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ABSTRACT

For each integer m > —1, we study the family of matrices St (n) = [S(i+7+m, )] 1<i jens
whose entries are Stirling numbers of the second kind. We derive several explicit matrix
decompositions of S/ (n) in terms of the classical Stirling matrix and certain explicitly
constructed upper triangular matrices. As a consequence, we obtain the closed-form
determinant formula det S™ (n) = [['_,i""™, which extends several previously known
determinant evaluations. We also establish several identities involving both the Stirling

numbers of the first and second kinds.
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1. Introduction

For integers n and k, let ¢(n, k) denote the number of permutations of n distinct objects
that have exactly k cycles. The number c(n, k) is known as a signless Stirling number
of the first kind. The signed Stirling number of the first kind is defined by s(n, k) =
(—=1)"*¢c(n, k). We also denote by S(n, k) the Stirling number of the second kind, which
is defined as the number of partitions of the set [n] = {1,2,...,n} into exactly k£ nonempty
subsets. It follows from the definitions that for every integer n > 1,

s(n,k)=9S(n,k) =0, k>n,
c(n,0) = s(n,0) = S(n,0) =0, S(n,1) =1,
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and for every n > 0,
c(n,n) = s(n,n) = S(n,n) = 1.

It is well known (see [15, pages 26, 74] or [3, Theorems 8.2.4 and 8.2.8]) that for every
n,k > 1 the numbers ¢(n, k) and S(n, k) satisfy the following recurrence relation:

c(nk)=cln—1,k—1)+ (n—1)c(n—1,k), (1)

and

S(n,k)=Sn—1,k—1)+kS(n—1,k). (2)

Alternatively, the Stirling numbers of the first and second kinds may be defined as the
coefficients in the following two expansions in the variable = (see [3, p. 282]):

n

[x], = Z s(n, k)"

k=0

and 2" = ZS(TL, k)[x]k,

k=0

(3)

where
2]y = o = 1)@ = 2) -+ (x—n+1),

is the falling factorial (with [z]o = 1).
The n x n Stirling matrices of the first and second kinds are defined by

(n) = [si,] s(i,4), il = j;
S\n) = Si” <i,j<n; Si,' — )
e ’ 0, otherwise,
and
S(i,7), ifi>j;
S(n) = [Si,jhgi,jgn, Sij = (é:7) .
0, otherwise,

respectively. The Stirling matrices s(5) and S(5), for example, are

1 . 1 -
-1 1 1 1
s()=12 -3 1 : and S(5)= 1|1 3 1
-6 11 -6 1 1 7 6 1
(24 —50 35 —10 1] 115 25 10 1

It follows immediately from (3) that the Stirling matrices of the first kind and the
second kind are inverses of each other, that is

Sn) ' =s(n) and s(n)'=S(n).

Stirling matrices have been studied extensively; see, for example, [2, 1, 4,5, 6, 7, 8, 9,
12, 16, 17].
Let m > 0 be an integer. In [1], the authors introduced a family of matrices
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whose entries are
m . o
Sij =8S(i+m,j) for 1<i4,j<n.

The entries S%ﬂ satisfy the following recurrence:

Sy =S, 1 S, for 2<ij<n, (4)
with the initial conditions given by:
Sil =1, S =S(m+1,5), for ij>1. 5)

In [1, Theorem 2|, explicit matrix decompositions of SI™(n) were established, leading
to the determinant formula

n

det S (n) = [T ém = nim.
i=1

In this paper, we investigate a different family of matrices in which the Stirling numbers
depend on both the row and column indices. This additional dependence leads to new
matrix decompositions and determinant formulas for this family of matrices. Specifically,
we study the matrices

St (n) = [SU]1<ij<n,

whose entries are

Sg?):S(i%—j—l-m,j) for 1<i4,5<n.

