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ABSTRACT

Given a connected graph G and a configuration D of pebbles on V(G), a pebble move
consists of removing two pebbles from one vertex and placing one pebble on an adjacent
vertex. A monophonic path is a longest chordless path between two non-adjacent vertices
u and v. The line segment that connects two vertices on a curve is known as a chord.
The monophonic distance between v and v is the number of vertices in the longest u—v
monophonic path, denoted by d,(u,v) in G. The monophonic pebbling number (MPN)
of G is the least number of pebbles needed to guarantee that, from any distribution of
pebbles on a graph G, one pebble can be moved to any specified vertex using monophonic
paths through pebbling moves. The monophonic ¢t-pebbling number (MtPN) of G is the
least number of pebbles needed to guarantee that, from any distribution of pebbles, ¢
pebbles can be moved to any specified vertex using monophonic paths. In this article,
we determine the M PN and MtPN of Dutch windmill graphs, square of cycles, tadpole
graphs, lollipop graphs, double star path graphs, and fuse graphs, and we also discuss
their ¢-pebbling versions.

Keywords: monophonic pebbling number, chord, monophonic distance, monophonic path,
monophonic ¢-pebbling number
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1. Introduction

Pebbling, a recent development in graph theory introduced by Lagarias and Saks, has
attracted considerable interest. Chung [2| was the first to introduce it into the literature,
and many others have followed, including Hulbert, who published an overview of graph
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pebbling [3]. Graph pebbling is a concept that can be used to solve a variety of practical
problems. “Graph pebbling” is a network optimization model used to move resources
or materials that are absorbed during the journey. For example, when moving energy,
heat, electricity, water, or information between locations, some loss may occur. Hence,
the graph pebbling problem provides a way to measure the cost of pebble loss during
conveyance. Because of its many applications, graph pebbling is currently one of the
fastest-growing fields of research in graph theory.

Assume that G is a simple connected graph with vertex set V(G) and edge set E(G).
Consider a connected graph with a fixed number of pebbles distributed on its vertices.
Santhakumaran, A. P. et al. introduced the monophonic distance in graphs in [10|. Lour-
dusamy et al. introduced detour pebbling in [7]. By making use of these ideas, the
monophonic pebbling number is defined. The monophonic distance between non-adjacent
vertices u and v is the length of the longest chordless u—v monophonic path, denoted by
d,(u,v) in G. For any two non-adjacent vertices u and v in a connected graph G, a longest
u—v path is a monophonic path if it contains no chords [10]. The monophonic pebbling
number and monophonic ¢-pebbling number of several typical graphs are determined in
this study.

This paper is organized as follows. In Section 2, we give some preliminaries that are
needed for the subsequent sections. In Section 3, we determine the M PN of Dutch
windmill graphs. In Section 4, we determine the M PN of the square of cycles, tadpole
graphs, lollipop graphs, double star path graphs, and fuse graphs. In Section 5, we
determine the MtPN of Dutch windmill graphs, square of cycles, tadpole graphs, lollipop
graphs, double star path graphs, and fuse graphs.

2. Preliminaries

Definition 2.1. [5| A chord in a path is an edge joining two non-adjacent vertices. A
monophonic path between u and v is a u—v path without a chord between v and v. The
monophonic pebbling number of v in G, denoted by u(G,v), is the least positive integer
such that we can move a pebble to v through a monophonic path by a sequence of pebbling
moves for all distributions of (G, v). The monophonic pebbling number of G is

wG) = maxp(G,v).

Instead of moving one pebble to a target, if we move t pebbles, it is called the MtPN of
G and is denoted by p:(G). Thus, the MtPN of G is

m(G) = max (G, v).

Note 2.2. A distribution f on a graph G is a function
f:V(G) — Nu{0}.

Suppose that m pebbles are distributed on the vertices of a connected graph GG. A pebbling
move, or shift, consists of removing two pebbles from one vertex and then placing one
pebble on an adjacent vertex.
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Definition 2.3. [I| A graph D, with m > 1 and n > 3, is known as a Dutch windmill
graph. The graph D;" can be obtained by taking m copies of cycles C,, with one common
vertex.

Definition 2.4. [12| The (m,n) tadpole graph is the graph obtained by joining a cycle
graph C), to a path graph P, with a bridge. It is denoted by T{,, ).

Definition 2.5. [11] The (m,n)-lollipop graph is the graph obtained by joining a com-
plete graph K, to a path graph P, with a bridge. It is denoted by L(m,n).

Definition 2.6. [8] A graph is called a double star path if the end vertices of a path P,
are joined to the center vertices of the star graphs K;,;, where [ > 2, and K ,,, where
m > 2, respectively. We denote it by P, (I, m).

Definition 2.7. [1| The class of fuses is defined as follows: the vertices of a fuse Fj(k),
where [ > 1 and k > 2, are vy, v1, v, -+, v,—1 With n = [+ k + 1, such that the first [ 4+ 1
vertices form a path vy, vy, ve, -+, v, and the remaining vertices vy, vy, -+, V,_1 are
independent and adjacent only to vj.

Definition 2.8. Let G be a connected graph. For u,v € V(G), we denote by dg(u,v)
the distance between u and v in G. The p'* power of G, denoted by GP, is the graph
obtained from G by adding an edge uv to G whenever 2 < dg(u,v) < p. That is,

E(G?) ={uv: 1 <dg(u,v) < p}.

In particular, the square of a path is denoted by P2, and the square of a cycle is denoted
by C2.

Note 2.9. [9] The notation D}, with m > 1 and n > 3, denotes a Dutch windmill graph
and is taken from [1|. The notation L(m,n) denotes a lollipop graph and is taken from
[L1]. The notation 7),, denotes the (m,n) tadpole graph and is taken from [12]. The
notation P,(l,m) denotes a double star path graph and is taken from [8]. The notation
Fi(k), where [ > 1 and k > 2, denotes the class of fuses and is taken from [4].

