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ABSTRACT

A vertex set D in a finite undirected graph G is an efficient dominating set (e.d.s. for
short) of G if every vertex of G is dominated by exactly one vertex of D. The Effi-
cient Domination (ED) problem asks for the existence of an e.d.s. in G. The Weighted
FEfficient Dominating Set (WED for short) problem further asks for an e.d.s. of mini-
mum,/maximum weight in a given graph G. The ED problem is known to be NP-complete,
even for claw-free graphs, for P;-free graphs, for chordal bipartite graphs, for planar bi-
partite graphs of maximum degree 3 and girth at least g for every fixed g, and thus for
Cy-free bipartite graphs. This manuscript reports a study on the WED problem for Cy-
free bipartite graphs (in the context of a study for bipartite graphs) and shows that the
WED problem can be solved in polynomial time for (S} 25, Cy)-free bipartite graphs, for
(P19, Cy)-free bipartite graphs, and for some related graphs classes.
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1. Introduction

1.1.  Preliminaries

For any missing concept or notation let us refer to [10].
Let G be a finite undirected graph, let V(G) denote its vertex set with |V(G)|= n,
and let F(G) denote its edge set with |E(G)|= m. For any U C V(G), let N(U) :=
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{v € V(G)\ U : v is adjacent to some vertex of U} denote the neighborhood of U, and
let N[U] := N(U)UU denote the closed neighborhood of U; in particular, if U = {u},
then let us simply write N(u) and N[u]. For any U W C V(G), if every vertex in U
is adjacent (is nonadjacent) to every vertex in W, we denote it by UMW (by UQW);
in particular, for U = {u}, we simply denote UMW (denote UQ@W) by w(W (by
w(@W). For any v € V(G) and for any W C V(G), with u ¢ W, let us say that u
contacts W if w is adjacent to some vertex of W. For any u,v € V(G), distg(u,v)
denotes the minimum distance between u and v in G, i.e., the minimum length of a path
between u and v in G similarly, for any v € V(G) and for any U C V(G), diste(U,v) =
min{distg(u,v) : v € U}. Furthermore, for any u € V(G) and for any natural i, let us
write N;(u) = {v € V(QG) : distg(u,v) = i}; similarly, for any U C V' and for any natural
i, let us write N;(U) = U, ey Ni(u) \ U. Finally, for any U C V(G), let G[U] denote the
subgraph of G induced by vertex set U.

For a set F of graphs, a graph G is called F-free if G contains no induced subgraph
isomorphic to a member of F; in particular, we say that G is H-free if G is { H }-free.

For h > 1, let P, denote the chordless path with h vertices, and let K} denote the
complete graph with h vertices (clearly, P, = K3). For h > 4, let C}, denote the chordless
cycle with h vertices. The girth of a graph G is the length of a shortest [and thus induced|
cycle contained in G. For ¢,j,k > 0, let S; ; denote the tree formed by three chordless
paths, namely P, Pji1, Py41, which share a unique endpoint. Thus, the claw is S 11,
the chair (also called the fork) is S 12, and Py is isomorphic to Sp k-1 Finally, we denote
by G + H the disjoint union of graphs G and H, in particular let 2H denote H + H.

1.2.  The weighted efficient domination (WED) problem

Let G = (V(G), E) be a finite undirected graph. A vertex v dominates itself and its
neighbors. A vertex subset D C V(G) is an efficient dominating set (e.d.s. for short) of
G if every vertex of GG is dominated by exactly one vertex in D. Then, for any e.d.s. D
of G, one has |D N N[v]|= 1 for every v € V(G). The notion of efficient domination was
introduced by Biggs [1| under the name perfect code. Note that a graph may have no
e.d.s., e.g., a Cy or a Cy (in particular, in [28], it is considered the problem to compute
the minimum number of vertices in a set S such that the graph G — S has an e.d.s.).
Let us mention the following theorem shown in [40]:

Theorem 1.1. [40] If a graph has two or more e.d.s., then all such e.d.s. have the same
cardinality.

The Efficient Dominating Set (ED for short) problem can be defined as follows:

e Given a graph G, check if G has an e.d.s.

The Weighted Efficient Dominating Set (WED for short) problem can be defined as
follows:

e Given a graph G and a weight function w : V(G) — R, compute D* € ARG
MIN{w(D) : D is an e.d.s. of G}, where w(D) = > w(d).

deD
Note that, since a graph may have no e.d.s., the WED problem may have no feasible
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solution.

In particular, if w(v) = 1 for every v € V(G), then the WED problem is the ED
problem.

Finally, according to [7], let us point out that, by Theorem 1.1 and since negative
weights are allowed, the Weighted Efficient Dominating Set could be equivalently defined
with respect to maximum weight (instead of minimum weight).

Let us mention [6] and [27] for a detailed study on this topic. The WED problem
is motivated by various applications, including coding theory and resource allocation
in parallel computer networks; see e.g [3, 2, 4, 20, 32, 33, 34, 39, 40, 44, 45]. Efficient
dominating sets are also called perfect dominating sets and independent perfect dominating
sets in various papers.

The Exact Cover problem asks for a subset F’ of a set family F over a ground set, say
V, containing every vertex in V exactly once, i.e., 7' forms a partition of V. As shown
by Karp [29], this problem is NP-complete even for set families containing only 3-element
subsets of V' (see problem X3C [SP2| in [25]). Clearly, the ED problem is the Exact Cover
problem for the closed neighborhood hypergraph of G, i.e., if D = {dy,...,dy} is an e.d.s.
of G then N[d;]U...U NJ[dy] forms a partition of V(G). In [3, 2], it was shown that the
ED problem is NP-complete.

A set M of edges in a graph G is an efficient edge dominating set (e.e.d.s. for short)
of G if and only if it is an e.d.s. in its line graph L(G). The Efficient Edge Dominating
Set (EED for short) problem asks for the existence of an e.e.d.s. in a given graph G.
Thus, the EED problem for a graph G corresponds to the ED problem for its line graph
L(G). Again, note that not every graph has an e.e.d.s. Efficient edge dominating sets
are also called dominating induced matchings in some papers (see e.g. [9, 19]). In [206], it
was shown that the EED problem is NP-complete; see also |9, 19, 37, 38]. Thus, the ED
problem is NP-complete for line graphs. Since line graphs are claw-free, the ED problem
is NP-complete for claw-free graphs as well.

Many papers have studied the complexity of the ED problem on special graph classes
(see |12, 40| for references). The ED problem remains NP-complete for bipartite graphs
[45], 2Ps-free chordal graphs [40, 45|, chordal unipolar graphs [23, 45|, line graphs of
bipartite graphs [38], planar bipartite graphs [39], chordal bipartite graphs [39] (a bipartite
graph G is chordal bipartite it G is Cy-free for every k > 3. i.e., it is a hole-free bipartite
graph), planar graphs with maximum degree at most 3 [24, 30]. Thus, for every k > 3,
the ED problem is NP-complete for Cy;-free bipartite graphs. Moreover, the ED problem
is NP-complete for planar bipartite graphs [39] and even for planar bipartite graphs of
maximum degree 3 [12] and girth at least g for every fixed g [12]. Thus, the ED problem
is NP-complete for Cy-free bipartite graphs.

A linear forest is the disjoint union of chordless paths, namely, it is a Ci-free (for any
k > 3) and claw-free graph. The NP-completeness of the ED problem for 2 Ps-free chordal
graphs, for bipartite graphs, and for claw-free graphs mentioned above implies:

Corollary 1.2. For any graph F, different to a 2Ps-free linear forest, the ED problem is
NP-complete in the class of F-free graphs.
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Corollary 1.2 motivated the study of the (W)ED problem in the class of F-free graphs,
when ' is a 2P3-free linear forest. The last remaining open case was the complexity of
the ED problem on Ps-free graphs (see [8]); actually, it was open even for Ps-free chordal
graphs. Lokshtanov, Pilipczuk, and van Leeuwen [35], and independently Brandstadt and
Mosca [13], showed that the ED problem is solvable in polynomial time for Ps-free graphs
(the time bound in the direct approach of [13] is O(n®m) while in [35], it is more than
%),

As mentioned above, in [23, 43, 45], it was shown that ED is NP-complete for 2Ps-free
chordal unipolar graphs and thus, in general, for Pr-free graphs. Then, by the above
polynomial results on Ps-free graphs, one obtains a dichotomy.

Furthermore, if the ED problem is solvable in polynomial time for (P,+{P,)-free graphs,
¢ > 0, then it is solvable in polynomial time for (P, + (¢ + 1) P,)-free graphs [8]. Thus,
the ED problem is solvable in polynomial time for (Ps + ¢P;)-free graphs for every fixed
¢ > 1. Let us mention that the ED problem is solvable in linear time for Ps-free graphs
[5]. Moreover the ED problem is solvable in polynomial for different subclasses of Pr-free
graphs [11].

However, regardless of Corollary 1.2, the WED problem is solvable in polynomial time
for distance-hereditary graphs [39], for AT-free graphs and for dually chordal graphs [7],
and for some “comb product graphs" [31].

Let us conclude with a focus on bipartite graphs.

Lu and Tang [39] showed that the ED problem is solvable in linear time for bipartite
permutation graphs (which are a subclass of convex bipartite graphs). In [11], it is shown
that the ED problem can be solved in polynomial time for interval bipartite graphs (which
include convex bipartite graphs, which are a subclass of chordal bipartite graphs). In [1],
it is shown that the ED problem can be solved in polynomial time for diameter three
bipartite graphs, while the ED problem is NP-complete for graphs of diameter d = 3k or
d=3k+2for k>1.

It is well known that for every graph class with bounded clique-width, the ED problem
can be solved in polynomial time |21]; for instance, the clique-width of claw-free bipartite,
i.e., K s-free bipartite graphs is bounded. Dabrowski and Paulusma [22] published a
dichotomy for boundedness of clique-width of H-free bipartite graphs (see also [30]). For
instance, the clique-width of S; 5 3-free bipartite graphs is bounded (which includes K 3-
free bipartite graphs).

Since the ED problem remains NP-complete for bipartite graphs, Corollary 1.2 and the
above results motivate the study of the (W)ED problem on F'-free bipartite graphs, when
F is not a 2Ps-free linear forest and when F-free bipartite graphs have unbounded clique
width.

In [14], it is shown that the ED problem can be solved in polynomial time for P;-free
bipartite graphs, for ¢P,-free bipartite graphs for fixed ¢, for Ss 5 4-free bipartite graphs as
well as for Py-free bipartite graphs with degree at most 3. Furthermore the WED problem
can be solved in polynomial time for S ; 5-free bipartite graphs [15] for S} 3 5-free bipartite
graphs [16], and for Ps-free bipartite graphs [17, 18].

In particular one could consider the following open problems:
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What is the complexity of the ED problem for
— Py-free bipartite graphs, £k > 9 7

— 51 34-free bipartite graphs 7
— S1,16-free bipartite graphs ?
— Sy 25-free bipartite graphs ?

— Sy i-free bipartite graphs for £ > 5 7

chordal bipartite graphs with vertex degree at most 3 7

1.8.  This manuscript

This manuscript reports a study on the WED problem for C)-free bipartite graphs, as
motivated above, recalling that the ED problem remains NP-complete for C-free bipartite
graphs.

In detail, this manuscript introduces the following results.

Theorem 1.3. For (5125, C4)-free bipartite graphs, the WED problem can be solved in
O(n'?) time.

Theorem 1.4. For (P, Cy)-free bipartite graphs, the WED problem can be solved in
O(n®) time.

The approach introduced for Theorem 1.4 can be extended for (P, Cy)-free bipartite
graphs, for t > 11, as discussed later.

More generally along this study — mainly due to the first author — it turned out that
many polynomial results could be introduced by a similar approach.

In particular the WED problem is solvable in polynomial time for the following graph
classes:

e (Pi1,Cy, Cg)-free bipartite graphs,
o (Py3,Cy, Cg, Cg)-free bipartite graphs,

(

(
e (2P;, Cy, Cg, Cy)-free bipartite graphs,
e (P, Cy, Cq, Cs, Chp)-free bipartite graphs,
(

o (2Py, (4, Cg, Cy, Cp)-free bipartite graphs.

Let us conclude with a result from [42] which could be useful to present this topic.

Consider the following transformation [which recalls that introduced in [41] showing
that the Maximum Independent Set problem remains NP-hard for graphs of girth at least
g for every fixed g|: Let G = (V(G), E(G)) be a graph and let G' = (V(G'), E(G")) be
the graph obtained from G by replacing every edge xy € E with an induced P; of vertices
x,a,b,c,y and edges xa, ab, bc, cy, namely © —a — b — ¢ — y; in particular let us say that
x—a—0b—c—yis a blue path of G' and that vertices a, b, c are the interior vertices of
r—a—b—c—uy.



