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abstract

This paper identi�es and corrects invalid arguments in [Edge k-Product Cordial Labeling

of Graphs, Eur. J. Pure Appl. Math., 18(2), Article No. 5887 (2025)]. In particu-

lar, several published statements are shown to be false through explicit counterexamples.

Revised versions of these results are established under appropriate conditions, often in-

volving structural properties such as girth. Correct bounds or conditions are obtained for

speci�c graph classes, including shadow graphs, splitting graphs of stars, and path unions

of cycles. These corrections clarify the limitations of the earlier claims and provide a more

accurate foundation for further study of edge k-product cordial labeling.
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1. Introduction and general properties

A graph of order p and of size q is called a (p, q)-graph. For k ≥ 2, we let Zk = {0, 1, . . . , k−
1} be the standard complete residue system modulo k. Suppose G = (V,E) is a (p, q)-

graph without isolated vertex. Let f : E → Zk be an edge labeling of G. Let the vertex

labeling f ∗ : V → Zk be de�ned by f ∗(v) ≡
∏

uv∈E f(uv) (mod k). An edge e ∈ E and

a vertex v ∈ V are called an i-edge and j-vertex (under f), if f(e) = i and f ∗(v) = j,

respectively, where i, j ∈ Zk. Let ef (i) and vf (j) denote the number of i-edges and

j-vertices, respectively.

For k ≥ 2, an edge labeling f : E → Zk of G = (V,E) is said to be an edge k-product

cordial labeling of G if |ef (i1) − ef (i2)|≤ 1 and |vf (j1) − vf (j2)|≤ 1 for i1, i2, j1, j2 ∈ Zk.
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We say G is edge k-product cordial if G admits an edge k-product cordial labeling. In

particular, if f is an edge k-product cordial labeling of G, then⌊
|E|
k

⌋
≤ ef (i) ≤

⌈
|E|
k

⌉
and

⌊
|V |
k

⌋
≤ vf (j) ≤

⌈
|V |
k

⌉
, (1)

for all i, j ∈ Zk.

In [3], the authors repeatedly used the incorrect inequality “vf (0) ≥ ef (0) + 1” with-

out proper justi�cation. As a result, several statements in [3] are false. In this paper,

we iden�ty these incorrect statements and provide explicit counterexamples. Corrected

statements and proofs are also given.

Statement 1.1. [3, Theorem 5] A graph G with k ≤ |V |≤ |E| does not admit an edge

k-product cordial labeling if |V |≡ 0 (mod k).

We now present counterexamples to Statement 1.1.
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Fig. 1. Edge 3-product cordial labelings f for graphs of order 12 and sizes 12, 13, 14

For convenience in verifying the cordiality conditions, we introduce the notation

Ef = (ef (0), ef (1), . . . , ef (k − 1)), Vf = (vf (0), vf (1), . . . , vf (k − 1)),

which record the distributions of edge labels and vertex labels, respectively. For example,

in Figure 1(a), Ef = (4, 4, 4) and Vf = (4, 4, 4); in Figure 1(b), Ef = (5, 4, 4) and

Vf = (4, 4, 4); and in Figure 1(c), Ef = (4, 5, 5) and Vf = (4, 4, 4).

Moreover, there exist in�nitely many counterexamples to Statement 1.1. Let Hn be the

graph obtained from Cn = u1u2 · · ·unu1 by adding one chord. Let v1, v2, . . . , v(k−1)n be

additional vertices, where k ≥ 2. For each vj, add an edge connecting vj to an arbitrary

vertex of Hn. Denote the resulting graph by Gn. So Gn is a (kn, kn+ 1)-graph.

Partition the (k − 1)n pendant edges into k − 1 groups of size n, denoted Y1 . . . , Yk−1.

Label all edges of Hn by 0 and label the edges in Yi by i, for 1 ≤ i ≤ k− 1. Let f be this

labeling. Thus,

ef (0) = n+ 1, ef (i) = n for 1 ≤ i ≤ k − 1, and vf (j) = n for all j.

Hence, Gn is edge k-product cordial. Figure 1(b) shows an example for k = 3 and n = 4.
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If the chord is removed from Gn, we obtain a class of (kn, kn)-graphs that are edge

k-product cordial. Figure 1(a) shows an example for k = 3 and n = 4.

