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ABSTRACT

An edge labeling of a graph G = (V, E) is said to be local antimagic if it is a bijection
f: E — {1,...,|E|} such that for any pair of adjacent vertices x and y, f*(z) #
fT(y), where the induced vertex label f*(x) = > f(e), with e ranging over all the
edges incident to x. The local antimagic chromatic number of G, denoted by x,(G), is
the minimum number of distinct induced vertex labels over all local antimagic labelings
of G. In this paper, we study local antimagic labeling of three disjoint cycles with at
least two odd cycles, one of which is C5. We prove that (1) x;.(Cs + C5 + C3) = 5 and
Xia(Cs5+Cs5+Cy) = 4 for k > 4; (2) x1a(Cs54+Ci+Copi1) = 45 (3) X1a(C3+Cs+ Cagrr) = 3;
(4) X1a(C5 + C1o + Csp—3) = 35 (5) X1a(Cs5 + C5 4+ Cra) = 4 and x1a(Cs + C5 4 Cagq2) = 3
for k # 3; (6) X1a(Cs 4 Cuapy1 + Cuargs) = 3 and X3a(C5 + Capy1 + Capis) = 3.
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1. Introduction

A graph G = (V, E) is said to be local antimagic if it admits a local antimagic edge labeling,
i.e., a bijection f: E — {1,...,|E|} such that the induced vertex labeling f*:V — Z
given by f*(u) =" f(e), with e ranging over all the edges incident to u, has the property
that any two adjacent vertices have distinct induced vertex labels (see [1, 2]). Thus, f* is
a coloring of G. Clearly, the order of G must be at least 3. The vertex label f*(u) is called
the induced color of u under f (the color of u, for short, if no ambiguity occurs). The num-
ber of distinct induced colors under f is denoted by ¢(f), and is called the color number of
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f. The labeling f is called a local antimagic c(f)-coloring of G. The local antimagic chro-
matic number of G, denoted by x;,(G), is min{c(f) | f is a local antimagic labeling of G'}.
Haslegrave [1] proved that every connected graph other than K is local antimagic. Hence
X1a(G) is well-defined for every connected or disconnected graph G not containing any
isolated edge.

For graphs G and H, let G + H be the disjoint union of G and H with vertex set
V(G) UV (H) and edge set E(G) U E(H). For convenient, mG is the disjoint union of
m > 2 copies of G. For any vertex u € V(G), denote the set of edges incident to u by
E(u). We shall use the notation [a,b] := {c € Z | a < ¢ < b}. Unless stated otherwise, all
graphs considered in this paper are simple, undirected and of order at least 3.

In [3], the authors gave lower and upper bounds for the local antimagic chromatic
number of disjoint union of cycles.

Theorem 1.1. Form > 1, let G = C,, + Cp, + -+ C,,,, wheren; > 3, 1 <1 < m.
Then 3 < x1a(G) < m + 2.

They also proved that if all but except maybe one cycle are even, then the local an-
timagic chromatic number is 3.

Theorem 1.2. Let G =C,, + C,, + -+ C,,,, where n; > 3 for 1 < i < m, and n; is
even for 1 <i <m —1, then x.,(G) = 3.

The next natural step is to determine the local antimagic chromatic number of disjoint
union of cycles with at least two odd cycles. In this paper, we study local antimagic edge
labeling of three disjoint cycles with at least two odd cycles, one of which is Cj.

2. C3+4+C3+4+C,
First, we consider disjoint union of cycles with at least two C5’s.

Theorem 2.1. Form > 1, let G = C3+C5+ Cy, +Cp, + -+ + C,,,,, where n; > 3,
1 <i<m. Then 4 < x1.(G) < m+4.

Proof. Suppose x;,(G) = 3. Let a,b, ¢ be the induced vertex labels of G. Then both Cj5’s

have edge labels 2t2=¢ bte=a cta=b 4 contradiction. The result follows from Theorem

1.1. [l

Lemma 2.2. Let G = (V,E) be a k-regular graph. Suppose f is a local antimagic c-
coloring of G. Define g(e) := |E|+1 — f(e) for all e € E. Then g is a local antimagic
c-coloring of G.

Proof. Since f is a bijection from E to [1,|E|], g is a bijection from FE to [1,|E|] as well.
For all u € V, g (u) = Z gle) = Z (|E|4+1 = f(e)) = k(|E|+1) — f*(u). Thus, for

e€E(u) e€E(u)
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all uv € E, gt (u) # g*(v). Hence, g is a local antimagic c-coloring of G. ]

Theorem 2.3. x;,(C3+ C3 4+ C5) = 5.

Proof. By Theorem 2.1, 4 < x,(C5 + C3 4+ C3) < 5.

Suppose x1.(C3 + C5 + C3) = 4. Let f be a local antimagic 4-coloring of C3 + C5 +
C3 with induced vertex labels a,b,c,d. Note that a,b,c,d € [3,17] and are all dis-
tinct. Without loss of generality, assume the induced vertex labels of the three Cj :
H,, Hy, Hs, are {a,b, c}, {a,b,d} and {a, c,d} respectively. Then the edge labels of H; are
atboc bic—a ctab The edge labels of H, are 942=d bid—a dta-b The edge labels of Hy

2 2 2 2 2 2

are wte=d cidoa dtec Agqtp=c=d (mod2),a+c=b=d (mod2),a+d=b=c

(mod 2), we have b = ¢ = d (mod 2). Since b+ ¢ =a (mod 2), a =0 (mod 2). Note that

the sum of all the edge labels of Hy, Ho, Hj are 2tbte athid “atetd regpectively. Hence,

a+b+c+a+b+d+a+c+d_i.
2 2 > &

3a+2(b+c+d) =90.

