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ABSTRACT

A 2-factored dominating set (2fd-set) of a graph G = (V| E) is a dominating set F' C
V' such that the induced subgraph G[F] is 2-regular, and hence is a disjoint union of
cycles. In this study, 2-factored dominating sets on fixed-width grid graphs of dimensions
m X n, where m € {2,3,4}, are enumerated. We establish theorems describing the
generating functions with respect to the number of 2-factored dominating sets in these
grid graphs. The number of 2-factored dominating sets grows exponentially with n, with
growth constant determined by the dominant singularity of the generating function.
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1. Introduction and motivation

Throughout this paper, we consider the graph G = (V, E), where the vertex set is V
and the edge set is £. The graphs used in this study are simple graphs without loops or
multiple edges. For a subset S C V and a vertex v € V, we use G[S] to represent the
subgraph of GG induced by S. A vertex u that is adjacent to v is a neighbor of v for every
v € V. All of v’s neighbors are included in the neighbor set of v in GG, which is represented
by Ng(v). A vertex v’s degree is |[Ng(v)|, and it is represented as degg(v). Let m,n > 2.
The m x n grid graph, denoted by G,,,, = (V, £, is an undirected graph whose vertex set
is V={v;;|1<i<m,1<j<n}. The vertex in the grid’s i-th row and j-th column is
represented by v; ; in this case. Two vertices v; ; and vy, are adjacent if and only if they
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are adjacent either horizontally or vertically; that is, {v; j, v} € E precisely when i = k
and |j —{|=1, or j = £ and |i — k|]= 1. A subset D C V(G) is called a dominating set
of G if every vertex in V(G) \ D has a neighbor in D. If the subset G[F] induced by a
dominating set F' of G has a 2-factor, then F'is called a 2-factored dominating set of G.
This means that if F' is a 2-factored dominating set or 2fd-set, then

e every vertex in V' \ F' is adjacent to a vertex in F' and

e G[F] has 2-factor (a cycle or a disjoint union of cycles).

Numerous studies on the domination numbers of grid graph classes have been pub-
lished, including [1, 4, 5, 8, 13, 14]. Domination parameters in grid graphs have been
studied since Chang and Wu’s initial foundational work [3], in which they looked at dom-
ination numbers in grids. Grid graphs, which are classical and well researched graphs
that represent spatial structures, planar graphs, and computational meshes, are defined
as Cartesian products of paths [12]. For combinatorial enumeration tasks, grid graphs
are perfect because of their regular and recursive structure. Paired domination was first
formally described by Haynes et al. [10] and has since been studied in a variety of graphs,
such as trees, cycles, Cartesian products, and grid graphs. In addition to being mathemat-
ically interesting because of their regular structure, grid graphs can be used to represent
a variety of real-world systems, including VLSI circuit designs, image grids, city block
models, and computational meshes. Later extensions have investigated paired domina-
tion, total domination, and independent domination [6]. The enumeration of 2-factored
dominating sets is still a relatively unexplored subject, despite the substantial study of
classical domination in grid graphs [2], which presents a rich environment for new theo-
retical conclusions and real-world applications. The enumeration of paired or 2-factored
dominating sets, particularly in small grids, has received less attention than the extensive
work on domination numbers in grid graphs in [3, 9, 15]. Combinatorial optimization,
discrete dynamical systems, and combinatorial game theory are some of the new fields
which help from the study of 2-factored dominating sets and paired dominating sets in
grid graphs. Tutte’s Factor Theorem [16] and the theory of matching and covering |3, 0]
are two important examples of classical graph theory that have deep origins in the study
of 2-factor related structures. Combinatorial games, such as the Game of Amazons, which
simulate territory control on a grid board, are based on the notions of domination and in-
fluence spread. According to research by Hung et al. [11], paired domination in extended
hypergrid graphs of a generalization of grid graphs is computationally difficult yet essential
for system design optimization. Yang [18] investigated this in the context of king grids,
which have coverage and movement patterns that resemble the chess king. Even though
domination in grids has been studied extensively, there is still unexplored the research
on listing 2-factored dominanting sets. The additional cycle requirements that must be
satisfied in the induced subgraph make this task combinatorially difficult. In addition
to expanding our theoretical knowledge of domination variants, this research improves
real-world applications in robotics, surveillance, and informatin sharing-particularly in
situations where redundancy and resilience are critical. Firstly, We present our theorems
concerning the enumeration of 2-factored dominanting sets in m x n grid graphs when
m € {2,3,4}. We then establish the asymptotic behavior of their growth rates as the grid
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graph’s size increases, study their structural recurrences, and create generating functions
that accurately enumerate these sets.

2. The number of 2-factored dominating sets in m x n grid
graphs for m € {2,3,4}

In this section, we present the theorems concerning the enumeration of 2-factored domi-
nating sets in m x n grid graphs when m € {2,3,4}. These theorems establish generating
functions of counting the number of 2-factored dominating sets in 2 x n, 3 x n and 4 x n
grid graphs.