462 A. BRANDSTADT AND R. MOSCA

Theorem 1.5. [42] Let G = (V(G), E(G)) be any graph and let G' = (V(G"), E(G")) be
the graph obtained from G as above. Then G has an e.d.s. of cardinality k if and only if
G’ has an e.d.s. of cardinality k + |E).

Proof. First let us assume that G has an e.d.s. say D of cardinality k. Then one can
define an e.d.s. D" of G’ as follows with reference to each edge xy € E(G) (by definition
of e.d.s. for each edge zy € E(G) at most one vertex of xy is in D):

if vy € E(G), x € D, y ¢ D, then with reference to the blue path x —a — b — ¢ — y of
G', set x,cin D',

if vy € E(G), x € D, y ¢ D, then with reference to the blue path z —a —b— ¢ —y of
G',set bin D'.

By definition of e.d.s. and by construction one has that D’ is an e.d.s. of G'; in particular,
for each blue path P of G’ there is exactly one interior vertex of P belonging to D', so
that D’ has cardinality k + |E|.

Then let us assume that G’ has an e.d.s. say D’ of cardinality k + |E(G)|. Note that
by definition of e.d.s., for each blue path P of GG, there is exactly one interior vertex of
P belonging to D’. Then let us observe that:

ifae D', b,c,é D', then by definition of e.d.s. one has x € D" and y € D’;

ifbe D', a,c,é& D', then by definition of e.d.s. one has x,y & D’.

By definition of e.d.s and by construction one has that D = D' N V(G) is an e.d.s.
of G; in particular, for each blue path P of G’ there is exactly one interior vertex of P
belonging to D', so that D has cardinality k. O]

Notice that, for any graph G, the graph G’ obtained from G as above is bipartite.
Furthermore the above theorem admits a repeated application: in particular it shows
that the ED problem remains NP-complete for bipartite graphs of girth at least g for
every fixed g.

2. The WED problem for (595, Cy)-free bipartite graphs

2.1.  Preliminaries
Let G = (V(G), E(Q)) = (X,Y, E(G)) be an (S}25,Cy)-free bipartite graph.

For any vertex u € V(G), we say that u is forced if u € D for every e.d.s. D of G, and
u is excluded if uw ¢ D for every e.d.s. D of G.

By a forced vertex, G can be reduced to G’ as follows:

Claim 1. If u € V(G) is forced, then G has an e.d.s. D with u € D if and only if the
reduced graph G’ = G\ N[u| has an e.d.s. D’ = D\ {u} such that all vertices in No(u)
are excluded in G'.

Analogously, for any vertex v € V(G), we say that u € V(G) is v-forced if u € D for
every e.d.s. D of G with v € D, and u is v-ezcluded if u ¢ D for every e.d.s. D of G with
v € D. For checking whether G has an e.d.s. D with v € D, we can clearly reduce G by
forced vertices as well as by v-forced vertices when we assume that v € D:
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Claim 2. If u € V(G) is v-forced, for a vertex v € V(G), then G has an e.d.s. D with
v € D if and only if the reduced graph G’ = G\ N[u| has an e.d.s. D' = D \ {u} with
v € D' such that all vertices in Ny(u) are v-excluded in G'.

Similarly, for £ > 2, u € V(G) is (v1,...,v;)-forced if u € D for every e.d.s. D of G
with vy,...,vx € D, and correspondingly, u € V(G) is (v1, ..., vg)-ezcluded if u ¢ D for
such e.d.s. D, and G can be reduced by the same principle.

Clearly, for every component of GG, the WED problem is independently solvable. Thus,
we can assume that G is connected.

Recall that distg(u,v) denotes the minimum distance, i.e., the minimum length of a
path between v and v in GG. By definition of e.d.s., the distance between two D-vertices
is at least 3. Moreover, if u,u’ € DN X or u,u’ € DNY then distg(u,u’) > 4.

If for an e.d.s. D in the bipartite graph G = (X,Y, E), |D|= 1, say without loss of
generality, D = {z} with x € X and DNY = (), then every y € Y must have the D-
neighbor x € D, i.e., (DY and by the e.d.s. property, | X|=1, i.e., X = {z} (else there
is no such e.d.s. in G), which is a trivial e.d.s. solution.

Now assume that |D|> 2, and without loss of generality, D N X # (). Since G is
connected, every x € D N X must have at least distance 2 in G, say (z,y, ') induce a P;
in G. Then by the e.d.s. property, y, 2’ ¢ D and 2’ must have a D-neighbor v/ € DNY
(else there is no such e.d.s. in G). Thus, DN X # 0 and DNY # (.

Then by the above let us formalize the following obseravtion.

Observation 2.1. If D is an e.d.s. of G, then there is an induced Py of G say P, such
that D contains the two endpoints of P.

2.2.  Distance levels

Let us fix an induced P, of G, say P of vertices p1, p2, p3, P4, and edges p1ps, pops3, P3Pa-
Let us recall the notation N ({p1,ps4}) = {v € V(G) : dist(v,{p1,ps}) = h}, for h > 1,
for the distance levels with respect to {p1, ps}.
NOTATION: for brevity let us write {p1,ps} = Ny and N ({p1,ps}) = Nj, for h > 1.
Notice that G[Ny U Ny] is connected.
Then let us assume that Ny C D, where D is a (possible) e.d.s. D of G.
By definition of e.d.s., we have:

DN (N, UN,) = 0. (1)

If there is a vertex € Ny with N(z) N N3 = (), then G has no e.d.s. D with Ny C D.
Thus, we assume:
Every vertex x € Ny has a neighbor in Nj. (2)

If there is a vertex x € Ny with |[N(z) N N3|= 1, say N(z) N N3 = {y}, then y is
Ny-forced. Then one can update Ny := Ny U {y} and re-define the distance levels with
respect to Ny. Notice that G[INg U Ny] is still connected. Thus, we assume:

Every vertex x € Nj has at least two neighbors in V3. (3)
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If there is a vertex y € N3 with N(y) N Ny = (), then y is Ny-forced. Then one can
update Ny := Ny U {y} and re-define the distance levels with respect to Ny as above.
Notice that G[Ny U Ny] is still connected.

Thus, we assume:

Every vertex y € N3 has a neighbor in Nj. (4)

In particular, we have:

Lemma 2.2. For every ro € No, 1o is no endpoint of a Py whose remaining vertices are
m N() U Nl-

Proof. Let 5 € Ny be the endpoint of a Py, (re,r1,v1,...,0), k > 1, with r € Ny and
V1, .., 0k € No U Ny. Clearly, (r9,71,70) induce a Py in G with € Ny and ry € No.

Suppose to the contrary that 7o is the endpoint of a Py (12,71, v1, U2, v3,v4) with r; € Ny
and vy, ...,v4 € NgUN;. By (3), o must have at least two neighbors in N3, say ror3 € E,
rory € E with s, 75 € N3 and without loss of generality, r3 € D. By defnition of e.d.s., 7} ¢
D and r} must have a D-neighbor s € DN(N3UNy). But then (7o, 73,75, S, 71, v1, Vg, U3, V)
(with midpoint 75) induce an S; 55 in G, which is a contradiction.

Thus, 79 is no endpoint of a P whose remaining vertices are in Ny U Ny, i.e., ry is
the endpoint of a Ps (rg,71,v1,v9,v3) with 7 € Ny and vy, v9,u3 € Nog U N; or a Py
(ro,r1,v1,v9) with 71 € Ny and vy,ve € Ng U Ny or a P3 (re,ry,r9) with r; € N; and
ro € Ny, and Lemma 2.2 is shown. O

Lemma 2.3. Fvery ro € Ny is no endpoint of a Ps P = (rq,73,74,75,7¢) with r3 € Nj,
r4 € N3UNy, 15 € NsUN4UN5, 76 € N3 UNyUNsUNg, i.e., Ng =0, N5 is independent,
every edge in Ny does not contact Ns, and for every edge r3sz in N3, there is no such P,
(r3, S3,74,75) with 4 € Ny and r5 € Ny U Ns.

Proof. Let (x,y;,x1,y) induce a Py in G[Ny U N;| with =,y € Ny and y;, 21 € Ny.

Suppose to the contrary that ro € N, is the endpoint of a Ps P = (19,73, 74,75, 76) With
r3 € N3, 14 € N3 U Ny, 15 € N3 U NyU N5, 16 € N3 U Ny U N5 U Ng. Without loss of
generality, assume that ro € Ny N X.

If royy € E then (yi,x, x1,y,72,73,74,75,76) (with midpoint y;) induce an S} 55 in G,
which is a contradiction. Thus, roy; ¢ E and riry € E with r1 € Ny, r1 # y;.

First assume that riz € E. Since there is no such Cy (r1,z,y1,21) in G, mz, ¢ E.
But then 75 is the endpoint of a Py (12,71, %, y1,x1,y) with 71, 21,y1 € Ny and z,y € Ny,
which is a contradiction by Lemma 2.2. Thus, mz ¢ E, i.e., ror; € E with g € N,
ro # x. If ma) € E with yz} € E (possibly x1 = x}) then (ry,ro, 25, y,72,73,74,75,76)
(with midpoint ) induce an S155 in G, which is a contradiction. Thus, ma} ¢ E, i.e.,
Tl@N(y)-

Since G[Ny U N;] is connected, ry and y must have distance at least 3; without loss
of generality, (ro,7],2},y) induce a P, with 7}, z} € Ny (possibly x; = x| but r; # ).
Since rjx] € E then, since there is no such Cy (g, 71,72,7)) in G, rire ¢ E. But then ry
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is the endpoint of a Py (re,r1,70,7), 2}, y) with r1,r], 2} € Ny and ro,y € Ny, which is a
contradiction by Lemma 2.2. Thus, riz} ¢ E, i.e., r}(0)N(y), which is a contradiction.
Thus, ro € Ny is no endpoint of a Ps P = (rq, 73,74, 75,76) With r3 € N3, 14 € N3 U Ny,
rs € N3UN4U N5, 76 € N3U N, U N5 U Ng, 1.e., Ng = (), N5 is independent, every edge in
N, does not contact Nj, and for every edge r3ss in N3, there is no such Py (r3, s3,74,75)
with 74 € Ny, r5 € NyU N5, and Lemma 2.3 is shown. O

Corollary 2.4. For everyry € Ny andrs € DN N3 with rors € E, r9 € Ny 15 no endpoint
OfP4 (7‘2,7’3,7“4,7”5) with ry € DﬂN37 Ty € NgUN4, rs € NgUN4UN5.

2.3.  When no D-vertex is midpoint of a P5s in G

Let us show that an e.d.s. of G in ARG MIN{w(D) : D is an e.d.s. of G such that no
D-vertex is midpoint of an induced Ps} can be computed in polynomial time.
Let D denote such a possible e.d.s.

Lemma 2.5. For every Py P = (1,1, %2, Y2, T3, Y3, Ta, Ya) 0 G, T1,22, Y2, T3, Y3, Ya are
excluded.

Proof. Let P = (x1, y1, 2, Y2, T3, Y3, T4, Y4) induce a Pg in G, and in this subsection, every
D-vertex is no midpoint of a P5 in G.

Since xo is midpoint of a Ps (1, Y1, X2, Yo, x3) in G, 9 ¢ D. Analogously, since 5 is mid-
point of a Ps (y1, s, Y2, x3,y3) in G, y2 ¢ D, since w3 is midpoint of a Ps (22, ys, T3, Y3, T3)
in G, x3 ¢ D, and since y3 is midpoint of a Ps (Yo, x3,¥s3, T4,y4) in G, y3 & D, i.e.,
T2, Yo, T3, y3 are excluded.

Finally suppose to the contrary that either x1 € D or y4 € D; without loss of generality,
assume that z; € D; recall that xo, yo are excluded. Then by definition of e.d.s., y1,z9 ¢ D
and xy must have a D-neighbor y € D with xoy € E, y # y1,y2. Clearly, by the e.d.s.
property, x1y ¢ E. Since in this subsection, y is no midpoint of a Ps in G, yx3 ¢ E and
yxry ¢ E (else y € D is midpoint of a Ps (y1, z2,y, 23, y3) or (Y1, T2, Y, Ta,Ys)).