Therefore, all statements in [3] that rely on Statement 1.1 are invalid. In the subsequent

sections, we provide corrected proofs for several a�ected results.

We now introduce some notation. Suppose f : E → Zk is an edge labeling of G =

(V,E). Let E0 be the set of all 0-edges under f and let G0 = G[E0] be the subgraph

induced by E0. Clearly ef (0) = |E0| and vf (0) ≥ |V (G0)|. The equality holds if k is

prime. Otherwise, there may be 0-vertices not in G0. For example, the induced label of

a vertex incident to a 2-edge and a 3-edge is zero when k = 6. These notations will be

used throughout the paper. Notation and concepts not de�ned in this paper are referred

to the book [1].

Statement 1.2. [3, Theorem 19] Any graph G = (V,E) with
⌊
|V |
k

⌋
<

⌊
|E|
k

⌋
does not

admit an edge k-product cordial labeling.

A counterexample to Statement 1.2 is shown below.
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Here |V |= 8, |E|= 9 and k = 3. We have 2 =
⌊
|V |
3

⌋
<

⌊
|E|
3

⌋
= 3 with Ef = (3, 3, 3)

and Vf = (3, 3, 2) where f denotes the above labeling.

Lemma 1.3. Suppose g is the girth of G and f is an edge labeling from E(G) → Zk. If

ef (0) < g, then vf (0) ≥ ef (0) + 1.

Proof. Since ef (0) < g, G0 is acyclic. Thus, |V (G0)|≥ |E0|+1. Hence vf (0) ≥ ef (0) +

1.

We provide the following correction to Statement 1.2.

Theorem 1.4. Let G = (V,E) be a graph whose girth is greater than
⌈
|E|
k

⌉
. If

⌊
|V |
k

⌋
<⌊

|E|
k

⌋
, then G is not edge k-product cordial.

Proof. We prove the contrapositive of the theorem. Suppose G admits an edge k-product

cordial labeling f . Since the girth of G is greater than
⌈
|E|
k

⌉
and ef (0) = |E0|≤

⌈
|E|
k

⌉
, G0

is acyclic. Thus vf (0) ≥ |V (G0)|≥ |E0|+1 = ef (0) + 1.

Since ef (0) ≥
⌊
|E|
k

⌋
and vf (0) ≤

⌊
|V |
k

⌋
+ 1,

⌊
|V |
k

⌋
+ 1 ≥

⌈
|V |
k

⌉
≥ vf (0) ≥ ef (0) + 1 ≥⌊

|E|
k

⌋
+ 1. Thus

⌊
|V |
k

⌋
≥

⌊
|E|
k

⌋
.
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Lemma 1.5. For each n ≥ 3 and k ≥ 2, there is a graph admitting an edge k-product

cordial labeling f such that ef (0)− vf (0) =
⌈
n2−3n

2k

⌉
.

Proof. Let G be the graph obtained from Kn by attaching (k − 1)n pendant edges

arbitrary. So G is a (kn, kn + 1
2
(n2 − 3n))-graph. We label an n-cycle in Kn by 0, and

label all pendant edges by 1, 2, . . . , k−1 evenly. At this moment, the number of i-edges is

n, 0 ≤ i ≤ k− 1. We still have 1
2
(n2−n)−n = 1

2
(n2− 3n) unlabeled edges in Kn. Lastly,

we label them by 0, 1, . . . , k− 1 in order and evenly. Let the resulting labeling be f . This

construction guarantees that the di�erence between the number of i-edges and j-edges is

at most 1 when i ̸= j and ef (0) = n +
⌈
n2−3n

2k

⌉
. Clearly, vf (j) = n for 0 ≤ j ≤ k − 1.

Thus f is an edge k-product cordial labeling of G. Hence, we have the lemma.

Thus, for any �xed k, there is a graph admitting an edge k-product cordial labeling f

such that ef (0)− vf (0) is arbitrarily large.

Example 1.6. Let n = 4 and k = 4. According to the proof of Lemma 1.5, we have the

following labeling f .
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Clearly, Ef = (5, 5, 4, 4) and Vf = (4, 4, 4, 4).

2. Shadow graph of star

Let the vertex and the edge sets of the star K1,n be {u, u1, . . . , un} and {uui | 1 ≤ i ≤
n}, respectively. The shadow graph of K1,n, denoted D(K1,n), has vertex set {u, u′} ∪
{ui, u

′
i | 1 ≤ i ≤ n} and edge set {uui, uu

′
i, u

′ui, u
′u′

i | 1 ≤ i ≤ n}. Thus, D(K1,n) is a

(2n+ 2, 4n)-graph.

