sα × Sβ × Sγ = Fq [x,θ]

(xα−1)
× Fq [x,θ]

(xβ−1)
× Fq [x,θ]

(xγ−1)
, is a ring if the ideals (xα − 1),

(xβ − 1) and (xγ − 1) are both left and right ideals, it means that the ordre of θ divide α,

β and γ.

Moreover We de�ne the opertion ⋆ :

⋆ : Fq[x, θ]× Sα,β,γ → Sα,β,γ

k(x) ⋆ (g(x) | h(x) | l(x))
= (k(x)g(x) mod (xα − 1) | k(x)h(x) mod (xβ − 1) | k(x)l(x) mod (xγ − 1)),

where k(x) ∈ Fq[x, θ] and (g(x) | h(x) | l(x)) ∈ Sα,β,γ. Clearly that Sα × Sβ × Sγ is a left

Fq[x, θ]-module with the externel operation ⋆.

The map given by :

(c0, · · · , cα−1|c′0, · · · , c′β−1|c”0, · · · , c”γ−1)

→ (c0 + ...+ cα−1x
α−1|(c′0 + ...+ c′β−1x

β−1|(c”0 + ...+ c”γ−1x
γ−1),

is a map between Fα
q × Fβ

q × Fγ
q and Sα,β,γ and it is an Fq[x, θ]-module isomorphism, that

enables us to identify the vectors with polynomials.
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3. Triple θ-skew cyclic code

In what follows, triple skew-cyclic codes over Fq are investigated from an algebraic stand-

point, and their generator polynomials are given.

From now on, we note Sk =
Fq [x,θ]

⟨(xk−1)⟩ where k = α, β, γ and m.

Also, Sα,β,γ = Fq [x,θ]

⟨(xα−1)⟩ ×
Fq [x,θ]

⟨(xβ−1)⟩ ×
Fq [x,θ]

⟨(xγ−1)⟩ .

De�nition 3.1. Let C be a cyclic code over Fq, if any

u =
(
c0, · · · , cα−1, c

′
0, · · · , c′β−1, c

′′
0, · · · , c′′γ−1)

)
∈ C,

implies that(
θ(cα−1), θ(c0), · · · , θ(cα−2), θ(c

′
β−1), θ(c

′
0), · · · , θ(c′β−2), θ(c”γ−1), θ(c”0), · · · , θ(c”γ−2)

)
∈ C,

then C is triple skew-cyclic codes over Fq of length n = α + β + γ.

To analyze the algebraic structural properties of this kind of codes,together with a

determination of their canonical generators we dives into this lemma :

Lemma 3.2. ( [6]) C is a skew-cyclic code of length n ⇐⇒ C is a left ideal of Sn

The following lemma is immediately apparent from the formulation of a Fq-triple θ-skew

cyclic code.

Lemma 3.3. The following are equivalent for C ∈ Sα,β,γ

� C is an Fq -triple θ-skew cyclic code

� C is left Fq[x, θ]-submodule of Sα,β,γ

Theorem 3.4. let C be an Fq -triple θ-skew cyclic code then C is of the form :

C = ⟨((A1(x)|0|0)), ((0|A2(x)|0))|((B1(x)|B2(x)|A3(x)))⟩,

where A1(x) is a monic right divisor of xα−1 and A2(x) is a monic right divisor of xβ−1

and A3(x) is a monic right divisor of xγ − 1, B1(x) ∈ Sα, B2(x) ∈ Sβ, deg (B1(x)) < deg

(A1(x)) and deg (B2(x)) < deg (A2(x)).

Proof. Let C be an Fq-triple (θ, δ)-skew cyclic code. The canonical surjection

ϕ : C → Sγ(b1(x)|b2(x)|b3(x)) → b3(x),

is a homomorphism of left Fq[x, θ]-modules. Since Im(ϕ) is an ideal of Sγ, consequently,

one can �nd A3(x) ∈ Fq[x, θ, δ] with the property that A3(x) is a monic right divisor of xγ−
1, so Im(ϕ) = ⟨A3(x)⟩, it's clear that ker(ϕ) = {(b1(x)|b2(x)|0) ∈ Sα,β,γ|(b1(x)|b2(x)|0) ∈
C}. De�ne the set J to be :

J = {(b1(x)|b2(x)) ∈ Sα,β|(b1(x)|b2(x)|0) ∈ Ker(ϕ)}.
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It is straightforward to verify that J is a left ideal of Sα,β, then J = J1 × J2 for some

ideal J1 ⊆ Sα and J2 ⊆ Sβ.

Note that Sα,β = Sα × Sβ is a direct product ring, with componentwise addition and

multiplication:

(u1, u2) + (v1, v2) = (u1 + v1, u2 + v2), (u1, u2)(v1, v2) = (u1v1, u2v2).

In particular, (1, 0) and (0, 1) are central idempotents in Sα,β.

De�ne

J1 := {u ∈ Sα | ∃ v ∈ Sβ such that (u, v) ∈ J},

J2 := {v ∈ Sβ | ∃u ∈ Sα such that (u, v) ∈ J}.

Then J1 is a left ideal of Sα and J2 is a left ideal of Sβ. Moreover,

J = J1 × J2.

Indeed, if (u, v) ∈ J , since J is a left ideal of Sα,β we have

(u, 0) = (1, 0)(u, v) ∈ J, (0, v) = (0, 1)(u, v) ∈ J,

and hence (u, v) = (u, 0)+(0, v) ∈ J1×J2, so J ⊆ J1×J2. Conversely, if u ∈ J1 and v ∈ J2,

choose v′ and u′ such that (u, v′) ∈ J and (u′, v) ∈ J . Then (u, 0) = (1, 0)(u, v′) ∈ J and

(0, v) = (0, 1)(u′, v) ∈ J , so (u, v) = (u, 0) + (0, v) ∈ J . Thus J1 × J2 ⊆ J , proving

J = J1 × J2.

There are a skew polynomials A1(x), A2(x) such that A1(x), A2(x) are a monic right

divisors of xα − 1 and xβ − 1, respectively, such that J1 = ⟨A1(x)⟩, J2 = ⟨A2(x)⟩, therefor
J = ⟨(A1(x)|0), (0|A2(x))⟩. Now we can see easy that ker(ϕ) = ⟨(A1|0|0), (0|A2|0)⟩, by the

�rst isomorphism theorem, we have :

C

Ker(ϕ)
≃ ⟨A3(x)⟩.

Let (B1(x)|B2(x)|A3(x) ∈ C then ϕ((B1(x)|B2(x)|A3(x)) = A3(x) then

C = ⟨((A1(x)|0|0)), ((0|A2(x)|0))|((B1(x)|B2(x)|A3(x)))⟩.

By the right division algorithm, there exist polynomials such that, B1(x) = q1(x)A1(x)+

r1(x), with

deg(r1(x)) < deg(A1(x)), and B2(x) = q2(x)A2(x)+ r2(x), with deg(r2(x)) < deg(A2(x)).