Without loss of generality, assume b < ¢ < d. Since a is even and appears 3 times as an
induced vertex label, a = 8,10, 12. Define g(e) := 10— f(e) for all e € E. By Lemma 2.2,
g is a local antimagic 4-coloring and g*(u) = 20 — f*(u) for all u € V. Thus, it suffices to
consider a = 8 and a = 10. Also, since b, ¢, d all appear twice as an induced vertex label,
5<b<c<d<15.

(1) a =38, b+ c+d=33. This implies b, ¢,d are all odd and b <9. Thus, b=5,b=7

orb=09.

(1.1) b =5, ¢+ d = 28. This implies ¢ = 13 and d = 15. But H; has an edge label

%b_c = 0 which is impossible.

(1.2) b=17, c+d = 26. This implies ¢ = 11 and d = 15. But H; has an edge label
a+b—d
2

(1.3) b=19, ¢+ d = 24. This implies ¢ = 11 and d = 13. But H; has an edge label
atb=c — 3 and Hj has an edge label “¥=% = 3 a contradiction.
(2) a=10, b+ c+ d = 30. This implies b, ¢, d are all even and {b, c,d} C {6,8,12,14}.
But there is no solution.
Therefore, x;,(C3 + C3 + C3) = 5. H

= 0 which is impossible.

Theorem 2.4. For k > 2, x;,(C5 + C3 + Cy) = 4.

Proof. By Theorem 2.1, 4 < x;,(C35 + C3 + Cor) < 5. We construct a local antimagic
4-coloring of C5 + C5 + Uy, for k£ > 2. Note that there are 2k + 6 edges.

For the first Cj, let e; be the i-th edge in the clockwise order for ¢ € [1,3]|. Define f
by f(e1) =1, f(e2) = 2k + 6, f(e3) = 2k + 5. The induced vertex labels are 2k + 6, 2k +
7,4k + 11.
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For the second Cj, let e; be the i-th edge in the clockwise order for ¢ € [1,3]. Define f
by f(e1) = k+2, f(ea) = k+3, f(es) = k+ 4. The induced vertex labels are 2k + 5, 2k +
6,2k + 7.

For Cyy, let e; be the i-th edge in the clockwise order for i € [1,2k]. Define f by

SRR
flegin) = 24, i€ L5
. TR
flea) =2k +6 — (2i + 1), ie (L3
. Tk
fleaps12i) = 2i +1, ie |1, 5
. TR
feari2-2:) = 2k + 6 — 2i, = {1’ k—H )

When £k is odd, the edge labels are:
2,4, . k+1; 2k+3,2k+1,...,k+6; 3,5,...,k; 2k+42k+2,...,k+5.

The induced vertex labels are:

FH(ei—1 Ney) = 2k + 5, . —1’ %
frleaiMegipr) =2k +7, i c _1’%'

T (€arr2-2i M €ap1-2;) =2k + 7, i e _17 %
f+(62k+172i N egg_2i) = 2k + 5, e -17 %

frlenNeg) =242k +4=2k+6
frlexNepy) =k+1+k+5=2k+6.

When £k is even, the edge labels are:
2,4, ..k 2k4+3,2k+1,...,k+5; 3,5,...,k+1;, 2k+42k+2,...,k+6.

The induced vertex labels are:

fH(eqi1 Mey) =2k + 5, i e [ 72
fTexNegipr) =2k + 7, i€ {Lg_l_

I (eapso—ni N eapr1_2i) = 2k + 7, o { ’g_
I (epgr—2i N eap_gi) = 2k + 5, . {175 ) 1_

frerNeg) =242k +4=2k+6
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fflexNept) =k+b+k+1=2k+6.

Therefore, f is a local antimagic labeling of C5 + C5 + Cy; with induced vertex labels
2k +5, 2k +6, 2k + 7, 4k + 11. O

Theorem 2.5. For k > 1, x1,(C3 + C3 4+ Cypy1) = 4.

Proof. By Theorem 2.1, 4 < x;,(C3 + C3 + Cyp1) < 5. We construct a local antimagic
4-coloring of C5 + C3 + Cyyy1 for k > 1. Note that there are 4k + 7 edges.
For the first C3, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by
fler) =1, f(e2) = 4k + 6, f(e3) = 7. The induced vertex labels are 8,4k + 7,4k + 13.
For the second Cj, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f
by f(e1) =2, f(ea) = 4k + 7, f(e3) = 6. The induced vertex labels are 8, 4k + 9,4k + 13.
For Cyx11, let e; be the i-th edge in the clockwise order for i € [1,4k + 1]. Define f by

fler) =3,
flea) = 4k + 8 — 4i, i€ [l k],
Fleaiyr) = 4i+ 5, i € [1, K],
flearqa) =4,
f(€aghqiyy1) = 4k + 7 — 4i, 1,k —1]
feasiyr2) = 4i+ 1,k —1]
f(ear+1) = 5.

The edge labels are:

3;  4k+4,4k,...,8; 9,13,...,4k+5; 4; 4k+3,4k—1,...,11; 10,14,...,4k+2; 5.
The induced vertex labels are:
f (€1m€2) 3—|—4]{?+4:4/€+7,
f+(€21 N 621_;,_1) 4k + 13, 1€ [ y 5
fH(egipr Megipa) = 4k +9, i€ [1,k],
f+(62k+2 N 62k+3) 4+ 4k +3= 4k -+ 7
S (eatetiyr1 N €etiyr2) = 4k + 13, 1,k —1]
T (€agkriy2 N €2ries) = 4k + 9, 1,k — 2]

)
[ (ea Negrr) =
)=

f+(€1 M eqpt1

Therefore, f is a local antimagic labeling of C'3 + C'3 + Clyx1 with induced vertex labels
O

8, 4k + 7, 4k + 9, 4k + 13.

4k +2+5=4k+7,
3+5=8.

Theorem 2.6. For k> 1, x14(C3 + C3 4+ Cypr3) = 4.
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Proof. By Theorem 2.1, 4 < x;,(C5 + C3 + Cypy3) < 5. We construct a local antimagic

4-coloring of C3 + C5 + Cyra3 for k > 1. Note that there are 4k + 9 edges.