Theorem 2.1. Let n ≥ 1 and k ≥ 2. Suppose D(K1,n) admits an edge k-product cordial

labeling f , then k ≥ 4n+ 1 or k = 2n+ 1.

Proof. Let G = D(K1,n). Note that G is a (2n+ 2, 4n)-graph. Thus, ef (0) ≥
⌊
4n

k

⌋
and

vf (0) ≤
⌈
2n+ 2

k

⌉
.

(a) If G0 is acyclic, then vf (0) ≥ |V (G0)|≥ |E(G0)|+1 = ef (0)+1. We have

⌈
2n+ 2

k

⌉
≥⌊

4n

k

⌋
+ 1 so that

2n+ 2

k
+ 1 ≥

⌈
2n+ 2

k

⌉
≥

⌊
4n

k

⌋
+ 1 >

4n

k
. Thus, k > 2n − 2,
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i.e., k ≥ 2n− 1.

1. Consider k ≥ 2n + 2. If k ≥ 2n + 3, then vf (0) = 0, 1. If k = 2n + 2, then

vf (i) = 1 for 0 ≤ i ≤ 2n+1. If ef (0) = 1, then vf (0) ≥ 2 since the end-vertices

of a 0-edge are 0-vertices. It is a contradiction. Thus, ef (0) = 0. This implies

that ef (i) = 0, 1, where 1 ≤ i ≤ k − 1. So D(K1,n) contains at most k − 1

edges. Therefore, k ≥ 4n+ 1.

2. Suppose k = 2n + 1 so that vf (i) = 1, 2 for 0 ≤ i ≤ k − 1. If ef (0) = 2,

then vf (0) ≥ 3. It is a contradiction. Thus, ef (0) = 1 and vf (0) = 2. Hence

vf (i) = 1 for 1 ≤ i ≤ k − 1.

3. Suppose k = 2n so that ef (i) = 2 for all i. If n = 1, then D(K1,1) ∼= C4 which

is not edge 2-product cordial. If n ≥ 2, then vf (j) ≤ 2 for all j. However,

ef (0) = 2 implies that vf (0) ≥ 3, a contradiction.

4. Suppose k = 2n− 1. Now, k ≥ 2 implies that n ≥ 2.

If n ≥ 3, then vf (0) = 1, 2 and ef (0) = 2, 3. Since ef (0) ≥ 2, vf (0) ≥ 3. It is a

contradiction.

If n = 2, then k = 3, ef (0) = 2, 3 and vf (j) = 2 for j = 0, 1, 2. It is also

impossible.

(b) If G0 contains a cycle, then both u and u′ are vertices of G0. Let X = NG0(u) ∩
NG0(u

′) and Y = V (G0) \ ({u′, u} ∪X). Note that |X|≥ 2.

2ef (0) = degG0
(u) + degG0

(u′) +
∑
x∈X

degG0
(x) +

∑
y∈Y

degG0
(y)

= (2|X|+|Y |) + 2|X|+|Y |= 4|X|+2|Y |.

So ef (0) = 2|X|+|Y |. On the other hand,

1 +
2n+ 2

k
>

⌈
2n+ 2

k

⌉
≥ vf (0)

≥ |V (G0)|= |X|+|Y |+2 =
ef (0)− |Y |

2
+ |Y |+2

=
ef (0)

2
+ 2 +

|Y |
2

≥ ef (0)

2
+ 2

≥ 1

2

⌊
4n

k

⌋
+ 2 >

1

2

(
4n

k
− 1

)
+ 2 =

2n

k
+

3

2
.

We have 2
k
> 1

2
, i.e., k = 2, 3.

Suppose k = 2 so that ef (i) = 2n and vf (j) = n + 1 for all i, j. Now, n + 1 =

|X|+|Y |+2 =
ef (0)

2
+ 2 +

|Y |
2

= n+ 2 +
|Y |
2
, which is impossible.

Suppose k = 3.

1. If n = 3l + 2 for some l ≥ 0, then

⌊
4n

3

⌋
= 4l + 2 and vf (0) =

6l + 6

3
= 2l + 2.

