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ABSTRACT
The first Zagreb index of a graph G is defined as Y d%(u), where dg(u) is the degree

ueV
of vertex u in G. The algebraic connectivity of a graph G is defined as the second

smallest eigenvalue of the Laplacian matrix of G. Using Wagner's inequality, we in this
paper first obtain an upper bound for the algebraic connectivity that involves the first
Zagreb index of a graph. Following the ideas of obtaining the upper bound, we present
sufficient conditions involving the first Zagreb index and the algebraic connectivity for
some Hamiltonian properties of graphs.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Notation and
terminology not defined in this paper follow those in [3]. Let G = (V(G), E(G)) be a
graph. We use n and e to denote the number of vertices and the number of edges in
G, respectively. The complement of G is denoted by G°. The degree of a vertex u in
G is represented by dg(u). We use 6 = dy < dy < --- < d, = A to denote the degree
sequence of a graph G. We use K, to denote a complete graph of order p. A subset
of V(G) in a graph G is an independent set if any two vertices in the subset are not
adjacent. An independent set in a graph G is called a maximum independent set if its
size is as large as possible. The independence number, denoted 5(G), of a graph G is
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defined as the size of a maximum independent set in GG. For two disjoint vertex subsets
A and B of V(G), we define E(A, B) as the set of all the edges in E(G) such that one
end vertex of each edge is in A and another end vertex of the edge is in B. Namely,
E(A,B):={e:e=abe F,ac A,be B}.

The Laplacian matrix of a graph G, denoted L(G), is defined as D(G) — A(G), where
D(G) is the diagonal matrix diag(dy,ds,...,d,) of G and A(G) is the adjacency matrix
of G. We use 0 = \(G) < X(G) < --+ < A\ (G) to denote the eigenvalues of L(G).
The concept of the algebraic connectivity of a graph G was introduced by [9] and it was
defined as A\o(G). The algebraic connectivity is very important concept in spectral graph
theory. Some results on the algebraic connectivity can be found in [1], [6], [8], [15], [16],
and [23]. The first Zagreb index of a graph was introduced by Gutman and Trinajsti¢ in
[13]. See also [12]. For a graph G, its first Zagreb index, denoted Z;(G), is defined as

S° d%(u). The first Zagreb index is one of the most important topological indices of
ueV(G)
a graph. Many results on the first Zagreb index of a graph can be found in the survey

paper [4] and the references therein. A cycle C' in a graph G is a Hamilton cycle of G if
all the vertices of G are on C. A graph G is called Hamiltonian if G contains a Hamilton
cycle. A path P in a graph G is a Hamilton path of G if all the vertices of G are on P.
A graph G is called traceable if G contains a Hamilton path.

Using Wagner's inequality, we in this paper first obtain an upper bound for the algebraic
connectivity that involves the first Zagreb index of a graph. Motivated by the first Zagreb
index conditions for some Hamiltonian properties obtained in [2], [14], [18], [19], [L7], [20],
[22], and [21], we use the ideas of obtaining the upper bound to present new sufficient
conditions involving the first Zagreb index and the algebraic connectivity for Hamiltonian
graphs and traceable graphs. Below are the results of this paper.

Theorem 1.1. Let G be a connected graph with n > 2 vertices and e edges. Suppose (5
18 the independence number of G and 0 is real number with 0 < 0 < 1. Then

n \/zl<G> — (n— B)62 +058(8 — 1)(n — B)>
B(L+06(8—1)) ’

with equality if and only if G is K,,.

Theorem 1.2. Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges.
Suppose 0 is real number with 0 < 6 < 1.

If

Ao (G) > n \/Zl(G)—(n—k—1)52+0(k+1)k(n_k_1)2

(n—k—1) (k+1)(1+06k) ’
then G is Hamiltonian.

Theorem 1.3. Let G be a k-connected (k > 1) with n vertices and e edges. Suppose 0 is
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real number with 0 < 0 < 1. If

n ZU(G) — (n — k — 2)62 + 0(k + 2)(k + 1)(n — k — 2)2
(n—k—2) k+2)1+0(k+1)) ’

Ao (G) >

then G is traceable.