It follows that (r1(x) | r2(x)|A3(x)) = (B1(x)−q1(x)A1(x) |B2(x)−q2(x)A2(x) |A3(x)) =

(B1(x) |B2(x) |A3(x))− q1(x)(A1(x) | 0| 0)− q2(x)(0 |A2(x)| 0) ∈ C. Therefore, we may as-

sume that deg(B1(x)) < deg(A1(x)) and deg(B2(x)) < deg(A2(x)).

There is a relationship between the ring Fq[x, θ] × Fq[x, θ] × Fq[x, θ] and Fq [x, θ, δa] ×
Fq [x, θ, δa] × Fq [x, θ, δa], using the change of variables y = x + a to transform the ring

Fq [x, θ, δa]×Fq [x, θ, δa]×Fq [x, θ, δa] into the pure-automorphism ring Fq[y, θ]×Fq[y, θ]×
Fq[y, θ]. If δa = 0, then these two rings become the same.
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The factorization of (xα − 1) ,
(
xβ − 1

)
and (xγ − 1) over Fq [x, θ, δa] are not unique.

We use the change of variables y = x+ a to transform the rings Fq [x, θ, δa] into the pure-

automorphism rings Fq[y, θ]. We then obtain the factorizations of (yα − 1) ,
(
yβ − 1

)
and

(yγ − 1) over the new rings and they are the same as the factorizations of (yα − 1) ,
(
yβ − 1

)
and (yγ − 1) over Fq [x, θ, δa]. For this correspondence we have:

Proposition 3.5. The map

Ψ : Fq[x; θ, δa] −→ Fq[y, θ], Ψ(c) = c (c ∈ Fq), Ψ(x) = y − a,

is a ring isomorphism. Equivalently, for f(x) =
t∑

i=0

cix
i one has

Ψ

(
t∑

i=0

cix
i

)
=

t∑
i=0

ci(y − a)i.

Its inverse is given by Ψ−1(c) = c and Ψ−1(y) = x+ a.

Proof. Let R = Fq[x, θ, δa] and S = Fq[y; θ], where δa(c) = θ(c)a− ac (c ∈ Fq).

Recall thatR is generated by Fq and x subject to the rule xc = θ(c)x+δa(c) (c ∈ Fq),

and S is generated by Fq and y subject to

yc = θ(c)y (c ∈ Fq).

De�ne Ψ on generators by Ψ(c) = c for c ∈ Fq and Ψ(x) = y − a. To see that this

extends to a ring homomorphism R → S, it su�ces to check that the de�ning relation of

R is preserved. For c ∈ Fq we compute in S:

Ψ(x) c = (y − a)c = yc− ac = θ(c)y − ac = θ(c)(y − a) + θ(c)a− ac = θ(c)Ψ(x) + δa(c).

Since Ψ(θ(c)x+ δa(c)) = θ(c)Ψ(x) + δa(c), we obtain

Ψ(xc) = Ψ(θ(c)x+ δa(c)),

so Ψ is a well-de�ned ring homomorphism.

De�ne Ψ−1 : S → R by Ψ−1(c) = c for c ∈ Fq and Ψ−1(y) = x+ a. Again, it su�ces to

verify the de�ning relation of S: for c ∈ Fq, using xc = θ(c)x+ δa(c) in R,

(x+ a)c = xc+ ac = θ(c)x+ δa(c) + ac = θ(c)x+ θ(c)a− ac+ ac = θ(c)(x+ a).

Hence Ψ−1(y)c = θ(c)Ψ−1(y), so Ψ−1 is a well-de�ned ring homomorphism.

Finally,

Ψ−1(Ψ(x)) = Ψ−1(y − a) = x and Ψ(Ψ−1(y)) = Ψ(x+ a) = y,

and both maps �x Fq. Therefore Ψ and Ψ−1 are inverses, and Ψ is a ring isomorphism.

From Theorem 3.4 and the ring homomorphism Ψ, we have the following corollary

which classi�es all:
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Corollary 3.6. Let C triple θ-skew cyclic code over Fq generated by

C = ⟨((A1(x)|0|0)), ((0|A2(x)|0))|((B1(x)|B2(x)|A3(x)))⟩,

then C = ⟨((A1(y)|0|0)), ((0|A2(y)|0))|((B1(y)|B2(y)|A3(y)))⟩ where A1(y), A2(y) and A3(y)

are monic right divisor of yα−1, yβ −1 and yγ −1 respectively, B1(y) and B2(y) ∈ Fq [y;θ]

(yα−1)

and Fq [y;θ]

(yβ−1)
respectively, also degB1(y) < degA1(y) and degB2(y) < degA2(y).

Example 3.7. Let F4 = {0, 1, ω, ω2} with ω2 = ω+ 1. Let θ(α) = α2 for α ∈ F4, and let

δω2 be the derivation de�ned by δω2(b) = θ(b)ω2 − ω2b.

Consider the triple θ-skew cyclic code over F4[x, θ, δω2 ]:

C =
〈(
(x2 + ω2 | 0 | 0)

)
,
(
(0 |x2 + x | 0)

) ∣∣ ((1 |ω |x+ ω2)
)〉

.

Apply the change of variables y = x+ω2, transforming the ring F4[x, θ, δω2 ] into F4[y, θ]

via the homomorphism Ψ:

Ψ(x) = y − ω2, ϕ
(∑

aix
i
)
=
∑

ai(y − ω2)i.

Transformations:

� Ψ (x2 + ω2) = (y − ω2)2 + ω2 = y2 + ω + ω2 = y2 + 1

� Ψ (x2 + x) = (y − ω2)2 + (y − ω2) = y2 + ω + y − ω2 = y2 + y + 1

� Ψ (1) = 1, Ψ (ω) = ω, Ψ (x+ ω2) = y

The transformed code over F4[y, θ] is:

C̃ =
〈(
(y2 + 1 | 0 | 0)

)
,
(
(0 | y2 + y + 1 | 0)

) ∣∣ ((1 |ω | y))
〉
.

From now on, we note Sk =
Fq [x,θ]

⟨(xk−1)⟩ where k = α, β, γ and m. Also, Sα,β,γ = Fq [x,θ]

⟨(xα−1)⟩ ×
Fq [x,θ]

⟨(xβ−1)⟩ ×
Fq [x,θ]

⟨(xγ−1)⟩

Corollary 3.8. Let C be triple θ-skew cyclic code over Fq generated by

C = ⟨((A1(x)|0|0)), ((0|A2(x)|0))|((B1(x)|B2(x)|A3(x)))⟩,

then C can holds 8 types,which are all the possible forms of C:
- 1 : The two trivial forms ”0, Sα,β,γ”

- 2 : Sn((A1(x)|0|0))
- 3 : Sn((0|A2(x)|0))
- 4 : Sn((B1(x)|B2(x)|A3(x)))

- 5 : Sn((A1(x)|0|0)) + Sn((0|A2(x)|0))
- 6 : Sn((A1(x)|0|0)) + Sn((B1(x)|B2(x)|A3(x)))

- 7 : Sn((0|A2(x)|0)) + Sn((B1(x)|B2(x)|A3(x)))

- 8 : Sn((A1(x)|0|0)) + Sn((0|A2(x)|0)) + Sn((B1(x)|B2(x)|A3(x)))
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Proof. Let C be an Fq -triple skew cyclic code of length (α, β, γ) ,

C = ⟨((A1(x)|0|0)), ((0|A2(x)|0))|((B1(x)|B2(x)|A3(x)))⟩.