Thus, 2l + 2 ≥ |V (G0)|≥
ef (0)

2
+ 2 ≥ 4l + 2

2
+ 2, which is impossible.
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2. If n = 3l+1 for some l ≥ 0, then

⌊
4n

3

⌋
= 4l+1 and 2l+2 =

⌈
6l + 4

3

⌉
≥ vf (0).

Thus, 2l + 2 ≥ |V (G0)|≥
ef (0)

2
+ 2 ≥ 4l + 1

2
+ 2, which is impossible.

3. If n = 3l for some l ≥ 1, then

⌊
4n

3

⌋
= 4l and 2l + 1 =

⌈
6l + 2

3

⌉
≥ vf (0).

Thus, 2l + 1 ≥ |V (G0)|≥
ef (0)

2
+ 2 ≥ 4l

2
+ 2, which is impossible.

Consequently, either k ≥ 4n+ 1 or k = 2n+ 1.

Remark 2.2. 1) From the proof of Theorem 2.1, G0 is acyclic if G is edge k-product

cordial.

2) For k ≥ 4n+ 1, Figure 2(a) shows an edge 9-product cordial labeling of D(K1,2).

3) For k = 2n+1, label the edges of D(K1,1) ∼= C4 by 0, 2, 1, 1. Thus, the vertex labels

are 0, 0, 2, 1. Therefore, D(K1,1) is edge 3-product cordial. Moreover, Figure 2(b)

shows an edge 5-product cordial labeling of D(K1,2).
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(a) Edge 9-product cordial labeling f of D(K1,2)

4

0

2 3
3

4 1

4

02

0

1 3

1

(b) Edge 5-product cordial labeling g of D(K1,2)

Fig. 2.

Hence, Figure 2(a) has Ef = (0, 1, 1, 1, 1, 1, 1, 1, 1) and Vf = (1, 1, 1, 1, 0, 0, 1, 1, 0);

Figure 2(b) has Eg = (1, 2, 1, 2, 2) and Vg = (2, 1, 1, 1, 1).

4) Note that Theorem 2.1 implies that Theorem 6 in [3] is true although the proof

contains an error. By applying the su�cient part of the corresponding proofs in [3],

Figure 2(b) and Theorem 2.1, we also obtain Theorems 7, 8, and 9 in [3].

Combining Theorem 2.1 and the results in [3], we have

Theorem 2.3. Suppose k = 3, 5. D(K1,n) is edge k-product cordial if and only if n = k−1
2
.

Corollary 2.4. D(K1,1) ∼= C4 is edge k-product cordial if and only if k = 3 or k ≥ 6.

Proof. From the proof of Theorem 9 in [3], the graph C4 is not edge 5-product cordial.

Combining this with Theorem 2.1, we obtain the necessity.

An edge 3-product cordial labeling of C4 is given in Remark 2.2(3). For k ≥ 6, label

the edges of C4 by 1, 3, 2, 4 in cyclic order. The induced vertex labels are 3, 6, 8, 4, which
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are pairwise distinct modulo k. Hence, this labeling is an edge k-product cordial, proving

the su�ciency.

Question 2.5. Is D(K1,n) edge (2n+ 1)-product cordial for n ≥ 3?

Question 2.6. Is D(K1,n) edge k-product cordial for n ≥ 2 when k ≥ 4n+ 1?

3. Splitting graph of Star

In this section, S(K1,n) denotes the splitting graph of the star K1,n. The vertex set of

S(K1,n) is {u, v} ∪ {ui, vi | 1 ≤ i ≤ n} and its edge set is {uui, vui, uvi | 1 ≤ i ≤ n}. Thus
S(K1,n) is a (2n+ 2, 3n)-graph.

Statement 3.1. [3, Theorem 10] The graph S(K1,n) does not admit an edge k-product

cordial labeling for k ≤ n.

This statement is false, as demonstrated by explicit counterexamples below.
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(a) Edge 5-product cordial labeling f of S(K1,7)
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(b) Edge 5-product cordial labeling g of S(K1,8)

Fig. 3.

Here, Ef = (4, 4, 4, 4, 5), Vf = (4, 3, 3, 3, 3); and Eg = (4, 5, 5, 5, 5), Vg = (4, 3, 4, 4, 3).

Theorem 3.2. Let n ≥ 1 and k ≥ 2. Suppose G = S(K1,n) admits an edge k-product

cordial labeling f .