But then (xa,y, Y1, 21, Y2, T3, Y3, T4, ys) (with midpoint z5) induce an S 55 in G, which
is a contradiction. Thus, x; ¢ D. Analogously, v, ¢ D, i.e., x1,ys are excluded, and
Lemma 2.5 is shown. O

Lemma 2.6. For every Py P = (x1,y1, T2, Y2, T3, Y3, Ta,Ys) in G, there are exactly two
D-vertices y; € D and x4 € D in P which are forced.

Proof. Let P = (x1, 41, %2, Y2, T3, Y3, T4, Y4) induce a Py in G, and in this subsection, every
D-vertex is no midpoint of a P5 in GG. Recall that by Lemma 2.5, x1, x2, yo, 3, Y3, s are
excluded.

Suppose to the contrary that either y; ¢ D or x4 ¢ D; without loss of generality,
assume that y; ¢ D. By Lemma 2.5, x1, 29 ¢ D and y; must have a D-neighbor x € D
with zy; € F, x # x1,15. Moreover, by the e.d.s. property, x; must have a D-neighbor
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y € D with 1y € E.

Since in this subsection, z,y € D are no midpoints of a Ps in G, zys ¢ F, zys ¢ F,
and zy, ¢ E (else x € D is midpoint of a Ps (x1,y1,x,y2, x3) or (z1,y1,2,ys, Tq4) OF
(21,91, %, Y4, 24)), as well as yrs ¢ E and yxry ¢ E (else y € D is midpoint of a P;
(1,21, Y, 3,Y3) or (Y1, 21, Y, T4, Ya))-

Since there is no such Cy (y, z1,y1,z2) in G, we have yzo ¢ E. But then (y, z, x1,y, 22,
Yo, T3, Y3, T4) (with midpoint y;) induce an S; 55 in G, which is a contradiction. Thus,
y1 € D is forced.

Analogously, x4 € D is forced, i.e., y;, 4 are forced, and Lemma 2.6 is shown. O

Summarizing one can proceed as follows. Set Y := (); then, for each induced Py P =
(1,91, -, %4,ys) of G, set Y :=Y U{yy,z4}. Thus by Lemma 2.6 and by construction,
all vertices in Y are forced, and G[V(G) \ Y] is Ps-free. Then by Claim 1, the problem
is reduced to [the connected components of| G[V(G) \ N[Y]], with the assumption that
vertices in Ny(Y') are excluded; that can be done in polynomial time, since WED is
solvable in polynomial time for Ps-free bipartite graphs [17, 18]; in particular, the WED
problem for (P, Cy)-free bipartite graphs can be solved in O(n?) time, by Corollary 8
introduced in the next section concerning the WED problem in (P, Cy)-free bipartite
graphs; thus the running time bound of the above procedure can be estimated as O(n®-n?)
time.

Thus, in this subsection, the WED problem can be solved in polynomial time.

2.4.  When D-vertices are midpoints of a Ps in G

Let us show that an e.d.s. of G in ARG MIN{w(D) : D is an e.d.s. of G such that some
D-vertex is midpoint of an induced Ps} can be computed in polynomial time.

Let D denote such a possible e.d.s.

Now assume that there is at least one D-vertex which is midpoint of an induced Ps in
G, say (uq,v1,u, v, uz), with midpoint v € D. Then by definition of e.d.s., uj,us ¢ D
and uy, ups must have D-neighbors in G.

Thus, we can assume that:

— either (v, u1,v1,u, vg, ug) induce a Cg, with u,v € D, which we denote as 2D — Cg;
in this case one can set Ny := {u,v};

— or (v, uy, v, u, Vg, U, V') induce a Py, with u,v,v" € D, which we denote as 3D — Px;
in this case one can set Ny := {u,v,v'}.

In other words there is either a 2D — Cs in G[Ny U Ny] or a 3D — P; in G[Ny U Ny].

Then the problem is to compute an e.d.s. D [of minimum weight| of G, such that
Ny C D, according to the above two cases.

Notice that in both cases one has:

G[Ny U Nq] is connected. (5)

2.4.1. When there is a 2D — Cq in G[Ny U Nq]. Let C' = (x,y1,21,y, 2}, ;) induce a
2D — Cs in G[Ng U Nq] with z,y € Ny, z1,2%,y1,y; € N1. Then for every D-vertex in
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D N N3 which is (x,y)-forced, it can be in Np.

Lemma 2.7. For every 2D — Cq in G[No U Nq], Ny = (.

Proof. Let C' = (x,y;,x1,y,2},y;) induce a 2D — Cq in G[Ny U Ny| with =,y € Ny,
x1, T, Y1,y € Ny

Suppose to the contrary that Ny # (.

First assume that 1o € N; contacts 2D — Cg C' € G[NyU N;]; without loss of generality,
rg € NoNX. By (1), ro ¢ D and 5 must have a D-neighbor in N3. By (3), 72 must have
two neighbors 73,75 € Ns, say r3 € D N N3, and by the e.d.s. property, r5 ¢ D and r;
must have a D-neighbor s € D N (N3 U Ny).

If y179 € E then, since there is no such Cy (rq,y1,2,y)) in G, yire ¢ E. But then
ro is the endpoint of a Py (r2,y1, 1, y, 2}, y;) with zq,y1, 27, y; € Ny and y € Ny, which
is a contradiction by Lemma 2.2. Thus, y;ro ¢ E. Moreover, if yjro € E then, since
there is no such Cy (r9,y1,x,y7) in G, y17o ¢ E. But then ry is the endpoint of a
Ps (ro,yy, 2, y,x1, 1) with z1,y1,2),y; € Ny and y € Ny, which is a contradiction by
Lemma 2.2. Thus, yjry ¢ E.

If vry € E with xv € E, v # y1,v,, then, since there is no such Cy (v,z,4;,21) in G,
vry ¢ E and since there is no such Cy (v, x,y},2}) in G, vz} ¢ E.

But then ry is the endpoint of a Py (r9, v, x,y1, x1,y) with v, x1,y; € Ny and x,y € Ny,
which is a contradiction by Lemma 2.2.

Thus, r2(0)N(z), say rir2 € E with r; € Ny, riz ¢ E. Analogously, for r € Ny NY,
ro(ON(y), say rire € E with r1 € Ny, ry ¢ E. Without loss of generality, ro € Ny N X.
Then € NyNY and max ¢ E, say ror; € E with g € Ny, ro # .

If ryz1 € F then ry is the endpoint of a Ps (12,71, 1, y1, 2, y}) with r, 21,91,y € Ny
and x € Ny, which is a contradiction by Lemma 2.2. Thus, rjz; ¢ E and analogously,
razy ¢ E.

If riu € E with yu € E, u # x1, 2], then, since there is no such Cy (u,y,z1,y1) in G,
uy; ¢ E. But then ry is the endpoint of a Py (12,71, u, y, x1,y1) with ri, u, z1,y; € Ny and
y € Ny, which is a contradiction by Lemma 2.2. Thus, ri (0N (y).

Assume that distg(y,r0) = 3, say (19,77, u,y) induce a Py in G (possibly u = z; or
u = ). Since there is no such Cy (ro, 1,72, 7)) in G, iy ¢ E. But then ry is the endpoint
of a Ps (rg,m1,70, 7, u,y) with ri, 7}, u € Ny and ro,y € Ny, which is a contradiction by
Lemma 2.2. Thus, No N X = (). Analogously, if there is an ro € N, NY then there is a
contradiction, and Ny NY = (.

Thus, Ny = (), and Lemma 2.7 is shown. O

Then for every 2D — Cg in G[NyU N;], it can be done in polynomial time. The running
time bound can be estimated as O(n°) time. Now assume that there are no such 2D —Cg’s
in G.

2.4.2.  When there is no 2D — Cg in G[Ny U N;] but a 3D — P; in G[Ny U Ny].

Lemma 2.8. For 3D — P; in G[NoU Ny|: if the midpoint is in NoN X, then NoNX = (;
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if the midpoint is in NoNY, then NoNY = ().

Proof. Without loss of generality, let (z1,y1, z2, Y2, T3, Y3, x4) induce a 3D — P; in G[NyU
N1] with midpoint yo € Ny NY, and with x1, 24 € Ny, y1, T2, 3,y3 € Ni.

Suppose to the contrary that No NY = ().

First assume that 7o € No NY contacts N(ys2). If rozg € E then, since there is no such
Cy (19, T2, y2, x3) in G, rox3 ¢ E. But then ry is the endpoint of a Ps (r, 22, Y, T3, Y3, T4),
which is a contradiction by Lemma 2.2. Thus, roxs ¢ E.

If rox3 € E then, since there is no such Cy (19, o, Y2, x3) in G, roxo ¢ E. But then ry is
the endpoint of a Py (r9, x3, ya, T2, Y1, 1), which is a contradiction by Lemma 2.2. Thus,
rors ¢ E.

If rou € E with you € E, u # x9,x3, then, since there is no such Cy (19, u, y2, o) in G,
roxo ¢ E. But then 7y is the endpoint of a Py (19, u, ya, T2, y1, 1), which is a contradiction
by Lemma 2.2. Thus, ro € No NY does not contact N(y2), i.e., r2(0)N(y2), say rre € E
with 1y € NyN X, mys ¢ E.

If riy; € E then ry is the endpoint of a Py (rg, 1, 41, T2, Yo, £3), which is a contradiction
by Lemma 2.2. Thus, r1y; ¢ F and analogously, riys ¢ F.

If riv € E with zyv € E, v # yi, then, since there is no such Cy (v, z1,y1,22) in G,
vry ¢ E. But then 7y is the endpoint of a Fs (re, 71, v, 21, 41, x2), which is a contradiction
by Lemma 2.2. Thus, r; does not contact N(z;) and analogously, r; does not contact
N(z4), i.e., 1(Q)N (z1) U N(z4).

Let ror; € E with g € Ny, 19 # y2. Assume that G[Ny U Ny| is connected; without
loss of generality, distg(z1,79) = 3, say (x1,v,r],79) induce a Py in G, ry # r1. Since
there is no such Cy (ro,r1,72,7) in G, riro ¢ E. But then ry is the endpoint of a Fg
(ro,r1, 70,71, v, 21), which is a contradiction by Lemma 2.2. Thus, there is no such distance
between x; and rg, and analogously, there is no such distance between x4 and ry.

Thus, for midpoint y, € NoNY, NoNY = (). Analogously, if (yi1, z1, y2, 2, Y3, T3, Ya)
induce a 3D — P; in G[NyU Ny] with midpoint x5 € NgN X, NoN X = (), and Lemma 2.8
is shown. O

Corollary 2.9. For 3D — P; in G[Ny U Ny| with midpoint in NoNY, N3N X = (),
N,NY =0, NsNX =0, i.e., N3, Ny, N5 are independent.

Corollary 2.10. For 3D — P; in G[Ny U Ny| with midpoint in NoN X, N3NY = (),
NyNX =0, NsNY =0, i.e., Ny, Ny, N5 are independent.

Corollary 2.11. For two 3D — P;’s in G[Ny U N;| with midpoints in Ny N X and in
NoNY, Ny = 0.

Lemma 2.12. For 3D — Pr (z1,y1, T2, Yo, T3, Y3, T4) in G[Ny U Nyl if the midpoint yo €
NoNY, then for ro € NoNX, royy € E and roys € E.

Proof. Let (z1,y1, T2, Yo, 3, Y3, T4) induce a 3D — P; in G[Ny U N;] with midpoint y, €
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NoNY, and with z1, 24 € Ny, y1, 22, x3,y3 € Ny.

Suppose to the contrary that for ro € No N X, my; ¢ E or roys ¢ E; without loss of
generality, roy; ¢ E.

If roy3 € E then ry is the endpoint of a Py (r9, ys, T3, Y2, T2, 1), which is a contradiction
by Lemma 2.2, Thus, roys ¢ E, say rire € E with r1 € Ny, 71 # y1, ys.

If ryx; € E then, since there is no such Cy (11, 21,41, x2) in G, rzo ¢ E. But then ry is
the endpoint of a Py (g, 71,21, Y1, X2, Y2), which is a contradiction by Lemma 2.2. Thus,
rzy ¢ E, and analogously, rixy ¢ FE, say rory € E with rq € Ny, 1o # x1, 4.

If ryzy € E then, since there is no such Cy (71, x2,92,23) in G, rix3 ¢ E. But then
9 is the endpoint of a Py (re, 71, X9, Yo, T3,ys3), which is a contradiction by Lemma 2.2.
Thus, mzy ¢ E and analogously, rizg ¢ E. If mu € E with you € E, u # x4, x3, then,
since there is no such Cy (u,ys,x2,y1) in G, uy; ¢ E. But then ry is the endpoint of
a Ps (ro,r1,u, Yo, T2, y1), which is a contradiction by Lemma 2.2. Thus, ru ¢ E, i.e.,
ri©@N (y2)-

Assume that distg(ro,y2) = 3, say (ro, 7}, u,y2) with 7] # ry (possibly u = x5 or
u = x3). Since there is no such Cy (rq,7r1,70,7]) in G, rire ¢ E. But then ry is the
endpoint of a Py (r2,71,70, 7], U, Y2), which is a contradiction by Lemma 2.2.

