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ABSTRACT

For a graph G, let la(G) denote the linear arboricity of G and A(G) denote the maximum
degree of GG. The famous linear arboricity conjecture was made by Akiyama, Exoo, and
Harary [Covering and packing in graphs. IV. Linear arboricity| in 1981. It asserts that

2
of a path and a complete graph, and for products of a path and a tree.

la(G) < M—‘. In this paper, we prove the linear arboricity conjecture for products
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1. Introduction

In graph theory, a linear forest is a forest in which every component is a path. For a graph
G, the linear arboricity of G (defined by Harary [8] in 1970) is denoted by la(G) and is
the minimum number of edge-disjoint linear forests whose union is F(G). The maximum

degree of G is denoted by A(G). We can observe

la(G) > [%G)—‘ . (1)
Also, it is well-known that, for regular graphs,
A 1
la(G) > [%] | ©)

In 1981, Akiyama, Exoo, and Harary [2] made the famous linear arboricity conjecture:
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Conjecture 1.1 (Akiyama, Exoo, and Harary, [2|). For every graph G,

A(G)+1]

la(G) < [ :

This conjecture is still open, but it was proven for some graphs:

Theorem 1.2 (Akiyama, Exoo, and Harary, [1]). For a complete graph K,,

n

la(K,) = M .

Theorem 1.3 (Akiyama, Exoo, and Harary, [1|). For a tree T,

la(T) = {@W .

Also, see: [3, 5, 7, 10, 11].
In 1992, Alon and Spencer [1] proved the following upper bound:

Theorem 1.4 (Alon and Spencer, [1]|). For every graph G,

la(G) < # + O(A(G)%zog(A(G))%).

In 2020, Ferber, Fox, and Jain [6] proved the following improved upper bound:

Theorem 1.5 (Ferber, Fox, and Jain, [6]). For every graph G,
A(G) 2 g
la(G) < — * CA(G)s™°,

for constants C' and a.

In this paper, we prove the linear arboricity conjecture for products of a path and a
complete graph, and for products of a path and a tree.

For two graphs G and G5, the Cartesian product of them is denoted by G10G5, whose
vertex set is

V(G1DG2) = {(Ul,’l}g) | V1 € V(Gl),vg < V(Gg)},
and edge set is
E(G10G3) = {(v1,v9) (v}, v5) | v1 = v} and vavy € E(Gs), or viv] € E(Gy) and vy = vy}

For two graphs G and G, the direct product of them is denoted by G x G2, whose
vertex set is

V(Gl X GQ) = {(Ul,vg) | V1 € V(Gl),l}z € V(Gg)},
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and edge set is
E(G1 x Gg) = {(v1, v2)(v},v}) | viv; € E(Gy) and vavh € E(Go)}.

For two graphs G; and G, the strong product of them is denoted by G X G5, whose
vertex set is

V(Gl X GQ) = {(’Ul,Ug) | V1 € V(G1),U2 S V(Gg)},
and edge set is
E(G1 X GQ) = E(GlmGg) U E(Gl X Gg)

In the following theorems, we assume n,m > 2, because if n = 1, then the linear
arboricity conjecture is proven by Theorem 1.2. If m = 1, then P,LJK; is only one path
and P, x K; does not have an edge.

In 2013, Tao and Lin [9] proved the linear arboricity conjecture for Cartesian product
of a path and a complete graph.

Theorem 1.6 (Tao and Lin, [9]). For Cartesian product of a path and a complete graph,

la(P,0K,,) = {mTHW < [A(P”Dfm) HW :

forn,m > 2.

In section 2, we first prove the following theorem, which proves the linear arboricity
conjecture for direct product of a path and a complete graph.

Theorem 1.7. For direct product of a path and a complete graph,

A(P, x Km)-‘ |

la(anKm):m—lz{ 5

forn >3 and m > 2.

la(Py x Ky) = {TW - [

9 )

2

form > 2.

By combining Theorems 1.6 and 1.7, we further prove the following theorem for n > 3,
which proves the linear arboricity conjecture for strong product of a path and a complete
graph. The case n = 2 is an open problem.

Theorem 1.8. For strong product of a path and a complete graph,
3m — 1" B [A(Pn X Km)-‘

P XK,)=
la(P, m) [ 5 5

forn >3 and m > 2.
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In Section 3, we study Cartesian, direct, and strong products of a path P, with n > 2
and a tree T. If n = 1, then the linear arboricity conjecture is proven by Theorem 1.3.
In the following theorems, we assume A(T) is even. The case A(T) is odd is an open
problem.