Theorem 2.1. Let a,, be the number of 2-factored dominating sets in the 2 xXn grid graph.
Then the generating function A(z) = Y a,a™ satisfies

n>2

4 x? 4 223 + 4
({E)Zl—a:—aﬂ—af?"

Proof. We consider G, as the 2 x n grid graph, which is the particular case of the m xn
grid graph with exactly two rows and n columns. Its vertex set is V(Ga,) = {vi; | i €
{1,2}, 1 < j < n}, where v;; denotes the vertex in the i-th row and j-th column. Two
vertices v; ; and v are adjacent if and only if they are adjacent horizontally or vertically;
that is, {v; ;, vk} € E(Ga,) whenever either i = k and |j —¢|=1, or j = ( and |i — k|= 1.
Figure 1 illustrates the graph G ,,.

V2,1 Vo.n

V1,1 V1i,n

)

Fig. 1. The 2 x n grid graph

Let a, denote the number of 2-factored dominating sets containing both vertices v,
and vy, of the last column.

Fig. 2. The auxiliary class a,, in which both vertices of the last column belong to the 2-factored
dominating set

Let @, denote the number of 2-factored dominating sets in which the cycle containing
a vertex of the last column continues to the left.
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Fig. 3. The auxiliary class @,, in which the vertices of the last column belong to a cycle that is not
completed within the last two columns

~

The initial values are ag = a; = a9 = a; = ag = a; = 0. It is easily verified that the
graph G5 is a 4-cycle, and hence a; = 1,a; = 1,43 = 0. Similarly, the graph G5 3 has
three 2-factored dominating sets, giving az = 3, a3 = 2,a3 = 1. We define the generating
functions A(z) = 3 apz™, A(z) = 3 Gp2”, and A(z) = ¥ G,a". We now derive the

n>2 n>2 n>2
following equations:

(1 —2®)A(z) = 2% + 2% + 20 A(z). (1)
(1—z)A(z) = 22A(z) + 2° + 2°. (2)
A(z) = 2A(2). (3)

Proof of Eq. (1). We now consider a,, the number of 2-factored dominating sets in
Ga,n. We distinguish three possible cases according to the structure of the cycle containing
the vertices of the last column.

Case 1. The edge v; v, is not contained in any cycle of the induced 2-factor.

In this case, deleting the last column of Gy, yields a 2-factored dominating set of
G2 n—1 counted by a,_;. Conversely, every 2-factored dominating set counted by a@,_; can
be extended uniquely by adding a new column whose vertices do not belong to any cycle
of the induced 2-factor. Therefore, this case contributes a,,_1.

Case 2. The cycle containing the edge v; ,v2,, is the 4-cycle induced by the vertices
Vin—1, UV2n—1, Vi n, U2n-

Deleting columns n — 1 and n yields a 2-factored dominating set of G ,_2. Conversely,
every 2-factored dominating set of G5 ,,_5 can be extended by adjoining the 4-cycle induced
by these four vertices. Therefore, this case contributes a,,_s.

Case 3. The cycle containing the vertices vy, and vy, is not the 4-cycle induced by
columns n — 1 and n, but is a cycle of length at least 6.

After deleting the last column and joining the edge vy ,,_1v2,-1, We obtain a 2-factored
dominating set counted by a,_;. Conversely, every 2-factored dominating set counted by
a,—1 can be extended by adjoining column n so that vy, and vy, belong to a cycle that
is not contained in columns n — 1 and n. Therefore, this case contributes a,_1.

From the three cases, we have

Qp = Qp—2 + 2511—17 n > 4.

We multiply by ™ and sum over n > 4, we obtain

Z a,r" = Z Apox" + 2 Z&n_lx".

n>4 n>4 n>4
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Thus,

A(x) — asa® — aza® = 22 A(x) + 22(A(z) — Ga2?).
Thus, we obtain A(z) — 22 — 32% = 22A(z) + 2zA(x) — 22,
Hence,
(1 —a2?)A(x) = 2% + 2° + 22A(x).

This proves Eq. (1). O

Proof of Eq. (2). We consider a,, the number of 2-factored dominating sets containing
both vertices vy ,, and v, of the last column. We distinguish two possible cases according
to the structure of the cycle containing the vertices of the last column.

Case 1. The cycle containing the vertices vy ,, and vy, is the 4-cycle induced by columns
n — 1 and n.

In this case, removing columns n—1 and n leaves a 2-factored dominating set of G ,,».
Conversely, every 2-factored dominating set of G3,,_2 can be extended by adjoining the
4-cycle induced by columns n — 1 and n. Hence, this case contributes a,,_».

Case 2. The cycle containing the vertices vy, and v, extends beyond columns n — 1
and n.

Deleting the last column and joining the vertices v; ,_; and vy, yields a 2-factored
dominating set of Gy,_; counted by a,_;. Conversely, every 2-factored dominating set
counted by a,_; can be extended by adjoining column n so that the cycle containing vy ,,
and vy, extends beyond columns n — 1 and n. Therefore, this case contributes a,,_;.

From the two cases, we have

aﬁ ::an72*_an717 n > 4.