For the first C3, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by

fler) =1, f(e2) = 4k + 8, f(e3) = 7. The induced vertex labels are 8,4k + 9,4k + 15.

For the second Cj, let e; be the i-th edge in the clockwise order for ¢ € [1,3]. Define f
by f(e1) =2, f(e2) = 4k +9, f(e3) = 6. The induced vertex labels are 8,4k + 11,4k + 15.
For Cyyy3, let e; be the i-th edge in the clockwise order for ¢ € [1,4k + 3|. Define f by,

for i € [1, k],
fler) =3,
fle) = 4k + 10 — 44,
flegiy1) = 4i +5,
(€2k:+2) =4,
featkriyr1) = 4k + 11 — 44,
(62 k1) +2) =4di+
f(earss) = 5.

The edge labels are:

3. 4k46,4k+2, ... 10 9,13,...,4k+5; 4:  Ak+7,4k+3,. ..

The induced vertex labels are:

fflegNey) =3 +4k+6 =4k + 9,

f(ea Megiyr) = 4k + 15,

fH(egipr Megipe) = 4k + 11,
fH(eaps1 Neaprn) =4k +5+4 =4k + 9,

S (ea0etiy N €getiy1) = 4k + 11,

T (eaptiyt1 N €atiyr2) = 4k + 15,
T (eango Neanys) =4k +445 =4k +9,

fflerNegis) =3+5=38.

Therefore, f is a local antimagic labeling of C3 + C3 + Cyx1 3 with induced vertex labels

8, 4k + 9, 4k + 11, 4k + 15.

Combining all the above results, we have

, 115

8,12,...

Theorem 2.7. x1,(C3 + C3 +C3) = 5. For k>4, x14(C5 + C3 + Cy) = 4.

3. C3+Cy+C,

By Theorem 1.2, x;,(C3 + Cy + Co) = 3 for k > 2. Here we prove that x;,(Cs + Cy +
Cok+1) = 4 for k > 1. First, we restate the following lemma in [5, Lemma 1] or [6,

Lemma 2.1].

, Ak+4;

d.
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Lemma 3.1. Let G be a graph and C be a component of G. Suppose there is a local
antimagic labeling of G inducing a 2-vertex coloring of C' with colors x and y, where
x <y. Let X andY be the sets of vertices in C' colored x and y, respectively. Then C' is
a bipartite graph with bipartition (X,Y), | X|> Y|, and z|X|= y|Y].

We also need the useful lemma proved in |3].

Lemma 3.2. Let G be a disjoint union of cycles with n vertices. Suppose x1,(G) = 3.
Then the edge labeled 1 1s adjacent to the edge labeled n. Moreover, one vertex label is
less than n + 1, one s equal to n + 1, and one is greater than n + 1.

Theorem 3.3. For k> 1, x1a(C5 4+ Cy + Copyq) = 4.

Proof. By Theorem 1.1, 3 < x;,(C34+ Cy+ Corr1) < 5. Suppose Xio(Cs+Cy+Copy1) = 3.
Let f be a local antimagic 3-coloring of GG, and a, b, c be the induced vertex labels. For
Cy, let e; = v;v;11 be the i-th edge in the clockwise order for ¢ € [1,4] where v5 = v;.
By Lemma 3.1, all a,b,c must appear as induced vertex labels in C;. Without loss of
generality, assume fT(vy) = a, fT(ve) = b, fT(v3) = ¢, fT(vy) = b. Note that a + ¢ = 2b.
Thus, b lies between a and c¢. By Lemma 3.2, b = 2k+9. Since a, b, ¢ are the induced vertex
labels of Cj, the edge labels of C5 are #t2=¢ bbc=e cta=b However, co=b = b = 2k£9 ¢ 7
Hence, 4 S Xla(CS + 04 + Cgk_,_l) S D.

We construct a local antimagic 4-coloring of C5+ Cy+ Coi 1 for k > 1. Note that there
are 2k + 8 edges.

For Cj3, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by f(e;) =
k+3, f(e2) =k+5, f(es) = k+ 4. The induced vertex labels are 2k + 7,2k 4 8,2k + 9.

For Cy, let e; be the i-th edge in the clockwise order for i € [1,4]. Define f by
fler) =k+1,f(es) =k+7,f(es) =k+2, f(eq) = k + 6. The induced vertex labels are
2k + 7,2k + 8,2k + 9.

For Coy1, let e; be the i-th edge in the clockwise order for i € [1,2k + 1]. Define f by
fle2im1) =1, f(ee) =2k + 8 —1i, for i € [1,k], and f(ea+1) = 2k + 8.

The edge labels are:

1,2,...,k; 2k4+7,2k+6,...,k+8; 2k+8.

The induced vertex labels are:

2k + 8, i€ [1,k],
2k + 9, i€[l,k—1],
k+ 8+ 2k + 8 = 3k + 16,

1+2k+8=2k+0.

(€221 Ney)
fF (e Negigr)
f (e N ept1)

)

fT(er Negrin

Therefore, f is a local antimagic labeling of C3 + Cy + Cy;4 1 with induced vertex labels
2k +7, 2k + 8, 2k + 9, 3k + 16. O
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4. C3+ Cg+ Cypiq

Theorem 4.1. For k> 1, x;4(C5 4+ Cg + Capy1) = 3.

Proof. By Theorem 1.1, 3 < x4,(C5 4+ Cs + Cypr1) < 5. We construct a local antimagic
3-coloring of C3 4+ Cy + Cyryq for k > 1. Note that there are 4k + 10 edges.

For Cj, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by f(e;) =
k42, f(es) = 3k+9, f(e3) = 2k+5. The induced vertex labels are 3k+7,4k+ 11, 5k + 14.