Thus, roy; € E. Analogously, roys € E, and Lemma 2.12 is shown. O]

Corollary 2.13. For 3D — P; (y1,21,Y2, T2,Ys3, T3,Ys) in G[No U Ny|, if the midpoint
To € NgN X, then forra € NoNY, rox1 € B and rox3 € E.

Corollary 2.14. For 3D—P; in G[NoUN|, if the midpoint is in NoNY', then |[NoNX|= 1.
Analogously, for 3D — Pr in G[Ny U Ny], if the midpoint is in NoyN X, then |[NoNY|= 1.

Proof. Without loss of generality, let (21, y1, 22, Y2, T3, Y3, x4) induce a 3D — P; in G[NyU
Ni] with midpoint yo € NoNY, and with x1, 24 € Ny, y1, 22, 23,y3 € N1. Then by Lemma
2,12, for ro € NoN X, roy; € F and ryy3 € F.

Suppose to the contrary that |No N X|> 2, say 79,80 € No N X with r9 # s9. Then
by Lemma 2.12, also soy; € E and syys € E. But then there is a Cy (y1,79,¥3, 82) in G,
which is a contradiction. Thus, [Ny N X|= 1, and analogously, for 3D — P; in G[Ny U N |
with midpoint in Ny N X, |[NoNY|= 1. O

Then by the above: |Ny|= 1, N; is independent for i = 3,4,5. On the other hand by
Lemma 2.3: Ng = (), N5 is independent, every edge in N, does not contact N, and for
every edge r3s3 in N3, there is no such Py (r3, 83,74, 75) with 4, € Ny and 75 € Ny U Ns.
It follows that there is only one D-vertex in N3, and there is no such D-vertex in N3 with
midpoint P;. Moreover, there is no such D-vertex in N, with midpoint Ps, and there is
no such D-vertex in N5 with midpoint Ps.

Then one can split the problem in |/NV3| instances, one instance for each r3 € N3 with
rs fixed in D, of the WED problem for G[N3 U Ny U N;] by referring to the case when no
D-vertex is midpoint of a P5 in G. That can be done in polynomial time. Since the above
procedure is repeated for each induced P; of GG, according to Subsection 2.3, the running



470 A. BRANDSTADT AND R. MOSCA

time bound can be estimated as O(n” - n - n'!) time.
Thus, in this subsection, the WED problem can be solved in polynomial time.

Thus, Theorem 1.3 is shown.

3. The WED problem for (P, Cy)-free bipartite graphs

3.1.  Preliminary
Let G = (V(G), E(G) be a graph, with |V (G)|=n and |E|= m.

NOTATION: For any subset C' C V(G) let us write:

Fo=A{(C",D(C"):C CC"CCUN(C); D(C") is the family of e.d.s. D’ of G[C'] such
that C"\ C C D" and D(C") is non-empty}.

In other words: for any possible e.d.s. D of GG, some vertices of D should dominate
vertices of (', in particular D N C may be non-empty; that defines a local vertex set C’
which is formed by vertices of C' and by those vertices of D \ C' which dominate some
vertex of C'; then F¢ collects all such possible local vertex sets C".

Observation 3.1. Let G be a graph. For any subset C C V(G), such that |C|< t for
some t € N, the following statements hold:
(i) for any (C',D(C")) € Fe, one has |C"\ C|< t;

(ii

) family Fo contains O(n') members;
(ili) for any (C",D(C")) € Fe, family D(C") contains at most 2" members;
)

(iv) if G has an e.d.s. say D, then there is a member (C',D(C")) € Fc, such that
DNC" =D for some D' € D(C").

Proof. Statement (i) follows since |C|< t and by definition of e.d.s. Statement (ii)
follows by statement (i) and by construction; in fact, for each (C", D(C")) € F¢, C'\ C'is
a subset of V(G) \ C of at most ¢ elements. Statement (iii) follows by statement (i) and
by construction; in fact, for each (C', D(C")) € F¢, C"\ C if fixed in the possible e.d.s. D’
of G[C'] while the other possible elements of D’ are a subset of C. Statement (iv) follows
by construction and by definition of e.d.s. O]

Then let us report the following result.
Theorem 3.2. [44, 45] The WED problem can be solved for trees in O(n + m) time.

NOTATION: Let us denote any rooted tree, with root say a, as T'(a); furthermore let us
denote as Tj(a) the set of nodes of T'(a) at distance j from node a (for j =1,2,...).

3.2.  The solution method

Let us show that the WED problem can be solved for (Pyg, Cy)-free bipartite graphs in
polynomial time.
Since the WED problem can be solved for trees in O(n+m) time, by Theorem 3.2, and
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since a tree can recognized in O(n + m) time, let us just show that the WED problem
can be solved for (P, Cy)-free bipartite graphs which are not trees in polynomial time.

For any bipartite graph G = (V(G), E(G)), let us write V(G) = V1(G) U Va(G), where
V1(G) and V4(G) are the two sides of G [i.e. they are independent sets].

Let us introduce the following algorithm to solve the WED problem for (Pyg, Cy)-free
bipartite graphs which are not trees.

Algorithm WED-P10

Input: a connected (Pyg, Cy)-free bipartite graph G which is not a tree.

Output: an e.d.s. of G of minimum weight or a proof that G has no e.d.s.

begin

:: set D* := () and set w(D*) := oo;

:: for £ =6,8,10, do

2 begin

.« if G contains some induced Cj, then:

oo (k1) take any such induced Cy’s, say, of vertex-set C;

i (k.2) compute family Fe [according to Observation 3.1;

i (k.3) for each member (C, D(C)) of Fe do

oo (k3 for each edd.s. D' € D(CY) do

2o begin

Do i (k.3.1.1) compute D** € ARG MIN{w(D) : D is an e.d.s. of G, with
DncC’' =D},

oo 0 (k.3.1.2) if such an e.d.s D** exists and if w(D**) < w(D*), then set
D* := D**;

2o end

i (k.4) if D* =0, then return “G has no e.d.s.", and STOP;
i (k.5) if D* # (), then return D*, and STOP;
:: end
end.

Lemma 3.3. Algorithm WED-P10 is correct. Furthermore Algorithm WED-P10 can be
executed in maz{O(n3-Tg),O(n®-Ty),0(n3-Tiy)} time, where O(T},) is the running time
bound of step (k.3.1.1) for k = 6,8,10; thus, it can be executed in polynomial time, pro-
vided that step (6.3.1.1), step (8.3.1.1), and step (10.3.1.1) can be executed in polynomial
time.

Proof. As a preliminary let us remark that, since G is (Pyo, Cy)-free bipartite, the only
possible induced cycles in G are Cg’s, Cg’s, Cig’s.

Let us show that Algorithm WED-P10 is correct, by the following exhaustive cases.

Case 1. G has an e.d.s., say D*, of minimum weight.

By Observation 3.1-(iv), for any subset C' C V(G) [with |C|< t for some ¢t € N|, there
is a member (C',D(C")) € F¢, such that D* N C" = D' for some D' € D(C").

If G contains some induced Cy’s, then for any such induced Cy’s, say, of vertex-set C,
there is a member (C",D(C")) € F¢, such that D N C" = D’ for some D' € D(C"): in
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this case, D* |or another e.d.s. of the same weight| will be detected at the corresponding
step (6.3.1.1), and then D* [or another e.d.s. of the same weight| will be fixed at the
corresponding step (6.3.1.2); finally D* [or another e.d.s. of the same weight] will be
returned at step (6.5), since at steps (6.3.1.1) the algorithm detects just certain e.d.s.
of G (if one), and at steps (6.3.1.2) the algorithm possibly updates the current optimal
solution with respect to these certain e.d.s. of G.

If G is Cg-free and contains some induced Cg’s, then for any such induced Cy’s, say,
of vertex-set C, there is a member (C',D(C")) € F¢, such that D* N C" = D’ for some
D' € D(C"): in this case, D* [or another e.d.s. of the same weight] will be detected at the
corresponding step (8.3.1.1), and then D* |or another e.d.s. of the same weight| will be
fixed at the corresponding step (8.3.1.2); finally D* [or another e.d.s. of the same weight|
will be returned at step (8.5), since at steps (8.3.1.1) the algorithm detects just certain
e.d.s. of G (if one), and at steps (8.3.1.2) the algorithm possibly updates the current
optimal solution with respect to these certain e.d.s. of G.

If G is (Cg, Cy)-free and contains some induced Cig’s, then for any such induced Cyg’s,
say, of vertex-set C, there is a member (C',D(C")) € F¢, such that D* N C" = D’ for
some D" € D(C"): in this case, D* [or another e.d.s. of the same weight] will be detected
at the corresponding step (10.3.1.1), and then D* [or another e.d.s. of the same weight]
will be fixed at the corresponding step (10.3.1.2); finally D* [or another e.d.s. of the same
weight| will be returned at step (10.5), since at steps (10.3.1.1) the algorithm detects just
certain e.d.s. of G (if one), and at steps (10.3.1.2) the algorithm possibly updates the
current optimal solution with respect to these certain e.d.s. of G.

No other case is possible, since G is (Pyg, Cy)-bipartite and is not a tree.

Therefore, in Case 1, the algorithm is correct.

Case 2. G has no e.d.s.

Algorithm WED-P10 starts by setting D* = () and by setting w(D*) = oo. Then, at
step (k.4), the algorithm returns “G has no e.d.s.", provided that D* = ). As shown for
Case 1, if G should have an e.d.s., then D* would be updated [with D* # (}] at some step
(k.3.1.1), for some k € {6, 8, 10}.

Therefore, in Case 2, the algorithm is correct.

Now let us focus on the computational complexity of Algorithm WED-P10.

First let us observe that: step (8.3.1.1) is executed only if G is Cg-free; step (10.3.1.1)
is executed only if G is (Cg, Cs)-free.

For k € {6,8,10}: step (k.1) can be executed in O(nm) time (in fact e.g., for k = 6,
G has an induced Cjy if and only if for some vertex v of G there is a vertex y € N3(v)
with two neighbors in Ny(v)); step (k.2) can be executed in O(n*) time |according to
Observation 3.1-(i)]: in fact, one should consider just subsets U of N(C') of cardinality at
most k, and for each such subsets U check if the graph G[C U U] has an e.d.s. D" with
U C D'|; step (k.3) consists of O(n*) calls of step (k.3.1.1) |according to to Observation
3.1-(ii)-(iii)], so that it can be executed in O(n*-T) time, where O(T') is the running time
bound of step (k.3.1.1).

This completes the proof of Lemma 3.3. O
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Lemma 3.4. Step (6.5.1.1) can be executed in O(n?) time.

Proof. By definition of Algorithm WED-P10, let us fix any induced Cg of G of vertex-
set ', say of vertices cy,...,cq and of edges cico,...,csc1, and let us fix any member
(C',D(C")) of F¢ and any e.d.s. D' € D(C").

Then let us show that D** € ARG MIN{w(D) : D is an e.d.s. of G, with DNC’" = D'}
can be computed in polynomial time. For convenience let us denote D** as D.

Let us recall the notation N,(D') = {v € V(G) : dist(v,D’) = h}, for h > 1, for the
distance levels with respect to D’.

NOTATION: for brevity let us write D’ = Ny and N (D') = N, for h > 1.

Let us observe that, by construction, one has C' C Ny U Nj.

Let us observe that D N (N; U Ny) = () by definition of e.d.s., so that each vertex of Ny
has to be dominated by some vertex of N3, that is, of D N N3: in particular each vertex
of N3 which is isolated in G[N3 U N, U.. ] is forced to be in D.

Let #H be the family of connected components of G[Ns U N, U .. .].

For any vertex x € N», let us say that x is: of Type 1 if x is adjacent to some vertex of
C; of Type 2 if x is not of Type 1 and is adjacent to a vertex of N; which is adjacent to
a vertex of No N C' [that is of D' N C|; of Type & if x is not of Type 1 and is adjacent to
a vertex of Ny which is adjacent to a vertex of Ny \ C [that is of D'\ C]. Let us observe
that, by definition of e.d.s., z is of |[exactly| one of the above types.

Then let us consider the following properties.