- (Type 1) we have two trival cases:

(a)- if we take deg(A1(x)) = deg(A2(x)) = deg(A3(x)) = 0 and B1(x) = B2(x) = 0

then C = Sα,β,γ.

(b)- if we take A1(x) = xα − 1, A2(x) = xβ − 1, A3(x) = xγ − 1 and B1(x) = B2(x) = 0

then C = 0.

- (Type 2) if we take : 0 < deg(A1(x)) < α , A2(x) = xβ − 1, A3(x) = xγ − 1 and

B1(x) = B2(x) = 0

then C = Sn((A1(x)|0|0)).
-(Type 3) if we take : 0 < deg(A2(x)) < β , A1(x) = xα − 1, A3(x) = xγ − 1 and

B1(x) = B2(x) = 0

then C = Sn((0|A2(x)|0)).
-(Type 4) if we take : 0 < deg(A3(x)) < γ , A1(x) = xα − 1, A2(x) = xβ − 1 then

C = Sn(B1(x)|B2(x)|A3(x)).

-(Type 5) if we take ; 0 < deg(A1(x)) < α , 0 < deg(A2(x)) < β , A3(x) = xγ − 1 and

B1(x) = B2(x) = 0

then C = Sn((A1(x)|0|0)) + Sn((0|A2(x)|0)).
-(Type 6) if we take : 0 < deg(A1(x)) < α , 0 < deg(A3(x)) < γ , A2(x) = xβ − 1 then

C = Sn((A1(x)|0|0)) + Sn(B1(x)|B2(x)|A3(x)).

-(Type 7) if we take : 0 < deg(A2(x)) < β , 0 < deg(A3(x)) < γ , A1(x) = xα − 1 then

C = Sn((0|A2(x)|0)) + Sn(B1(x)|B2(x)|A3(x)).

-(Type 8) if we take : 0 < deg(A1(x)) < α , 0 < deg(A2(x)) < β , 0 < deg(A3(x)) < γ,

then C = Sn((A1(x)|0|0)) + Sn((0|A2(x)|0)) + Sn(B1(x)|B2(x)|A3(x)).

Theorem 3.9. Let C = ⟨(A1(x)|0|0) , (0 |A2(x)| 0) , (B1(x) |B2(x)|A3(x))⟩ be a triple skew

cyclic code of length (α, β, γ) over Fq. De�ne the sets

M1 =

α−deg(A1(x))−1⋃
i=0

{
xi ∗ (A1(x)|0|0)

}
,

M2 =

β−deg(A2(x))−1⋃
i=0

{
xi ∗ (0 |A2(x)| 0)

}
,

M3 =

γ−deg(A3(x))−1⋃
i=0

{
xi ∗ (B1(x) |B2(x)|A3(x))

}
.

Then the following statements hold :

(1) ⟨M1⟩ = ⟨ (A1(x)|0|0) ⟩
(2) ⟨M2⟩ = ⟨ (0|A2(x)|0) ⟩
(3) ⟨ (B1(x)|B2(x)|A3(x)) ⟩ ⊆ ⟨M1 ∪M2 ∪M3⟩
(4) The set M1 ∪M2 ∪M3 generates C minimally.

(5) |C|= q α+β+γ−deg(A1(x))−deg(A2(x))−deg(A3(x)).
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Proof. (1) It is clear that

⟨M1⟩ ⊆ ⟨(A1(x) | 0 | 0)⟩.

Now let p1(x) ∈ R = Fq[x, θ]. We show that

p1(x) ∗ (A1(x) | 0 | 0) ∈ ⟨M1⟩.

Since Fq[x, θ] is right Euclidean, by right division there exist q1(x), r1(x) ∈ Fq[x, θ] such

that

p1(x) = q1(x)h1(x) + r1(x),

where either r1(x) = 0 or

deg r1(x) < deg h1(x) = α− deg(A1(x)).

Therefore

p1(x) ∗ (A1(x) | 0 | 0) = (q1(x)h1(x) + r1(x)) ∗ (A1(x) | 0 | 0)
= q1(x) ∗ (h1(x)A1(x) | 0 | 0) + r1(x) ∗ (A1(x) | 0 | 0)
= q1(x) ∗ (xα − 1 | 0 | 0) + r1(x) ∗ (A1(x) | 0 | 0)
= r1(x) ∗ (A1(x) | 0 | 0).

Since deg r1(x) < α− deg(A1(x)), the polynomial r1(x) is an Fq-linear combination of

1, x, . . . , xα−deg(A1(x))−1. Hence

r1(x) ∗ (A1(x) | 0 | 0) ∈ ⟨M1⟩.

Thus

⟨(A1(x) | 0 | 0)⟩R ⊆ ⟨M1⟩,

and the equality follows.

(2) The proof is exactly the same as in part (1). Let p2(x) ∈ R. By right division,

p2(x) = q2(x)h2(x) + r2(x),

where either r2(x) = 0 or

deg r2(x) < deg h2(x) = β − deg(A2(x)).

Then

p2(x) ∗ (0 | A2(x) | 0) = (q2(x)h2(x) + r2(x)) ∗ (0 | A2(x) | 0)
= q2(x) ∗ (0 | h2(x)A2(x) | 0) + r2(x) ∗ (0 | A2(x) | 0)
= q2(x) ∗ (0 | xβ − 1 | 0) + r2(x) ∗ (0 | A2(x) | 0)
= r2(x) ∗ (0 | A2(x) | 0),

which belongs to ⟨M2⟩. Therefore

⟨M2⟩ = ⟨(0 | A2(x) | 0)⟩.
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(3) Let p3(x) ∈ R. We prove that

p3(x) ∗ (B1(x) | B2(x) | A3(x)) ∈ ⟨M1 ∪M2 ∪M3⟩.

Again by right division, there exist q3(x), r3(x) ∈ R such that

p3(x) = q3(x)h3(x) + r3(x),

where either r3(x) = 0 or

deg r3(x) < deg h3(x) = γ − deg(A3(x)).