For Cg, let e; be the i-th edge in the clockwise order for i € [1,6]. Define f by
fler) = k+1, f(e2) = 3k+10, f(es) = 2k+4, f(es) = k+3, f(es) = 3k+8, f(es) = 2k+6.
The induced vertex labels are 3k + 7,4k + 11, 5k + 14.

For Cyx11, let e; be the i-th edge in the clockwise order for i € [1,4k + 1]. Define f by,
for i € [1, k],

fleqiz) =k+1—1,
fleqi—2) =3k + 10 + 1,
fleqi1) =2k +4 — 1,
flew) =2k +7+1,
fleap1) =2k +T.

The edge labels are:

kok—1,...,1;3k+ 11,3k +12,.. ., 4k + 10;2k + 3,2k + 2,..., k + 4; 2k + 8,2k +
9,....3k+T:2k+T.

The induced vertex labels are:

fHesisMeyio) = 4k + 11, i€ [l,k],

fH(esiaMeyiy) = 5k + 14, i€[l,k],
[T (eqion Ney) = 4k + 11, i€[1,k],
fH(eqi Megiyt) =3k + 17, i€ l,k—1],
fT(eap Negpyr) = 3k + 7+ 2k + 7 = 5k + 14.

Therefore, f is a local antimagic labeling of C3 + Cg + Clyx11 with induced vertex labels
3k + 7, 4k + 11, 5k + 14. O

Theorem 5.1. For k > 1, x1,(C3 + Cio + Csr_3) = 3.

Proof. By Theorem 1.1, 3 < x;,(C3 + C1o + Csi—3) < 5. We construct a local antimagic
3-coloring of C3 4+ Cyg + Cgr_3 for k > 1. Note that there are 8k 4 10 edges.

For Cj, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by f(e;) =
4k+3, f(e2) = 4k+8, f(e3) = 4k+5. The induced vertex labels are 8k 48, 8k+11, 8k +13.
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For Cio, let e; be the i-th edge in the clockwise order for ¢ € [1,10]. Define f by
fler) =1, f(e2) = 8k + 10, f(es) = 3, f(ea) = 8k + 8, f(e5) = 5, f(es) = 8k + 6, f(er) =
2, f(es) =8k +9, f(eg) =4, f(e19) = 8k + 7. The edge labels are 1,2,3,4,5; 8k + 6,8k +
7,8k + 8,8k + 9,8k 4+ 10. The induced vertex labels are 8k + 8,8k + 11,8k + 13.

For Cgj_3, let e; be the i-th edge in the clockwise order for i € [1,8k — 3|. Define f by
f(er) =6.

For k odd, f(eq—o) =4k +9, f(ea—1) =4k +4, f(ea) = 4k + 7, f(eaps1) = 4k + 6.

For k even, f(eq_o) =4k + 6, f(ear—1) =4k + 7, f(ea) = 4k + 4, f(egps1) = 4k + 9.

For i € [0,k — 2],

8k + 5 —4i, ieven (=5 mod8),
flesiva) = o
8k +2 —4i, i odd (=6 mod 8),
8 + 4i, i even (=0 mod 8),
flesis) = o
9+4i, iodd (=5 mod8),
8k + 3 —4i, i even (=3 mod ),
fleiva) = o
8k +4 — 4i, iodd (=0 mod 8),
104+ 44, i even (=2 mod 8),
flesis) = S
7+4i, iodd (=3 mod8),
8k +2 —4i, i even (=2 mod8),
f<€8k7374i) = o
8k +5—4i, iodd (=1 mod8),
9+4i, ieven (=1 mod8),
f(68k—4—4i) = ) )
8 +4i, iodd (=4 mod8),
8k +4 —4i, 1ieven (=4 mod8),
f<€8k7574i> = o
8k +3 —4i, iodd (=7 mod 8),

7T+ 4i, ieven (=7 mod 8),

€8k—6—4i) =
f(€esk—6-4:) {10+4@‘7 i odd (=6 mod 8).

Note that
(1) 74+ 4i > 7 and 8k + 5 — 4i < 8k + 5.

(2) 104 4i < 10+ 4(k —2) = 4k + 2 and 8k + 2 — 4i > 8k + 2 — 4(k — 2) = 4k + 10.

(3) By considering mod 8, if two edge labels are equal, then either 8k + a — 4i =
a+4+4i = i+i'=2k—1or8k+b—4i=b+8+4i" = i+i =2k—2.
Both are impossible. Thus all edge labels are distinct.

(4) ff(exNex) =6+8k+5=8k+ 11 and fT(e; Negr_3) =6+ 8k +2 =8k + 8.

(5) Fori € [0,k —2],

8k + 13, 1 even,

+6¢ 062‘ =
I (a2 N €asra) {8k;+11, i odd,
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8k + 11, i even,

+€i ﬂei =
I (Caira N Cacva) {8k+13, i odd,

8k + 13, i even,

+61‘ ﬂei ==
S (Caira N eaits) 8k+11, iodd,

8k + 11, i even,

f+€ ,iﬁe —4i) =
(8k+2 4 8k+1 4) 8]{7+13, ’iOdd,

8k + 13, i even,

f+€ _iﬂe_i:
(€sir1-ai N sk 8k+11, i odd,

8k + 11, i even,
ST (eskai Negp_1-4;) =

—N —— —

8k + 13, i odd.
For i € [0,k — 3],

8k + 8, 1 even

+€i ﬂei = ’ ’

J™(Caits 1 eacte) {8k+8, i odd.

8k + 8, i even

+€ __iﬂe —9—4i) — ’ ’

f™(enk-1-s — {8k+8, 17 odd.

(6) When k is even, fT(eg_3Neq o) =10+ 4(k—2)+4k+6 =8k + 8, fT(egp_2N
€4k—1> = 8k + 13, f+(€4k_1 N 64k) = 8k + 11, f+(€4k N €4k+1) = 8k + 13, and
f+(€4k+1 N €4k+2) = 4k + 9 + 7 + 4(]{3 - 2) == 8]€ + 8.