(1) If G0 is acyclic, then k ≥ 3n+1 with ef (0) = 0 or n+2 ≤ k ≤ 2n+1 with ef (0) = 1.

(2) If G0 contains a cycle, then 3k ≤ 2n+ 1.

Proof. Since G is a (2n+ 2, 3n)-graph, we have ef (0) ≥
⌊
3n

k

⌋
and

⌊
2n+ 2

k

⌋
≤ vf (0) ≤⌈

2n+ 2

k

⌉
.

(a) Suppose G0 is acyclic, then vf (0) ≥ ef (0)+1. By a similar argument as in the proof

of Theorem 2.1, we have k > n− 2, i.e., k ≥ n− 1.
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1. Suppose k = n− 1. Since k ≥ 2, n ≥ 3. Now,⌈
2n+ 2

n− 1

⌉
=

⌈
2 +

4

n− 1

⌉
=

{
4 if n = 3, 4;

3 if n ≥ 5,

ef (0) ≥
⌊

3n

n− 1

⌋
=

⌊
3 +

3

n− 1

⌋
=

{
4 if n = 3, 4;

3 if n ≥ 5.

Since vf (0) ≥ ef (0) + 1, it is impossible.

2. Suppose k = n. Since n ≥ 3,

ef (0) ≥
⌊
3n

n

⌋
= 3 and vf (0) ≤

⌈
2n+ 2

n

⌉
= 3.

Since vf (0) ≥ ef (0) + 1, it is impossible.

3. Suppose k = n+ 1. Thus,

vf (j) =
2n+ 2

n+ 1
= 2 for all j,

ef (0) ≥
⌊

3n

n+ 1

⌋
=

⌊
2 +

n− 2

n+ 1

⌋
= 2.

It is impossible.

4. Suppose k ≥ n+ 2.

vf (0) ≤
⌈
2n+ 2

k

⌉
≤

⌈
2n+ 2

n+ 2

⌉
= 2⌊

3n

k

⌋
≤

⌊
3n

n+ 2

⌋
=

⌊
2 +

n− 4

n+ 2

⌋
=

{
1 if n = 2, 3;

2 if n ≥ 4.

Since vf (0) ≥ ef (0) + 1, ef (0) ≤ 1.

Suppose ef (0) = 0. Then ef (i) ≤ 1 for 1 ≤ i ≤ k − 1. Hence G has at most

k − 1 edges, i.e., k ≥ 3n+ 1.

Suppose ef (0) = 1, then vf (0) ≥ 2 and hence vf (j) ≥ 1 for 1 ≤ j ≤ k − 1. So

G has at least 2 + (k − 1) = k + 1 vertices, i.e., k ≤ 2n+ 1.

(b) If G0 contains a cycle, then both u and v are vertices of G0. Hence ef (0) ≥ 4 and

vf (0) ≥ 4.

Therefore, 2n+2
k

+ 1 >
⌈
2n+2
k

⌉
≥ vf (0) ≥ 4. Thus, 3k < 2n+ 2, i.e., 3k ≤ 2n+ 1.

Example 3.3. The examples in Figure 4 to Figure 6 verify conclusion (1) of Theorem 3.2.

When ef (0) = 0, we have an edge 8-product cordial labeling for S(K1,2) and an edge 10-

product cordial labeling for S(K1,3). Clearly, there is an edge 5-product cordial labeling

for S(K1,1) ∼= P4.
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(a) Edge 8-product cordial labeling f of S(K1,2)
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(b) Edge 10-product cordial labeling g of S(K1,3)

Fig. 4.

Here, Figure 4(a) has Ef = (0, 1, 1, 1, 1, 1, 1, 0), Vf = (1, 0, 1, 1, 1, 0, 1, 1); and Fig-

ure 4(b) has Eg = (0, 1, 1, 1, 1, 1, 1, 1, 1, 1), Vg = (1, 1, 1, 1, 1, 1, 1, 0, 1, 0).

When ef (0) = 1, we have the following edge k-product cordial labelings for S(K1,n)

with n = 2, 3. Actually, when n = 2, 4 ≤ k ≤ 5 and when n = 3, 5 ≤ k ≤ 7.
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(a) Labeling f
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(b) Labeling g

Fig. 5. Edge k-product cordial labeling of S(K1,2), for k = 4, 5.