P1. Each vertex of N; is the endpoint of an induced Py of G formed together with five
vertices of Ny U NV;.

Proof. Let © € Ny. If x is of Type 1, then x is adjacent to exactly one vertex of C' [since
G is bipartite Cy-free|, and then P1 holds. If x is of Type 2 or of Type 3, then P1 holds by
definition of Type 2 or of Type 3, and by construction [since G is bipartite Cy-free|. [

P2. Each member of H is a tree, rooted at some vertex of N3, of depth at most two.
Proof. Let H be a member of H.

First let us show that H is a tree. By contradiction, assume that H contains an induced
Cy for some k = 6,8,10 |recall that G is bipartite (Pyo, Cy)-free|. Now let x € N, be a
vertex whose distance from the ('} is minimum over all vertices of Ns: let P be a shortest
path from z to C [thus all vertices of P are in N3 U Ny U...]. Notice that the vertex of
P, which is adjacent to some vertex of the C}, is the endpoint of an induced P; together
with four vertices of the C}, [since G is bipartite Cj-free|; on the other hand, by P1, x is
the endpoint of an induced FPs of G formed together with five vertices of Ny U Ny; thus,
G contains an induced Pjg, a contradiction.

Then let us show that H, rooted at some vertex of N3, is of depth at most two. Let a
be any vertex of V(H)N N5 and let us fix a as the root of H, namely, H = T'(a) according
to the notation introduced above. Then let x € Ny be a neighbor of a; notice that x
is nonadjacent to any vertex of Tj(a), for j = 1,2,3, since G is bipartite Cy-free. Thus
Ts(a) = ), else otherwise by P1 an induced Py, arises, involving vertices x and a. O]

In what follows, by P2 [if necessary| let us write any member H of H as H = T'(a) for
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some a € Nj [that is H is a tree, rooted at vertex a € N3, of depth at most two.

P3. For each member H = T'(a) of H, with |T1(a)|> 2 and |T3(a)|> 0, the following
statements hold:

(i) vertex a would be forced to be not in D;

(ii) there are at most |17 (a)| possibilities for DNV (H), namely, D(H,t) = {t} U(T3(a)\
N(t)) for each t € Ti(a) provided that D(H,t) is an e.d.s. of H; in particular, in
this case, D(H,t) N N3 = (;

(iii) if none of the above sets D(H,t) is an e.d.s. of H, then G has not the sought e.d.s.
D; else, one can choose one of them, of minimum weight.
Proof. Concerning (i). Since |T3(a)|> 0 and since T3(a) = () [by P1], vertex a would be
forced to be not in D, by definition of e.d.s.

Concerning (ii). By statement (i), exactly one vertex ¢ of Tj(a) should be in D [by
definition of e.d.s.], and in this case vertex ¢t should be contained in exactly one e.d.s. of
H, namely D(H,t) = {t} U (T3(a) \ N(t)) recalling that T5(a) is an independent set.

Then let us show, if D(H,t) is an e.d.s. of H, then D(H,t) N N3 = (. Notice that
every vertex z of Ny is adjacent to no vertex in D(H,t) NTy(a) = {t}; in fact otherwise
x is the endpoint of an induced Pj [since G is bipartite Cy-free and by definition of e.d.s.|
together with ¢, a, another ¢ € T}(a) [which does exist as |T7(a)|> 2|, and the vertex in
D(H,t) N N(t) N Ty(a) [which does exist as D(H,t) is an e.d.s. of H]; thus, by P1, an
induced Pjq arises. Furthermore notice that every vertex x of Ny is adjacent to no vertex
say z of D(H,t) NTy(a): in fact otherwise x is the endpoint of an induced P; [since G is
bipartite Cy-free and by definition of e.d.s.| together with z, the neighbor of z in T} (a),
a, and t; thus, by P1, an induced Pjq arises. Therefore D(H,t) N N3 = ().

Concerning (iii). According to statement (ii), for each ¢ € Ti(a), one can easily check
whether D(H,t) is an e.d.s. of H. If, for any t € Ti(a), D(H,t) is not an e.d.s. of H,
then G has not the sought e.d.s. D. Else, one can choose the set D(H,t) [which is an
e.d.s. of H| of minimum weight, for ¢t € T1(a). O

P/. For each member H = T'(a) of H, such that:
(i) |Ti(a)|=1 and |Tx(a)|> 0, or

(i) IT3(a)l# 1 and |T(a)|= 0,
vertex a would be forced to be in D while the other vertices of H to be not in D.
Proof. Concerning case (i): since |Tz(a)|> 0 and since T3(a) = () [by P1], vertex a would
be forced to be not in D and should be dominated by the vertex in 77(a) by definition of
e.d.s.

Concerning case (ii): the proof directly follows by construction and by definition of
e.d.s.. N

Let us observe that the only members H = T'(a) of H, which enjoy [the assumptions
of| neither P3 nor P4, are those such that |T7(a)|= 1 and |T5(a)|= 0, i.e., are edges of G.
Then let {H1,H2} be the partition of H such that: H; is formed by those members of
‘H which enjoy [the assumptions of] either of P3 or of P4, while #; is formed by those
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members of H with |T}(a)|= 1 and |T3(a)|= 0, i.e., by those members of H which are
edges of G.

ASSUMPTION 1: Let us assume that, for each member H of H; which enjoys P3, one
can determine D N H according to P3 [else G has not the sought e.d.s. D by P3-(iii)].

Then by the above properties one can simplify the problem as follows.

Let us focus on G’ = G[Na U N3 U Ny U .. .

Let us assume that all vertices of G’ are uncolored: the goal is to check if vertices of
G’ can be colored /partitioned into white vertices, i.e. those in D, and black vertices, i.e.
those in V(G) \ D, with the constraint that all vertices of N, have to be black.

In particular the following forcing rules hold:

(R1) if vertex w is colored white, then all vertices of N(w) should be colored black;

(R2) if vertex b is colored black and if b has a neighbor w colored white, then all vertices
of N(b) \ {w} should be colored black;

(R3) if hy, hy are the two vertices of a member of Hy and if by is colored black (respec-
tively, white), then hs should be colored white (respectively, black).

Then one can execute the following Pre-procedure whose running time bound can be
estimated as O(n?) time: (1) assign color black to all vertices of No; (2) for each member
H of H;y, assign to each vertex of H the forced color according to P3 and to P4 |by
Assumption 1]; (3) apply iteratively rules (R1), (R2), (R3).

Notice that: for any H = T'(a) in H; enjoying P3, vertex a is black [by P3-(i)], and no
vertex of N, is adjacent to any white vertex of H = T'(a) [by P3-(ii)]; for any H = T'(a)
in #H; enjoying P4, vertex a is white, while the other vertices of T'(a) are black [by P4].

ASSUMPTION 2: Let us assume that the above pre-procedure does not lead to a con-
tradiction |else G has not the sought e.d.s. D].

At this point one can just focus on the following set and family:

N} ={xz € Ny : x is adjacent to no white vertex |by the pre-procedure|},

H, = {H € Hs : the two vertices of H are still uncolored [by the pre-procedure|}.

Let V(H}) denote the vertex set of members of HJ,.

P5. Graph G has the sought e.d.s. D if and only if G[N}, U V(H},)] has an e.d.s. say
Dperipheral with Né N Dperipheral =0.

Proof. In fact so far we showed that, if G has the sought e.d.s. D, then some forcing
conditions involve Ny (namely, D N Ny = (), and each vertex of Ny should be dominated
by some vertex of N3) and all members of H \ H) (according to the pre-procedure).
Notice that, by construction and by definition of the pre-procedure, no vertex of Ny \ IV
contacts any member of H),. Summarizing, N is a cut set of GG, and each vertex of IV,
should be dominated by some vertex of V(#}). Then, according to Assumption 1 and to
Assumption 2, P5 is shown with D = D' U W U Dperipheral Where W is the set of vertices
colored by white [by the pre-procedure]. O

The following property P6 is just a technical parenthesis which will be useful later.

Pé6 Let @ be a connected component of G[N) U V(H5)], such that @) contains exactly
one vertex say x of NJ [in particular, z is a cutset by construction, and is colored black
by the pre-procedure|. Then one can easily determine an “optimal" coloring of @ (i.e. of
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Q\{z}).

Proof. By assumption @ is formed by vertex z and by say ¢ members of H), [namely
¢ edges| contacted by z. Thus, @ admits ¢ e.d.s. not containing x, in particular one
can easily compute them and choose anyone of minimum weight [which will be part of

Dperipheral] . O

P7. One can compute D7 . ..1 € ARG MIN{w(Dperipheral) : Dperipheral 1 an e.d.s. of
G[NS UV (HS)] with Nj N Dperipheral = 0} in O(n?) time.
Proof. First let us recall that (by construction and by definition of e.d.s.) each vertex of
N} has to be covered by some vertex of V(H,). Without loss of generality, to our aim,
let us assume that G[N; UV (H,)] is connected.

Then let us recall the aforementioned induced Cg in G[NyU Ny, of vertex-set C, say of
vertices cy, ..., cg, and say of edges cyco, ..., cgCy.

Claim 1. One can assume (without loss of generality) that:

(i) each vertex of NV} contacts at least two members of H);

(ii) each vertex of N} is of Type 1 [i.e. is adjacent to some vertex of C.

Proof. Proof of (i): In fact let x € Nj: if x contacts no member of H), then the sought
e.d.s. D* does not exist; if x contacts exactly one member of #), then the neighbor of
z (in such a member) would be forced to be in D* so that one could iteratively apply
rules (R1), (R2), (R3), and then reduce (again) the problem to a subset of Nj and to a
subfamily of HJ.

Proof of (ii): Let x € NJ. Let us recall that x can be of Type 1, or of Type 2, or of
Type 3.

First let us observe that x can not be of Type 3. By contradiction assume that x is
of Type 3. Then z is adjacent to a vertex y € N; \ C, which is adjacent to a vertex
z € Ny \ C, which is adjacent to a vertex of C; furthermore, by statement (i),  contacts
at least one [actually more than one| member say H of #Hj; then, since G is bipartite
Cy-free, the two vertices of H, x,y, z, and five vertices of C' induce a Py, a contradiction.

Then let us assume that x is of Type 2. Then let u© € N; be adjacent to x and be
adjacent to ¢; € D' N C (without loss of generality by symmetry). Then let us consider
the following two exhaustive occurrences.

:: Assume that ¢ or ¢5 has a neighbor in D'\ C. Without loss of generality by symmetry,
assume that cs has a neighbor in z € D'\ C, i.e. z € Ny. Then [by construction and
since G is bipartite Cy-free| vertices z, ¢y, 3, ¢2, ¢1, u, © induce a Ps. On the other hand,
by statement (i), vertex x contacts at least one [actually more than one] member say H of
HY,. Then an induced Py would arise together the two vertices of H, i.e., this occurrence
is not possible.

:: Assume that ¢z and c; have no neighbor in D'\ C. Then, by definition of e.d.s.,
cs € D'NC. By statement (i), vertex x contacts at least two members of Hj, say of
vertices hy, hy and of vertices ki, ko, respectively, with  adjacent to hy and to ky (without
loss of generality by symmetry).

Let us show that hy and hy are adjacent to no vertex of NJ\ {z}. In fact:

if hy is adjacent to a vertex z; € N, then: either x; is of Type 1, and thus an induced
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Py arises involving vertices ko, k1, x, hi, x1, and five vertices of C'; or 1 is of Type 2 with
a neighbor u; € N, adjacent to ¢; or to ¢y [with u; # w since G is Cy-free|, and thus an
induced Py arises involving vertices ks, k1, x, hq, 1, u1, and four vertices of C;

if ho is adjacent to a vertex xo € NJ, then xs is adjacent to ¢z or to cs [else xq, ho, hy, 2, u, c1,
2,3, ¢4, 5 induce a Pig|, say to c¢5 without loss of generality by symmetry, and thus
k1,2, hy, ho, o, 5, C4, C3, C2, ¢1 induce a Pjg.

Then hy and hy are adjacent to no vertex of Ni\ {x}. It follows [by a similar argument]
that every member H of #HY, which is contacted by x, is contacted by no vertex of NJ\ {z}.
Then one can easily determine an “optimal" coloring of each such members H according
to P6.

This completes the proof of statement (ii). O

Claim 2. For any member H of H), of vertices say hi, ho, one has that: hy is adjacent
to at most one vertex of NJ, and h, is adjacent to at most one vertex of V.
Proof. By symmetry let us just prove that h; is adjacent to exactly one vertex of VJ: in
particular, let us assume that h; has a neighbor x € N (else the claim is proved), and by
Claim 1 let us assume that x is adjacent to ¢; (without loss of generality by symmetry).