When k£ is odd, f*(eq_sNes2) =7+ 4(k—2)+4k+9 =8k + 8, fT(eg_2N
eap—1) = 8k + 13, fT(eq—1 Neg) = 8k + 11, fT(eq Negy1) = 8k + 13, and
fH(earsr Negprz) =4k +6+ 104+ 4(k — 2) = 8k + 8.
Therefore, f is a local antimagic labeling of C3 + C}o+ Cysi_3 with induced vertex labels
8k + 8, 8k + 11, 8k + 13. O

6. O3+ C5+ Chppo

Theorem 6.1. Fora > 3, 3 < y.(Cs+ C5+ C,) < 4.

Proof. By Theorem 1.1, 3 < x;,(C5+ C5+C,) < 5. First, we construct a local antimagic
4-coloring of C5 + Cs + Coyy1 for k > 1. Note that there are 2k + 9 edges.
For Cj3, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by
fler) =2, f(e2) = k+6, f(e3) = k+8. The induced vertex labels are k+8, k+10, 2k + 14.
For Cj, let e; be the i-th edge in the clockwise order for i € [1,5]. Define f by
fler) =1, f(es) = k47, f(e3) = 3, f(es) = k+5, f(es) = k+ 9. The induced vertex
labels are k£ 4 8,k + 10, 2k + 14.
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For Coyy1, let e; be the i-th edge in the clockwise order for i € [1,2k + 1]. Define f by
fler) =4, f(eyy)) =k +5—iand f(egy1) =k+9+14, fori e [1, k]
The edge labels are:

4 k+4,k+3,...,5 k+10,k+11,...,2k+09.

The induced vertex labels are:

2k + 14, i€ 1,k
2k + 13, i€l k—1],
At k+4=k+S8,

442k +9 =2k +13.

f+(€21' M ezt

)
f(e2is1 Megiga)
)
)

f+ (61 N €9

f+(€1 M eagt1

Therefore, f is a local antimagic labeling of C'3 + C5 + Cy;11 with induced vertex labels
k+38, k+ 10, 2k + 13, 2k + 14.

Next, we construct a local antimagic 4-coloring of C5 4+ C5 + Cyy, for k > 2. Note that
there are 2k + 8 edges.

For Cs, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by f(e;) =
2, f(e2) =2k + 5, f(e3) = 2k + 7. The induced vertex labels are 2k + 7,2k + 9,4k + 12.

For Cj, let e; be the i-th edge in the clockwise order for i € [1,5]. Define f by
fler) =1, f(ea) =2k + 6, f(e3) = 3, f(es) = 2k + 4, f(es) = 2k + 8. The induced vertex
labels are 2k + 7,2k + 9,4k + 12.

For Cy, let e; be the i-th edge in the clockwise order for i € [1,2k]. Define f by
fleai1) = 2i+ 2 and f(ey;) = 2k + 5 — 21, for i € [1, k.

The edge labels are:

4,6,...,2k+2; 2k+3,2k+1,...,5.
The induced vertex labels are:

T (eai1 New) =2k + 7, i€ [1,k],
f+(62iﬂ62¢+1) :2k3+9, 1€ [1,]{3—1],
f+<61 ﬂ€2k) = 4+5 = 9.

Therefore, f is a local antimagic labeling of C5 + C5 + Cy with induced vertex labels
9,2k+7,2k+9, 4k + 12.
Combining the above results, we have 3 < x,,(C5 + C5 + C,,) < 4 for a > 3. H

Below we provide some families of graphs belonging to C3+Cs+C, with local antimagic
chromatic number 3.

Theorem 6.2. For k > 1, x;,(C3 + C5 + Cgiaz2) = 3.

Proof. By Theorem 6.1, 3 < x4(C5 + C5 + Csii2) < 4. We construct a local antimagic
3-coloring of C5 + C5 + Cgpyo for k > 1. Note that there are 8k + 10 edges.
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For Cj, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by f(e;) =
4k+3, f(e2) = 4k+8, f(e3) = 4k+5. The induced vertex labels are 8k+8,8k+11, 8k +13.

For Cj, let e; be the i-th edge in the clockwise order for i € [1,5].

Define f by

fler) =4k +2, f(ea) = 4k+9, f(e3) = 4k+4, f(eq) = 4k+7, f(e5) = 4k +6. The induced

vertex labels are 8k + 8,8k + 11,8k + 13.

For Cgj, let e; be the i-th edge in the clockwise order for i € [1,8k + 2|. Define f by
fler) =1, f(earsa) = 4k + 10, and for i € [0,k — 1],

8k + 10 — 44, i even (=2 mod 8),
flesie) = o
8k +7—4i, iodd (=3 mod38),
3+ 4i, ieven (=3 mod 8),
flesivs) = o
4+ 4i, iodd (=0 mod38),
8k + 8 — 4i, i even (=0 mod 8),
flesiva) = o
8k +9—4i, iodd (=5 mod8),
54 4i, ieven (=5 mod 8),
flesis) = o
2+4i, iodd (=6 mod8),
8k + 7 —4i, ieven (=7 mod8),
fleskpo-ai) = o
8k + 10 — 44, i odd (=6 mod 8),
1 ) 4+ 4i, ieven (=4 mod 8),
(& —45) =
S 344, iodd (=7 mod8),
8k +9 —4i, ieven (=1 mod8),
flesh—ui) = o
8k +8 —4i, i odd (=4 mod 8),
24 4i, 1even (=2 mod 8),
f(€8k7174i) = ) )
5+4i, iodd (=1 mod8).

Note that

(1) 4i+2 > 2 and 8k + 10 — 4i < 8k + 10.
(2) 54+4i <5+4(k—1)=4k+1and 8k+7 —4i > 8k + 7 — 4(k — 1) = 4k + 11.