Hence

p3(x) ∗ (B1(x) | B2(x) | A3(x)) = (q3(x)h3(x) + r3(x)) ∗ (B1(x) | B2(x) | A3(x))

= q3(x) ∗ (h3(x)B1(x) | h3(x)B2(x) | h3(x)A3(x))

+ r3(x) ∗ (B1(x) | B2(x) | A3(x))

= q3(x) ∗ (h3(x)B1(x) | h3(x)B2(x) | 0)
+ r3(x) ∗ (B1(x) | B2(x) | A3(x)).

Since deg r3(x) < γ − deg(A3(x)), we have

r3(x) ∗ (B1(x) | B2(x) | A3(x)) ∈ ⟨M3⟩.

Now, by the assumptions

A1(x) |r h3(x)B1(x), A2(x) |r h3(x)B2(x),

there exist λ1(x), λ2(x) ∈ R such that

h3(x)B1(x) = λ1(x)A1(x), h3(x)B2(x) = λ2(x)A2(x).

Therefore

q3(x) ∗ (h3(x)B1(x) | h3(x)B2(x) | 0) = q3(x) ∗ (λ1(x)A1(x) | λ2(x)A2(x) | 0)
= (q3(x)λ1(x)) ∗ (A1(x) | 0 | 0)

+ (q3(x)λ2(x)) ∗ (0 | A2(x) | 0).

By parts (1) and (2), this belongs to

⟨(S1 ∪ S2)⟩.

Consequently,

p3(x) ∗ (B1(x) | B2(x) | A3(x)) ∈ ⟨M1 ∪M2 ∪M3⟩,

and part (3) follows.
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(4) From the de�nition of C and parts (1)�(3), we obtain

C = ⟨(A1(x) | 0 | 0)⟩+ ⟨(0 | A2(x) | 0)⟩+ ⟨(B1(x) | B2(x) | A3(x))⟩
⊆ ⟨M1 ∪M2 ∪M3⟩.

The reverse inclusion is obvious because every element of M1 ∪M2 ∪M3 belongs to C.

Hence

C = ⟨M1 ∪M2 ∪M3⟩.

It remains to prove that M1 ∪M2 ∪M3 is linearly independent. Assume that

u(x) ∗ (A1(x) | 0 | 0) + v(x) ∗ (0 | A2(x) | 0) + w(x) ∗ (B1(x) | B2(x) | A3(x)) = (0 | 0 | 0),

where

deg u(x) < α−deg(A1(x)), deg v(x) < β−deg(A2(x)), degw(x) < γ−deg(A3(x)).

Looking at the third component, we get

w(x)A3(x) = 0 in Sγ.

Thus w(x)A3(x) is a left multiple of xγ − 1 = h3(x)A3(x). Since Fq[x, θ] is a domain,

we can cancel A3(x) on the right and obtain

w(x) = µ(x)h3(x),

for some µ(x) ∈ Fq[x, θ]. But

degw(x) < deg h3(x),

so necessarily w(x) = 0.

Now the relation becomes

u(x) ∗ (A1(x) | 0 | 0) + v(x) ∗ (0 | A2(x) | 0) = (0 | 0 | 0).

Looking at the second component, we obtain

v(x)A2(x) = 0 in Sβ.

As above, v(x)A2(x) is a left multiple of xβ − 1 = h2(x)A2(x), hence v(x) = ν(x)h2(x)

for some ν(x) ∈ R. Since

deg v(x) < deg h2(x),

we conclude that v(x) = 0.

Finally, looking at the �rst component gives

u(x)A1(x) = 0 in Sα.

Again u(x) must be a left multiple of h1(x), but

deg u(x) < deg h1(x),
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so u(x) = 0.

Hence M1 ∪M2 ∪M3 is linearly independent. Therefore it is a minimal generating set

of C as an Fq-vector space.

(5) Since M1 ∪M2 ∪M3 is a basis of C,

dim C = |M1|+|M2|+|M3|.

Now

|M1|= α− deg(A1(x)), |M2|= β − deg(A2(x)), |M3|= γ − deg(A3(x)).

Therefore

dim C = α + β + γ − deg(A1(x))− deg(A2(x))− deg(A3(x)).

Hence

|C|= q α+β+γ−deg(A1(x))−deg(A2(x))−deg(A3(x)).

Remark 3.10. The rows M1,M2 and M3 form the generator matrix of the code C.

Note 3.11. For the rest of the paper, when we mention C it is always

C = ⟨(A1(x)|0|0) , (0 |A2(x)| 0) , (B1(x) |B2(x)|A3(x))⟩ ,

a triple skew cyclic code of length n = α + β + γ over Fq.

4. Dual of the triple skew cyclic code

The section develops the dual theory for triple skew-cyclic codes over Fq, exhibiting how

generator polynomials transform under passage to the dual.

De�nition 4.1. ([7]) The reciprocal polynomial of b(x) = b0x
0 + · · · + bγx

γ ∈ Fq[x, θ]

where bγ ̸= 0, is de�ned by :

b∗(x) = bγ + θ(bγ−1)x+ · · ·+ θγ(b0)x
γ.

We can also expressed the reciprocal polynomial by

b∗(x) =

γ∑
i=0

θi (bγ−i) x
i.

Lemma 4.2. ( [8]) Let bi be an element of Fq, the map ϕ de�ned by:

ϕ : Fq[x, θ] −→ Fq[x, θ],
n∑

i=0

bix
i 7 −→

n∑
i=0

θ(bi)x
i,

is a ring homomorphism.
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Lemma 4.3. ( [1]) Let A(x), B(x) be two skew polynomial in Fq[x, θ], assume deg(A) less

then deg(B), then

� (A(x) +B(x))∗ = A∗(x) + xdegA−degBB∗(x).

� (AB)∗ = ϕdegA(B∗)A∗.

� (A∗)∗ = ϕn(A), where deg(A) = n.

Set σv(x) =
ν−1∑
j=0

xj, Since the unit element 1 is invariant by the automorphism θ. Con-

sequently, the subsequent lemma is immediate;

Lemma 4.4. Let r, s ∈ N. Then xrs − 1 = (xr − 1) σs(x
r) = σs(x

r)(xr − 1).

Proof.

We compute (xα − 1)σs(x
r) = (xα − 1)

β−1∑
j=0

xrj =
β−1∑
j=0

(xr(j+1) − xrj) = xrs − 1.

The equality σs(x
r)(xα − 1) = xrs − 1 is proved analogously. Here no commutativity

with coe�cients is needed, since only powers of x and the scalar 1 appear.

In what follows, we work in the quotient rings

Sm := Fq[x, θ]/⟨xm − 1⟩ m = lcm(α, β, γ),

where ⟨xm− 1⟩ denotes the two-sided ideal generated by xm− 1. (Throughout we assume

ord(θ) | m for the relevant lengths m so that xm − 1 is central and ⟨xm − 1⟩ is indeed

two-sided.) For f ∈ Fq[x, θ], we denote by f its residue class in Sm. All congruences

�mod(xm − 1)� are taken in Fq[x, θ] modulo the ideal ⟨xm − 1⟩.