Multiplying by x™ and summing over n > 4, we obtain

g apx" = E o + E W12,

n>4 n>4 n>4
Thus,
A(x) — dp2® — Gza® = 2? A(x) + 2(A(z) — Gpa?).
we obtain
A(x) — 2 — 22° = 2% A(x) + 2A(x) — 2.
Therefore,
(1 —2)A(z) = 22 A(x) + 22 + 2°.
This proves Eq. (2). O

Proof of Eq. (3). Next, we consider a,, the number of 2-factored dominating sets in
which the cycle containing v, ,, and v,, extends beyond columns n — 1 and n.
Case 1. The cycle containing v, ,, and v, ,, extends beyond columns n — 1 and n.
Deleting the last column and joining the vertices vy ,—; and vy, yields a 2-factored
dominating set of Go,_; counted by a,_;. Conversely, every 2-factored dominating set
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counted by a,_; can be extended uniquely by adjoining column n so that the cycle con-
taining vy ,, and vy, extends beyond columns n—1 and n. Therefore, this case contributes
Ap_1-

For

~

Ay = Zin_l, n Z 4.

We multiply by 2" and sum over n > 4:

a,x" = Wp12".
n>4 n>4
Then A(z) — Gox? — G323 = 2(A(z) — Gaa?).
we obtain
Ax) — 2° = 2A(x) — 2°

Hence,

Ax) = zA(x)
This proves Eq. (3). O

Solving 1, 2 and 3, we obtain

This proves Theorem 2.1. O

Lemma 2.2. Let F(x) = ng, where P(x) and Q(x) are polynomials. Suppose that p is
the unique dominant zero of Q(x), that p is a simple zero of Q(x), and that P(p) # 0.
Then

O

n ~ P(p) —n—1
@~ =G

The result is a standard consequence of the asymptotic theory of rational generating

functions; see, for example, [7].

Theorem 2.3. If a,, is the number of 2fd-sets of G2, and the generating function of the
sequence {a,}n>0 1S

L w28 ot
A(m):Zanx =
n>0

then the sequence {a,} grows exponentially and satisfies

0.236840 .
Ap ~¥ ——————  asS N — 00.
(0.543689) *+1

Proof. The generating function




ENUMERATION OF 2-FACTORED DOMINATING SETS 415

has denominator Q(z) = 1—x—2%—23. The singularities of A(z) are the roots of Q(x) = 0.
The dominant singularity is the unique real root p ~ 0.543689, and the other roots satisfy

|z|> p: 293 ~ —0.771844 4 1.115144, |z9.3|~ 1.356. Thus, P(p) = p? +2p> + p* £ 0.
Near x = p,
2 2 3 4 1
Aw)~ 2P L
Q') x—p
so the residue is 2 98
_ PRI 0.236840.
—Q'(p)
Therefore, by Lemma 2.2 and singularity analysis |7, 17],
0.236840
Ap ~ ———————— asS N —> 00.

(0.543689)"+1

This proves the theorem. O

Theorem 2.4. Let b, be the number of 2-factored dominating sets in a 3 x n grid graph.
Then the generating function B(x) = ) b,a™ satisfies

n>2

Blr) = 72(3 — 1)

1= 2 — a2 — gt

Proof. We consider the 3 xn grid graph (3 ,,, which consists of three rows and n columns.
Its vertex set is V(Gs,) = {vi; | i € {1,2,3}, 1 < j < n}, where two vertices are adjacent
whenever they are horizontally or vertically adjacent in the grid. Figure /1 illustrates the

graph G .
V3.1 v
e o o
V2.1 Vo
[ * * o ® ® ¢ s
e o o
v Ul,n
11 @ L L L o [ @ ®

Fig. 4. The 3 x n grid graph

Here, b, denotes the number of 2-factored dominating sets in Gs,. Let En denote the
number of 2-factored dominating sets in which the vertices vy, and vy, or the vertices
V2, and vs,,, belong to the 4-cycle induced by columns n — 1 and n.

Fig. 5. The auxiliary class En, in which the vertices of the last column belong to a 4-cycle induced by
columns n — 1 and n.
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Let b/, denote the number of 2-factored dominating sets in which the cycle containing
the last column is a longer cycle; that is, a cycle of length greater than 4 containing the
vertical edges vy ,,v2, and vg,vU3,.

/
n?

Fig. 6. The auxiliary class b
within the last two columns.

in which the vertices of the last column belong to a cycle not contained

The initial values are by = by = go =b = by = by = 0. For n = 2, there are exactly
three 2-factored dominating sets of '3 o, namely two 4-cycles and one outer 6-cycle. Hence
by = 3,52 = 1,b5 = 1. For n = 3, the graph G 3 has five 2-factored dominating sets. Hence
bs = 5. We define the generating functions B(z) = 3 bya™, B(z) = 3 bya", B'(z) =

n>2 n>2
b ™. We now derive the following equations:
> by g
n>2
(1 — 2®)B(z) = 32 + 22B(x) + 32B'(z), (4)
(1—2)B(z) = 22 + 22B(z) + 2B'(x), (5)
(1—2)B'(z) = 2% + 2B(x). (6)

Proof of Eq. (4). We now consider b, the number of 2-factored dominating sets in
G3.n,. We distinguish the following cases according to the structure of the cycle containing
a vertex of the last column.