Here, Figure 5(a) has Ef = (1, 2, 2, 1), Vf = (2, 1, 2, 1); and Figure 5(b) has Eg =

(1, 2, 1, 1, 1), Vg = (2, 1, 1, 1, 1).

2 4

0

0

1 34

1 2

3

32 4

140

2

(a) Labeling f

1 3

0

0

1 24

5

5

51 3

420

2

2
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(c) Labeling h

Fig. 6. Edge k-product cordial labeling of S(K1,3), for k = 5, 6, 7
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Here, Figure 6(a) has Ef = (1, 2, 2, 2, 2), Vf = (2, 1, 2, 1, 2); Figure 6(b) has Eg =

(1, 2, 2, 1, 1, 2), Vg = (2, 1, 2, 1, 1, 1); and Figure 6(c) has Eh = (1, 1, 2, 1, 2, 1, 1), Vh =

(2, 1, 1, 1, 1, 1, 1).

Note that Figure 3 gives two examples that verify conclusion (2) of Theorem 3.2 when

k = 5. Two more examples in Figure 7 verify conclusion (2) of Theorem 3.2 for k = 3, 4.
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(b) k = 4

Fig. 7. Edge k-product cordial labelings f of S(K1,6), for k = 3, 4

Here, Figure 7(a) has Ef = (6, 6, 6), Vf = (5, 5, 4); and Figure 7(b) has Ef = (4, 5, 4, 5),

Vf = (4, 3, 4, 3).

3.1. Edge 3-product cordial

In this subsection, we point out some mistakes about edge 3-product cordial behavior of

S(K1,n) as shown in [3] and make some correction.

Statement 3.4. [3, Theorem 11] The graph S(K1,n) admits an edge 3-product cordial

labeling if and only if n = 1.

Statement 3.4 is incorrect, since there is an edge 3-product cordial labeling for the

graph S(K1,6) as shown in Figure 7(a).

Theorem 3.5. If G = S(K1,n) is edge 3-product cordial, then n = 1 or n ≥ 6.

Proof. By applying Theorem 3.2, we have the following results.

1. If G0 is acyclic, then n+ 2 ≤ 3 ≤ 2n+ 1. Hence n = 1.

2. If G0 contains a cycle, then 9 ≤ 2n+ 1. Thus, n ≥ 4.

Consider G = S(K1,4) which is a (10, 12)-graph. Suppose f is an edge 3-product

cordial labeling. So ef (i) = 4, for i = 0, 1, 2. Since G0 contains a cycle, G0 is a

4-cycle. Since 3 ≤ vf (0) ≤ 4, vf (0) = 4. Thus, vf (1) = vf (2) = 3. Without loss of

generality, we may assume that G0 is the 4-cycle uu1vu2u.

Suppose there is only one non-pendant 2-edge, then this edge is incident to a degree

2 vertex, say u3. Thus, another edge incident to u3 is a 1-edge. Therefore, vf (2) = 4,

a contradiction.
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Suppose there are exactly two non-pendant 2-edges. If both are incident to u3 (or

else u4), then vf (1) = 4, a contradiction. Otherwise, vf (2) = 4, also a contradiction.

Suppose there are at least three non-pendant 2-edges, then vf (1) ≥ 4, a contradic-

tion.

Thus, f does not exist.

Consider G = S(K1,5) which is a (12, 15)-graph. Suppose f is an edge 3-product

cordial labeling. From (1), we have ef (0) = 5 and vf (0) = 4. Since every vertex

incident to a 0-edge is also a 0-vertex, we must have |V (G0)|= 4 so that G0
∼= K1,1,2.

However, S(K1,5) does not contain such a subgraph. Thus n ≥ 6.

Remark 3.6. Label the edges of S(K1,1) ∼= P4 by 0,2,1 in order we get an edge 3-product

cordial labeling of it. Figure 7(a) shows an edge 3-product cordial labeling of S(K1,6).

Finding a necessary and su�cient condition for S(K1,n) being edge 3-product cordial

is not a purpose of this paper. So we leave this problem to interested readers.

3.2. Edge 4-product cordial

Next, we study edge 4-product cordiality of S(K1,n).

Statement 3.7. [3, Theorem 12] The graph S(K1,n) admits an edge 4-product cordial

labeling if and only if n = 2.