2. Lemmas

We will use some existing results as our lemmas. Lemma 2.1 below is the Wagner's
inequality [25] (see also Theorem 2.56 on Page 22 in [7]) .

Lemma 2.1. [25] [7]. Let ax and by (k=1,2,---,s) be real numbers. Suppose 0 is a real
number with 0 < 0 < 1. Then

s 2 s s
k=1 i#£j k=1 1<j k=1 1<j

Lemma 2.2 is Proposition 2.1 on Page 173 in [24].

Lemma 2.2. [24]|. Let G be a graph of order n. For any nontrivial subset X of vertices
of G, X #£0, X #V(G), we have

\, < MEV = X))
=TIV =X

Lemma 2.3 below is Lemma 13.1.3 in [10].

Lemma 2.3. [10]. If G is a graph on n vertices and 2 < 1 < n, then \(G) = n —
)\n—i+2(G)-

Lemma 2.4 below is Corollary 2 on Page 224 in [11].
Lemma 2.4. [L1]. If a graph G has an edge, then A\, (G) > A + 1.
The next two results are from [5].

Lemma 2.5. [5]. Let G be a k-connected graph of order n > 3. If f < k, then G is
Hamiltonian.

Lemma 2.6. [5]. Let G be a k-connected graph of order n. If B < k + 1, then G is
traceable.

3. Proofs

Proof of Theorem 1.1. Let G be a connected graph with n > 2 vertices and e edges.
Suppose I := {uy,us,...,ug } is a maximum independent set in G. Since n > 2 and G is
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connected, we have that § <n. Set V — I = { vy, v, ...,v,_5 }. Thus

D dw) = |E(LV -D[< ) dv)

uel veV -1

Since Y d(u)+ > d(v) = 2e, we have that

uel veV -1

Notice that 0 < § < d(u) < (n — ) for each u € I. Applying Lemma 2.1 with s = 3,

a; = d(u;) and b; = 1 for each i = 1,2, ..., B, we have that

38 2
(Z d(u) x1+6 Y d(u;) = 1)

1<i#j<B

'ME

i=1 1<i<j<p 1<i<j<pB
B

<D duw)+20 ) d(ui)*d(uj)) (5+20 5<52_ D
i=1 1<i<j<p
B

< Z (w)+20 > (n—8 6)>(6+96(6—1))
=1 1<i<j<p
B

< (X ) +ze%<n—ﬁ> " (n—ﬁ)> (8 +65(8 - 1))

=1

'ME

d*(u;) + 0B(8 — 1)(n — 5)2> (B +68(6 —1)).

1

7

Thus

P(u)+20 Y d(w) *duj)(212+29 d o 1x1

)

2 8 2
(Zduz> (1+6(8— ))QZ(Zd(ui)*He > d(u,.)*1>

i=1 1<i#j<p

=1

Therefore

; J 5<é P (u5) +68(5 — 1)(n — B)?)
' A+ 0(5-1)

Since

)

B
< (Z d*(u;) + 068(8 — 1)(n — B)2> (B+08(8 —1)).



FIRST ZAGREB INDEX, ALGEBRAIC CONNECTIVITY 93

we have that 5
> d*(w) < Z1(G) = (n— B)8>.
=1

From Lemma 2.2, we have that

B
"y d)

nEI V-1 &
MOSTIVET T B—p)

) Jﬁdﬁwwn+W%ﬂnmﬁv>
Bin—5) (1+0(3—1)

<" \/Zl(G) —(n—B)82+08(8 —1)(n— p)?
_(n—ﬂ) B(1+9(B—1)) .
Suppose
__n Z1(G) = (n—=05)0%2+0B(8 —1)(n— B)?
Ao (G) = (n—ﬂ)\/ 31+ 603 —1)) _

In reviewing of the proofs above,

8 2
<Z d(u;) « 1+ 6 Z d(u;) * 1)

1<i#j<pB

8
= (Z d*(u;) +0B(6 — 1)(n — 5)2) (B+05(8—1)).