Case 1. The cycle contains the edges vi,—10V1,n, V1.nV2n, V2nV3p, and v3,v3,-1. We
count the number of 2-factored dominating sets arising from the following subcases.

Subcase 1.1. The cycle contains the edges va,,—2V2 -1, V27-1V1,0-1, V1n—1V1n> V1,nV2n;
V2, U3, U3 U3 n—1, and vs ,_1V3 ,—2. Deleting the last column and adding the edge vy ,,—1v3,—1
results in a 2-factored dominating set counted by D1 Hence, this subcase contributes
bp—1.

Subcase 1.2. The cycle contains the edges V1 p_9U1n—1, V1p—1V1n, VinV2n, V2nU3n,
V3, U3.n—1, and U3 ,,_103 ,—2. Deleting the last column and joining vy ,,—1v3,,—1 and va ;101 1
obtains a 2-factored dominating set counted by b/, . Therefore, this subcase contributes
b .

Subcase 1.3. The cycle is the 6-cycle containing the edges v1 101 n, V1nV2n, V2,0V3 1,
V3nU3n—1, U3n—1V2n—1, and v,_10; ,—1. Deleting columns n — 1 and n produces a 2-
factored dominating set counted by b, 5. Therefore, this subcase contributes b,,_s.

From the three subcases, there are Zn—l + b+ by

Case 2. The cycle contains either the edges vi 9201 -1, Vin—1V1n, V1nV2n, V20V2n—1,
V2,n—1U3 n—1, and U3,n—1V3,n—2, OT the edges V1,n—2V1n-15 Vin-1V2n—1, V2n—1V2n, V2nU3n,
V3.nV3n—1, and V3 ,_1V3 ,—2. In either case, deleting the last column and joining vy ,,—1v2 -1
Or VUg,,-1V3,—1 Produces a 2-factored dominating set counted by b/,_,. Therefore, this case
contributes 0/, ;.
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Case 3. The cycle contains the edges v1 ,—2V1 n—1, V1. n—1V2,n—1, V2.n—1V3 n—1, a0d V3 ,_1U3 n_2.
Deleting the last column and joining the edges v; ,_1v2,,—1 and vy,_;v3,_1 produces a
2-factored dominating set counted by b/, ;. Therefore, this case contributes b/,_;.

Case 4. The cycle contains the edges vy ,_2V1n—1, V1 pn—1V1n, VinV2n, and vs U2, 1.
The number of 2-factored dominating sets arising from this structure is counted by gn_l.
Therefore, this case contributes gn,l.

From the four cases, we have

by =2bp_1 + 3V, + by, n>3.

We multiply by z™ and sum over n > 3. Then

Z by = 2 Zgn_lx" +3 Z b, "+ Z by_ox".
n>3 n>3 n>3 n>3
Thus,
B(z) — bya® = 22B(x) + 3xB'(x) + 2*B(x).

Thus, we obtain B(z) — 322 = 22B(x) + 328/ (z) + 22B(z).
Hence,
(1 —2*)B(x) = 32* + 22 B(z) + 32 B'(2).

This proves Eq. (4). O

Proof of Eq. (5). We now consider b,, the number of 2-factored dominating sets in
which the vertices v; , and vg,,, or symmetrically the vertices vy, and vs,, belong to the
4-cycle induced by columns n — 1 and n. We distinguish three possible cases according to
the position of this 4-cycle.

Case 1. The cycle is the 4-cycle containing the edges v1 ,—101 5, V1.0V2.0, V2nV20—1, and
V9 n—1V1,n—1. Deleting columns n — 1 and n produces a 2-factored dominating set counted
by b,,_5. Therefore, this case contributes b, _s.

Case 2. The cycle contains the edges v1 ,—2V1 n—1, V1 n—1V1,n, V1,0V2:n, V2002.n—1, V2.0—-1V3 n—1,
and v3,_1V3,—2. Deleting the last column and joining v, and v,,_; produces a 2-
factored dominating set counted by b/ ;. Therefore, this case contributes b/, ;.

Case 3. The cycle contains the edges vy ,_2V1n—1, V1 p—1V1n, VinV2n, and vs,v2, 1.
Deleting the last column and joining v; ,—; and vs,,—; produces a 2-factored dominating
set counted by Zn,l. Therefore, this case contributes gn,l.

From the three cases, we have

gn = bn_g + b;_l +Zn_1, n Z 3.
We multiply by x™ and sum over all n > 3. Then

ignx" = i b_ox™ + i b+ ign_lx”.

n>3 n>3 n>3 n>3

Thus,

B(z) — bya® = 2?B(z) + zB'(z) + zB(x).
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Thus, we obtain B(z) — 2% = 22B(z) + 2 B'(x) + 2B(x).
Therefore,

(1 —2)B(x) = 2°B(z) + 2* + zB'(x).
This proves Eq. (D). O

Proof of Eq. (6). We now consider b/, the number of 2-factored dominating sets in
which the cycle containing the last column is a longer cycle; that is, a cycle of length
greater than 4 containing the vertical edges vy ,v2, and vs,vs,. We distinguish four
possible cases according to the structure of this cycle.