For example, the matrices SV (4) and S (4) are given by

11 1 1 1 3 6 10
1 3 6 10 1 7 25 65
StY(4) = d SO4)=
4) 1 7 25 65 an (4) 1 15 90 350
1 15 90 350 1 31 301 1701
Note that the entries SE?) satisfy the following recurrence:
S =S\ S for 2<ij<n, (6)
with initial conditions given by:

St =1, ST =S(1+j+m,j), for ij>1. (7)

The recurrence relation (6), together with the initial conditions (7), yields explicit
matrix decompositions of S(™(n) (see Theorem 3.3). As a consequence, we obtain the
explicit determinant formula

n
det St (n) = Hz”m
i=1

We also derive several new identities involving the Stirling numbers of the first and
second kinds.

The remainder of the paper is organized as follows. Additional notation, definitions,
and auxiliary results are collected in Section 2. In Section 3, we establish the main
decomposition theorem (Theorem 3.3) for the matrices S (n). In Section 4, we derive
some identities involving the Stirling numbers of the first and second kinds.
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2. Auxiliary results

In this section, we collect several auxiliary results that will be used throughout the sequel.
We begin by introducing the n x n upper triangular matrix V(n) = [V; j]i<i j<n, Whose
entries are defined by
g ity =1
Vij=4q1, ifj=i+1,

0, otherwise.

The following lemma describes the entries of V' (n)™ for every nonnegative integer m.

Lemma 2.1. Let m be a nonnegative integer and V(n)™ = [Vi%]1<ij<n. Then V(n)™ is
upper triangular, and its entries satisfy

S(m+1,7j), ifi=1,7>1;

‘/;':7]7, — i—1,0—1 . 1, . f] . (8)
Vil i1+ (j—i+ 1)‘/2-71117]-, if >i>1;
0, otherwise.

Proof. Since every power of an upper triangular matrix is again upper triangular, it
suffices to prove that the entries V;"} satisfy (8) whenever j > i. We proceed by induction
on m. The statement is immediate for m = 0. Hence, assume that m > 1. Then, since
V(n)™ =V (n)V(n)™1, it follows that

n
m __ m—1
‘/vlvj - Z ‘/vl’l‘/Evj
=1

= ViV ViVt (by the structure of V(n))

=1V 1 (V2 + (G — DV (by the inductive hypothesis)
= Vi +aviy

= 5(m,j—1)+75(m, j)

=S(m+1,j),

for 5 > 2. The remaining cases 7 = 1 and j = 2 are handled separately.

V=DV =Vl = 1 Sm ) = 1 1= 1= S(m +1,1),
=1

and

n
m __ m—1
1,2 — E Vl,lv}g
=1

= Vi V5 + VipVys ! (by the structure of V(n))
=1- V5 +1- (V7 + VY (by the inductive hypothesis)
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= 173—1 + 2‘/173—1

= S(m,1)+2S(m,2) (by the inductive hypothesis)
=1+202™1~1) (because for m > 1, S(m,2) =2""1 1)
—om ]

=S(m+1,2).

We next derive the recurrence for the diagonal entries. We have
Vi =D Vi = ViV = v =iV + Vi)
=1
= (i = DV + VI + Vil + Vil
= (i —1)Vr L + (= D)V7L + Vit (by the inductive hypothesis)
and
VviTl,ifl + ‘/iTl,i = Z Vifl,lvl,r?—}l + Z Vifl,l‘ﬁ?il
=1 =1
= ‘/i—l,i—l‘/;Tiil,l + W—1,i—1‘/¢Tiil + Vi—1,ivﬁ_1
= (i =DV + (= DV + VT
Comparing the two equalities yields
V;T = Vz'TLi—l + ‘/iTl,i'

It remains to consider the case j > i > 1. First, by the structure of V(n), we have
n
V=) VaVi Tt = VT - Vi Vi = Vi R Vi (9)
I=1
Next, we obtain

n
m . m—1
‘/ifl,jfl - Z Vifl,lvl,j—l
=1

m—1 m—1
=Vicria Vil Vi Vio

=(i = V" + VI, (10)
and

n
m . m—1
Vit = E :V@;l,le,j
=1

=Vic1 Vi1 + ‘/i—].ﬂ;‘/z?_l
=i — )V + v (11)
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Now, by Egs. (9), (10), and (11) and the inductive hypothesis, we obtain
Vit (j—i+ 1)Vﬁ13
= (= DV + VI (G =i+ D= DV + V] (by (10) and (1))
= —-DVSa+ G — i+ DV VI + (i + DV
= (- )VI T+ VI + (= i)V 4+ V2 (by the inductive hypothesis)
=iV '+ V' (by the inductive hypothesis)