De�nition 4.5. Let f(x) = (A1(x) |A2(x)|A3(x)) and g(x) = (B1(x) |B2(x)|B3(x)) be

two elements of Sα,β,γ, and m = lcm(α, β, γ). Consider the mapping ◦ :

Sα,β,γ × Sα,β,γ → Sm,

with
◦(f(x), g(x)) =A1(x)ϕ

m−deg(B1(x)) (B∗
1(x)) x

m−1−deg(B1(x))σm
α
(xα)

+ A2(x)ϕ
m−deg(B2(x)) (B∗

2(x)) x
m−1−deg(B2(x))σm

β

(
xβ
)

+ A3(x)ϕ
m−deg(B3(x)) (B∗

3(x)) x
m−1−deg(B3(x))σm

γ
(xγ) .

The composition ◦ is an bilinear map with respect to the Fq[x, θ]-modules.

Proposition 4.6. The mapping

◦ : Sα,β,γ × Sα,β,γ → Sm,

given in De�nition 4.5 is well-de�ned, i.e. it does not depend on the choice of represen-

tatives modulo ⟨xα − 1⟩, ⟨xβ − 1⟩, and ⟨xγ − 1⟩.
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Proof. We show independence in the �rst coordinate; the other two are identical.

Let A1, A
′
1 ∈ Fq[x, θ] be two representatives of A1 ∈ Sα. Then A′

1 − A1 ∈ ⟨xα − 1⟩,
so there exists U ∈ Fq[x, θ] with A′

1 − A1 = (xα − 1)U . Consider the di�erence of the

corresponding �rst summands in De�nition 4.5:

(A′
1 − A1)ϕ

m−deg(B1)(B∗
1) x

m−1−deg(B1) σm/α(x
α)

= (xα − 1)U ϕm−deg(B1)(B∗
1) x

m−1−deg(B1) σm/α(x
α).

Since xα − 1 is central under our standing assumption ord(θ) | α, we may move it to

the right:

= U ϕm−deg(B1)(B∗
1) x

m−1−deg(B1) (xα − 1) σm/α(x
α).

By Lemma 4.4 with r = α and s = m/α,

(xα − 1)σm/α(x
α) = xm − 1.

Hence the above di�erence lies in ⟨xm − 1⟩, and therefore becomes zero after reduction

modulo ⟨xm − 1⟩ in Sm. This proves that changing the representative of A1 ∈ Rα does

not change f ◦ g in Sm.

The same argument applies to A2 (using (xβ − 1)σm/β(x
β) = xm − 1) and to A3 (using

(xγ − 1)σm/γ(x
γ) = xm − 1).

Finally, the choice of representatives for Bi ∈ Sα, Sβ, Sγ does not a�ect the value either:

if B′
1 ≡ B1 (mod ⟨xα − 1⟩), then B′

1 −B1 ∈ ⟨xα − 1⟩, and since ϕ is a ring automorphism

of R and the involution/reciprocal ∗ stabilizes the ideal ⟨xα − 1⟩, the di�erence

ϕm−deg(B′
1)(B

′∗
1 )x

m−1−deg(B′
1) − ϕm−deg(B1)(B∗

1)x
m−1−deg(B1),

is congruent to 0 modulo ⟨xα−1⟩. Multiplying on the right by σm/α(x
α) yields a multiple

of xm − 1 by the same lemma, hence it vanishes in Sm. The arguments for B2, B3 are

identical.

Proposition 4.7. Let A(x) = (A1(x) |A2(x)|A3(x)) and B(x) = (B1(x) |B2(x)|B3(x))

be two elements of Sα,β,γ Then A ◦B ≡ 0 mod (xm − 1) if and only if A is orthogonal to

B and all its shifts.

Proof. Let

A = (a0, a1, . . . , aα−1 | a′0, a′1, . . . , a′β−1 | a′′0, a′′1, . . . , a′′γ−1),

and

B = (b0, b1, . . . , bα−1 | b′0, b′1, . . . , b′β−1 | b′′0, b′′1, . . . , b′′γ−1).

For 0 ≤ i ≤ m− 1, let A(i) be the i-th cyclic θ-shift of A, i.e.,

A(i) =(θi(a0−i), θ
i(a1−i), . . . , θ

i(aα−1−i) | θi(a′0−i), θ
i(a′1−i), . . . , θ

i(a′β−1−i)

| θi(a′′0−i), θ
i(a′′1−i), . . . , θ

i(a′′γ−1−i)),
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where indices are taken modulo α, β, and γ in each block. Then A(i) ·B = 0 if and only

if
α−1∑
j=0

θi(aj−i)bj +

β−1∑
ν=0

θi(a′ν−i)b
′
ν +

γ−1∑
t=0

θi(a′′γ−i)b
′′
t = 0.

Set

Si =
α−1∑
j=0

θi(aj−i)bj +

β−1∑
ν=0

θi(a′ν−i)b
′
ν +

γ−1∑
t=0

θi(a′′γ−i)b
′′
t ∈ Fq.

Using De�nition of ◦ and expanding, we obtain

A(x) ◦B(x) =

[
α−1∑
µ=0

α−1∑
j=µ

aj−µθ
m−µ(bj)x

m−1−µ +
α−1∑
µ=1

µ−1∑
j=0

aj+α−µθ
µ(bj)x

m−1+µ

]
σm

α
(xα)

+

[
β−1∑
η=0

β−1∑
ν=η

a′ν−ηθ
m−η(b′ν)x

m−1−η +

β−1∑
η=1

η−1∑
ν=0

a′ν+β−ηθ
η(b′ν)x

m−1+η

]
σm

β
(xβ)

+

[
γ−1∑
κ=0

γ−1∑
t=κ

a′′γ−κθ
m−κ(b′′t )x

m−1−κ +

γ−1∑
κ=1

κ−1∑
t=0

a′′t+γ−κθ
κ(b′′t )x

m−1+κ

]
σm

γ
(xγ).

Collecting coe�cients modulo (xm − 1) yields

A(x) ◦B(x) =
m−1∑
i=0

θm−i(Si)x
m−1−i in Sm.

Therefore, A ◦ B ≡ 0 (mod xm − 1) if and only if Si = 0 for all 0 ≤ i ≤ m − 1.

Equivalently, A(i) ·B = 0 for all i, i.e., B is orthogonal to A and all its θ-shifts.

Proposition 4.8. Let A(x) = (A1(x) |A2(x)|A3(x)) and B(x) = (B1(x) |B2(x)|B3(x))

be two elements of Sα,β,γ with A(x) ◦B(x) ≡ 0 mod (xm − 1) then :

(1) if A2(x) = 0 or B2(x) = 0, and A3(x) = 0 or B3(x) = 0 then

A1(x)ϕ
m−deg(B1(x))B∗

1(x) ≡ 0 mod (xα − 1) .