Result 2.10. Let G be a connected graph. The monophonic distance between u and v
is 0 if and only if u = v, and it is 1 when wv is an edge of G.

Theorem 2.11. [5]| For the path graph of order n, the monophonic pebbling number is
on—t,

Theorem 2.12. (6] For the cycle graph C,,, the monophonic pebbling number is 22 + 1.
Theorem 2.13. [6] For the complete graph K, the monophonic pebbling number is n.

Notation 2.14. Throughout this article, we use the following notation:
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(1) M; denotes a monophonic path, and M/ contains the vertices that are not on M.

(2) We use M PN for the monophonic pebbling number and MtPN for the monophonic
t-pebbling number.

(3) d, denotes the monophonic distance.

(4) vy & means retaining ¢ pebbles on vy, and vy, 5 means transferring ¢ pebbles to
N(Uk)

(5) N(vg) denotes the neighborhood of vj.

(6) Pebble transformation means removing two pebbles from a vertex and placing one
pebble on an adjacent vertex.

3. The Monophonic Pebbling Number of Dutch Windmill
Graphs

In this section, we determine the monophonic pebbling number of Dutch windmill graphs.
Theorem 3.1. For the Dutch windmill graph D3, the monophonic pebbling number is 3.

Proof. Let
V(D?l)) = {U()? UL U%}

The graph D} = K3, and by Theorem 2.13, the result follows. O

Theorem 3.2. For the Dutch windmill graph D)., the monophonic pebbling number is

2" 41, n > 3.

Proof. Let
V(Drlz) = {v07 U%? U%, Uév T 7UT1L—].}'
The graph D! = C,,, and by Theorem 2.12, the result follows. O]

Theorem 3.3. For the Dutch windmill graph D3, the monophonic pebbling number is 16.
Proof. Let
V(‘Di) = {U07 U%a 1)57 rU;? U%v U%a U%}

and
E(DZ) = {UOUi> Ugvg—&—l}?

where s, j = 1,2 and k = 1,3. The distance d,(v3,v) < 4, where v € V(D7). By placing
15 pebbles on v, we cannot reach vi. Hence,

u(D7) > 16.
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Now we prove that p(D?) < 16.
Case 1. Let the target be v3.

Cousider

L2 2 2
M : vf, vy, vy, v3, V.

Note that d,(M;) is 4. By Theorem 2.11, using at most 16 pebbles, we can pebble v3.
Suppose p(V(M;)) < 16. If p(v?) > 2 or p(vi) > 2, then we can bring L’)(%%)J pebbles
)

p(vd
2

pebble v3. If p(v?) = 1 or p(v3) = 1 and p(vy) > 2, then we can pebble v3. If p(vg) < 4

and p(v?) = p(v?) = 0, then at most 16 pebbles will be distributed on v{, vi, vi. Now

d,(vo,v) < 2, where v € {v}, vi, vi}, from which we can pebble v3. Therefore, in

to v2 or L J pebbles to vy, which is sufficient to pebble v3. If p(vg) > 4, then we can

every possible configuration, we can bring at least 4 pebbles to vy, and v3 is pebbled. By
symmetry, the same argument applies to va.

Case 2. Let the target be vy.

There are 4 vertices adjacent to vy and 2 vertices at monophonic distance 2. Thus,
d,(vo,v) < 2 where v € V(D3?) — {vo}. Hence, if there are 4 pebbles on the vertices at
distance 2 or 2 pebbles on the adjacent vertices, we can pebble vy. Otherwise, if N(v)
has one pebble and an adjacent vertex of N(vg) that is at monophonic distance 2 has at
least 2 pebbles, then we can pebble vy. Thus, in this case, using at most 7 pebbles, we
can pebble vj.

Case 3. Let the target be N(vp).

Fix the target as v3. The monophonic distance satisfies d,(v3,v) < 3, where v €
V(D3?)—{vi}. There is one vertex at monophonic distance 3, three vertices at monophonic
distance 2, and two vertices adjacent to vi. If v3 has at least 8 pebbles, or any vertex at
distance 2 receives at least 4 pebbles, or any adjacent vertex receives at least 2 pebbles,
then we can pebble v3. Thus, in this case, using at most 10 pebbles, we can pebble v3.
In the same way, we can prove the result for v{, v?, and v3. O

Theorem 3.4. For D],
p(DI) = 27 (m = 2)(2" 2 = 1) +m,

where m > 2 and n > 5.

Proof. Let
V(DZL):{UO; quizl,Q,'.-’n—17 j:172’...’m}

and

E(D™) = {vovl | vovi, v ck=1,2--- n—=2 j=12--- m}.
There are many monophonic paths with the same length. Without loss of generality,
consider

L1 1 1 2 2 9
M;: v Up_g," "+, V1, Vo, V], Uy, Ug,= ", Un_a, Un_o,

whose length is 2n — 4. Suppose we have

22 14 (m—2)(2" 2= 1)+m
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pebbles. By placing 2"~2 — 1 pebbles on each v}, where [ = 3,4,--- m, one pebble on

1

each v, where j = 1,2,---,m, and 22"~%—1 pebbles on v} _,, we cannot pebble the vertex
v2_,. Therefore,

u(DI) > 22 4 (m = 2)(2" 2 — 1) + m.