= V5. (by (9))

This completes the proof. n
We now define an n x n matrix U("Y(n) = [Ui(;-l)} whose entries satisfy the
T Ji<ij<n
recurrence relation:
UGV = Ui G- DU + G-+ DUSY, 2<ij<n, (12)
with the initial conditions
vV =1, UV =0, UGV =1, for 2<ij<n (13)
For example, when n = 5,
(111 1 1]
25 9 14
U (5) = 9 37 97
64 369
i 625 |

The upper triangular matrix U (n) plays a crucial role in what follows. We now
investigate some of its properties.

Lemma 2.2. Let j > i > 2. Then, using the notation introduced above, the following
wdentity holds.

J
1 o

Proof. We proceed by induction on 5. If j =7+ 1, then
i1
Do RUGY = iU + i+ DUGH
=iUV + (i + D)UY + (- DU+ 205, )

0,0

(by (12) with j =i+ 1)
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— z'(U.(fl) + (i _ 1)U( D20, )
UG+ UG + - DU w20,

—ZU”H—i—ZU +Uzz+1 (by (12))
= Uz z+1 + U+1 i+10 (by (12))’

and we are done in this case. We can assume, therefore, that 7 > ¢ + 1. Then, we have

j—1
Z’f = >k + UG
k=t
= iU + UL 45U (by the inductive hypothesis)
i+ Ui + 35U y the inductive hypothesis
= ZU( Y (U+1j 1 + ZU’L(j 1 + (] - Z)U( 1))
= z’U( R Ul(Hlj? (by (12) with ¢ replaced by i + 1),
completing the induction. O

Finally, we define an upper triangular matrix C'(n) = [C; ;]1<i j<n Whose entries satisfy

. .f.< .
Ci,j - {27 = ]’ (14)

0, otherwise.

The next lemma establishes a close relationship among the matrices V(n), U=V (n),
and C(n). In particular, it shows that V(n) and C(n) are similar. Since U(~Y(n) is upper
triangular with diagonal entries

Ut =it 40, 1<i<n,

1,0

it is invertible.
Lemma 2.3. With the above notation, we have U=V (n) - C(n) = V(n)U Y (n).

Proof. Let C = C(n), U = U"Y(n), and V = V(n). Since the product of two upper
triangular matrices is again an upper triangular matrix, it follows that each of the matrices
U-C and V - U is an upper triangular matrix. Therefore, it suffices to prove that

(U-Cij=V-U)y

for every j > . We distinguish three cases. We first consider the case j = . Then
n
= Z UikCri = U;;Cii = U, 1,
k=1

and

n
= g VikUri = ViiUs; = iUy,
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and so (U - C);; = (V- U);,, as required. Next suppose that j > i = 1. In this case, it

follows that _
n n J .
Jj+1
(U-Ch,y = 1?—1 UkCr,j = 1;—1 Chy = 1;—1 k= < 5 >7

and

(V-Uhy = Z VigUr; = ViaUsj + VipUs; = Uy + Uy

k=1

However, applying the special case of (12) with ¢ = 2 and using the fact that U j_; =
J
Upj =1, we get Uy; = Uy j_1 + j, which implies that Us; = > k. Thus
k=2

J .
+1
U17j+U2,j:Zk:(j2 )

k=1

We therefore conclude that (U - C);; = (V - U)y;, as required. Finally, assume that
j >1>2. We have

n J J
(U-Cij=> UsCrj=Y UsCyj=> Uik
k=1 k=i k=i

Furthermore, using Lemma 2.2, we obtain
n J
(V-U)iy= Z VikUk; = ViiUij + ViipUip1j = WU j + Ui ; = Z kUi .-
k=1 k=i

Hence (U - C);; = (V - U),, completing the proof. O

We conclude this section with the following simple identity involving the Stirling num-
bers of the second kind. Although straightforward, it plays an important role in the proof
of Lemma 3.2.