Statement 3.7 is incorrect, since there is an edge 4-product cordial labeling for the

graph S(K1,6) as shown in Figure 7(b).

Theorem 3.8. If G = S(K1,n) is edge 4-product cordial, then n = 2 or n ≥ 6.

Proof. Suppose G = S(K1,n) admits an edge 4-product cordial labeling f . From The-

orem 3.2, we have n = 1 with ef (0) = 0, or n = 2, or n ≥ 6. To complete the proof,

we need only consider n = 1 with ef (0) = 0 so that G ∼= P4 with Vf = (1, 1, 1, 1). Since

Ef = (0, 1, 1, 1), it is routine to check that vf (0) = 0, a contradiction.

Remark 3.9. To verify the above theorem, there is an edge 4-product cordial labeling

of S(K1,2) which was shown in the proof of Theorem 12 of [3]; and Figure 7(b).

3.3. Edge 5-product cordial

Figure 3(a) and Figure 3(b) show that the following statement is incorrect.

Statement 3.10. [3, Theorem 13] The graph S(K1,n) admits an edge 5-product cordial

labeling if and only if n ≤ 3.
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From Theorem 3.2 we have the following result immediately.

Theorem 3.11. If G = S(K1,n) is edge 5-product cordial, then 1 ≤ n ≤ 3 or n ≥ 7.

4. Path union of cycle

Let G1, . . . Gn, n ≥ 2, be n copies of a graph G. Let v be a vertex of G and vi ∈ V (Gi),

i = 1, . . . , n, be the vertex corresponding to v. The graph P (n.Gv) is the graph obtained

from G1 + · · ·+Gn by adding the edge vivi+1, 1 ≤ i ≤ n− 1. P (n.Gv) is called the path

union of n copies of the graph G [2].

Suppose G = Cm, m ≥ 3. By symmetry, all P (n.Cv
m) are isomorphic. We shall use

P (n.Cm) instead of P (n.Cv
m). Note that P (n.Cm) is an (mn,mn + n − 1)-graph. We

let the i-th copy of Cm be vi,1vi,2 · · · vi,mvi,1. We also let v1,1v2,1 · · · vn,1 be a subpath of

P (n.Cm).

Statement 4.1. [3, Theorem 20] The graph P (n.Cm) does not admit an edge k-product

cordial labeling if n ≥ k.

In Figure 8, we give two counterexamples to Statement 4.1.
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(b) n = m = k = 3

Fig. 8. Edge k-product cordial labeling f of P (n.C3)

Here, Figure 8(a) has Ef = (4, 5, 4, 5, 5), Vf = (4, 4, 4, 3, 3); and Figure 8(b) has Ef =

(3, 4, 4), Vf = (3, 3, 3).

Since Statement 4.1 is false, the proofs of Theorems 21, 22, and 23 in [3] are also

invalid. We note that Theorems 21, 22, and 23 are in fact incorrect. Counterexamples to

Theorems 21 and 22 are given in Figure 8(b), while a counterexample to Theorem 23 is

given in Figure 9.
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Fig. 9. Edge 4-product cordial labeling f of P (2.C7)

Here, Ef = (3, 4, 4, 4), Vf = (4, 3, 4, 3).

Theorem 4.2. Suppose graph P (n.Cm) admits an edge k-product cordial labeling. If G0



"edge k-product cordial labeling of graphs" and their revision 249

is acyclic, then k ≥ n+1. If G0 contains a cycle, then k ≤ ⌊mn−1
m−1

⌋. Moreover, the bounds

are attainable.

Proof. Suppose G0 is acyclic, then
mn
k
+1 ≥

⌈
mn
k

⌉
≥ vf (0) ≥ ef (0)+1 ≥

⌊
mn+n−1

k

⌋
+1 >

mn+n−1
k

. Thus, we have k > n− 1, equivalently, k ≥ n.

If k = n, then vf (j) = m for all j. However, m =
⌊
mn+n−1

n

⌋
≤ ef (0) implies vf (0) ≥

m + 1. It is a contradiction. Hence k ≥ n + 1. Figure 10 shows that P (4.C4) admits an

edge 5-product cordial labeling g.
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Fig. 10. Edge 5-product cordial labeling g of P (4.C4)

Here, Eg = (3, 4, 4, 4, 4), Vg = (4, 3, 3, 3, 3). Since n = 4, k = 5, the bound is attainable.

