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ABSTRACT

We study the difference between the numbers of even and odd permutations in &,, having
exactly k fixed points. We derive a closed formula for this quantity using four complemen-
tary approaches: exponential generating functions, a determinant representation, a com-
binatorial derivation based on inclusion—exclusion on cycle structures, and a factorization
via the stabilizer subgroup, through restriction to the complement of the fixed-point set.
The resulting expression provides a signed refinement of the classical rencontres numbers
and yields a simple polynomial form for the associated signed fixed-point distribution.
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1. Introduction
Let &,, be the symmetric group [20, 19, 21, 17, 2|. For 0 < k < n, we denote:
E, = #{0 € 6, : 0 even and has exactly k fixed points},

and
On, = #{0 € 6,,: 0 odd and has exactly k fixed points}.

Let D,, = !'m be the number of derangements of size m (see for instance |7, 8, 13, 14]),
which is equal to
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The number of permutations in &,, with exactly k fixed points has already been the
subject of a number of investigations (see for instance Refs. [6, 9, 5, 18]). As an example,
in 1975, Goldman published the following formula [11]:

min(k,n)
1 .
m § f(a)k = E S(k’/&),
" 0€G, i=1

where f(o) denotes the number of fixed points of o and S(k, ) the Stirling number of the
second kind. The number of permutations with k£ fixed points is given by the classical

n
Tn,k: - (k’) Dn—k~

Let us define the signed difference of even and odd permutations:

formula:

An,k = En,k; - On,k'
We propose four different proofs of the following result:

Theorem 1.1. The difference of even and odd permutations with k fized points (denoted
respectively E, . and Opy) is equal to

and we have

Tn,k + An,k (Z)

as well as
Oy = T"”“_TA"”“ = % (D — (1) (k —n+1)).

Although the enumeration of permutations with £ fixed points (rencontres numbers) is
classical, the signed refinement involving the alternating character is not usually stated in
explicit polynomial form. While it can be derived from the cycle index of the symmetric
group, the simplified closed form obtained here does not seem to appear explicitly in the
literature.

The first proof is presented in Section 2. It takes advantage of the exponential generat-
ing function approach. The second proof, detailed in Section 3, is a self-contained matrix
proof, relying on the determinant expansion over permutations. The third proof, given
in Section 4, combines a sign-reversing cancellation idea with an exponential generating
function evaluation of the remaining signed derangement sum. Finally, a representation-
theoretic explanation of the formula is discussed in Section 5, consisting in interpreting
A, as the evaluation of the sign character of G,, on permutations with exactly k fixed
points.
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2. Exponential generating function approach

The proof of Theorem 1.1 given in this section is based on the exponential generating
function.

First proof of Theorem 1.1. The sign of a cycle of length m is (—1)™~!. Thus,
the sign of a permutation is the product of these weights over its cycles. To construct a
signed exponential generating function, each fixed point (1-cycle) can be marked with an
auxiliary variable u and each m-cycle for m > 2 is weighted by (—1)™~!. The exponential
generating function of signed permutations with fixed-point marking is

(-1
F - S m
(z,u) = exp (uz + "]
m>2
and satisfies

n! [2"] F(z,u) = Z A,
k=0

because extracting u* isolates the signed count of permutations with exactly & fixed points.
Using the classical identity

Z (_17)771_127” = log(1 + 2),

m>1
we get
-1 m—1
> o og142) -,
m
m>2
and thus,

F(z,u) = exp(uz + log(1 + z) — 2) = (1 + Z)e(u—l)z‘

Therefore, we have

n [2"F (2,u) = (u—1)" +n(u—1)"",

yielding
> At = (u—1)" +n(u—1)""
k=0
Expanding
=1 =3 ()t
k
k=0
we get
n—1 n—1
nfu—1)""1=n ( i )uk(—l)”_l_k7
k=0
and thus
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Using the relation

we obtain
Bos = 0P+ () 1= (= 1) = 1+ ()t ok )
Since
Tn,k = En,k + On,ky An,k = En,k - On,lm
we find
Tor+ 2 (1 _
B, = bk 5 b — % (Dpge + (=1)"*(k —n + 1)),
Tn - An " n—
Opi = % = % (D — (=1)" *(k —n+1)),
which completes the first proof of Theorem 1.1. O

As an example, in the k = n case, only the identity permutation is counted, which is
even: A, , = 1. In the k =n — 1 case, we find A, ,,_; =0. For n =3,k =1, we get

3
T3, = (1) Dy =3, Az = —3,

and
Es, =0, Os1 = 3.