Theorem 1.9. For a path and a tree,

(a)

la(P,00T) = [ww |
for n > 2 and even A(T).
(b)
la(P, x T) [MW |
for n > 2 and even A(T).
(c)
la(P, R T) = {ww ,

for n > 2 and even A(T).

2. Products of a path and a complete graph

We first prove Theorem 1.7:
Proof of Theorem 1.7. Let

V(‘Pn) = {U’huQv s 7“71}7

and
E(P,) = {ujug, ugus, . . . , Up_1p }.
Let
V(Kny) ={v1,v9,...,0n}
For convenience, we will also use notations v,, 1, Umi2,-..,V2m_1, which are defined by
Um+1 = U1y, Upt2 = V2, -« .y U2p—1 = Um—1-

We first assume n > 3. So, for 2 < k < n—1and 1 <[ < m, the degree of (u,v;)

is 2m — 2. For k =1or k =n and 1 <[ < m, the degree of (ug,v;) is m — 1. So, in
A(Py X Kpm)
2

We construct m — 1 linear forests by defining their edge sets as follows:
For1<t<m—1,let

P, x K,,, the maximum degree is 2m — 2 and { —‘ =m — 1.

By ={(ui, v;)(Uit1,vj14) | 1 <i<n—1,iis odd,1 < j <m}
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U {(uk, vige) (ugr1,v1) | 1 <k <n—1kiseven, 1 <l <m}.

Then, the edges in E; form a linear forest, which has m disjoint paths. If n is even,
then these m disjoint paths are

{(ub Ul)a (Ug, Ul-i—t)a (u37 Ul)a (U4, Ul-i-t)a sy (um Ul-i-t)}?
{(Ul, U2), (U2, U2+t)7 (U3, U2), (U4, U2+t), ceey (Um U?—i—t)}v
{(ub Um)’ (u27 Um-i-t)v (U3, Um)v (U4, Um+t)> ) (unv Um-i-t)}'

If n is odd, then these m disjoint paths are

{(ulv vl)? (u27 Ul-l-t)a (U3, vl)? (U4, Ul-i-t)’ ) (um Ul)}7
{(ulv U2)7 (U’Qu U2+t)7 (ui’n U2)7 (u47 U2+t)7 SRR (unv UQ)}v
{(u1,vm), (U2, Vymae)s (Ug, Um), (Ugy Uity - -+ (U, U) -

The m — 1 linear forests cover all m(m — 1)(n — 1) edges in P, X K,,, and each edge
belongs to exactly one linear forest. So, la(P, X K,;,) < m —1 = [w] By

combining this result with (1), we get la(P, X K,,) =m — 1 = {w .

We then assume n = 2. So, A(P, x K,;,) = m — 1 = A(K,,). We need to prove
la(Py x Kp) =[] = [%]
For K,,, assume the la(K,,) = [% ] linear forests are Fy, Fy, ..., Fiq(k,,). For Py x Ky,

we construct la(K,,) linear forests by defining their edge sets as follows:
For 1 <t <la(K,), let

Ey = {(ui, v;)(ug, ) | wiug € E(P),vu € E(F,)}.

Then, the edges in F; form a linear forest, which has twice as many paths as F;. So,
la(Py x Kp,) < la(Ky,) = [%]. Py x Ky, is a regular graph. By combining this result with

(2), we get la(Py x K,,) = la(K,,) = [2] = {M] O

2

We combine Theorems 1.6 and 1.7 to prove Theorem 1.8:
Proof of Theorem 1.8. We assumed n > 3. So, A(P, X K,,) = 3m — 1. By
E(P,XK,)=FEP,0K,)UE(P, x K,,), we have

la(P, X K,,) < la(P,0K,,) + la(P, x K,,)
(m + 1-‘

=|— | +m-=1
2

[3m — 1
)
(AP Km)"

2

By combining this result with (1), we get la(P, X K,,) = [w-‘. O
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3. Products of a path and a tree

In this section, we prove Theorem 1.9:
Proof of Theorem 1.9.

Let
V(P,) = {ug,ug, ..., Uy},
and
E(P,) = {ujug, ugus, . .., Up_1Uy}.
Let

V(T) = {v1,v2, ..., 0}

(a) We first prove

(p,om) = | 2520

2

Ifn > 3, then A(P,0T) = A(T)+2. We need to prove la(P,00T) = [2842] = 200 11,
(We assumed A(T) is even.) If n = 2, then A(P,07T) = A(T) + 1. We still need to prove
la(P,0T) = [20H] = 20 1 1,

In Theorem 1.3, we have la(T') = fA(T)} = . Assume the la(T') linear forests are
Fi, Fy, ..., Flur). For P,OT, we construct =~ + 1 linear forests by defining their edge
sets as follows:

For 1 <t <la(T) = 27 let

'> |

By = {(us, v;)(us,vr) | 1 <0 <n, 1 < j .k <m,vjv, € E(F})}.
Let

FEacr

)4y = {(us,v;)(Uis1v;) |1 <i<n—1,1<j <m}.