Suppose G0 contains a cycle, then vf (0) ≥ m. Now, mn
k

+ 1 >
⌈
mn
k

⌉
≥ vf (0) ≥ m. So

mn > (m− 1)k, i.e., mn− 1 ≥ (m− 1)k. Hence k ≤ mn−1
m−1

, i.e., k ≤ ⌊mn−1
m−1

⌋. The graph
in Figure 11 shows the bound is attainable.
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Fig. 11. Edge 4-product cordial labeling f of P (3.C3)

Here, Ef = (3, 3, 2, 3), Vf = (3, 2, 2, 2).

Remark 4.3. Suppose P (n.Cm) admits an edge n-product cordial labeling f , then vf (j) =

m. On the other hand, from the proof above G0 contains a cycle Cm. Thus G0
∼= Cm.

Let us consider some edge 3-product cordial labelings of the graph P (n.C3). Note

that P (n.C3) is a (3n, 4n− 1)-graph. Suppose P (n.C3) admits an edge 3-product cordial

labeling f , then vf (j) = n, for all 0 ≤ j ≤ 2.

When n = 2, G0 is acyclic. Now, ef (0) = 2, 3 for any edge 3-product cordial labeling

f . This implies that vf (0) ≥ 3. Thus P (2.C3) is not edge 3-product cordial.

When n = 3, Figure 8(b) shows an edge 3-product cordial labeling for P (3.C3).

Suppose n ≥ 4 and G = P (n.C3) admits an edge 3-product cordial labeling f . By

Theorem 4.2, G0 contains a cycle which is C3.
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Suppose n = 4, then vf (j) = 4 and ef (i) = 5 for all i, j. If G0 is connected, then it is

unicyclic. Hence |V (G0)|= 5 which is impossible. If G0 is disconnected, then |V (G0)|≥ 6

which is also impossible. Thus there is no edge 3-product cordial labeling for P (4.C3).

Suppose n = 5, then vf (j) = 5 and ef (i) = 6 or 7, for all i, j. By a similar argument as

above, there is no edge 3-product cordial labeling for P (5.C3).

Suppose n = 6, then vf (j) = 6 and ef (i) = 7 or 8, for all i, j. We have an edge

3-product cordial labeling for P (6.C3) as in Figure 12.
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Fig. 12. Edge 3-product cordial labeling f of P (6.C3)

Here, Ef = (7, 8, 8), Vf = (6, 6, 6).

The purpose of this paper is not to study the behavior of edge k-product cordiality of

P (n.Cm). We do not pursue in this direction further.

5. A remark on complete bipartite graph

The proof of the following statement is invalid because the authors applied the inequality

vf (0) ≥ ef (0) without justi�cation. Lemma 1.5 shows that this inequality may not hold

in general.

Statement 5.1. [3, Theorem 4] A complete bipartite graph Km,n with m ≡ r1 (mod k)

and n ≡ r2 (mod k) does not admit an edge k-product cordial labeling if r1 + r2 < k ≤
r1r2.

We may restate the above statement as follows: For m ≡ r1 (mod k) and n ≡ r2
(mod k), where 0 ≤ r1, r2 < k, if Km,n admits an edge k-product cordial labeling, then

k ≤ r1 + r2 or k > r1r2.

Since D(K1,s) ∼= K2,2s, Theorem 2.1 implies that if K2,2s admits an edge k-product

cordial labeling, then k = 2s+1 or k ≥ 4s+1. Thus, taking m = r1 = 2 and n = r2 = 2s,

Statement 5.1 holds for K2,2s. Since we believe that Statement 5.1 is true, we propose the

following open problem.

Problem 5.2. Show that the above reformulation of Statement 5.1 holds.

6. Summary

Let us summarize the current status.

1. Theorem 5 in [3] is false. We gave in�nitely many counterexamples.

2. Theorem 19 in [3] is false. A corrected version is provided under additional hypothe-
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ses.

3. Theorem 6 in [3] contains an error in its proof. Theorem 2.1 gives a more general

necessary condition that includes Theorem 6 as a special case.

4. Theorems 10, 11, 12 and 13 in [3] are false. Counterexamples and revised versions

are given.

5. Theorem 20 in [3] is false. We gave counterexamples and a revised version with

attainable bounds on k.

6. Theorem 4 in [3] contains an error in its proof. Its validity remains open.
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