Lemma 2.4. Let m > 0 be an integer. Then, for every integer j > 1, we have

]~

ES(k+m,k)=S(1+j+m,j).

k=1

Proof. We prove the identity by induction on j. If j = 1, then

1
> kS(k+m k) =S(1+m,1)=1=5(2+m,1).

k=1
We can thus assume that j > 1. Now, using the inductive hypothesis and (2), we obtain

J—1

z]:kS(k: +mk) =Y kS(k+m, k) +jS(j +m,j)

k=1 k=1
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S@+m,j—1)+35( +m,j)
S +14+m,j),

and the proof of the lemma is complete. O

3. The matrices S (n)

In this section, we investigate the n x n matrices S(™ (n) = [ng)hgi’jgn, introduced in

the Introduction. In particular, we derive several matrix decompositions, together with a
closed formula for their determinants. We begin with the following observation.

Lemma 3.1. Let i > 2, j > 1 and m > —1 be integers. Then the following identity
holds:

J
Z kSETl)k = Sg?)~
k=1

Proof. Since there is nothing to prove if j = 1, we can assume that 7 > 1, and we proceed
by induction on j. It will then follow from (6) and the inductive hypothesis that

J Jj—1
> kS = > ST+ S = Sy 4 s =St
k=1 k=1
as required. O

The following lemma establishes a useful matrix decomposition of SU™(n), which plays
a central role in the proof of Theorem 3.3.

Lemma 3.2. Let m > 0 and n > 1 be integers. Then, the matriz S(m)(n) has the
following matriz decomposition:

S (n) = SM=V(n) . C(n). (15)

Proof. Let S(™~) = S(m=1(n) and C' = C(n). To prove (15), we compute the (i, j)-entry
of the product S=1 . C:

J
(S0 Cig =Y S Gy
k=1

and, in view of Eqgs. (7) and (6), it suffices to verify that
(8™ =1, ("W Oy =S +m+1,j), for ij>1,  (16)

and
(S D)= (S )y +5(STY Oy, for 2<d,j<n. (17)
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First consider the case j = 1. We obtain

1
(" Oy =3 S O =S O =11 = 1

k=1
Next consider the case i = 1. By Lemma 2.4, we get
J J
(St )y =Y SV V0, =) S(k+m k)k = S(1+ 5 +m, j),

k=1

and the proof of (16) is complete.
Finally, let 2 <,7 < n. In this case, we have

J J
(S )y =Y S0y = > StV + sV o

k=1 k=2

(51(72711) + k:SZml kl))Ck,j +1-1

I
\pqu

=ZS”€ h Ck]+Zk;Sl 1k0k3+1

k=2

_ Z Sy + Z kS VG + 1
k=1

7j—1
=Y sk +1) +Zk’sz 0+ 1

k=1 k=2

7—1
S 1>/<;+Zs<’” Y +stlml DG+ 1

I
Dﬁ

S
LN

_ Sz(j}j e 1+ZS[’,§ 11)+Z’€52 0+ 1

k=2

>
Il
—_

= (St V. ¢ 1]1+§: Sy RS 1

Therefore, to establish (17), it remains to show that

J J
Z[ngll—i_szlk] Z zlk_

k=2 k=1

For j = 2, the identity follows by direct computation, and so we can assume that j > 2
and we proceed by induction on j. By the inductive hypothesis, we obtain
- (m—1) 1) jl(l) (m—1) 1) (m-1)
Z(Siflzfl + kQ zmlk Z SzTZ 1 + k2 zml,k )+ S i 2Szm1,j
k=2

3,j—1
k=2
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=({-1 k:S(lk)—l+S” 1 +JQSZ 1])

= ] Z zml li) Z ksz 1 k -1+ S'E,Tjnjll)

=5 kS ) —1, (by Lemma 3.1)
k=1

as required. This completes the proof. O]

We now turn to the evaluation of the determinants of the matrices SU™(n). The cases
m = —1 and m = 0 have been studied previously. We briefly recall them here because
they illustrate the underlying matrix decompositions and motivate the general theorem
proved in the next section.