(3) By considering mod 8, if two edge labels are equal, then either 8k + a — 4i =
a—4+4" = i+i'=2k+1or8+b—4i=b—-8+4i" = i+i =2k+2.
Both are impossible. Thus all edge labels are distinct.

(4) ft(e1Nex) =1+ 8k+10=8k+ 11 and f*(e; Negry2) =1+ 8k +7 =8k + 8.

(5) For i € [0,k — 1],

T (esivaNesiys) = {

T (esivs Nesiva) = {

8k + 13,
8k + 11,

1 even,

1 odd,

8k -+ 11,
8k + 13,

1 even,

1 odd,
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8k + 13, i even,
T (esivaNesiys) = {

8k +11, iodd,
S (eshro—ai Nespr1—a;) = {:Z i 1;: ,ZL 2:2’
f+(egk+1—4i N esk—4i) = {:Z : i: z z‘(;zlj’
[ (esp—ai N esp—1-4i) = {:Z i 1;: z 2:1?’

For i € [0,k — 2],
T (e4i45 N esiye) = {?]z i :: : z‘(;e(i’
ST (esk—1-45 N esp2—1i) = {:i i :: z z‘:drf’

(6) When £ is Odd, f+(€4k+1 N 64k+2) =5 +4(k§ — 1) +4]€ +10 = 8k +11 and f+(€4k+2 N
Caprs) =4k + 10+ 2+ 4(k — 1) = 8k + 8.

When £ is even, fT(eqi1 Negpro) =24+4(k—1)+4k+10 = 8k + 8 and [T (eg2N
eqrr3) =4k +104+5+4(k—1) =8k + 11.
Therefore, f is a local antimagic labeling of C5 + C5 + Cgrio with induced vertex labels
8k + 8, 8k + 11, 8k + 13. H

Theorem 6.3. For k > 1, x1,(C5 + C5 4+ Cgry14) = 3.

Proof. By Theorem 6.1, 3 < x;4(C5 + C5 + Cgi14) < 4. We construct a local antimagic
3-coloring of C3 + C5 + Cgri14 for k > 1. Note that there are 8k 4 22 edges.

For Cj, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by
fler) = 4k +9, f(eg) = 4k + 14, f(e3) = 4k + 11. The induced vertex labels are 8k +
20, 8k + 23, 8k + 25.

For Cj, let e; be the i-th edge in the clockwise order for i € [1,5]. Define f by
fler) = 4k + 8, f(e2) = 4k + 15, f(es) = 4k + 10, f(es) = 4k + 13, f(es5) = 4k + 12. The
induced vertex labels are 8%k + 20, 8k + 23, 8k + 25.

For Csgi14, let e; be the i-th edge in the clockwise order for i € [1,8k + 14]. Define f
by f(e1) =1, f(e2) = 8k + 22, f(es) = 3, f(es) = 8k +20, f(es) =5, f(es) = 8k + 15,
fler) =10, f(es) = 8k + 13, f(eg) = T, f(ew) = 8k + 18, f(en) = 2, f(er2) = 8k + 21,
f(e1s) =4, flew) = 8k+16, f(e1s) = 9, flers) = 8k+14, flerr) = 11, f(eapt14) = 4k+16,
fleskr11) = 8, fleskr12) = 8k + 17, f(esrt13) = 6, f(eskr1a) = 8k 4 19. The edge labels
are 1,2,...,11;4k 4+ 16;8k + 13,8k + 14,...,8k + 22. The induced vertex labels are
8k + 20, 8k + 23, 8k + 25.
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For i € [0,k — 2],

8k +9—4i, ieven (=1 mod38),
flesivis) = o

8k + 12 — 44, i odd (=0 mod 8),

14+ 4i, i even (=6 mod 8),
flesitro) = o

13+4i, iodd (=1 mod38),

8k + 11 — 44, i even (=3 mod 8),
f(etira0) = o

8k + 10 — 44, i odd (=6 mod 8),

12+ 4i, ieven (=4 mod 8),
f(ediran) =

15+4i, i odd (=3 mod38),

8k + 12 — 44, i even (=4 mod 8),

e —4i) =
f(eskr10-4i) 8k +9—4i, iodd (=5 mod38),

13+ 4i, ieven (=5 mod 8),

fe —4i) =
(€ss9-41) 14+ 4i, i0dd (=2 mod 8),

8k + 10 — 44, i even (=2 mod 8),

e —4i) =
f(eskts—ai) 8k + 11 — 4i, i odd (=7 mod 8),

15+ 4i, ieven (=7 mod 8),

flesprr—1i) =
(€8t+7-41) 12+ 4i, i 0dd (=0 mod 8).

—N — — —— — — —/

Note that

12 4 4i > 12 and 8k + 12 — 4i < 8k + 12,
154+ 4i <15+ 4(k—2) =4k + 7 and 8k +9 — 4i > 8k + 9 — 4(k — 2) = 4k + 17.

By considering mod 8, if two edge labels are equal, then either 8k + a — 41 =
a+4+47" = i+i=2k—1or8+12—4i=12+ 4’ = i+ = 2k. Both
are impossible. Thus all edge labels are distinct.

f+(€17ﬂ618) = 11+8]{J—|—9 = 8k+20 and f+(68k+10ﬂ€8k+11) = 8k’—|—12—|—8 = 8k+20

For i € [0,k — 2,

8k + 23, i even,

fH(eaivis Nesiprg) =
(€ait18 M €airo) 8k+25, iodd,

8k + 25, 1 even,
8k + 23, 1 odd,

-
- {8k+23, i even,
-

f+<€4i+19 M €e4iy20

FH(eairoo N ey
(€ava0 O €aivm 8k+25, i odd,

8k + 25, 1 even,

ST (esk+10-ai N €sk+9—4i
(estrr0-4i M eskro-s 8k 423, i odd,
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8k + 23, i even,

f+€ ,iﬂe —_4i) =
(8k+9 4 8k+8 4) 8/€+25, ’iOdd,

8k + 25, i even,

+6 _iﬂ€ —4i) =
S (esrrs—ai N Eirr—a) {8k+23, i odd.