(2) if A1(x) = 0 or B1(x) = 0, and A3(x) = 0 or B3(x) = 0 then

A2(x)ϕ
m−deg(B2(x))B∗

2(x) ≡ 0 mod
(
xβ − 1

)
.

(3) if A1(x) = 0 or B1(x) = 0, and A2(x) = 0 or B2(x) = 0 then

A3(x)ϕ
m−deg(B3(x))B∗

3(x) ≡ 0 mod (xγ − 1) .

Proof. (1) Assume A2(x) = 0 or B2(x) = 0, and A3(x) = 0 or B3(x) = 0. Therefore,

A(x) ◦B(x) = A1(x)ϕ
m−deg(B1(x)) (B∗

1(x)) x
m−1−deg(B1(x))θm

r
(xα) + 0 ≡ 0 mod (xm − 1) .

Therefore, one obtains the existence of a skew polynomial α(x) where :

A1(x)ϕ
m−deg(B1(x)) (B∗

1(x)) x
m−1−deg(B1(x))θm

r
(xα) = α(x) (xm − 1) .
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Since θm
r
(xα) = xm−1

xα−1
and (xm − 1) (xα − 1) = (xα − 1) (xm − 1), we obtain

A1(x)ϕ
m−deg(B1(x)) (B∗

1(x)) x
m = α(x)xdeg(B1(x))+1 (xα − 1) .

Hence

A1(x)ϕ
m−deg(B1(x))B∗

1(x) ≡ 0 mod (xα − 1) .

(2) Suppose that A1(x) = 0 or B1(x) = 0, and A3(x) = 0 or B3(x) = 0. Therefore,

A(x)◦B(x) = A2(x)ϕ
m−deg(B2(x)) (B∗

2(x)) x
m−1−deg(B2(x))θm

s

(
xβ
)
+0 ≡ 0 (mod (xm − 1)) .

Therefore, one obtains the existence of β(x) ∈ Fq[x, θ] where :

A2(x)ϕ
m−deg(B2(x)) (B∗

2(x)) x
m−1−deg(B2(x))θm

s

(
xβ
)
= β(x) (xm − 1) .

Since θm
s

(
xβ
)
= xm−1

xβ−1
and (xm − 1)

(
xβ − 1

)
=
(
xβ − 1

)
(xm − 1), we obtain

A2(x)ϕ
m−deg(B2(x)) (B∗

2(x)) x
m = β(x)xdeg(B2(x))+1

(
xβ − 1

)
.

Hence

A2(x)ϕ
m−deg(B2(x))B∗

2(x) = 0 mod
(
xβ − 1

)
.

(3) Suppose that A1(x) = 0 or B1(x) = 0, and A2(x) = 0 or B2(x) = 0. Therefore,

A(x)◦B(x) = A3(x)ϕ
m−deg(B3(x)) (B∗

3(x)) x
m−1−deg(B3(x))θm

t
(xγ)+0 = 0 (mod (xm − 1)) .

Therefore, one obtains the existence of γ(x) ∈ Fq[x, θ] where :

A3(x)ϕ
m−deg(B3(x)) (B∗

3(x)) x
m−1−deg(B3(x))θm

t
(xγ) = γ(x) (xm − 1) .

Since θm
t
(xγ) = xm−1

xγ−1
and (xm − 1) (xγ − 1) = (xγ − 1) (xm − 1), we obtain

A3(x)ϕ
m−deg(B3(x)) (B∗

3(x)) x
m = γ(x)xdeg(B3(x))+1 (xγ − 1) .

Hence

A3(x)ϕ
m−deg(B3(x))B∗

3(x) = 0 mod (xγ − 1) .

De�nition 4.9. Cis a triple skew cyclic code of length (α, β, γ) over Fq we de�ne the

sets:

(1) (Cα)
⊥ =

{
A ∈ Fα

q | (A|0|0) ∈ C⊥} =
{
f(x) ∈ Fq [x;θ]

⟨xα−1⟩

∣∣∣ (f(x)|0|0) ∈ C⊥
}
.

(2) (Cβ)
⊥ =

{
B ∈ Fβ

q | (0|B|0) ∈ C⊥} =

{
g(x) ∈ Fq [x;θ]

⟨xβ−1⟩

∣∣∣∣ (0|g(x)|0) ∈ C⊥
}
.

(3) (Cγ)
⊥ =

{
h ∈ Fγ

q | (0|0|h) ∈ C⊥} =
{
h(x) ∈ Fq [x;θ]

⟨xγ−1⟩

∣∣∣ (0|0|h(x)) ∈ C⊥
}
.

Lemma 4.10. C is a triple skew cyclic code of length (α, β, γ) over Fq. Then :

(1) |Cα| = qα−deg(gcdr(A1(x),B1(x))) ,
∣∣∣(Cα)

⊥
∣∣∣ = qdeg(gcdr(A1(x),B1(x)))

(2) |Cβ| = qβ−deg(gcdr(A2(x),B2(x))) ,
∣∣∣(Cβ)

⊥
∣∣∣ = qdeg(gcdr(A2(x),B2(x)))

(3) deg
(
Ā1(x)

)
= α− deg (gcdr(A1(x), B1(x))).

(4) deg
(
Ā2(x)

)
= β − deg (gcdr (A2(x), B2(x))).
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Proof. The proofs of the cardinality statements in (1) and (2) follow the same arguments

as in [13], with the only modi�cation that the base �eld size 2 is replaced by q.

For the degree statements in (3) and (4), the proof is analogous to [13, Proposition 4.4].

The argument carries over directly because the non-commutativity of the skew polynomial

ring does not a�ect the degree of the product of polynomials. Hence the same reasoning

used in [13] applies in our setting.

Theorem 4.11. Let R = Fq[x, θ], where ord(θ) | lcm(α, β, γ), and let

m = lcm(α, β, γ).

For f(x) ∈ R, de�ne its skew adjoint by

f ♮(x) := ϕm−deg f (f ∗(x)).

Let

C = Sn(A1(x) | 0 | 0) + Sn(0 | A2(x) | 0) + Sn(B1(x) | B2(x) | A3(x)),

and let

C⊥ = Sn(Ā1(x) | 0 | 0) + Sn(0 | Ā2(x) | 0) + Sn(B̄1(x) | B̄2(x) | Ā3(x)).

Set

D1(x) := gcld(A♮
1(x), B

♮
1(x)), D2(x) := gcld(A♮

2(x), B
♮
2(x)),

where gcld denotes the greatest common left divisor in R, then

Ā1(x) =
xα − 1

D1(x)
. Ā2(x) =

xβ − 1

D2(x)
.

Equivalently,

Ā1(x)D1(x) = xα − 1, Ā2(x)D2(x) = xβ − 1.

In particular,

deg Ā1(x) = α− deg gcrd(A1(x), B1(x)),

deg Ā2(x) = β − deg gcrd(A2(x), B2(x)),

where gcrd denotes the greatest common right divisor.