Now let us prove the sufficient part.
Case 1. Let the target be v..
Without loss of generality, take

.2 9 2 1 1 1 1
My vy, v, -+, U _4, Vo, Up_q, Up_g, ", Vs, Us

with length 2n — 4. The vertex set consisting of vertices that are not on the monophonic
path My is V(D) —V (Ms) and is denoted by M3”. By Theorem 2.11, using 2°"~* pebbles,
we can pebble v). Suppose p(V(My)) < 2274, If v{ has at least 2 pebbles, then we can
bring V(%DJ pebbles to v, with which we can pebble vi. Now consider the pebbling

moves
E vt 5 g, (1)
r=2,3,---,m
and
E V= i — v L. (2)
2=2,3,---;m
If

Z Uy + Z Yz +p(UO) 2 27172’

r=2,3,--,m 2=2,3,--m
then we are done. Suppose
n—2
E Uy + E Yz _l'p(UO) <2 :
r=2,3,-,m 2=2,3,-,m

Then the remaining pebbles will be on

V(MQ) - {,0111717 1}1727 Tty U;}J

n

and so we can reach vi. By using the same argument, we can prove the result for vg and
02_2, where j =1,2,---,m.

Case 2. Let the target be N(vp).

Fix the target as v{. Without loss of generality, consider

L2 2 2 2 1
Ms: v ) cee, Uy, VY, Vo, U7,

whose length is n — 1. By Theorem 2.11, if p(V (Mj3)) > 2"~ then we can pebble v]. If
p(vg) > 2 or p(vd) > 2, then we can pebble v]. Otherwise, consider

. 1 1 1 1
M4 . U’Vl—17 U’VL—Q"”’ UQ, Ul’

which has monophonic length n — 2. By Theorem 2.11, if p(V (M,)) > 2"72, then we can
pebble v{. Suppose

p(V(Mz)) <21 p(V(My)) <272, plog) <2, p(vy) <2
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Consider
2 r Ur
r=2,3,--,m
and
E z z z Yz
/U2 —>/U3 —>"' —>UTL—1 %/UO.
2=2,3,--,m
If

Y owmt > y+pwo) 22

r=2,3,-,m 2=2,3,---,m

then we can pebble v{. Suppose

Z U + Z Y=+ p(vg) <2

r=2,3,-,m 2=2,3,-,m

and p(V(M,)) < 2"~2. This contradicts the total number of pebbles in the initial con-

figuration. By the same argument, we can prove the result for v{ and v

j:1727"'7m'

Case 3. Let the target be vlj, where 3 <[ <n—3and j=1,2,---,m.

Fix 7 = 1. The distance satisfies
dy(vi,v) Sn+1-2

or
du(vll,v) <2n—(1+2),

where v € V(D7) — {v]}. If |n/2] > I, then the monophonic path Ms is

_ 1 1 1 1 2
M5_ {vl7 Ul—‘,—l?”'? Up—2y Up_1y, Vo, VU1, U

with length 2n — (I 4 2). If [n/2] < [, then the monophonic path Mg is

_ 1 1 1 1 2 2
Mﬁ_{vh Vi_q5° "5 U, VU1, Vo, Ug,°", U

n—2

where

with length n + [ — 2. Without loss of generality, consider Ms. Suppose p(V(Ms)) >
22n=(+2) " Then, by Theorem 2.11, we can pebble v]. Also, if p(v),,) > 2 or p(v_,) > 2,
then we can reach v]. Suppose p(V (Ms)) < 22"=(+2) p(v} ) < 2, and p(vf,;) < 1. Then

2 : r Ur

r=2,3,--,m
y
E Vs — U —> - — V| = U,
2=2,3,---,;m
and
PV 0 D
Vg Vi3 vy =7 Yo

It

Z (O Z Y. + x4 p(vg) > 2",

7‘:2,3,"',7?1 Z:2137"'7m

(5)

(6)
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then we can pebble vlj. Suppose

Z Uy + Z Y.+ + p(vg) < 2"

r=2,3,--,m 2=2,3,--,m

Then

Z ur + Z Ys + x4+ p(vo) + p(vp_1) + p(vg_o) + -+ plvf) > 2771,

r=2,3,--,m 2=2,3,---,m

and so we can pebble v/. The same method applies when |n/2] < I.

Case 4. Let the target be vy.

Note that vy is a cut vertex. Let M; be a monophonic path with length n —2. That is,
M; is either

J oo J
Uy, U3, Up_1, Vo

or
J
t, U1, Yo,

where j =1,2,---,m. By Theorem 2.11, if p(V(M,)) > 2”2, then we can pebble vy. [

4. The Monophonic Pebbling Number (M PN) of Some Path-
and Cycle-Related Graphs

In this section, we determine the monophonic pebbling number (M PN) of the square of
a cycle, tadpole graph, lollipop graph, double star path graph, and fuse graph.

Theorem 4.1. The monophonic pebbling number of the square of a cycle C? is

on=(5+2) 4 o ifn=0 (mod 3),
on—(15]+2) 1 (2], ifn=1 (mod 3),
on=(13]+2) 13, ifn=2 (mod3).
Proof. Let
V(C?) = {vi, va,..., v}
and

E(Q%) - {UWH—I; VjVjt2, UV1Up, U1Un—1, Uzvn},

wheret=1,2,...,.n—1land j=1,2,...,n—2.
Case 1. n =0 (mod 3).
Consider
My Vy_o, Up_a, Un_s, Up_7, ", Us, Usq, Vo, V1.