Case 1. m = —1. In this case, we have

det STV (n) = [T " (18)

Theorem 44 of [11]| contains this result as a special case. As mentioned in [11], this
theorem is due to E. Neuwirth, which originates from an unpublished manuscript. To
evaluate determinants of this type, Neuwirth uses matriz decompositions. Note that Main
Theorem (or Theorem 1) in [13] also contains det S(=Y(n) as a special case, and its proof
is based on the LU-decomposition method (see |11, Sec. 4]). For the reader’s convenience,
we give a sketch of proof in this case. Following the proof of the Main Theorem of [13]
(see also |7, Theorem 2|), we obtain

SY(n) = S(n) - UV (n). (19)

For instance, when n = 5, we have

1 1 1 1 1 1 1 11 1 1
1 3 6 10 15 1 1 25 9 14
17 25 65 140 =11 3 1 9 37 97
1 15 90 350 1050 1 7 6 1 - - - - 64 369
1 31 301 1701 6951 1 15 25 10 1) |- - - - 625]
The Stirling matrix S(n) is a lower triangular matrix with 1’s on the diagonal, whereas
UV (n) is an upper triangular matrix with diagonal entries 1°2',... n""'. Conse-

quently, the decomposition immediately yields (18).
Case 2. m = 0. In this case (see [11, Section 2, (2.2)]), we have'

det SO (n) = J]#" (20)

=1

In particular, this provides a determinant representation of the integer sequence of hyperfactorials h,, =
11.22.3%.....n" (A002109 in [14]).
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This follows immediately from the following matrix decomposition (see [11, p. 69|, with
a misprint corrected):

[(—1)'S(i + j, Di<ijen = (1)K /(K (i — k) ) i<ip<n - K 1<k j<n,

and applying [10, Theorem 26, (3.14)] to the first determinant, and applying the Vander-
monde determinant evaluation to the second one.

Once again, let us use the LU-decomposition method. Arguing as in the proof of the
Main Theorem of [13], we obtain

SO(n) = S(n)-U(n),

where S(n) is the n x n Stirling matrix, and where U®(n) = [UY],; <, with

J

U =109 =0, U0%=5G+1j) (2<ij<n),

)

and
U9 =09+~ DU, + (G —i+ DU, (2<i,j<n).
For instance, when n = 5, we have
1 3 6 10 15 ] [1 1 13 6 10 15
1 7 25 65 140 11 - - .4 19 55 125
1 15 90 350 1050 | =1{1 3 1 - ~-|-|- - 27 175 660
1 31 301 1701 6951 1 7 6 1 - ... 256 2101
1 63 966 7770 42525 |1 15 25 10 1| | 3125 |

The Stirling matrix S(n) is a lower triangular matrix with 1’s on the diagonal, whereas
U®(n) is an upper triangular matrix with diagonal entries 1',22,...,n". Consequently,
the decomposition immediately yields the (20).

These two examples illustrate the matrix decomposition underlying the general case.
We now establish the corresponding matrix decompositions and determinant formula for
arbitrary integers m > —1.

Theorem 3.3. Let m > —1 be an integer. Then, for every positive integer n, the follow-
g malriz decompositions hold:

St (n) = S(n) - V(n)" - UV (n), (21)
S (n) = S(n) - UV (n) - C(n)™", (22)
St (n) =SY(n) - C(n)™*. (23)

Also, we have

det S™(n) = det [S(i+4j+m,j)] = Hz“’m

1<i,j<n 5
=1
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Proof. We prove (21) by induction on m. The case m = —1 follows from (19). Assume
now that m > 0. We obtain

S (n) =SMm=Y(n).C(n) (by Lemma 3.2)
= S(n)-V(n)™-UY(n)-C(n) (by the inductive hypothesis)
= S(n)-V(n)™*' . UY(n) (by Lemma 2.3),

which completes the proof of (21). Also,

St (n) = S(n) - V()™ - U (n)  (by (21))
=S(n)- V()™ -V(n)- U (n)
=S(n)-V(n)™-U"Y(n)-C(n) (by Lemma 2.3)
= S(n)-V(n)" " - V(n)- U (n) - C(n)
=S(n) - V()™ - U (n) - C(n)* (by Lemma 2.3)