For i € [0,k — 3],

8k + 20, 1 even,

+€Z‘ ﬂei =
S Casar N eaiyan) {8k+20, i odd.

8k + 20, i even,

f+€ 4 Ne —4;) =
(st -4 M Egiro-ai) 8k +20, i odd.

(6) When £ is even, f+(€4k+13 N 64k+14> = 12 + 4(]43 - 2) + 4k + 16 = 8k + 20 and
f+(€4k’+14 N 64k+15) =4k + 16 + 15 + 4(]{3 - 2) = 8k + 23.

When k£ is odd, f*(eay13 N €apr14) = 15 + 4(k — 2) + 4k + 16 = 8k + 23 and
fr(espr1a Negprrs) =4k + 16 + 12 4+ 4(k — 2) = 8k + 20.
Therefore, f is a local antimagic labeling of C3 4+ Cys + Cggi14 Wwith induced vertex labels
8k + 20, 8k + 23, 8k + 25. n

Combining Theorem 6.2, Theorem 6.3 and Theorem 4.1 (with k£ = 1), we have
Theorem 6.4. For k> 1 and k # 3, x1a(C3 + Cs + Cypi2) = 3.

By using computer, we have checked that x;,(Cs + C5 + C14) = 4. (Refer to Appendix)

7. O3+ Cuyq1 + Cuyys and Cz + Cypq1 + Cupgs

Theorem 7.1. For k> 1, x14(C3 + Cyr1 + Caprs) = 3.

Proof. By Theorem 1.1, 3 < x4(C34 Cypr1 + Carys) < 5. We construct a local antimagic
3-coloring of C3 4+ Cypy1 + Cypys for k > 1. Note that there are 8k + 9 edges.
For Cj3, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by f(e;) =
2k+2, f(ea) = 6k+8, f(es) = 4k+4. The induced vertex labels are 6k+6, 8k+10, 10k+12.
For Cyjy1, let e; be the i-th edge in the clockwise order for i € [1,4k + 1]. Define f by
f(ear+1) = 4k + 6, and for i € [1, k],

fleqi—3) =2k + 2 — 24,
fleai—2) = 6k + 8 + 21,
fleqi1) = 4k + 4 — 24,
fleq) = 4k + 6 + 2i.
The edge labels are 2k,2k —2,...,2;6k + 10,6k + 12,... 8k + 8;4k + 2,4k, ..., 2k +

4;4k + 8,4k + 10, ...,6k + 6;4k + 6, which are all the even integers in [1, 8k + 9] except
2% + 2,4k + 4,6k + 8.
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For i € [1,k],

[T (e4i—s Nesi—z) = 8k + 10,
[ (esica Megiy) = 10k + 12,
fH(eaim1 Nea) = 8k + 10.

For i € [1,k — 1],
fF(eq Negiyr) = 6k + 6,

fr(es Negpr1) =6k +6+4k +6 = 10k + 12, fT(eqy1 Ney) = 4k + 6 + 2k = 6k + 6.
For Cyjys, let e; be the i-th edge in the clockwise order for i € [1,4k + 5]. Define f by

f(eagss) = 4k + 5, and for i € [1,k + 1],

Flews) = 2k + 3 — 2i,
Flesis) = 6k + 7 + 24,
Flegir) = 4k +5 — 2i,

fleq;) = 4k + 5+ 2i.

The edge labels are 2k+1,2k—1,...,1;6k+9,6k+11,...,8k+9;4k+3,4k+1, ...

3;4k + 7,4k +9,...,6k + 7;4k + 5, which are all the odd integers in [1, 8k + 9].
Fori e [1,k+ 1],

ST (e4i—s Nesi—2) = 8k + 10,
[T (esica Megiy) = 10k + 12,
fH(eaim1 Nea) = 8k + 10.

For i € [1,k],
fH(eq Negiyr) = 6k + 6,

k4

f+(€4k+4 N 64k+5) = 6k + 7—|—4/{3 +5= 10k + 12, f+(€4k:+5 N 61) = 4k5+ 5+ 2k’+ 1 =06k + 6.
Therefore, f is a local antimagic labeling of C5 + Cyr11 + Cypys with induced vertex

labels 6k + 6, 8k + 10, 10k + 12.

Theorem 7.2. For k> 1, x14(C3 + Cyr1 + Caprs) = 3.

]

Proof. By Theorem 1.1, 3 < x44(C34 Cypr1 4+ Carrs) < 5. We construct a local antimagic

3-coloring of C3 + Cypy1 + Cyprye for k > 1. Note that there are 8k + 10 edges.

For Cj3, let e; be the i-th edge in the clockwise order for i € [1,3]. Define f by f(e;) =
3k+4, f(ea) = bk+7, f(e3) = 4k+5. The induced vertex labels are 7k+9,8k+11, 9k +12.
For Cyjy1, let e; be the i-th edge in the clockwise order for i € [1,4k + 1]. Define f by

f(eag+1) = 4k + 6, and for i € [1, k],

f(64i—3) = 3k + 4 — Z‘,
f(€47;_2) = 5k’ + 7 + i,
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f(€4i_1) =4k + 5 — i,

The edge labels are 3k + 3,3k +2,...,2k +4;5k + 8,5k +9,...,6k + 7;4k + 4,4k +
3,...,3k+5;4k+ 7,4k +38,...,5k+6;4k + 6, which are all the integers in [2k + 4, 6k + 7|
except 3k + 4,4k + 5,5k + 7.

For i € [1, k],

[ (eqig Neys) = 8k + 11,
f+(€4i_2 N 641'—1) = 9]{5 —+ 12,

f+(€4i_1 N 64i) = 8l€ + 11.