The vertices not on M, are

Un, Un—1, Un—3, Un—6,"' ", Vs, U3.
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The length of M; is n — (% + 2), and 3 + 1 vertices are not on M;. Let
p(vV(C) =2 (84 41,

By placing on—(5+2) _q pebbles on v,,_o and one pebble each on v, and v,,_1, we cannot
pebble v;. Hence,
u(C?) > on(5+2) 1o

Now we prove that
u(c?) < o (5+2) 4o

Consider any distribution of on—(5+2) + 2 pebbles on V(C?). Without loss of generality,
fix vy as the target vertex. Now d,(vi,v) < n— (% 4 2), where v € V(C?). Consider
My : vy, V3, Vg, Vg, 5 Un_6, Un_s, Un_3, Up_o.
The vertices not on M5 are
{v2, vs, Vs, vy Un—7, Unay Uno1, Unb,

and this set is denoted by Mj". The set My has ¥ + 1 vertices. If p(V (My)) > on=(5+2)
then by Theorem 2.11, we can pebble v;. Otherwise, if p(v,) > 2, p(v,—1) > 2, p(va) > 2,
or p(vs) > 2, then we can pebble v;. Suppose p(V(M,y)) < 9n=(5+2) and p(vn) < 2

)

Now we bring the pebbles to V(Ms), and so we can pebble ;.
Case 2. n =1 (mod 3).
Consider
M3 @ vy, Vg, Vg, Vs, , Up_g, Un_s, Un_3, Up_2.

The vertices not on M3 are

Un, Un—1, Un—g, ", Vg, Vg, U3,

and they form M3". The length of M3 is n — (L%J +1), and ’—%-‘ vertices are in M3 Let

p(v(c) =20 —14 | 2],

By placing on=(15]+2) _1q pebbles on v; and one pebble each on the {%W vertices on M3,
we cannot pebble v,,_,. Hence,

p(c2) z (L3l 1+ 2],

Now we prove the reverse inequality. Consider any distribution of
on—(13]+2) 4 [EW
3
pebbles on V(C?). Without loss of generality, fix v,_» as the target. We have

sz ([2] +2)
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where v € V(C?). Consider Ms. If

p(V (M) > 2 (13)+2),

then by Theorem 2.11, we can pebble v, 5. Otherwise, if p(v,) > 2, p(v,—1) > 2,
p(vn_3) > 2, or p(v,_4) > 2, then we can pebble v, 5. Suppose

p(V(My)) < 2=(15]+2)

and p(v,) < 2, p(vp—1) < 2, p(vp-3) < 2, and p(v,—4) < 2. Then the remaining pebbles
will be on V(M3"). Now we bring the pebbles to V' (Mj3), and so we pebble v,,_s.
Case 3. n =2 (mod 3).
Consider
My Vy_o, Up_a, Un_g, Un_7,***, Us, U, Vo, V1.

The vertices not on M, are
Un, Un—1, Un-3, Un—5, Un—8, ", Vs, U3,
and they form M. The length of M, is
= ([5]+2)
and {%W vertices are on M; . Let
p(vV(C) =284 42

§+2)

By placing on—=( — 1 pebbles on v,,_s and one pebble each on v,,_1, v,, v,_3, we cannot

pebble v; using a monophonic path. Thus,

n(c2) > (L51+2) 43
Now we prove the reverse inequality. Consider any distribution of

on—([5]+2) 4 3
pebbles on V(C?). Without loss of generality, let v; be the target vertex. Then
d,(vi,v) <n— <{gJ +2) ,

where v € V(C?). Consider M,. If

p(vV(My) > 2 (13]+2),

then by Theorem 2.11, we can pebble v;. Otherwise, if p(v,,) > 2, p(v,—1) > 2, p(va) > 2,
or p(vs) > 2, then we can pebble v;. Suppose

p(V (M) < 2 (L5]+2)

and p(v,) < 2, p(vnp—1) < 2, p(v2) < 2, and p(vs) < 2. Then the remaining pebbles will
be on V(M}'). Now we bring the pebbles to V(M,), and so we pebble v;. O



ON MONOPHONIC PEBBLING NUMBER 311

Theorem 4.2. The monophonic pebbling number of the lollipop graph is
2"+ m — 2.

Proof. Let
V(L(mvn)) = {Uly V2, ", Um, U1, U2, ", un}a

where the m vertices form a complete graph and the n vertices form a path. Consider a
bridge between u; and v; based on the definition. Let

p(V(L(m,n))) = 2" +m — 3.

Consider

Ml: Up, Up—1,""", U, V1, V2.

If we place one pebble each on vs, vy, - -+, vy, and 27! — 1 pebbles on u,,, then we cannot
place a pebble on vy. Thus,

pw(L(m,n)) > 2" 4 m — 2.

Now we prove that
w(L(m,n)) <2 4 m —2.

Case 1. Let the target vertex be v,,.
Consider

M2: Um, U1, U1, U2, "+, Un,

a monophonic path of length n + 1. The vertex set consisting of vertices that are not on
M2 is
{U27 U3, vmfl}

and is denoted by M. By Theorem 2.11, if p(V(Ms)) > 2""!, then we can pebble v,,.
Suppose p(V(M;)) < 2""1. Then the remaining pebbles will be distributed in V(M3”).
That is,

p(V(L(m,n))) — p(V(My)) = 2" +m — 2 — p(V(My)) > m — 1.

Since M3 has m — 2 vertices, by the Pigeonhole principle, there will be vertices with more
than one pebble. Now we bring the pebbles to v1. Since p(V(M;)) = 2" we can pebble
Um. By symmetry, we can prove the result for u,, and by using the same argument, we
can prove the result for v,,_1, Vym_2," - -, Va.

Case 2. Let the target vertex be v;.