Proof. Since (Ā1(x) | 0 | 0) ∈ C⊥, it is orthogonal to (A1(x) | 0 | 0) and (B1(x) | B2(x) |
A3(x)). By Proposition 4.8, this yields

Ā1(x)A
♮
1(x) ≡ 0 (mod xα − 1), Ā1(x)B

♮
1(x) ≡ 0 (mod xα − 1).

Hence Ā1(x) annihilates every common left divisor of A♮
1(x) and B♮

1(x), and therefore

Ā1(x)D1(x) ≡ 0 (mod xα − 1).
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Since xα − 1 is central in R, there exists u1(x) ∈ R such that

Ā1(x)D1(x) = u1(x)(x
α − 1).

Now

deg Ā1(x) = α− deg gcrd(A1(x), B1(x)),

by the preceding degree lemma, and

degD1(x) = deg gcrd(A1(x), B1(x)).

Therefore

deg Ā1(x) + degD1(x) = α = deg(xα − 1),

so u1(x) must be a nonzero constant. Since all polynomials are chosen monic, we obtain

u1(x) = 1. Thus

Ā1(x)D1(x) = xα − 1,

that is,

Ā1(x) =
xα − 1

D1(x)
.

The proof for Ā2(x) is identical. Indeed,

Ā2(x)A
♮
2(x) ≡ 0 (mod xβ − 1), Ā2(x)B

♮
2(x) ≡ 0 (mod xβ − 1),

so

Ā2(x)D2(x) = xβ − 1,

and hence

Ā2(x) =
xβ − 1

D2(x)
.

Proposition 4.12. With the notation of Theorem 4.11, the mixed dual generator (B̄1(x) |
B̄2(x) | Ā3(x)) is characterized by the following relations:

(1)

B̄1(x)A
♮
1(x) ≡ 0 (mod xα − 1), B̄2(x)A

♮
2(x) ≡ 0 (mod xβ − 1).

(2) Let

L1(x) := lclm(A1(x), B1(x)), L2(x) := lclm(A2(x), B2(x)),

and choose U1(x), V1(x), U2(x), V2(x) ∈ R such that

L1(x) = U1(x)B1(x) = V1(x)A1(x),

L2(x) = U2(x)B2(x) = V2(x)A2(x).
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Then

(0 | U1(x)B2(x) | U1(x)A3(x)) ∈ C,

(U2(x)B1(x) | 0 | U2(x)A3(x)) ∈ C,

and orthogonality gives

B̄2(x)(U1(x)B2(x))
♮ + Ā3(x)(U1(x)A3(x))

♮ ≡ 0 (mod xm − 1),

B̄1(x)(U2(x)B1(x))
♮ + Ā3(x)(U2(x)A3(x))

♮ ≡ 0 (mod xm − 1).

(3) Under the usual normal-form conditions

deg B̄1(x) < deg Ā1(x), deg B̄2(x) < deg Ā2(x),

together with the requirement that Ā3(x) is monic and Ā3(x) |r (xγ−1), these congruences

determine the mixed dual generator.

Proof. Since (B̄1(x) | B̄2(x) | Ā3(x)) ∈ C⊥, it is orthogonal to (A1(x) | 0 | 0) and

(0 | A2(x) | 0). By Proposition 4.8,

B̄1(x)A
♮
1(x) ≡ 0 (mod xα − 1), B̄2(x)A

♮
2(x) ≡ 0 (mod xβ − 1).

Now let L1(x) = lclm(A1(x), B1(x)), and choose U1(x), V1(x) ∈ R such that

L1(x) = U1(x)B1(x) = V1(x)A1(x).

Then

U1(x)(B1(x) | B2(x) | A3(x))− V1(x)(A1(x) | 0 | 0) = (0 | U1(x)B2(x) | U1(x)A3(x)) ∈ C.

Since (B̄1(x) | B̄2(x) | Ā3(x)) ∈ C⊥, we get

(B̄1(x) | B̄2(x) | Ā3(x)) ◦ (0 | U1(x)B2(x) | U1(x)A3(x)) = 0.

Applying Proposition 4.8 again yields

B̄2(x)(U1(x)B2(x))
♮ + Ā3(x)(U1(x)A3(x))

♮ ≡ 0 (mod xm − 1).

The second congruence is obtained in the same way from L2(x) = lclm(A2(x), B2(x)).

This proves the proposition.

Corollary 4.13. With the notation above,

dimFq(C⊥) = α+ β + γ − dimFq(C) = degA1(x) + degA2(x) + degA3(x).

Consequently,

deg Ā3(x) =γ − degA3(x)− degA1(x)− degA2(x) + deg gcrd(A1(x), B1(x))

+ deg gcrd(A2(x), B2(x)).
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Proof. By the dimension formula for triple skew cyclic codes,

dimFq(C) = (α− degA1(x)) + (β − degA2(x)) + (γ − degA3(x)).

Hence

dimFq(C⊥) = α+ β + γ − dimFq(C) = degA1(x) + degA2(x) + degA3(x).

On the other hand,

dimFq(C⊥) = (α− deg Ā1(x)) + (β − deg Ā2(x)) + (γ − deg Ā3(x)).

Substituting the formulas from Theorem 4.11,

deg Ā1(x) = α− deg gcrd(A1(x), B1(x)),

deg Ā2(x) = β − deg gcrd(A2(x), B2(x)),

and comparing both expressions for dimFq(C⊥), we obtain

deg Ā3(x) =γ − degA3(x)− degA1(x)− degA2(x) + deg gcrd(A1(x), B1(x))

+ deg gcrd(A2(x), B2(x)).

Example 4.14. Consider the commutative specialization θ = id over F2, with

α = β = γ = 3, m = 3,

and

A1(x) = A2(x) = A3(x) = x+ 1, B1(x) = B2(x) = x+ 1.

Then

x3 − 1 = (x+ 1)(x2 + x+ 1) in F2[x].

Since θ = id, the skew adjoint f ♮ reduces to the usual reciprocal polynomial, and

A♮
i(x) = B♮

i (x) = x+ 1. Hence

D1(x) = gcd(A♮
1(x), B

♮
1(x)) = x+ 1, D2(x) = gcd(A♮

2(x), B
♮
2(x)) = x+ 1.

By Theorem 4.11,

Ā1(x) =
x3 − 1

x+ 1
= x2 + x+ 1, Ā2(x) =

x3 − 1

x+ 1
= x2 + x+ 1.

Moreover,

dimF2(C) = (3− 1) + (3− 1) + (3− 1) = 6,

so

dimF2(C⊥) = 9− 6 = 3.
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Therefore deg Ā3(x) = 2, and we may take

B̄1(x) = 0, B̄2(x) = 0, Ā3(x) = x2 + x+ 1.

Thus

C⊥ = Sn(x
2 + x+ 1 | 0 | 0) + Sn(0 | x2 + x+ 1 | 0) + Sn(0 | 0 | x2 + x+ 1).