Case 1. The cycle contains the edges v1 ,—2U1 n—1, V1n—1V1,n, V1,nV2ns V20V3.n5 U3 nU3n—1,
U3 n—1V2,n—1, and V9,n—1V2,n—2, OT the edges V2n—2V2n—1, V2n—1V1,n—15, V1n—-1V1n, V1,nV2n,
V2.nU3.1m, U3nU3n—1, and vs,_1U3,_o. Deleting the last column and joining by the edges
V1 p—1V2n—1 and vg,_1v3,—1. Hence, the graph reduces to a counted by gn_l.

Case 2. The cycle contains the edges v1 ,,—2U1 -1, V1,n-1V1,n, V100205 V20V3.n5 U3 nU3n—1,
and vs 103 2. After deleting the last column and joining the remaining vertices by the
edges 1 5,1V2,—1 and vg,,_103,_1, the resulting configuration is counted by b/,_,. Hence,
this case contributes b],_;.

From the two cases, we have

b, =b, 1+ n > 3.

n—1»
For n > 3, we multiply 2" throughout the above equation and sum over all n. Then

i b = ign_lx" + i b,_qa".

n>3 n>3 n>3

This implies that

B'(z) — b — b,z — bhya® = (B(x) — by — biz) + x(B'(x) — b, — b,x).

Hence,
B'(z) — 2* = xB(x) + zB'(x).
Therefore,
(1 —2)B'(z) = 2 + vB(x).
This proves Eq. (6). O

By Egs. (1), (5) and (6), it can be solved that

r%(3 — )

B(x) = 1—20 — 22—zt

This proves Theorem 2.4. O

We investigate the dominant asymptotic behavior associated with B(z). The following
is attained since the dominant singularity is approximately 0.40470.
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Theorem 2.5. If b, is the number of 2fd-sets of Gs,, and the generating function of the

sequence {by, }n>0 s
n I2(3 — $)
B(x)—anx 122 — a2 — gt

n>0

then the sequence {b,} grows exponentially and satisfies

0.138253 .
n "™ T as n Q.
(0.40470) n+1

Proof. The generating function

32 — 8

1—2x — 22 — o4’

B(z)
has denominator Q(z) = 1 — 2z — 22 — 2. The singularities of B(z) are the roots of
Q(z) = 0. The dominant singularity is the unique real root p = 0.40470, and the other
roots satisfy |z|> p: @y ~ —1.1841, x5 4 &~ 0.38972 £ 1.3910i. Thus, P(p) = 3p* — p* # 0.
Near x = p,

3p% — o3 1
Bla)~ 0
—Q'(p) x—p
so the residue is ) 5
3 _
r=" 1 ~ _0.138253.
—Q'(p)

By Lemma 2.2 and singularity analysis |7, 17],

0138253 .
" (0.40470)m 1 '

This proves the theorem. O]

Theorem 2.6. Let ¢, be the number of 2-factored dominating sets in a 4 X n grid graph.
Then the generating function C(x) = ) c,a™ satisfies

n>2

2 (2 4927 4 92 + 3)
1 —x — 422 — 723 — 8’

C(z)

Proof. To prove Theorem 2.6, we consider the 4 X n grid graph G4, which consists of
four rows and n columns. Its vertex set is V(G4,) = {vi; | 1 € {1,2,3,4}, 1 < j < n},
where two vertices are adjacent whenever they are horizontally or vertically adjacent in
the grid. Figure 7 illustrates the graph Gy,,.

We define the generating function C(z) = 3 ¢, C(z) = 3 Gz, C'(z) = 3

n>2 n>2 n>2
cx™, C(x) = ) ¢,z". Here, ¢, denotes the number of 2-factored dominating sets in G,.
n>2
¢, denotes the number of 2-factored dominating sets in which the cycles of the induced

2-factor contain the vertical edges vy ,,v2,, and vs vy, of the last column. ¢, denotes the
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Van
V41
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V3.1 v
e o o
V2,1 (5
[ ¢ ¢ ¢ ® ¢ ¢ o
e o o
v Ul,n
1,1 @ L L L o [} @ L

Fig. 7. The 4 x n grid graph

number of 2-factored dominating sets in which a cycle contains the vertices vy ,,—1, V2,1,
U3.n—1, Vin—1, Ulns V2.0, U3 n, and vy ,. In addition, we define ¢/, as the number of 2-factored
dominating sets in which a cycle contains the vertices v1 ,,—1, Van—1, V3 n—1, Van—1, Vin, V2,
U35, and vy ,,. The initial values are co =¢; =¢y =0 = ¢y =} = ¢ = ¢, = 0. For n = 2,
the graph G4 5 has three 2-factored dominating sets. Hence, co = 3,¢, = 2,¢, = 1,¢, = 1.
We now derive the following equations:

(1—2°)C(z) = 322 + 42C(z) + 32C"(z) + 2C/(z), (7)
C(z) — 22° = 22C(z) + 2C'(z), (8)
(1—2)C"(z) = 2% + 32C(x) + 2°C (), (9)

C(z) = 2° + 2°C(x) + 2C"(z) + 22C(x), (10)

Proof of Eq. (7). We now consider ¢,, the number of 2-factored dominating sets in
G4,n. We distinguish the following cases according to the structure of the cycle containing
a vertex of the last column.