Consider

Mz v, ur, ug, -+, up

with length n. Now either p(V (M;5)) > 2™ or p(v;) > 2, where j = 2,3, ---,m. Hence, by
Theorem 2.11, we can pebble v;.
Case 3. Let the target vertex be u;, where [ =1,2,3,---,n — 1.
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There exist two monophonic paths:
M4: Uy, Up—1,-°, U1, V1, V2
of length [ + 1, and
M5 DU, Uyttt Up

of length n — I. Then either p(V (M,)) > 271 or p(V(Ms)) > 277!, Hence, by Theorem
2.11, we can pebble u;. O

Theorem 4.3. The monophonic pebbling number of the tadpole graph is
M2 4,
Proof. By the definition of the tadpole graph, consider a bridge between u; and v;. Let
V(Tomn) =A{v1, vay -+, Uy ug, Ugy -+, Upt
and

E(Tm,n) = {uiui-‘rlu UnV1, VEVk+1, Umvl}u

where 1 =1,2,---,n—1land k=1,2,---,m— 1. Let
p(V(van)) — 2m+n—2'

Consider
My up, Up—1,---, U1, V1, V2,1, Up—i

of length m +n — 2. If we place one pebble on v,, and 2"7"~2 — 1 pebbles on u;, then we
cannot place a pebble on v, ; using a monophonic path. Thus,

p(Typ) > 271072 4 1,

Now let us prove the sufficient condition.
Case 1. Let the target vertex be u,.
Consider
My o Uy, Up—1, -+, Up, V1, Uy, ", U3

of length m +n — 2. By Theorem 2.11, if p(V (My)) > 2™+"~2 then we can pebble u,,.
Suppose p(V(My)) < 2m+"=2 Then 2""2 + 1 — p(V(M,)) pebbles will be on vy, and
we bring pebbles to v;. Now

Um m4n—
p(V(My)) + V)(T)J > omin=2,
and we can pebble u,. By symmetry, the same argument proves the result for v3 and

Um—1-
Case 2. Let the target vertex be v;, where j =3,4,---,m — 2.
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If (%W + 1 < j, then there is a monophonic path
Ms @ uy, ug, -+, Up, Vi, Va,-0r, Vj
of length n +j5 — 1. If (%W + 1 > j, then there is a monophonic path
My ui, ug, -+, Uy, Vi, Upy U1, U

of length m +n — j+ 1. By Theorem 2.11, if p(V(M3)) > 2"/~ then we can pebble v;.
Otherwise, if p(V(My)) > 2™+ then we can pebble v;.

Case 3. Let the target vertex be u;, where [ =1,2,3,---,n — 1.

Consider the monophonic paths

Ms o wy, g,y Uy
of length n — [, and
MG: Uy, Up—1, Uj—2,***, Uy, V1, V2,***, Un—1

of length m + [ — 2. By Theorem 2.11, if p(V(M;)) > 2"! then we can pebble u;.
Otherwise, if p(V (Mg)) > 2™=2, then we can pebble . O

Theorem 4.4. The monophonic pebbling number of the double star path graph is
2" Ll 4m — 2.
Proof. Let

V(-PTL(lJm)) - {.75(), L1,y X1y Yo, Y175 Ym, V1, V2, -, Uﬂ}

and
E(P,(I,m)) = {zoxi, Tov1, VsUst1, UnYo, YoU;},

where 1 =1,2,--- 1, s=1,2,---,n—1,and j =1,2,---,m. Consider

MI: Z1, Lo, V1, V2, Un, Yo, Y1-
Suppose
p(V(P.(I,m))) = 2" + 1+ m — 3.
By placing one pebble each on x5, 73, - - -, 7;, one pebble each on ys, Y3, - - - , Yo, and 2773 —1

pebbles on x1, we cannot pebble y; using a monophonic path. Thus,
(P (1,m)) > 2" 414+ m — 2.
To prove the sufficient condition, consider a distribution of

M3 Ll 4+m—2
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pebbles on V(P,(I,m)).
Case 1. Let the target vertex be x;.
Consider

MQ: Y1, Yo, Un, Un—1,"+, V1, To, T1
of length n + 3. If p(V(M,)) > 2""3, then by Theorem 2.11, we can pebble z;. Suppose
p(V(My)) < 23, Then
p(V(Pu(l,m))) — p(V(Mz))

pebbles will be distributed on the remaining pendant vertices of the graph. We bring the
pebbles to V (M;) to reach x;1. In the same way, we can prove the result for z5, x3, - - -, 2, y1,

Y2, 5 Ym-
Case 2. Let the target vertex be yq.

Consider
M3 yo, Vn, Vp_1,°-, V1, To, T1
of length n + 2. If p(V(Ms)) > 22 then by Theorem 2.11, we can pebble yy. Suppose
p(V(M3)) < 272, Then
p(V(Pa(l,m))) — p(V(Ms))

pebbles will be distributed on the remaining pendant vertices of the graph. Thus, by
using pebbling moves, we can transfer pebbles from the pendant vertices to V (Ms), which
is sufficient to reach y,. By the same argument, we can prove the result for the vertex z.

Case 3. Let the target vertex be vy.
There exist two monophonic paths:

M4 Uk, Uk41,' 5 Un, Yo, Y1
of length n — k + 2, and
M5 ¢ Vg, Vg—1,"", V1, Zo, L1

of length k + 1. By Theorem 2.11, if p(V (My)) > 2" %2 or p(V(Ms)) > 21 then we
can pebble vy.
Hence,
w(Po(l,m)) < 2" 414+ m —2.

Theorem 4.5. The monophonic pebbling number of the class of fuses is
2 4k — 1.

Proof. Let
V(E(k>> - {Ula V2,5 Uy Vg1, 0y Un—l}

and
E(Fl(k)) = {Uivi+17 Uzvs},
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where 1 =0,1,---,1—1,s=1+1,14+2,---,n—1,and n =1+ k + 1. Suppose
p(V(Fi(k)) = 2" + k —2.

By placing k& — 1 pebbles on 42, V43, - -, vp—1 and 271 — 1 pebbles on v, we cannot
pebble vy using a monophonic path. Thus,

p(E(k)) > 2 + kb — 1.