=1

This implies that d(u) = (n — () for each v € I. We further have that

B n—p B
Z,(G) = Z d?(u;) + Z d*(v;) = Z d?(u;) + (n — B)62.

This implies that d(v) = 6 for each v € V — I. Thus

n [2(G)— (n— )51 688 — D(n— By
2(G) = ¢ B+ 005 1))

_ 0 [Bn—p? 4685 - 1)(n Y
(n =P AL+ 6(5— 1)

From Lemma 2.3, we have that \,(G°) = 0. From Lemma 2.1, we have that G° does

not have any edge. Thus G is K,,.

=n.

If G is K, then a simple computation verifies that

n [2(G) = (n— )+ 08(5 — 1(n - BY
Xa(G)=n= J B+ 6(3 1)) |
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This completes the proof of Theorem 1.1. O]

Note that 6 is a real number with 0 < 6 < 1. There are infinitely number of choices
for the values of . Therefore Theorem 1.1 can give infinitely number of upper bounds
involving the first Zagreb index for the algebraic connectivity of a graph.

Proof of Theorem 1.2. Let G be a k-connected (k > 2) graph with n > 3 vertices and
e edges satisfying the conditions in Theorem 1.2. Suppose G is not Hamiltonian. Then
Lemma 2.5 implies that § > k+ 1. Let I; := {uy,ug, ..., ug } be a maximum independent
set in G. Then I := {uy,us, ...,
U1 } is an independent set in G. Set V — I = {vy,vg,...,0,_k_1 }. Using arguments
which are similar to the corresponding portions in the proof of Theorem 1.1, we can show
that

D d(u) <e< d(v).

uel veV—I

Let s = (k+1), a; = d(u;) and b; = 1 for each i = 1,2,...,(k+ 1) in Lemma 2.1. Using
arguments which are similar to the corresponding portions in the proof of Theorem 1.1
again, we can show that

X (G) <

n Zi(G)—(n—k—-1)24+0(k+ 1)k(n —k —1)?
(n—k—1) (k 4+ 1)(1 + 0k) '

From the given conditions in Theorem 1.2, we have that

>\2(G) =

n Zy(G) = (n — k — 1)6% + 0(k + Dk(n — k — 1)2
(n—k—1) (k + 1)(1 + 0k) '

Using arguments which are similar to the corresponding portions in the proof of Theo-
rem 1.1, we can show that G is K, contradicting to > k+1 > 3.
This completes the proof of Theorem 1.2. O]

Proof of Theorem 1.3. Let G be a k-connected (k > 1) graph with n vertices and e
edges satisfying the conditions in Theorem 1.3. If n = 1 or n = 2, then it is clear that G is
traceable. From now on we assume that n > 3. Suppose G is not traceable. Then Lemma
2.6 implies that 8 > k+2. Let I; := { u1, ug, ..., ug } be a maximum independent set in G.
Then I := {uy,us, ..., ugso } is an independent set in G. Set V' — I = { vy, v9, ..., Up_p_2 }
Using arguments which are similar to the corresponding portions in the proof of Theorem
1.1, we can show that

D d(u)<e< d(v).

uel veV—-I

Let s = (k+2), a; = d(u;) and b; = 1 for each i = 1,2, ..., (k+2) in Lemma 2.1. Using

arguments which are similar to the corresponding portions in the proof of Theorem 1.1
again, we can also that

A2 (G) < i \/Zl(G)—(n—k:—2)52+¢9(k:+2)(k+1)(n_k_2)2'

(n—Fk—2) k+2)1+0(k+1))
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From the given conditions in Theorem 1.3, we have that

>\2(G) =

n Z1(G)—(n—k—=2)024+0(k+2)(k+1)(n—k —2)?
(n—k—2) (k+2)(14+60(k+1)) '

Using arguments which are similar to the corresponding portions in the proof of Theo-
rem 1.1, we can show that G is K, contradicting to > k+ 2 > 3.
This completes the proof of Theorem 1.3. O
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