3. A matrix proof

The proof of Theorem 1.1 given in this section is based on matrix determinants.
Second proof of Theorem 1.1. For each permutation o € &,,, denote by fix(o) the
number of fixed points of o, and define the generating polynomial

P.(u) = Z A, puf = Z sgn (o) ™),
k=0

0'6671,

where sgn(o) denotes the signature of o, which is a morphism from &,, to {—1,1}. In the
following, P, (u) will be called the signed enumeration polynomial.

A determinant whose expansion produces P,(u). Consider the n xn matrix A(u) = (a;;)
defined by

Qii = U, a; =—1 (i # 7).
Equivalently,
Au) = (u+ 1)1 — J,

where [ is the identity matrix and J is the all-ones matrix. By the Leibniz formula for
the determinant, we have

n

det A(u) = Z sgn(o) Hai,a(i)'

oeG, i=1
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If o has f = fix(o) fixed points, then

n

=1

Therefore,
det A(u) = (=1)"P,(—u). (1)

Direct computation of the determinant. We use the following determinant identity. Let
B be an invertible n X n matrix and let z,y € R™. Then

det(B + xy") = det(B)(1 + y" B 'z).
Indeed, since B is invertible, we have

det(B + zy") = det(B(I + B 'azy")) = det(B) det(I + B 'ay").

T

Now B~ lay” is a rank-one matrix. If M = wv? is a rank-one matrix, then its only

possible nonzero eigenvalue is v7u. Thus,
det(I +uv”) =1+ v w.
Applying this with « = B!z and v = y, we obtain
det(I + B 'ay") =1+ y"B 2.

Consequently,
det(B + zy") = det(B)(1 + y" B '2).

The same identity can also be obtained by using the Schur complement. Consider the

B
M:( Tx>.

Computing its determinant through the Schur complement of B gives

block matrix

det(M) = det(B)(1 +y" B 'z),
whereas computing it through the Schur complement of the scalar block 1 gives
det(M) = det(B + zy”).
Equating these two expressions yields

det(B + zy") = det(B)(1 + y" B '2).
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Since A(u) = (u+ 1)I — J and J = 117 is of rank one, we apply the above identity
with
B = (u+1)I, vy’ = —J =117,

Then B™' = (u+ 1)1, and therefore

n

1"B711 = .
u—+1

It follows that

det((u+ 1)1 — J) = det((u + 1)I) (1 T Z 1)

u+1l—n
u—+1
=(u+1)" (u+1-n).

=(u+1)"

Combining this with (1), we obtain
Py(u) = (=1)"det A(—u) = (=1)"(1 —w)" (1 —u —n).
Equivalently,

Po(u) = (u—1)"" (u+n—1)
=(uw—-1)"+n(u—-1)"""

Writing
Po(u) =Y A
k=0
and extracting the coefficient of u* from
(w—1)" +n(u—1)"",

we obtain
App = (—1)”_’C (Z) (k—n+1).

This is the desired signed enumeration formula, and hence the second proof of Theo-
rem 1.1 is complete. [

The determinant expansion provides a direct algebraic encoding of the signed enumer-
ation, and the rank-one structure of (u+ 1)1 — J gives a closed form for the determinant,
yielding immediately the polynomial identity for P, (u) and the explicit signed counts.

4. A combinatorial derivation via inclusion—exclusion

We give a direct derivation of the signed sum over derangements using the inclusion—
exclusion principle.
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Third proof of Theorem 1.1. Let

Ay = Z sgn(o).
O'Een
fix(o)=k
Fix a subset F' C [n] ={1,...,n} with |F|=k, and let R = [n] \ F. Let
Cop ={0 €6, :fix(c) =k}

denote the set of permutations with exactly k fixed points.

Any permutation ¢ € &, whose fixed-point set is F' acts as the identity on I’ and
induces a permutation 7 of R with no fixed points. Conversely, every derangement 7
of R extends uniquely to such a permutation o. Hence there is a bijection between
permutations in C,; and pairs (F,7), where |F|=k and 7 € D,,_j, with

D, := {0 € 6, : fix(c) = 0} = Cy 0.