Now let us prove the sufficient condition.
Case 1. Let the target vertex be vy.
Consider

My : vy, v1,-++, v, Uy

of length [ + 1. By Theorem 2.11, if p(V(M;)) > 2!*1, then we can pebble vg. Suppose
p(V(M;)) < 2+, Then
2 4k — 1 — p(V(M)))

pebbles will be on the vertices that are adjacent to v; and are not on M;. Now we can bring
the pebbles to v; to reach vy. By symmetry, we prove the result for v, 1, vi o, -+, v,_1.
Case 2. Let the target vertex be v,, where a =1,2,---,1[.
Then the monophonic path

M2: Vgy Vg+1," ", VI, Uy,
where j =1+ 1,14+ 2,---,n — 1, has length [ + 1 — a, and the monophonic path
Ms: vay V1,77, Vo

has length a. By Theorem 2.11, if p(V(My)) > 2%17¢ then we can pebble v,, and if
p(V(Ms)) > 2%, then we can pebble v,,.
Thus,
W(Fi(R) = 25+ k= 1,

5. The MtPN of Some Cycle and Path Graphs

In this section, we determine the MtPN of Dutch windmill graphs, square of cycles,
tadpole graphs, lollipop graphs, double star path graphs, and fuse graphs.

Theorem 5.1. The monophonic t-pebbling number of D" is
227 4 (m —2)(2"7% = 1) +m,

where m > 2 and n > 5.
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Proof. By placing 22 pebbles on v}, where | = 3,4,---,m, one pebble each on v{,

1

where j = 1,2,---,m, and t2?"~* — 1 pebbles on v} ,, we cannot place ¢ pebbles on v? .

Therefore,
p (D) > 12274 4 (m —2)(2" 72 — 1) +m.

Now let us prove the sufficient part. If £ = 1, then the result follows from Theorem 3.4.
Assume that the result is true for 2 <t <t — 1. Let us fix any vertex u as the target.
Clearly, the graph D) has at least

2273 4 (m—2)(2" 2 = 1) +m

pebbles. Also, d,,(u,v) < 2n —4, where v € V(D]"). We can move a pebble to u at a cost
of at most 22"~ pebbles. Hence, the number of pebbles remaining on V/(D™) — {u} is at
least

pe(D) — 227 =22 - (m - 2)(2"? = 1) +m — 22
=(t—-1D2"* 4+ (m-2)2" 2 - 1)+m
= pu-1(Dy').

By induction on ¢, we can shift ¢t — 1 additional pebbles to u. Suppose p(u) = x, where
1 <x <t—1. Thus, the number of pebbles distributed on V(D) — {u} is

pe(D) — p(u) =22+ (m —2)(2" 2 = 1) +m—=x
>t—2)2 4+ (m—-2)2" 2~ 1) +m
= (D).
Then we can move t — x additional pebbles to u. Thus,
pe(D) <224+ (m —2)(2" 2 = 1) + m.

Hence, the proof is complete. O

Theorem 5.2. The MtPN of C? is
ton=(5+2) 4 9, ifn=0 (mod3),
2n (L5192 (2] ifn=1 (mod 3),
(L3142 130 ifn=2 (mod 3).

Proof. To prove this theorem, we consider the following three cases.
Case 1. n =0 (mod 3).
Let
p(V(C2)) =12 (5+2) 4 1.

By placing t2"_(%+2) — 1 pebbles on v,,_» and one pebble each on v, and v,_;, we cannot
place t pebbles on v;. Hence,

1 (C2) > p2n=(5+2) 4o,
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Now we prove the sufficient condition. Consider any distribution of
ton-(5+2) 4 o

pebbles on the vertices of C2. If t = 1, then the result follows from Theorem 4.1. Assume
that the result is true for 2 <t <t — 1. Let us fix any vertex v as the target.
We notice that the graph has at least

2n7(%+1) 4 2

pebbles. The monophonic distance from v to any vertex in the graph is at most

n—<g+2).

Hence, using at most on—(5+2) pebbles, we can place one pebble on the target. Now
p(C2) — 27 (5+2) = 4o (5+2) 9 9n-(5+42)
= (t— 1)2”*(%“) +2
= pe—1(C3).

Thus, by induction, we can move ¢t — 1 additional pebbles to v. Suppose we have y pebbles
on v, where y < t. Then the total number of pebbles on V(C?) — {v} is

1(C2) = p(v) = 12 (872 12—y
> (t—y)2n(572) 42
= Mtfy(cg)'
Thus, we can move ¢ — y pebbles to v. Therefore,
e (C2) < 120~ (5+2) 4o,

and the case is proved.
Case 2. n =1 (mod 3).
Consider the monophonic path

Ms : vy, v, V4, Vs, cc, Un6, Un—5, Un—3, Un_2.
The vertices that are not on M; are
Un, Un—1, Un—4, ", Vg, Vg, U3,

and these elements form the set M3 . Let

p(V(C2)) = 127~ (5+2) 1 4 {g] .

By placing on=(15]+2) _4 pebbles on v, and one pebble each on the {%W vertices on M3,
we cannot place t pebbles on v, _s. Hence,

1u(02) > ton—(L51+2) m .



318 TAMMAL, DHIVVIYANANDAM AND LOURDUSAMY

Now we prove the sufficient condition. Consider any distribution of
o= (13]+2) 4 [g]

pebbles on the vertices of C2. If ¢t = 1, then the result follows from Case 2 of Theorem
4.1. Assume that the result is true for 2 < ¢ <t —1. Let us fix any vertex u as the target.
Clearly, the graph has at least

pebbles. Note that
<o ([3] +2)

where v € V(C?), and we can move a pebble to u at a cost of
on=(15]+2)
pebbles. Hence, the number of pebbles remaining on V(C?) — {u} is at least
(C2) — 213199 (13199 4[] - (L3
= ¢ — 12 (15]+2) 4 [gw
= p1(C).