Our idea is: For 1 <t < la(T) = A(T) , we let F); be the set of edges in the n copies of
F;. Then, we let E%T)+1 be the set of edges in the m copies of P,. So, the edges in each
of Fh, Es, ..., E¥H form a linear forest.

So, la(P,OT) < # +1 = [@]. By combining this result with (1), we get
la(P,0T) = [A500)7]

(b) We prove

la(P, xT) = [M-‘ :

2

We first assume n > 3. So, A(P, xT) = 2A(T'). We need to prove la(P, x T') = A(T).
In Theorem 1.3, we have la(T') = [A(QTW A(T . (We assumed A(T) is even.) Assume

the la(T') linear forests are Fy, Fy, ..., Fiqr). We divide the vertices in 7" into two parts
V*and V—:
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We choose a vertex v and put it in V. Then, every vertex with even distance from
v is put in VT and every vertex with odd distance from v is put in V. Because T is a
tree, every vertex in V7 is only adjacent to vertices in V'~ and every vertex in V'~ is only
adjacent to vertices in V.

For P, x T, we construct 2la(T) = A(T) linear forests by defining their edge sets as
follows:

For 1 <t <la(T) = 2 let

Et1 = {(ui, v;)(Uip1,v%) | 1 < i <n—1vu € E(F),v; € Vo eV},
and
E? = {(ui,vj) (uigr,v) | 1 <i <n— 1o € B(Fy),v; €V 0, € VT

The edges in E} form a linear forest, because, for every 1 <4 < n—1, {(u;, v;) (w1, vx) |
vjvp € E(Fy),v; € V7, v, € VT} form a linear forest which is isomorphic to F;. If we take
different ¢ # 4, then {(uy, v;)(wis1,vi) | VR € E(F),v; € V7, v, € VT} is disjoint with
{(us, v)(wis1,v8) | vjop € E(Fy),v; € V™, v € V1 So, E} is a linear forest, because it
is a disjoint union of n — 1 linear forests.

Similarly, the edges in E? also form a linear forest. So, la(P, x T) < 2la(T) = A(T).
By combining this result with (1), we get la(P, x T) = A(T) = f%]

We then assume n = 2. So, A(P, x T') = A(T). We need to prove la(P, x T') = #
which can be proven by a similar construction: We construct E! and E? in the same way,
and we can combine E} and E?, because {(u1,v;)(uz,vx) | vjor € E(F),v; € VT v, €
V=} and {(ug,v;)(ug,vg) | vjup € E(Fy),v; € V7, u, € V*T} are disjoint. So, E} U E}
form a linear forest when n = 2.

Y

So, we get 2 ) linear forests and la(P, x T') < #. By combining this result with

(1), we get la(P xT) = %
(c) We prove

la(P,®T) = [ww |

2

We first assume n > 3. So, A(P, X T) =3A(T)+2. By E(P,XT) = E(P,OT)U
E(P, x T), we have

la(P, R T) < la(P,OT) + la(P, x T)
= A(2T) +14 A( )
_BA(T) +
2
_ [AP,RT)
i [TW |

By combining this result with (1), we get la(P, X T) = [w-‘.



86 Y. TANAKA

We then assume n = 2. So, A(P, X T) =2A(T)+1. By E(P,XT) = E(P,07)U
E(P, x T), we have

la(P,XT) <la(P,OT) + la(P, x T)

_AM) L, A@)
2

2
2A(T)

e 1
-|

AP&TW

By combining this result with (1), we get la(P, X T) = [w-‘. O

4. Open problem

In this paper, we proved the linear arboricity conjecture for products of a path and a
complete graph, and for products of a path and a tree. However, in Theorem 1.8, we
assumed n > 3. In Theorem 1.9, we assumed A(T') is even. So, there are two open
problems.

Problem 4.1 (about Theorem 1.8). Prove the linear arboricity conjecture for P, X K,
when n = 2.

Problem 4.2 (about Theorem 1.9). Prove the linear arboricity conjecture for P,OT,
P, xT, and P, XT when A(T) is odd.
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