Fori e [1,k —1],

[T (eqi Megipr) = Tk +9,
f+<€4km64k+1) = 5]€+6+4k’—|—6 = 9k’+12 and f+(€4k+lm€1) = 4]€+6+3]€+3 = 7I€+9
or Cyrye, let e; be the i-th edge in the clockwise order for 2 € |1 + 6. Define

For Cypysg, | be th h edge in the clockwi der f [1,4k 4 6]. Define f by

flear+s) = 2k + 3, f(earts) = 6k + 8, and for ¢ € [1,k + 1],

The edge labels are k+1,k—1,...,1;7k+10,7k+11,...,8k+10;2k+2,2k+1, ... k+
2;6k +9,6k + 10,...,7k+9; 2k + 3; 6k + 8, which are all the integers in [1, 2k + 3] U [6k +
8,8k + 10].

Fori e [1,k + 1],

f+(€4i_3 N 641'—2) = 8]{5 + 11,
[H(eqia Ney1) = 9k + 12,

f+(€4l',1 N 642') =8k + 11.

For i € [1, k],

f+(64i N 642'—1—1) = 7]€ + 9,

fH(eapsaNesgss) = Tk+942k+3 = 9k +12, [T (egpr5Nesrrs) = 2k+34+6k+8 = 8k +11,
f+<€4k:+6ﬂ€1) :6k+8+k+1:7]€+9

Therefore, f is a local antimagic labeling of C5 + Cyr11 + Cyry6 with induced vertex
labels 7k + 9, 8k + 11, 9k + 12. O

8. Conclusion

Summing up, the main results of this paper are:
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1
2
3
4

la(c3 + 03 + Cg) =5 and Xla(CB + 05 + Ck) =4 for k Z 4.
la(Cg + Cy + Cgk+1) =4,
Xla(03 + Cs + 014) = 4 and Xla(OS + Cs + C4k+2> = 3 for k 7é 3.

Xia(Cs 4+ Cs + Cuer1) = 3; X1a(Cs5 + Cro + Csi—3) = 3; X1a(C5 + Cuapy1 + Cuys) =3
and x;a(Cs + Capg1 + Capgs) = 3.

The next reachable goal is to determine x;,(C3 + C5 4+ Cur), X1a(C3 + C5 + Corr1) and
X1a(C3 + Cs + Cypy3). Future directions include studying local antimagic labeling of
Cs+ C, + Cy, and C3 + C, + Co.11 where a > 7. This may not be easy as there are no
general methods of constructing such labelings. Even more challenging questions concern
local antimagic labeling of C, + C}, + Cy, and C, + Cp + Coy11 where both a,b are odd
integers greater than 3.

(1) x
(2) x
(3)
(4)
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Appendix
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of C3+ Cs + Oy, by a,b,c. By Lemma 3.2, let a = 2k +9 and b < a < ¢. The edge labels
on Cj are “th=¢ bbc=a cta=b We have a +b = ¢ (mod 2), b+c=a (mod 2), c+a=b
(mod 2). So one of b, ¢ is odd and the other is even. By Lemma 2.2, we can assume that

b is odd and ¢ is even. Also, (1) a+b > c.
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Algorithm 1 Check whether y;,(C5 + C5 + Cy) = 3

a=2k+9
for odd integer b in [3,2k + 7] do
for even integer c in [2k + 10,4k + 14] do
Set all integers in [1,2k + 8] as available
Set f(e;) =0, f*(u;) =0for all i € [1,2k]
Set p(i) = 0 for all i € [1, 2] > p(4) allows the vertex label of u; to go through a,b,c
if a, b, ¢ satisfy conditions (1), (2) and (3) then
Set v(0) = a, v(1) =b, v(2) = ¢
Set "’+;’_C, b+g_“, C+‘2L_b as unavailable
Set 5,a—5,b—a+5,a—b+ 35, b— 5 as unavailable
Find the smallest available edge label d for Cyy
for (£+(us), £+ (u2)) in {(a,b), (ac), (b,)} do
if d < fT(uy) and d < f*(ug) then
f(e1) =d and set f(e1) as unavailable
if fT(u2) — d is available then
flea) = fT(uz) — d and set f(ez) as unavailable
1=3 > u; is the current vertex under consideration
while i > 2 do
if ¢ <2k then
if p(i) <2 then
if p(i) # p(i — 1) and v(p(i)) > f(ei—1) and
v(p(i)) — f(e;—1) is available then
£ (i) = v(p(i))
flei) = fT(u;) — f(e;—1) and set f(e;) as unavailable
1++

else
p(i)++
end if
else
p(i) =0
F
Set f(e;) as available
p(i)++
end if
else
if f(egk) + f(el) = f+(u1) then
Print out the local antimagic 3-coloring f of C3 4+ C5 + Coy,
end if
if _
Set f(e;) as available
p(i)++
end if
end while
end if
end if
end for
end if
end for
end for
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By considering all possible arrangements of the induced vertex labels of C5, each one
has the pattern z,y, z,y, z in cyclic order where {z,y, z} = {a, b, c}. Solving the following
system of linear equations

(1100 0z ]
01100y
00110]z]|,
0001 1|z
| 1000 1|y |

the edge labels of U5 are 2, v — 5, y —x + 5, v —y + 5, y — 5 in cyclic order. Hence,

2 2
z = c. Therefore, the edge labels of C5 are 5, a — 5, b—a+ 5, a—b+ 5, b— 5 in cyclic
order which satisfy (2) b> § and b —a+§ > 0.
Since all the edge labels on C5 and Cj are distinct, we have (3) 22 £ g — £ <«
b+ 2¢c # 3a.
Algorithm 1 is the pseudocode for checking whether y,;,(C3 + Cs + Cq) = 3. Denote

Cor = ujus - - - ugguy where e; = wu;qq for i € [1,2k] and ugi1 = uy.
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