Case 1. The cycle containing vertices of the last column contains the edges vy ,,—101 n,
V1nV2.n5 V2.0nU3 1, U3 nUan, and vy ,vs,,—1. We distinguish the following subcases.

Subcase 1.1. The cycle contains either the edges v1 ,—2U1 n—1, V1n—1V1 1, V1.0V2.n, V2.0V31,
V3 nVU4n, V4nUin—-1, V4n-1U3n-1, and U3n—1U3n—2, OT the edges V2 n—2V2n—1, V2 n—-1V1,n—-1,
V1n—1V1ns V1nU21n, V20U3m, U3 nUdn, VanUan—1, a0d V4 ,_1V4,—2. Deleting the last column
and jOiIliIlg the edges U1,n—1V2,n—1 and V2n—1V3n—1 O Vg pn—-1VU3n-1 and U3 n—1U2,n—1 results
in a 2-factored dominating set counted by ¢,_;. Therefore, this subcase contributes ¢,_.

Subcase 1.2. The cycle contains the edges v ,_9U1 1, V10-1V1n; VinV2n, V2.0U3n,
V30 Van, VanUsn—1, and Vg pn_1V4,—2. Deleting the last column and joining vy, 1v3,-1,
U3 n—1V2n—1, and vsg,_1v1,_1, produces a 2-factored dominating set counted by c,_;.
Therefore, this subcase contributes ¢,_;.

Subcase 1.3. The cycle contains the edges v1 11,0, V1nV2,05 V2.0V3 05 U3nVsns VanUsn—1,
V4n—1V3n—1, U3n—1V2n—1, and v 101 ,—1. Deleting columns n — 1 and n produces a 2-
factored dominating set counted by ¢, _s. Therefore, this subcase contributes ¢, _».
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Subcase 1.4. The cycle contains the edges va,,—2V2n—1, V27-1V1,0-1, V1n—1V1n, V1,nV2n;
V2nU3.m, U3nUdn, VanVsn—1s Van—1U3n—1, and v, 1U3,_9. Deleting the last column and
joining the edge vs ,v3, produces a 2-factored dominating set counted by ¢,_;. Therefore,
this subcase contributes ¢,,_;.

From the four subcases, there are 2¢,,_1 + ¢, + ¢—o.

Case 2. The cycle contains either the edges vy ,_9V1n—1, V1 n—1V1n, VinU2n, V20030,
V3,nU3n—1y U3,n—1V4,n—1, and V4,n—1V4n—2, O the edges V1,n—2V1,n—15 V1,n—-1V2n—1, V2n—1V2n,
V2.nU3.m, U3.nUdns VanUan—1,a0d Vg 104 n—2. Deleting the last column and joining vy ,,— 10251
and vy ,,_1v3,—1 in the first configuration, or vs,_1v3,-1 and vs,_1v2,-1 in the second

configuration, produces a 2-factored dominating set counted by ¢/, _,. Therefore, this case

/
n—1*

Case 3. The cycle contains the edges v1 ,—2V1 n—1, V1,0—1V2.n—1, V2.n—1U3.n—1, V3.n—1V4n—1,

contributes ¢

and v4,-1V4pn—2. Deleting the last column and joining vy ,-1v2,-1, V2,-1V3,—1, and

U3 n—1V4n—1 Obtains a 2-factored dominating set counted by ¢],_,. Therefore, this case

/
n—1*

Case 4. The cycle contains either the edges vy ,_9V1n—1, V1n—1V1n, VinU2n, V20030,

contributes ¢

U3,nU3n—1, and U3,n—1U3n—2, O the edges V2n—2V2n—1, V2n—-1V2,n; V2nU3n; U3 nVin, V4nVin—1,
and vy ,—1v4,—2. Deleting the last column and joining vy ,-1v2,-1 and vg,_103,-1, OF
Vg pn—1V3n—1 and v3 10,1, yields a 2-factored dominating set counted by ¢,_;. There-
fore, this subcase contributes ¢,_;.

Case 5. The cycle continues to the left through the second and third rows and contains
the edges V2,n—2V2n—1, U2n—1V2.n, UV2nU3n, U3 nU3n—1, and U3,n—1U3 n—2- Deleting the last
column and joining the edge vs,_1v3,-1 produces a 2-factored dominating set counted
by ¢,_1. Therefore, this case contributes ¢,_;.

Case 6. The cycle includes the edges v1,-2V1 -1, Vin-1V20-1, V2n-1V2n; V2.0nV3n,

V3nVU3n—1, Vsn—1Uan—1 and Vs, 1Usn,—o. The number of 2-factored dominating sets in

/

this case contributes ¢, ;.