To verify orthogonality, observe that

(x2 + x+ 1)(x+ 1) = x3 + 1 ≡ 0 (mod x3 − 1),

over F2. Hence each generator of C⊥ is orthogonal to each generator of C, and therefore

C⊥ ⊆ C⊥
alg.

Since both spaces have dimension 3, they are equal. In particular,

dimF2(C) + dimF2(C⊥) = 6 + 3 = 9 = α+ β + γ.

5. Computational results of triple skew cyclic code

This section provides an MDS and optimal according to [10], using some spacials cases

in Corollary 3.8, generated by the monics right divisor of xα − 1, xβ − 1 and xγ − 1 in

Fq. The computational algebra system Magma was employed to obtain the factorization

and to compute the minimum distance. The example showcases the construction process,

including the de�nition of skew polynomial rings and the generator polynomial of codes.

Example 5.1. (1) Let F4 = {0, 1, ω, ω2}, ω is a primitive element (ω2 = ω + 1). A

Factorization of x4 − 1 in F4[x; θ] , where θ(a) = a2 for all a ∈ F4 ,is:

x4 − 1 = (x− 1)(x− ω2)(x− ω)(x− 1).

(2) Let F16 = {0, ς, ς2, ..., ς14, ς15 = 1} where ς is the 15th primitive root of unity in F16.

We can factorize the polynomial x4 − 1 in F16[x; θ] , where θ(a) = a2 for all a ∈ F16. as

following :

x4 − 1 = (x− 1)
(
x− ς5

) (
x− ς10

)
(x− 1) .

Consider

C = S12(x
3 + x2 + x+ 1 | 0 | 0) + S12(0 | x3 + x2 + x+ 1 | 0) + S12(w | w2 | (x+ 1)2).

Hence

G1 =

1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 1 1 1 1 0 0 0 0

ω 0 0 0 ω2 0 0 0 1 0 1 0

0 ω2 0 0 0 ω 0 0 0 1 0 1

,

is a generator matrix of C. n = 4 + 4 + 4 = 12
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k = dimFq(C) = (α − degA1(x)) + (β − degA2(x)) + (γ − degA3(x)) = (4− 3) + (4−
3) + (4− 2) = 4.

After using magma we found d = 4. Therefore, the code C has parameters [12, 4, 4].

Consider

C = S12((x− ς5)(x− ς10) | 0 | 0) + S12(0 | (x− ς5)(x− ς10) | 0) + S12(ς
10 | ς5 | x+ ς10),

Hence

G1 =

1 0 1 0 0 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0

0 0 0 0 0 1 0 1 0 0 0 0

ς10 0 0 0 ς5 0 0 0 ς10 1 0 0

0 ς5 0 0 0 ς10 0 0 0 ς5 1 0

0 0 ς10 0 0 0 ς5 0 0 0 ς10 1

,

is a generator matrix of C.
n = 4 + 4 + 4 = 12

k = dimFq(C) = (α − degA1(x)) + (β − degA2(x)) + (γ − degA3(x)) = (4− 2) + (4−
2) + (4− 1) = 7.

After using Magma we found d = 2. Therefore, the code C has parameters [12, 7, 2].

Using Types 6 and 7 in Corollary 3.8, we derive families of codes with good parameters.

Consider

C = S12((x− 1)(x− ς5)(x− ς10) | 0 | 0) + S12(x
2 + ςx+ 1 | 0 | ς2),

Hence

G1 =

1 1 1 1 0 0 0 0

1 ς 1 0 ς2 0 0 0

0 1 ς2 1 0 ς4 0 0

1 0 1 ς4 0 0 ς8 0

ς8 1 0 1 0 0 0 ς

,

is a generator matrix of C.
n = 4 + 0 + 4 = 8

k = dimFq(C) = (α − degA1(x)) + (β − degA2(x)) + (γ − degA3(x)) = (4− 3) + (0−
0) + (4− 0) = 5.

After using Magma we found d = 4. Therefore, the code C has parameters [8, 5, 4].

Since d = n− k + 1 = 8− 5 + 1 = 4, C is an MDS code.

Consider

C = S12(0 | (x− 1)(x− ς5)(x− ς10) | 0) + S12(0 | x− ς10 | x− ς5).

Hence

G =

1 1 1 1 0 0 0 0

ς10 1 0 0 ς5 1 0 0

0 ς5 1 0 0 ς10 1 0

0 0 ς10 1 0 0 ς5 1

,
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is a generator matrix of C.
n = 0 + 4 + 4 = 8

k = dimFq(C) = (α− degA1(x)) + (β − degA2(x)) + (γ − degA3(x)) = +(0− 0) + (4−
3) + (4− 1) = 4

After using magma we found d = 4. Therefore, the code C has parameters [8, 4, 4].

According to [10] Grassl's tables of bounds on the minimum distance of linear codes,

the code C is optimal.

Example 5.2. F27 = {a0 + a1ω + a2ω
2 | ai ∈ F3} , where ω is a root of the irreducible

polynomial x3 + 2x+ 1 ∈ F3[x].

Let ζ = ω2 + 2ω + 1 ∈ F27.

Then ζ has order 13.

The polynomial x3 − 1 can be factorized in the skew polynomial ring F27[x; θ], where

θ(a) = a3 for all a ∈ F27.

as follows:

x3 − 1 = (x− ζ)(x− ζ9)(x− ζ3).

Using Types 6 in Corollary 3.8. Consider

C = S6(x
2 + ζx+ ζ10 | 0 | 0) + S6(x− ζ3 | 0 | ζ9).

Hence

G =

ζ10 ζ 1 0 0 0

−ζ3 1 0 ζ9 0 0

0 −ζ9 1 0 ζ 0

1 0 −ζ 0 0 ζ3

,

is a generator matrix of C.
n = 3 + 0 + 3 = 6

k = dimFq(C) = (α− degA1(x)) + (β − degA2(x)) + (γ − degA3(x)) = +(3− 2) + (0−
0) + (3− 0) = 4.

After using magma we found d = 3. Therefore, the code C has parameters [6, 4, 3].

Since d = n− k + 1 = 6− 4 + 1 = 3, C is an MDS code.

6. Conclusion

Triple θ-skew cyclic codes over Fq generalize classical cyclic codes by employing skew

polynomial rings endowed with multiple automorphisms. These codes, de�ned by gener-

ator polynomials in a noncommutative framework, demand a nuanced treatment of their

duality properties; indeed, under certain conditions, the duals also exhibit skew cyclic

structure. Practical implementations demonstrated using Magma con�rm their error cor-

recting capabilities and parameter settings. This innovative framework paves the way

for new applications in coding theory, particularly in contexts where the interplay of

symmetry and noncommutativity can be exploited to improve code performance. Future

research is anticipated to further investigate their theoretical properties and potential

generalizations.
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