Thus, if D,, := #D,,, then

We now calculate

We use the standard exponential formula for labelled combinatorial classes, where cycles
of length r contribute the weight (—1)"!/r in the exponential generating function. The
exponential generating function of signed permutations is

N
exp Z Tz =14z
r>1

This follows from the fact that the sign-weighted cycle index exponential simplifies because
of cancellation of higher-order terms. To exclude fixed points, that is, cycles of length 1,

Z (_i?izr =log(1+ 2) — z.

r>2

we remove the term z:

Hence the exponential generating function of signed derangements is
F(z) =exp(log(l+2) —2) = (1 + 2)e .

Therefore,

Expanding,
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and extracting coefficients gives

Finally, we obtain
which completes the third proof of Theorem 1.1. O

5. A proof based on a factorization via the stabilizer subgroup

The proof of Theorem 1.1 given in this section is based on a factorization via the stabilizer
subgroup.

Fourth proof of Theorem 1.1. The formula obtained in Section 4 admits a natural
representation-theoretic interpretation. Indeed, the sign function

XE 6, - {£1},

defined by

o +1, if o is even,
X, (0) =sgn(o) = .
—1, if ois odd,

is the irreducible sign character of the symmetric group [10]. Therefore,

nk— Z ngn

ocCp i

is the evaluation of this character over the subset of permutations having exactly k fixed
points.
Using the decomposition
Crge 2 Pr([n]) X Dy,

where Py ([n]) denotes the set of all subsets of [n] having cardinality k, one obtains
a= (i) 3w
TED,—

Applying the signed derangement identity established in Section 4, we have

Yo X&) = (=)"(1-m),

TGDm

for m > 0. Taking m = n — k gives

S NE (1) = ()" k1),

TEDn k
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Combining the two factors, we obtain the representation-theoretic formula

D= (1) X @0 = o (1)t

TED,

which completes the fourth proof of Theorem 1.1. O

This proof explicitly uses the sign character and can be interpreted in terms of the
subgroup of &,, stabilizing a fixed subset F', which is isomorphic to & x &,,_,. The
factor (Z) corresponds to the number of ways to choose the fixed points F', while the
sum of the character over derangements of R produces the factor (—1)""%(k —n + 1).
This approach shows that combinatorial formulas for signed permutation counts can be
interpreted naturally in the language of representations and characters of G,,. The first
values of A, for 1 <n <10 and 1 < k < n are displayed in Table 1.

Table 1. Values of A, for 1 <n <10and 1 <k <n

n\k 1 2 3 4 3 6 7 819110
1 1

2 0 1

3 -3 0 1

4 -8 -6 0 1

o |-15 20| -10 0 1

6 24 | -45 40 -15 0 1

7 1-35 84 | -105 70| -21 0 1

8 48 | -140 | 224 | -210 | 112 | -28 0 1

9 |-63| 216 | -420 204 | -378 | 168 | -36 01
10 | 80 | -315 | 720 | -1050 | 1008 | -630 | 240 | -45 | 0 | 1

6. Conclusion

We have obtained complete closed formulas for even and odd permutations of &,, with k
fixed points, and in particular of the quantity

#{o € &, : 0 even, fix(o) =k} —#{oc € S, : 0 odd, fix(c) = k}.

The first proof relies on the generating function method, which provides a clean and
efficient derivation of the signed difference formula, and the second proof is based on a
determinant expansion over permutations. The third proof uses an inclusion—exclusion
decomposition together with an exponential generating function evaluation of signed de-
rangements. The fourth proof consists in a factorization via the stabilizer subgroup, and
gives a complete representation-theoretic explanation of the formula by interpreting A, &
as the evaluation of the sign character of G,, on permutations with exactly k fixed points.

The methods presented here may find applications to the study of fixed points in other
groups. For instance, let G be a Coxeter group, v an involution of G, and G,, the centralizer
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of win G. In certain cases, for example when u is a reflection, the group G, is generated by
reflections of G and is itself a Coxeter group [3]. Coxeter groups are also connected with
the theory of braid groups [4]. The group &, admits a presentation whose generators
are the reflections si,...,s,_1, subject to the following families of relations s;s,115; =
Si+18iSit1, SiS; = 8;8; if i — j|> 2 and s7 = 1. If we remove the third type of relations,
we obtain a new group: this is the braid group on n strands, in which each element
corresponds to a certain way of braiding n strands, up to deformation. These groups have
been extensively studied, notably in Ref. [1]. Such a topic is strongly related to Schubert
polynomials [16, 15]. Finally, the odd-even staggering in the permutations with extremal
number of fixed points would also be worth investigating |12].
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