Then let us show that no vertex 2’ € NJ, different to z, is adjacent to hy: in fact
otherwise, since G is bipartite C-free, 2’ is nonadjacent to z and is adjacent to ¢z (without
loss of generality by symmetry) since G is bipartite Cy-free; then by Claim 1 and since
G is bipartite Cy-free, there exist two distinct members of H), say H' and H”, such that
x’ contacts H' while x contacts H”; then V(H'), 2/, c3, ¢4, ¢5, 6, ¢1, 2, V(H") induce a Py,
that is not possible since G is Pjo-free. O

NOTATION. Let us say that a pair {z,y} C N/ is a complementary pair of N} if there is
a member H of H), of vertices say hi, he, such that z is adjacent to hy while y is adjacent
to hg; in particular, in this case, let us say that {x,y} covers H, and that H is covered
by {x,y}. Notice that: z is nonadjacent to hy (by Claim 2), y is nonadjacent to h; (by
Claim 2), x is nonadjacent to y (since G is Cy-free). Furthermore in what follows, as an
agreement, let us assume that any complementary pair {x,y} of Nj is an ordered pair
with 2 € V1(G) and y € V4(G).

Claim 3. Let {z,y} be a complementary pair of Nj. Then {z,y} covers at least two
members .
Proof. By assumption, {z,y} is a complementary pair of N}, that is, there is a member
H of Hi, of vertices say hi, ho, such that z is adjacent to hy while y is adjacent to hs.

Without loss of generality by symmetry, let us assume that x is adjacent to ¢;, and
that y is adjacent either to ¢y or to cy.

First let us show that there are no distinct members of Hj, say H, and H,, such that:
x contacts H, and does not contact H,, while y contacts H, and does not contact H,. In
fact, by contradiction, assume that such distinct members exist. Then: if y is adjacent to
¢9, then V(H,),y, ha, hy, x, ¢1, cg, ¢5, ¢4 induce a Py, that is not possible; if y is adjacent
to ¢4, then V(H,),y, cq4,c5,¢6, 1,2, V(H,) induce a Py, that is not possible. Then the
assertion is shown.

Then, by Claim 1, there is a member of ), say K of vertices ki, ko, such that both z



478 A. BRANDSTADT AND R. MOSCA

and y contact K, i.e., x is adjacent to k; while y is adjacent to ks (by Claim 2).
This completes the proof of Claim 3. n

Claim 4. Let {x,y} be a complementary pair of Nj. Then x and y are adjacent
respectively to opposite vertices of G[C], i.e., x is adjacent to ¢; while y is adjacent to ¢; 3
for some i € {1,...,3}.

Proof. By Claim 3, {z,y} covers at least two two members say H, K of H), of vertices
say respectively hy, ho, and kq, ko, such that x is adjacent to hy and k; while y is adjacent
to hy and ks.

Let us assume that x is adjacent to ¢; without loss of generality by symmetry. Then y
is nonadjacent to ¢y [else ha,y, ko, k1, x, 1, cg, C5, C4, c3 induce a Pjg|, y is nonadjacent to
e [similarly by symmetry|, so that y is adjacent to cy. O

Claim 5. Let {z,y} be a complementary pair of N} and let H be a member of Hj, of
vertices say hq, ho, such that x is adjacent to h; while y is adjacent to hy. Then: if one
should fix the color of h; [or of hy| as white, then for any member H* of #H/, which is
contacted by z or by y, the color of each vertex of H* would be determined by the forcing
rules.

Proof. By Claim 3, {z,y} covers at least two two members say H, K of H, of vertices
say respectively hy, ho, and kq, ko, such that x is adjacent to hy; and k; while y is adjacent
to hy and k.

Now let us assume that one fixes the color of h; as white [so that, by rule (R3), the
color of hy is forced to be black|. Then, by rule (R2), the color of k; is forced to be black;
so that, by rule (R3), the color of ks is forced to be white; let us recall that y is adjacent
to ko; at this point, by rule (R2), each vertex of any member H* of H) [different to H
and to K| which is contacted by x or y, is forced to be black, so that by rule (R3) the
other vertex of H* is forced to be white. This shows Claim 3. O

For any two complementary pairs {x,y} and {2/, y'} of NJ, let us say that {x,y} and
{z',y'} are disjoint if x # 2’ and y # ¢/'.

Claim 6. For any two disjoint complementary pairs {z,y} and {z’,y'} of N}, one has
that: x is adjacent to v/, while y is adjacent to 2.
Proof. By Claim 3, {z,y} covers at least two two members say H, K of H, of vertices
say respectively hy, ho, and kq, ko, such that x is adjacent to hy and k; while y is adjacent
to hy and ky. By Claim 3, {2’,y'} covers at least two two members say H', K’ of H), of
vertices say respectively h}, b, and k7, kb, such that z’ is adjacent to h} and k| while ¢/
is adjacent to h}, and K.

Let us recall that, by the above agreement, one has that z, 2’ € V1(G) and y, 3’ € Vo(G);
thus, z is nonadjacent to 2/, and y is nonadjacent to y'.

Note that, by Claim 2 and since {z,y} and {z’,y'} are disjoint, one has that: = and y
do not contact V(H') and V(K'); 2’ and y' do not contact V(H) and V(K).

Let us assume, without loss of generality by symmetry, that x is adjacent to cy; thus,
by Claim 4, y is adjacent to cy.

Now, by contradiction, assume that either x is nonadjacent to 3/, or y is nonadjacent
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to x'.

First let us assume that x is nonadjacent to 3’, and y is nonadjacent to z’: if 2’ is
adjacent to ¢y, then ho,y, ko, k1, x,c1, 2’ h, by, y' induce a Pyp; if 2 is adjacent to cs,
then ho,y, ko, ki, x,cq, co,c3, 2", b, induce a Pyg; if 2’ is adjacent to cs, then similarly by
symmetry there are vertices which induce a Pjq.

Then let us assume that x is adjacent to 1/, and y is nonadjacent to 2’: then hs, vy, ko, k1, x,
y' kb, k1, @', b induce a Pyy.

Finally let us assume that z is nonadjacent to 3/, and y is adjacent to z’: such an
occurrence can be treated similarly to the previous one by symmetry.

This completes the proof of Claim 6. O

Claim 7. There are at most three mutually disjoint complementary pairs of V5.
Proof. By contradiction assume that there are four mutually disjoint complementary
pairs of N}, say {x1,y1}, {x2,y2}, {x3, 93}, {x4,v1}. By the above agreement, one has
Ty, To, x3, ¢4 € Vi(G) and y1, Y2, y3,ys € Vo(G). Then by Claim 4 and by Claim 6 one
has that, for ¢ = 1,2,3,4, z; is nonadjacent to y; and is adjacent to y; for every j €
{1,2,3,4} \ {i}. Then z1,ys, z3,ys induce a Cy, a contradiction. H

Now let us conclude the proof of P7.
For that let us describe the following possible solution method.

Step INITIALIZATION: set D7 .o := 0 and set w(D;}

peripheral) = 0.

Step A. Compute a maximal family, say P, of mutually disjoint complementary pairs
of NJ [note that, by Claim 7, family P has at most three members|:

Al. if P = {0}, then proceed as follows: note that, by construction and since
P = {0}, each member of H), is contacted by exactly one vertex of Nj; then, by Claim
2, each connected component say @ of G[N; UV (H})] contains exactly one vertex of NJ;
then one can easily determine an “optimal" coloring of ) according to P6; then return
the sought e.d.s. D} jea1, and STOP;

A2, if P #£ {0}, then let us write P = {{x,y}, {2, y'}, {",y"}}, without loss of
generality for this description; then go to Step B.

Step B. Select any three members of #), namely three edges (hq, ho), (b7, hY), (hY, hY),
which are respectively covered by {z,y},{2',y'}, {z",y"}. Note that, by rule (R3), each
such edges can be colored in two ways |e.g., concerning edge (hy, hs), one can fix either
“hy black and hy white" or ¢ hy white and hy black"|: thus there are eight ways to color
edges (hh h2>7 (hllv h/2)7 (h/1/7 h/QI)

Step C. For each such eight ways, namely for v € {1,...,8}, fix the corresponding col-
oring of edges (hy, ha), (R}, hY), (R}, k), and determine the color of the remaining vertices
[by the forcing conditions| as follows:

— color vertices of those members of H/, which are contacted by at least one vertex in
{z,y, 2",y 2", y"} according to Claim 5;

— color vertices of the remaining members of H, — let H) denote the subfamily of H,,
formed by these remaining members — as follows: note that, by Claim 2, by Claim 7, and
by step C1, each member of H} is contacted by exactly one vertex of NJ;

thus, each connected component say @ of G[NJ UV (H})] contains exactly one vertex
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say xq of N3, so that one can easily determine an “optimal" coloring of () according to
P6;
— if the above procedure has not led to any contradiction, then: (i) denote the set

. . o 2 @ * *
of white vertices as Df. i perars (1) if W(D5eripneral) < W(Deripherat)s then set D

peripheral =
Df;eripheral'
Step D.
2 I D3 ipheras = 0, then return “G has no e.d.s.", and STOP.
2 I DS ipnerat 7 05 then return DF oy, and STOP.

The above solution method is correct by Claim 1, Claim 2, Claim 5, and Claim 7.
Furthermore the running time bound can be estimated as O(n?) time.
This completes the proof of P7. n

This completes the proof of Lemma 3.4. O]

Lemma 3.5. Step (8.3.1.1) can be executed in polynomial time.

Proof. The proof is similar (but shorter) to that of Lemma 3.4.

As a preliminary let us remark that Step (8.3.1.1) is executed only if G is Cg-free: thus
let us assume that G is Cg-free.

By definition of Algorithm WED-P10, let us fix any induced Cg of G of vertex-set C,
say of vertices ¢q, ..., cg and of edges c¢jca, . .., cgeq, and let us fix any member (C, D(C"))
of Fo and any e.d.s. D' € D(C').

Then let us show that D** € ARG MIN{w(D) : D is an e.d.s. of G, with DN C’" = D’}
can be computed in polynomial time. For convenience let us denote D** as D.

Let us recall the notation N,(D') = {v € V(G) : dist(v,D’) = h}, for h > 1, for the
distance levels with respect to D’.

NOTATION: for brevity let us write D’ = Ny and N (D') = N, for h > 1.

Let us observe that by construction one has C' C Ny U N;.

Let us observe that D N (N; U Ny) = () by definition of e.d.s., so that each vertex of Ny
has to be covered by some vertex of N3, that is, of D N Nj3: in particular each vertex of
N3 which is isolated in G[N3 U N, U...] is forced to be in D.

Let #H be the family of connected components of G[Ns U N, U .. .].

For any vertex x € N», let us say that x is: of Type 1 if x is adjacent to some vertex of
C; of Type 2 if x is not of Type 1 and is adjacent to a vertex of N; which is adjacent to
a vertex of No N C [that is of D' N C; of Type 3 if x is not of Type 1 and is adjacent to
a vertex of Ny which is adjacent to a vertex of Ny \ C [that is of D'\ C]. Let us observe
that, by definition of e.d.s., = is of [exactly| one of the above types.

Then let us consider the following properties.

P1. Each vertex of N, is the endpoint of an induced FP; of G formed together with
seven vertices of Ny U Ny.

Proof. Let x € N,. If x is of Type 1, then z is adjacent to exactly one vertex of C
[since G is bipartite (Cy, Cg)-free|, and then P1 holds true. If z is of Type 2 or of Type
3, then P1 holds true by definition of Type 2 or of Type 3, and by construction [since G
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is bipartite (Cy, Cg)-free]. O

P2. Each member of H is a singleton.
Proof. Let H be a member of H. Let us show that H has exactly one vertex. By
contradiction, recalling that H is connected, assume that H contains at least two vertices.
Now, let z € Ny be a vertex adjacent to a vertex h of H, and let A’ be a neighbor of h in
H. By P1, z is the endpoint of an induced Py of G formed together with seven vertices
of Ny U Ny; thus, G contains an induced Pjo, a contradiction. O

At this point, by construction and by the above observations, one has that the sought
e.d.s. D exists if and only if D = D'UV (H) where V() is the vertex set of all members
of H.

The running time bound for this final check can be estimated as O(n?).

This completes the proof of Lemma 3.5. O

Lemma 3.6. Step (10.3.1.1) can be executed in constant time.

Proof. The proof is similar (but shorter) to that of Lemma 3.4.