Thus, by induction, we can move ¢ — 1 additional pebbles to u. Suppose p(u) = z, where
1 <x <t—1. Then the total number of pebbles distributed on V(C?) — {u} is

u(C2) = p(u) = 2"~ ([5]+2) 4 [gw —
> (t— )2 (L5]+2) |2
> (t — 2)2 +| 3]
= ,Utf:r(cr%)'
Since 1 < x <t —1, we can move t — x additional pebbles to u. Thus,
2y < pon=(13]+2) £ [2]

Case 8. n =2 (mod 3).
Let
p(V(C2)) = ton(3+2) o,

By placing t2”_(%+2> — 1 pebbles on v,,_s and one pebble each on v, _1, v,, v,,_3, we cannot
place t pebbles on the vertex v; using a monophonic path. Thus,

(02 > t2n=(L5]+2) 13
Now we prove the sufficient condition. Consider any distribution of
por—(15]+2) 4 3

pebbles on V(C?). If t = 1, then the result follows from Theorem 4.1. The rest of the
proof is similar to that of Case 1. O
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Theorem 5.3. The monophonic t-pebbling number of the lollipop graph is

"t o — 2.

Proof. Suppose
p(V(L(m,n))) = 2" +m — 3.

By placing 21 — 1 pebbles on u, and one pebble each on vy, v, -+, v,,_1, We cannot
place t pebbles on v,, using a monophonic path. Thus,

pe(L(m,n)) > 2" 4 m — 2.

Now let us prove the sufficient condition. If £ = 1, then the result follows from Theorem
4.2, Assume that the result is true for 2 <t <t — 1. Let u be the target.

Case 1. Suppose p(u) = 0.

Clearly, the graph L(m,n) has at least 2”72 + m — 3 pebbles. Note that

d,(u,v) <n+1,

where v € V(L(m,n)), and we can move a pebble to u at a cost of 2" pebbles. Hence,
the number of pebbles remaining on V(L(m,n)) other than u is at least

p(L(m,n)) — 2" ="t 4 — 2 — 2"t = (+ — 1)2"M o — 2 = ;1 (L(m,n)).

Thus, by induction, we can move t — 1 additional pebbles to u.
Case 2. Suppose p(u) =y, where 1 <y <t — 1.
Thus, the total number of pebbles distributed on V(L(m,n)) — {u} is

pe(L(m,n)) = p(u) = 2" +m -2 —y
> (t— 2" 4+ m —2
— oy (L),

Since 1 < y < t— 1, we can move t — y additional pebbles to u. Hence, the result
follows. u

Theorem 5.4. The monophonic t-pebbling number of the tadpole graph is
A

Proof. Let
p(V(Thn)) = tomtn=2,

By placing t2""™~2 — 1 pebbles on u,, and one pebble on v,,, we cannot place t pebbles
on v,,_1 using a monophonic path. Thus,

i (Tr) > 270772 41,
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Now let us prove the sufficient condition. If t = 1, then the result follows from Theorem
1.3. Assume that the result is true for 2 <t <t — 1. Let u be the target.
Clearly, the graph T;,,, has at least 2"7™~! 4+ 1 pebbles. Also,

d,(u,v) <n+m—2,

where v € V(T,,.,), and we can move one pebble to any target vertex at a cost of 2"Tm2
pebbles. Hence, the number of pebbles remaining on V(7,,,) — {u} is at least

,ut(Tm,n) _ 2n+m—2 — t2n+m—2 +1— 2n+m—1
= (t—12"m 11
= /Jltfl(Tm,n»

Thus, by induction, we can move ¢ — 1 additional pebbles to u. Suppose p(u) = z, where
1 <z <t—1. Thus, the total number of pebbles distributed on the vertices of the graph
is

(o) — p(u) = 127 -
> (t —x)t2" T2 1
= ﬂ't—x(Tm,n)
Since 1 < x <t —1, we can move t — x additional pebbles to u. Thus,

ot (Tm,n) S t2n+m—1 .

Hence, the proof is complete. O]

Theorem 5.5. The monophonic t-pebbling number of the double star path graph is

2" Ll m— 2.

Proof. Let
p(V(P,(I,m))) = 2" +- 1 +m — 3.
By placing one pebble each on

T2, T3y, T, Y2,Y3,", Ym

and t2"*3 — 1 pebbles on x;, we cannot place ¢ pebbles on y; using a monophonic path.
Thus,
pe(Po(l,m)) > 2" 4 1+ m — 2.

To prove the sufficient condition, consider a distribution of
2" 4 m—2

pebbles on V(P,(I,m)). If t = 1, then the result follows from Theorem 4.4. Assume that
the result is true for 2 <t <t — 1. Let u be the target.



ON MONOPHONIC PEBBLING NUMBER 321

We notice that the graph has at least
2" p I+ m -2

pebbles. Clearly,
du(u,v) <n+ 3,

where v € V(P,(I,m)). Hence, using at most 2" pebbles, we can place one pebble on
u. Now

pe(Po(l,m)) — 2" =23 4 [ 4 — 2 — 273
=@t—-12"" 4 14+m—2
= pe—1(Pu(l,m)).

Thus, by induction, we can move ¢t — 1 additional pebbles to u. Suppose we have y pebbles
on u, where y < t. Then the total number of pebbles on the remaining vertices of the
graph is

pe(Po(l,m)) = plu) = 2" 41 +m -2~y
> (t—y)2" P + 14+ m -2
= :ut—y(Pn(lam))-

Thus, we can move t — y pebbles to u. Therefore,

pe(Po(l,m)) < 2" 414+ m — 2.

Theorem 5.6. The monophonic t-pebbling number of the class of fuse graphs is
2+ k- 1.

Proof. Let
p(V(Fi(k))) = t27F + k — 2.