Case 7. The first cycle contains the edges vy ,—9U1n—1, V1n—1V1ns V1nV2n, V270201,
and vg 5, 1V2 ,—2, While the second cycle contains the edges v3,,—2U3 -1, U3 n—1U3n, V3040,
V4V p—1, a0d Vg,_104p,-2. Deleting the last column and joining the edges v; ,—1v2,,—1
and vs,,_104,—1 produces a 2-factored dominating set counted by ¢,_;. Therefore, this
case contributes ¢,,_;.

From the seven cases, we have ¢, =4¢,1 +3¢,_1 + 2+ ¢m1, n >3,

For n > 3, we multiply by 2" and sum over all n > 3. Then

Z e = Z 4, 12" + Z 3, 2"+ Z Cp—ox" + ZEn_lx".

n>3 n>3 n>3 n>3 n>3
Thus,
C(x) — co — 11 — co2® = 42(C(x) — G — C1z) + 32(C'(z) — ¢ — )
+2%(C(x) — ¢o) + 2(C(x) — & — A1),
Hence,

C(x) — 322 = 42C () + 32C"(z) + 22C(x) + 2C ().
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Therefore,
(1 —2*)C(z) = 32% + 42C(x) + 32C" () + 2C (7).

This proves Eq. (7). O

Proof of Eq. (8). We now consider ¢,, the number of 2-factored dominating sets in
which the cycles of the induced 2-factor contain the edges vy ,v2, and vs vy, of the last
column. We distinguish two possible cases according to the structure of these cycles.

Case 1. The first cycle contains the edges vy ,—9U1 -1, V1p—1V1n; V1nV2.0, V25,0201,
and vy ,,—1v2,,—2, While the second cycle contains the edges vs,,_2v3 n—1, V3 n—1V3.n, U30V4n,
VanVsn—1, and Vg 104 ,—2. Removing columns n —1 and n yields a 2-factored dominating
set counted by ¢, 5. Conversely, every 2-factored dominating set counted by ¢, 5 can
be extended uniquely to a 2-factored dominating set of this type. Therefore, this case
contributes ¢,,_».

Case 2. The cycle contains the edges v1 ,—2V1 n—1, V1 n—1V1n, V1,002, V20V2.n—1, V2,0—-1V3 n—1,
V3.n—1U3 0y U3.nVan, VdnUsn—1, a0d V4,104 ,—2. Removing the last column and joining the
edges vy ,_1V2,—1 and vs,_1v4,-1 yields a 2-factored dominating set counted by ¢ _;.
Conversely, every 2-factored dominating set counted by ¢, _; can be extended uniquely to
a 2-factored dominating set of this type. Therefore, this case contributes ¢/, ;. From the

two cases, we have
-~ /
Cn = Cp—2+Cp,_q, n > 3.

We multiply 2™ throughout the equation above and sum over all n > 3. Then

[oe) [oe)
Chx”" = E Cpox™ + g a_a.

n>3 n>3 n>3

o0

This implies that
C(x) — G — i — &x® = 22 (C(z) — o) + 2 (C'(x) — ¢ — ¢\) .
Hence,
C(z) — 222 = 22C(2) + 2C'(z).

Therefore,

o~

C(z) = 22° + 2°C(x) + 2C'(x).
[

Proof of Eq. (9). We now consider ¢, the number of 2-factored dominating sets in
which a cycle contains the vertices vy ,_1, V2an—1, U3n—1, Van—1, Vins V2, Usn, a0d Vg,.
We distinguish five possible cases according to the structure of this cycle.

Case 1. The cycle contains the edges v1 ,—2V1 -1, V1.n-1V1.n, V1.nV2.n5 V2.0VU3ns V3.0V n,
V4 nV4n—1, V4n—-1U3 n—1, and U3,n—1U3 n—2, O the edges V2n—2V2n—1, UV2n—-1V1,n—1, V1,n—-1V1n,
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V1nV2.n5 V203 105 V3nV4ns VanUsn—1, and Uy n_1U4 n—2. In either configuration, after deleting
the vertices of the last column, we join the vertices in column n — 1 by adding the edges
Vin—1V2n—1, V2n—1U3n—1, and vs,_104,_1. Thus, we obtain a 2-factored dominating set
counted by ¢,_;.

Case 2. The cycle includes the edges vi 201 -1, Vin—1V11n, V10V2.0, V2,0V3.0, VU3.nVdn,
VanVsn—1, V4n—1V3n—1, U3n-1V2n—1, and Vg, _1V2,_o. After deleting the vertices of the
last column and adding the edges v1 ,,—1V25-1, V2n—1U31—1, and V3,104 ,-_1, We obtain a
2-factored dominating set counted by ¢,_;. Therefore, this case contributes ¢,_1.

Case 3. The cycle contains the edges v1 ,—2V1 n—1, V1.n-1V1,n, VinV2,ns V2.0VU30; U3.nV4n,
VanVspn—1, and Vg p_1Vs,—2. After deleting the vertices of the last column and adding the

edge vs,,1V3,_1, We obtain a 2-factored dominating set counted by ¢],_,. Therefore, this

/

case contributes c],_;.