As a preliminary let us remark that Step (10.3.1.1) is executed only if G is (Cg, Cs)-free:
thus let us assume that G is (Cg, Cs)-free.

By definition of Algorithm WED-P10, let us fix any induced Cg of G of vertex-set C,
say of vertices ¢i, ..., cg and of edges cjca, . .., cgeq, and let us fix any member (C, D(C"))
of Fo and any e.d.s. D' € D(C').

Then let us show that D** € ARG MIN{w(D) : D is an e.d.s. of G, with DN C’" = D’}
can be computed in constant time. For convenience let us denote D** as D.

Let us recall the notation N,(D') = {v € V(G) : dist(v,D’) = h}, for h > 1, for the
distance levels with respect to D’.

NOTATION: for brevity let us write D’ = Ny and N (D') = N, for h > 1.

Let us observe that by construction one has C' C Ny U N;.

Let us observe that D N (N; U Ny) = () by definition of e.d.s., so that each vertex of Ny
has to be covered by some vertex of N3, that is, of D N Nj3: in particular each vertex of
N3 which is isolated in G[N3 U N, U...] is forced to be in D.

Let #H be the family of connected components of G[Ns U N, U .. .].

For any vertex x € N», let us say that x is: of Type 1 if x is adjacent to some vertex of
C; of Type 2 if x is not of Type 1 and is adjacent to a vertex of N; which is adjacent to
a vertex of No N C [that is of D' N C; of Type 3 if x is not of Type 1 and is adjacent to
a vertex of Ny which is adjacent to a vertex of Ny \ C [that is of D'\ C]. Let us observe
that, by definition of e.d.s., = is of [exactly| one of the above types.

Then let us consider the following properties.

P1. Ny = 0.

Proof. Let © € Ny. If x is of Type 1, then x is adjacent to exactly one vertex of C' [since
G is bipartite (Cy, Cs, Cg)-free|, and then an induced Py, arises. If x is of Type 2 or of
Type 3, then then an induced Pjq arises by definition of Type 2 or of Type 3, and by
construction [since G is bipartite (Cy, Cg, Cs)-free]. O
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At this point, by construction and by the above observations, one has that the sought
e.d.s. D always exists and D = D',
This completes the proof of Lemma 3.0. O

Thus, Theorem 1.4 is shown.

The following corollary is useful for the running time bound introduced in Subsection
2.3.

Corollary 3.7. For (P, Cy)-free bipartite graphs, then WED problem can be solved in
O(n3) time.

Proof. The running time bound can be derived by the proof of Theorem 1.4, since for
any induced Cg or Cy of vertex set say C, one has that: for any fixed member (C", D(C"))
of F¢ and for any D' € D(C”), N3(D’) is formed by singletons while N,(D’) = 0. O

4. The WED problem for subclasses of (P;, Cy)-free bipartite
graphs

)

This section can be view as first attempt of extension of the results in Section 3, in
particular, let us adopt the preliminary introduced in Section 3.

For any bipartite graph G = (V(G), E(Q)), let us write V(G) = V1(G) U Vo(G), where
Vi(G) and V5(@G) are the two sides of G [i.e. they are independent sets|.

Let us introduce the following algorithm — that generalizes Algorithm WED-P10 — to
solve WED for (P;, Cy)-free bipartite graphs, for t > 11, which are not trees.

Algorithm WED

Input: a connected (P, Cy)-free bipartite graph G, for t > 11, which is not a tree.

Output: an e.d.s. of G of minimum weight or a proof that G' has no e.d.s.

begin

i set D* := ) and set w(D*) := oo;

o for k=6,8,10,...,2[t/2], do

;1 begin

. o if G contains some induced Cj, then:

oo (k1) take any such induced Cy’s, say, of vertex-set C;

o (k.2) compute family Fe [according to Observation 3.1];

i (k.3) for each member (C, D(C")) of Fe do

oo (k3.1) for each ed.s. D' € D(CY) do

o begin

o 0 (k.3.1.1) compute D** € ARG MIN{w(D) : D is an e.d.s. of G, with
DnNnC' =D},

oo 0 (k.3.1.2) if such an e.d.s D** exists and if w(D**) < w(D*), then set
D* .= D**;

oo end

i (kd4) if D* = (), then return “G has no e.d.s.", and STOP;
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o (k5) if D* # (), then return D*, and STOP;
:: end
end.

Lemma 4.1. Algorithm WED is correct. Furthermore Algorithm WED can be executed
in maz{O(n®-Ty) : k =6,8,10,...,2[t/2]} time, where O(T},) is the running time bound
of step (k.3.1.1) for k = 6,8,10,...,2|t/2]; thus, it can be executed in polynomial time,
provided that each step (k.8.1.1), for k = 6,8,10,...,2[t/2], can be executed in polynomial
time.

Proof. As a preliminary let us remark that, since G is (P}, Cy)-free bipartite, the only
possible induced cycle in G are Cyg’s, Cy’s, ..., C's.
Then the proof is very similar to that of Lemma 3.3 and is not reported for brevity. [

Then for completeness — with reference to the polynomial results claimed in Subsection
1.3 — let us show, by the above approach, that WED can be solved for a subclass of
bipartite (P;, Cy)-free graphs (for ¢ > 11) in polynomial time.

4.1.  The WED problem for bipartite (Pi3,Cy, Cg, Cs)-free graphs

In this subsection let us show that WED can be solved for bipartite (Py3, Cy, Cg, Cs)-free
graphs in polynomial time.

Then let G be a bipartite (Pi3, Cy, Cs, Cs)-free graph.

Then let us apply Algorithm WED with input graph G.

Then the following lemma |[which is just an adaptation of the lemma above| holds.

Lemma 4.2. Algorithm WED s correct. Furthermore Algorithm WED-P10 can be ex-
ecuted in maz{O(n® - Ty,) : k = 10,12} time, where O(Ty) is the running time bound of
step (k.3.1.1) for k = 10,12. Thus Algorithm WED can be executed in polynomial time
provided that each step (k.3.1.1), for k = 10,12, can be executed in polynomial time.

Proof. The lemma directly follows by Lemma 4.2 since G is (Pi3, Cy, Cs, Cs)-free. ]
The following lemma is just an adaptation of Lemma 3.4 with a slight modification.
Lemma 4.3. Step (10.5.1.1) can be executed in O(n?) time.

Proof. By definition of Algorithm WED, let us fix any induced Cg of G of vertex-set C,
say of vertices ¢y, . .., cjp and of edges cjca, . . ., cipc1, and let us fix any member (C”, D(C"))
of F¢ and any e.d.s. D' € D(C").

Then let us show that D** € ARG MIN{w(D) : D is an e.d.s. of G, with DN C’" = D'}
can be computed in polynomial time. For convenience let us denote D** as D.

Let us recall the notation Ny(D') = {v € V(GQ) : dist(v,D’) = h}, for h > 1, for the
distance levels with respect to D’.

NOTATION: for brevity let us write D’ = Ny and N (D') = N, for h > 1.
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Let us observe that by construction one has C' C Ny U N;.

Let us observe that D N (N; U Ny) = () by definition of e.d.s., so that each vertex of Ny
has to be covered by some vertex of N3, that is, of D N Nj3: in particular each vertex of
N3 which is isolated in G[N3 U Ny U .. ] is forced to be in D.

Let #H be the family of connected components of G[Ns U N, U .. .].

For any vertex x € N», let us say that x is: of Type 1 if x is adjacent to some vertex of
C; of Type 2 if x is not of Type 1 and is adjacent to a vertex of N; which is adjacent to
a vertex of No N C' [that is of D' N C; of Type & if x is not of Type 1 and is adjacent to
a vertex of Ny which is adjacent to a vertex of Ny \ C [that is of D'\ C]. Let us observe
that, by definition of e.d.s., z is of |exactly| one of the above types.

Let us remark that one can assume that x is either of Type 1 or of Type 2: in fact, if
x is of Type 3, then x is adjacent to no vertex of N3 [else an induced Pj3 arises| so that
the sought e.d.s. D would not exist.

Then let us consider the following properties.

P1. Each vertex of N, is the endpoint of an induced Py of G formed together with
nine vertices of Ny U NVy.

Proof. Let © € Ny. If x is of Type 1, then x is adjacent to exactly one vertex of C' [since
G is bipartite (Cy, Cg, Cg)-free|, and then P1 holds. If x is of Type 2, then P1 holds by
definition of Type 2, and by construction [since G is bipartite (Cy, Cs, Cs)-free]. O

P2. Each member of H is a tree, rooted at some vertex of N3, of depth at most one.
Proof. Let H be a member of H.

First let us show that H is a tree. By contradiction, assume that H contains an induced
C for some k = 10,12 [recall that G is bipartite (Cy, Cg, Cs)-free|]. Now let x € N; be a
vertex whose distance from the (', is minimum over all vertices of Ns: let P be a shortest
path from z to C [thus all vertices of P are in N3 U Ny U...]. Notice that the vertex of
P is adjacent to no vertex of the Cy [since G is bipartite (Cy, Cg, Cs)-free]; on the other
hand, by P1, x is the endpoint of an induced P of G formed together with nine vertices
of Ny U Ny; thus, G contains an induced P3, a contradiction.

Then let us show that H, rooted at some vertex of N3, is of depth at most one. Let a
be any vertex of V/(H)N N5 and let us fix a as the root of H, namely, H = T'(a) according
to the notation introduced above. Then let z € Ny be a neighbor of a; notice that x
is nonadjacent to any vertex of T}(a), for j = 1,2, since G is bipartite Cy-free. Thus
Ty(a) = (), else otherwise by P1 and by the above an induced Py arises, involving vertices
x and a. O]

In what follows, by P2 [if necessary| let us write any member H of H as H = T'(a) for
some a € N3 [that is H is a tree, rooted at vertex a € N3, of depth at most one].

P3. For each member H = T'(a) of H, with |T}(a)|# 1, vertex a would be forced to be
in D while the other vertices of H to be not in D.
Proof. The proof follows by construction, by definition of e.d.s., and by P2. O

Let us observe that the only members H = T'(a) of H, which do not enjoy [the as-
sumptions of| P3, are those such that |7} (a)|= 1 [and |T2(a)|= 0 by P2], i.e., are edges of
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G.

Then let {#;, Hs} be the partition of A such that: H,; is formed by those members
of H which enjoy [the assumptions of| of P3, while # is formed by those members of H
with |T1(a)|= 1 [and |T3(a)|= 0 by P2|, i.e., by those members of H which are edges of
G.

Let us focus on G’ = G[Na U N3 U Ny U .. .

Let us assume that all vertices of G’ are uncolored: the goal is to check if vertices of
G’ can be colored /partitioned into white vertices, i.e. those in D, and black vertices, i.e.
those in V(G) \ D, with the constraint that all vertices of N, have to be black.

In particular the following forcing rules hold:

(R1) if vertex w is colored white, then all vertices of N(w) should be colored black;

(R2) if vertex b is colored black and if b has a neighbor w colored white, then all vertices
of N(b) \ {w} should be colored black;

(R3) if hq, hy are the vertices of a member of Hs and if hy is colored black (respectively,
white), then hy should be colored white (respectively, black).

Then one can execute the following Pre-procedure whose running time bound can be
estimated as O(n?) time: (1) assign color black to all vertices of No; (2) for each member
H of Hy, assign to each vertex of H the forced color according to P3 ; (3) apply iteratively
rules (R1), (R2), (R3).

ASSUMPTION 1: Let us assume that the above pre-procedure does not lead to a con-
tradiction |else G has not the sought e.d.s. D].

At this point one can just focus on the following set and family:

N = {x € Ny : x is adjacent to no white vertex [by the pre-procedure|},

H, = {H € Hs : vertices of H are still uncolored [by the pre-procedure]}.

Let V(H}) denote the vertex set of members of HJ,.

P4. Graph G has the sought e.d.s. D if and only if G[N}, U V(H})] has an e.d.s. say
Dyeripherat With N N Dperipheral = 0.

Proof. The proof is similar to that of P5 of Lemma 3.4. O

The following property P5 is just a technical parenthesis which will be useful later.

P5 Let @ be a connected component of G[N) U V(H5)], such that @) contains exactly
one vertex say x of NJ [in particular, z is a cutset by construction, and is colored black
by the pre-procedure|. Then one can easily determine an “optimal" coloring of @ (i.e. of

Q\{z}).

Proof. The proof is similar to that of P6 of Lemma 3.4. ]
P6. One can compute D} ivera € ARG MIN{wW(Dperipheral) © Dperipheral 18 an e.d.s. of

G[NS UV (HS)] with Nj N Dperipheral = 0} in O(n?) time.
Proof. First let us recall that (by construction and by definition of e.d.s.) each vertex of
N} has to be covered by some vertex of V(H}). Without loss of generality, to our aim,
let us assume that G[Nj, UV (H})] is connected.