By placing one pebble on each vertex

Ul+27 /Ul+37 sy Up—1

and 271 — 1 pebbles on v;41, we cannot place ¢ pebbles on the vertex v, using a mono-
phonic path. Thus,
pe(Ey (k) > 12 + k — 1.

Now let us prove the sufficient condition. If t = 1, then the result follows from Theorem
1.5. Assume that the result is true for 2 < t <t —1. Let us fix any vertex u as the target.
Case 1. Suppose p(u) = 0.
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Clearly, the graph Fj(k) has at least
22 4k —1

pebbles. The distance satisfies
d#(uav> S l+ 17

where v € V(Fj(k)), and we can move one pebble to any target vertex at a cost of 2!+
pebbles. Hence, the number of pebbles remaining on the vertices of the graph Fj(k) other
than the vertex w is at least

Mt(ﬂ(k)) . 2l+1 _ 7(/_21-1-1 +k—1-— 2l+1
=(t—-12"" k-1
= pr—1(F1(k)).

Thus, by induction, we can move t — 1 additional pebbles to u.
Case 2. Suppose p(u) =y, where 1 <y <t — 1.
Thus, the total number of pebbles on the vertices of the graph is

pe(Fy(k)) = p(u) =127 + k=1 -y
> (t—y)2t k-1
= pu—y(F1(K)).

Since 1 <y <t — 1, we can move t — y additional pebbles to u. Thus,

pe(Fi(k)) <27 + k- 1.

6. Conclusion

In this article, we computed the M PN and MtPN of several cycle and path graphs.
This approach has been developed based on the limitations of the methodology used in
the literature. The concept of the monophonic pebbling number helps in minimizing or
optimizing the flow of information through a network. Our future scope will be to develop
an algorithm that can be implemented on a computer.

References

[1] B. Chaluvaraju, H. S. Boregowda, and S. A. Diwakar. Hyper-zagreb indices and their
polynomials of some special kinds of windmill graphs. International Journal of Advances
in Mathematics, 4:21-32, 2017. Available online: https://bit.1y12ysiyqg.

[2] F.R.K.Chung. Pebbling in hypercubes. STAM Journal on Discrete Mathematics, 2(4):467—
472, 1989. https://doi.org/10.1137/0402041.

[3] G. Hurlbert. A survey of graph pebbling. Congressus Numerantium, 139:41-64, 1999.


https://bit.ly12ysiyqg
https://doi.org/10.1137/0402041

ON MONOPHONIC PEBBLING NUMBER 323

4]

[5]

[6]

7]

8]

19]

[10]

[11]

[12]

J. Y. Kim and S. S. Kim. The domination cover pebbling number of some graphs. Journal
of the Chungcheong Mathematical Society, 19(4):403-407, 2006.

A. Lourdusamy, [. Dhivviyanandam, and S. Kitheriammal. Monophonic pebbling number
and t-pebbling number of some graphs. AKCFE International Journal of Graphs and Com-
binatorics, 19(2):108-111, 2022. https://doi.org/10.1080/09728600.2022.2072789.

A. Lourdusamy, I. Dhivviyanandam, and S. Kitheriammal. Monophonic pebbling num-
ber of some standard graphs. Preprint, South East Asian Journal of Mathematics and
Mathematical Science.

A. Lourdusamy and S. Saratha Nellainayaki. Detour pebbling on graphs. Advances in
Mathematics Scientific Journal, 10(4):2017-2024, 2021. https://doi.org/10.37418/
amsj.9.12.44.

T. Mathivanan and A. Lourdusamy. Some Eztensions of Pebbling Number in Graphs. PhD
thesis, Unknown. Thesis. Available at http://hdl.handle.net/10603/153701.

L. Pachter, H. S. Snevily, and B. Voxman. On pebbling graphs. Congressus Numerantium,
107:65-80, 1995.

A. P. Santhakumaran and P. Titus. Monophonic distance in graphs. Discrete Mathe-
matics, Algorithms and Applications, 3(2):159-169, 2011. https://doi.org/10.5772/
intechopen.68668.

E. W. Weisstein. Lollipop graph. From MathWorld—A Wolfram Web Resource. https:
//mathworld.wolfram.com/LollipopGraph.html.

E. W. Weisstein. Tadpole graph. From MathWorld—A Wolfram Web Resource. https :
//mathworld.wolfram.com/TadpoleGraph.html.

S. Kither Tammal
Department, of Mathematics, Jayaraj Annapackiam College for Women (Autonomous)

Periyakulam, Tamil Nadu, India

E-mail cathsat86@gmail.com

. Dhivviyanandam

Department of Mathematics, North Bengal St. Xavier’s College
Rajganj, West Bengal, India

E-mail divyanasj@gmail.com

A. Lourdusamy

Department of Mathematics, St. Xavier’s College (Autonomous)
Palayamkottai-627002, Tamil Nadu, India
E-mail lourdusamyl5@gmail.com


https://doi.org/10.1080/09728600.2022.2072789
https://doi.org/10.37418/amsj.9.12.44
https://doi.org/10.37418/amsj.9.12.44
http://hdl.handle.net/10603/153701
https://doi.org/10.5772/intechopen.68668
https://doi.org/10.5772/intechopen.68668
https://mathworld.wolfram.com/LollipopGraph.html
https://mathworld.wolfram.com/LollipopGraph.html
https://mathworld.wolfram.com/TadpoleGraph.html
https://mathworld.wolfram.com/TadpoleGraph.html
mailto:cathsat86@gmail.com
mailto:divyanasj@gmail.com
mailto:lourdusamy15@gmail.com

	Introduction
	Preliminaries
	The Monophonic Pebbling Number of Dutch Windmill Graphs
	The Monophonic Pebbling Number (MPN) of Some Path- and Cycle-Related Graphs
	The MtPN of Some Cycle and Path Graphs
	Conclusion