[terating this argument yields (22). The decomposition (23) follows by repeated appli-
cations of Lemma 3.2:

SM(n) = Sm=Y(n).C(n) =S (n)-Cn)?=---=S"Y(n) - C(n)"*.
Taking determinants in (21) gives
det S"™ (n) = det S(n) - det V(n)™** - det U=V (n).
Since det S(n) = 1, det V(n) = [, 4, and det U=V (n) = [[IL, i*"!, we obtain

det S (n) = T i7",
=1

which completes the proof. O]

The following corollaries are immediate consequences of Theorem 3.3.

Corollary 3.4. Let m be an integer with m > —1. Then, for any positive integer n, we
have

det ST (n) = n!™* det SV (n).

Corollary 3.5. Let m be an integer with m > —1. Then, for any positive integer n, we

have
g(m) (n) = glm+1] (n) - U(’l)(n).

Proof. First, consider the case when m = —1. Using (19) and the fact that S (n) = S(n),
we obtain
SCD(n) = S(n) - U (n) = SO(n) - U (n).
Now assume that m > 0. It follows from [, Theorem 2| that
Smtl(n) = S(n) - V(n)™*. (24)
Combining (24) with (21) yields the result. O
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Corollary 3.6. Let mq, mo > —1 be integers. Then, for any positive integer n, we have
5(m1+mz+1)(n) = S(ml)(n) . 5(—1)(n)—1 . S(mZ)(n).
Proof. It follows from (23) that for any integer m > —1, we have
C(n)™ =S (n)=1. St (p),

Since
C(n)m1+mz+2 — C(n)mlﬂ . C(n)mQH,

we obtain
5(71)(71)*1 . 5(m1+mz+1)(n) — 5(71)(71)*1 . S(ml)(n) . 5(71)(71)*1 . S(mQ)(n).

The result follows by left-multiplying both sides by StV (n). ]

Although Corollaries 3.4-3.6 follow directly from Theorem 3.3, we state them sepa-

rately because they emphasize different aspects of the main decomposition. Corollary
3.4 gives an explicit multiplicative relation between the determinants of S (n) and the
fundamental case m = —1. Corollary 3.5 establishes a direct connection between the
matrices S(™(n) and the family SI™(n) studied previously, whereas Corollary 3.6 shows
that the family {S™ (n)},,>_1 satisfies a composition law, which may be of independent
interest.

4. Several identities involving the Stirling numbers

In this section, we derive several identities involving the Stirling numbers from the matrix
decompositions established in Theorem 3.3. Rather than being isolated summation formu-
las, these identities arise naturally from the matrix factorizations of the matrices S (n).
In particular, multiplying one decomposition by the inverse Stirling matrix yields a shifted
Stirling inversion formula, while another decomposition leads to a family of convolution
identities for the Stirling numbers of the second kind.

Theorem 4.1. Leti,7 > 1 and m > 0 be integers. Then,

i+m

Zs(@,z)S(z+j+m,j>={Z ’ Z.fj.:l.;
=y 0, if § <.

Proof. Let 7,7 > 1 be fixed and choose the integer n so that 1 <i,j < n. In view of the
decomposition (21) in Theorem 3.3 and the fact that S~*(n) = s(n), we have

V(n)™t . UY(n) = S7Y(n) - S™(n) = s(n) - S™(n).
This implies that the (7, j)-entry on both sides must be equal, that is,

(V ()"t U (), = (s(n) - S™(n)

2y

(25)
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If j < i, since V(n)™*! and UV (n) are both upper triangular matrices, then the
left-hand side of this equation is equal to zero, and if j = ¢, it is equal to

Y

<V<n)m+1 ) U(fl)(n))m _ Z V;‘TJrlUl(,z‘_l) _ ‘/i’r;L+1Ui(7;1) _ (im+1>(2~z‘71> _ jitm
=1

where the second and third equalities are obtained by noting that V(n)™*! and U (n)
are both upper triangular matrices with diagonal entries
1m+1 2m+1 3m+1 7,Lm+1
and
10 21 32 nn—l

respectively. On the other hand, the right-hand side of (25) is simplified as

.