Case 4. The cycle is the 8-cycle containing the edges v ;101 n; V1 nV2.1, V2.0V3.0, V3.0 V4 n,
V4 nV4n—1; V4n—1V3n—1, U3 n—1U2n—1, and V2,n—1V1,n-1- After deleting the last two COlllITlIlS7
we obtain a 2-factored dominating set counted by ¢, 5. Therefore, this case contributes
Cp—2.

Case 5. The cycle contains the edges vs,-2V21-1, V27n-1V1n—1, Vin-1V1n, V1nV2n,
V2nU3n; U3nUin, VanUin-1, V4n-1V3n-1, and U3,n—1U3 n—2- After deleting the vertices of
the last column and adding the edges vy ,—1V2 -1, Von—1U3n—1, and V3,104 1, We oOb-
tain a 2-factored dominating set counted by ¢,,_;. Therefore, this case contributes ¢,,_;.

From the five cases, we have

¢ =31+ o+, 4, n > 3.
We multiply 2™ in the equation above and sum up all n for n > 3. We have that

o0 oo o0 o0
/ fon /
E c, " = 5 312" + E Cp—_ox" + E Cp_1x".
n=3 n=3

n=3 n=3

This implies that
C'(x) — ¢y — djx — cha* = 3x (6(1-) —Cp— Elx) + 2% (C(z) — o)

+ 2 (C'(z) — ¢y — djz).

Hence,
C'(z) — 2% = 32C () + 2°C(z) + 2C' ().
Therefore,
(1 —2)C"(z) = 2? + 32C(z) + 22C(x).
This proves Eq. (9). O

Proof of Eq. (10). We now consider ¢,, the number of 2-factored dominating sets in
which the vertices va,_1, V3,1, V2,, and vs, belong to a 4-cycle. We distinguish four
possible cases according to the structure of the remaining cycles.
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Case 1. The cycle contains the edges vg,_1V2n, V2,30, Vsn¥sn—1, a0d V3,102 ,—1.
After deleting the last two columns, we obtain a 2-factored dominating set counted by
Cn—o. Therefore, this case contributes c,,_».

Case 2. The cycle contains the edges v ,_2V1pn—1, Vip—1V2n—1, V20n-1V2n, V20nV3n,
V3 nUsn—1, U3n—1Van—1, and Vg,_104,—o. After deleting the vertices of the last column

and adding the edge vy ,_1v3,_1, we obtain a 2-factored dominating set counted by ¢ _;.

/

Therefore, this case contributes ¢],_;.

Case 3. The cycle contains the edges v, 2V ,—1, V2 n—1V21n, V2nV3n, U3nUs,—1, and
Vg n—1Vsn—1. After deleting the vertices of the last column and adding the edge vs,,—1v3 1,
we obtain a 2-factored dominating set counted by ¢,_;. Therefore, this case contributes
/C\nfl.

Case 4. The cycle includes the edges v1,-1V25-1, V2n-1V2n, V2.nV3n, UsnUsn—1 and
U3n—1U3n—2. The number of 2-factored dominating sets in this case contributes ¢,_;.

From the four cases, we have

~ / A~
Cp = Cn—2 + C,,_1 + 2Cp_1,

We multiply " throughout the equation above and add up all n for n > 3. We have
that

D oo o o
E Cpxt = g Y A g "+ g 2C,_12",
n>3 n>3 n>3 n>3

which implies that
C(x) — G — &1 — Ga1® = 22(C(x) — o) + 2(C'(z) — ¢y — ,x) + 22(C(x) — G — 1).

Hence,

C(z) = 2° + 2°C(x) 4+ 2C"(z) + 22C(x).
This proves Eq. (10). O
By Egs. (7), (8), (9) and (10), we obtain

22 (23 + 922 + 97 + 3)
C(z) = — 5 3 o
1—x—4x Tx 8x

Theorem 2.6 is thus proved. O

Further, we determine the large-n behavior of the sequence corresponding to C(z).
Since the dominant singularity is approximately 0.313563, we get the following theorem.

Theorem 2.7. If ¢, is the number of 2fd-sets of G4, and the generating function of the
sequence {cy >0 08

322 + 923 + 92* + 2
C = n " = Y
(z) ;cx 1 —x— 42?2 — 723 — 8*
then the sequence {c,} grows exponentially and satisfies

0.100989 N
Cp ™~ —————  asn — 00.
(0.313563) "1
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Proof. The generating function

_ 322 4+ 923 + 9z + 2°
1 —x— 422 — Tad — 8zt

C(x)

has denominator Q(z) = 1 — x — 42% — Tz — 8. The singularities of C(x) are the roots
of Q(z) = 0. The dominant singularity is the unique real root p = 0.313563, and the
other roots satisfy |z|> p.Thus, P(p) = 3p* + 9p® + 9p* + p® # 0. Near z = p,

Pl 1
—Q'(p) p—1’

C(z)

so the residue is

P
= ) g 100080.

—Q'(p)
By Lemma 2.2 and singularity analysis |7, 17],

0.100989 _

Cp~——————  asn — 0.
(0.313563)m+1
This proves the theorem. O
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