Then let us recall the aforementioned induced Cjg in G[Ny U Ny], of vertex-set C, say
of vertices c¢q,..., 1, and say of edges cica, ..., c1pc1-

Claim 1. One can assume (without loss of generality) that:
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(i) each vertex of NV} contacts at least two members of H);

(ii) each vertex of N} is of Type 1 [i.e. is adjacent to some vertex of C/.

Proof. Proof of (i): In fact let x € Nj: if x contacts no member of H), then the sought
e.d.s. D* does not exist; if x contacts exactly one member of #), then the neighbor of
z (in such a member) would be forced to be in D* so that one could iteratively apply
rules (R1), (R2), (R3), and then reduce (again) the problem to a subset of Nj and to a
subfamily of Hj,.

Proof of (ii): Let x € NJ. Let us recall that, according to the above, x can be either of
Type 1 or of Type 2. By statement (i) vertex = contacts at least one [actually more than
one| member say H of Hj,.

Let us observe that x can not be of Type 2. By contradiction assume that x is of Type
2. Then x is adjacent to a vertex y € N; \ C, which is adjacent to a vertex z € Ny N C;
then, since G is bipartite (Cy, Cs, Cs)-free, the two vertices of H, x,y and nine vertices of
C induce a P;3, a contradiction. n

Claim 2. For any member H of H), of vertices say hi, ho, one has that: hy is adjacent
to at most one vertex of NJ, and h, is adjacent to at most one vertex of V.
Proof. By symmetry let us just prove that h; is adjacent to exactly one vertex of NVJ: in
particular, let us assume that h; has a neighbor x € NJ (else the claim is proved), and by
Claim 1 let us assume that x is adjacent to ¢; (without loss of generality by symmetry).

Then let us show that no vertex 2’ € NJ, different to z, is adjacent to hy: in fact if 2’
is adjacent to hy, then, since G is bipartite (Cy, Cg, Cy)-free, 2’ is nonadjacent to = and
is nonadjacent to any vertex of C; but this is not possible since, by Claim 1-(ii), 2’ is of
Type 1. O

NOTATION. Let us say that a pair {z,y} C N/ is a complementary pair of N if there is
a member H of H), of vertices say hi, hq, such that z is adjacent to hy while y is adjacent
to ho; in particular, in this case, let us say that {x,y} covers H, and that H is covered
by {x,y}. Notice that: z is nonadjacent to hy (by Claim 2), y is nonadjacent to h; (by
Claim 2), x is nonadjacent to y (since G is Cy-free). Furthermore in what follows, as an
agreement, let us assume that any complementary pair {x,y} of NJ is an ordered pair
with x € V1(G) and y € Va(G).

Claim 3. Let {x,y} form a complementary pair of Nj. Then x and y are adjacent
respectively to opposite vertices of G[C], i.e., = is adjacent to ¢; while y is adjacent to ¢; 5
for some i € {1,...,5}.

Proof. Let us assume that = is adjacent to ¢; without loss of generality by symmetry.
Then y is nonadjacent to ¢y [else hq, ha,y, 2, 1,z induce a Cg|, y is nonadjacent to cqg
[similarly by symmetry|, y is nonadjacent to ¢4 [else hy, ha,y, ¢4, c3,Co, 1, induce a Cy],
y is nonadjacent to cg [similarly by symmetry|, so that y is adjacent to cg. O

Claim 4. Let {x,y} form a complementary pair of V). Let @) be the connected compo-
nent of G[N}, UV (H})] containing « and y. Then V(Q) N N} = {z, y}.
Proof. Since {z,y} forms a complementary pair of N}, let H be a member of H), of
vertices say hy, ho, such that x is adjacent to hy; while y is adjacent to hy. Let us assume
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that = is adjacent to ¢; without loss of generality by symmetry.

By contradiction assume that V(Q) N N5 C {x,y}. Then by construction there is a
vertex z € Nj and a member K of H), of vertices say ky, ko, such that (without loss of
generality by symmetry) z is adjacent to k; while z is adjacent to ky. Note that by Claim
2: y is nonadjacent to ky; z is nonadjacent to he. Furthermore, by Claim 3, y and z are
adjacent to cg. Then x, hy, ha,y, cg, 2, ko, k1 induce a Cy, a contradiction. O

Claim 5. Let @ be a connected component of G[NJUV (H))]. Then @ contains at most
two vertices of NJ; in particular, if () contains two vertices say x,y of NJ, then {x,y} is
a complementary pair of NJ.

Proof. If () contains two vertices say x,y of N, then by Claim 2 and since () is connected,
{z,y} is a complementary pair of NJ. Thus, by Claim 4, one obtains Claim 5. n

Now let us conclude the proof of P6.

For that let us describe the following possible solution method based on Claim 5.

For every connected component @ of G[N, UV (H))]:

. if () contains just one vertex of NJ, say x, then one can easily determine an “optimal"
coloring of ) according to Pb5;

;o if @ contains just two vertices of NJ, say x and y, then {z,y} is a complementary
pair of NJ; then @) contains say ¢ edges, in particular, say ¢* edges are covered by {z,y};
then:

:: if ¢* > 3, then G has not the sought Dperipheral; in fact according to (R3), in this
case either x or y should be adjacent to two white vertices, and thus a contradiction would
arise to the definition of e.d.s.;

o if £* = 2, then there are two edges (hi, hy) and (kq, ko), such that z is adjacent
to hy and k; while y is adjacent to hs and ko; then there just two possible colorings of
Q@: if the color of hy is fixed as white, then one can determinate the color of all other
vertices of @) by forcing rules (R1)-(R2)-(R3) [in fact, vertex hy and k; would be black,
then ky would be white; further, for each of the remaining (¢ —2) edges, the vertex which
is adjacent to x or to y will be black while the other vertex will be white|; if the color of
h, is fixed as black, then hy would be white, and then one can refer to the previous case
by symmetry; summarizing one can easily determine an “optimal" coloring of Q);

i if £* = 1, then there is just one edge (hq, hs), such that = is adjacent to hy while
y is adjacent to ho; then each of the remaining (¢ — 1) edges is contacted by exactly one
vertex in {z,y}; let &, the family of such edges contacted by z and let &, the family of
such edges contacted by y; if the color of h; is fixed as white, then: vertex hy would be
black, for each edge in &, the vertex adjacent to & would be black (and thus the other
vertex would be white), finally at this point there are just |£,| possible colorings for the
edges in &, (in fact exactly one neighbor of y should be white); if the color of h; is fixed as
black, then hy would be white, and then one can refer to the previous case by symmetry;
summarizing one can easily determine an “optimal" coloring of Q.

Then — apart from the case in which a contradiction arises, namely, in which a con-
nected component () contains a complementary pair of Nj that covers at least three
members of Hy — the sought e.d.s. D[ i pera 15 the union of all such “local" minimum
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e.d.s. for each connected component @ of G[NJ UV (H})].

The above solution method is correct by Claim 1, Claim 2, and Claim 4. The running
time bound can be estimated as O(n?).

This completes the proof of P5. O

This completes the proof of Lemma 4.3. O

Lemma 4.4. Step (12.3.1.1) can be executed in constant time.

Proof. The proof is similar (but shorter) to that of Lemma 4.3.

As a preliminary let us remark that Step (12.3.1.1) is executed only if G is (Cg, Cs, Cho)-
free: thus let us assume that G is (Cs, Cs, C1g)-free.

By definition of Algorithm WED, let us fix any induced C}, of G of vertex-set C, say
of vertices ¢y, ..., c1o and of edges c¢ica, ..., c1ac1, and let us fix any member (C", D(C"))
of Fo and any e.d.s. D' € D(C").

Then let us show that D** € ARG MIN{w(D) : D is an e.d.s. of G, with DN C’" = D’}
can be computed in polynomial time. For convenience let us denote D** as D.

Let us recall the notation N,(D') = {v € V(G) : dist(v,D’) = h}, for h > 1, for the
distance levels with respect to D’.

NOTATION: for brevity let us write D’ = Ny and N (D') = N, for h > 1.

Let us observe that by construction one has C' C Ny U N;.

Let us observe that D N (N; U Ny) = () by definition of e.d.s., so that each vertex of Ny
has to be covered by some vertex of N3, that is, of D N Nj3: in particular each vertex of
N3 which is isolated in G[N3 U Ny U...] is forced to be in D.

For any vertex x € N», let us say that x is: of Type 1 if x is adjacent to some vertex of
C; of Type 2 if x is not of Type 1 and is adjacent to a vertex of N7 which is adjacent to
a vertex of No N C' [that is of D' N C|; of Type & if x is not of Type 1 and is adjacent to
a vertex of Ny which is adjacent to a vertex of Ny \ C [that is of D'\ C]. Let us observe
that, by definition of e.d.s., x is of [exactly| one of the above types.

Then let us consider the following property.

P1. Each vertex of Ny is the endpoint of an induced Py of G formed together with
eleven vertices of Ny U Nj.

Proof. Let us remark that, if a vertex v not in C' is adjacent to some vertex of C, then
v is adjacent to exactly one vertex of C' [since G is bipartite (Cy, Cg, Cs, Cyp)-free]. Now
let x € Ny. If x is of Type 1, then z is adjacent to exactly one vertex of C, by definition
of Type 1 and by the above remark. If x is of Type 2 nor of Type 3, then an induced P35
arises, by definition of such types and by the above remarks (i.e. no vertex of Ny is of
Type 2 nor of Type 3). [

Then P1 implies that N3 = ) [else, a vertex of Ny should be adjacent to a vertex of Ng,
so that an induced P53 would arise|.

Then, by construction and by the above observations, one has that the sought e.d.s. D
always exists and D = D',
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This completes the proof of Lemma 4.4. O]

Then let us formalize and summarize the above as follows.

Theorem 4.5. For bipartite (Py3, Cy, Cg, Cs)-free graphs, the WED problem can be solved
in O(n®) time.

5. Conclusions

The Weighted Efficient Set (WED) problem is a NP-hard problem and remains difficult
for very restricted graph classes, such as, e.g., for claw-free graphs, for 2P;-free chordal
graphs, and for bipartite planar graphs of maximum degree three and of fixed girth.

This manuscript reports a study on the WED problem for subclasses of Cy-free bipartite
graphs — by the above the WED problem remains NP-hard for Cy-free bipartite graphs,
even better, for Cy-free bipartite graphs which are planar and of maximum degree three.

Such subclasses concerned open directions of study according to the aforementioned
results and to results on the boundedness of clique-width for bipartite graphs.

This manuscript shows that:

:: the WED problem can be solved in polynomial time for (S5, Cy)-free bipartite
graphs;

:: the WED problem can be solved in polynomial time for (Pyo, Cy)-free bipartite graphs;

:: the approach introduced for for (Pyo, Cy)-free bipartite graphs can be generalized, for
subclasses of (P;, Cy)-free bipartite graphs, for ¢ > 11; in particular the WED problem
can be solved in polynomial time for the following graph classes:

o (P, Cy, Cg)-free bipartite graphs,

e (P3,Cy, Cq, Cs)-free bipartite graphs,

e (2P;,C4, Cg, Cy)-free bipartite graphs,

o (P, Cy, Cg, Cg, Chp)-free bipartite graphs,
e (2P, Cy, Cg, Cg, Cho)-free bipartite graphs.

The true technical bottleneck seems to be based on the fact that an efficient dominating
set of a graph intersects “somehow" each vertex (cf. e.g. [13] and [141]), each induced P,
(cf. e.g. [15]), each induced path/cycle of bounded length (cf. e.g. the results of this
manuscript), and more generally each vertex subset of the graph. In particular, according
to Observation 2, this fact can be a suitable starting point to define a solution method
for the WED problem, once one fixes a bounded family of vertex subsets (such as, e.g.,
the vertices, the induced path/cycle of bounded length).

Let us observe that, with reference to the open cases introduced in Section | concerning
bipartite graphs, the auxiliary assumption of Cy-freeness has not provided a deep progress.
In particular, in the context of Cy-free bipartite graphs, the cases which remain open are
the following graph classes:

— (Py, Cy)-free bipartite graphs, k > 11,
— (8225, Cy)-free bipartite graphs,
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— (81,35, Cy)-free bipartite graphs,
— (S1,2,6, Ca)-free bipartite graphs.

However this auxiliary assumption has allowed to introduce new possible insights and
methods which could be useful for further studies as described above.
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