(s(n) - S™ (), =Y suSi™ =D suSi™ = s(i,)S(I + j +m,j),
=1 1=1 =1
where the second equality is obtained by noting that s(n) is a lower triangular matrix.
This completes the proof. n

Theorem 4.1 is a direct consequence of the LU-decomposition in Theorem 3.3. It may
be regarded as a shifted version of the classical Stirling inversion formula.

We now turn to Theorem 4.5. Its proof requires several auxiliary matrices and two
technical lemmas. We first recall the Vandermonde-type matrix E(n) introduced in [1],
together with two upper triangular matrices that naturally arise in the proof.

We introduce the following matrices:

e the Vandermonde-type matrix E(n) = [E;;],.; ;<,, where E;; = (j +1)""".

e the upper triangular matrix Q" (n) = [Qg]hgi,jgn with
i ,L‘Nfl . . . .
Q[N] _ (—]_)J +1W7 lf] Z 1+ 17 (26)
" 0, otherwise.
e the upper triangular matrix @[N] (n) = [@\E{g]hgi’jgn with
a1 iV j—1 oo .
I [ s e e s M VN A E
Qij = . (27)
0, otherwise.

For instance, the matrices QP/(5) and @[3}(5), respectively, are

1 -1 1/2 —1/6] .2 —4 4 —8/3]
4 -4 2 .. 36 —108 162
Q¥GBY = |- - - 9/2 —9/2| and QF(B)=|- . - 288 —1152
. 8/3 S - 5000/3

Our next goal is to derive a matrix decomposition of @N ] (n). To do so, we first establish
the following lemma.
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Lemma 4.2. Let 1,5 be integers with 1 > 1 and j > 2. Then, we have

(j—i— 1R + QL =o0. (28)
Proof. The proof is obtained by considering the three cases j <, j =141, and j > 1+2
separately:
- if j <, then the result is trivial, because Qm = QZ[] 1 =0.

- if j =i+ 1, then both terms (j —i — 1)@ and Q” 1= QEJ] equal zero, and again
the result follows.

- if j > ¢+ 2, then by direct computation we have

N—1
[N] j—i ¢
The proof is complete. O
Lemma 4.3. Let N,n be positive integers. Then, we have
QM (n) = QM (n) - U (n). (29)

Proof. Since @N] (n) and Q™!(n) are strictly upper triangular matrices, it suffices to
show that
(Q™(n) - UV () = QWM (n)iy  for j>i+1>2

If 7 =4+ 1, then a direct computation yields

(Q[N} (n) ’ U(_l z ;141 Z Q[N] Ul z—:i U'L(z+1 + Qz]\z[J]rlUl+1 i+1

N+ 1)

=0 )

Q’L ’L+17
as required.

Since the values of both matrices on the first superdiagonal have already been shown
to coincide, it remains to compare the entries above the first superdiagonal. We do this
by proving that both sets of entries satisfy the same recurrence relation together with the
same initial values. Hence, from now on we assume j > ¢ + 2. It remains to show that
the entries C/Q\g] and (Q™(n) - U(_l)(n))m. satisfy the following recurrence relation:

(i+1)A; 1+ (G—i—1)A,;=0, for j>i+2>3. (30)
First, we verify that the entries of @N ] satisfy the recurrence. Direct calculation gives

) v N+ 1)
(i + )Qw 1+ Z_l)QEJ] S G-DI(—i—2)

(=177 + (=1 =0,

as required.
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Next, we verify that the entries of QN (n)U(~1(n) satisfy the same recurrence. To verify
(30), we compute the left-hand side of the recurrence for the entries of QV!(n) - U1 (n)
and simplify it using Lemma 4.2 together with the recurrence satisfied by U (n). We
have

n

(i+1)) Q QUG + (i — )ZQ[N]U
=1

=1

_Zz+1 U( 1 Ulsjl —I—jZQ[N]U (note that Q[l =0).
Using Lemma 4.2, we replace (i + 1)@%1 by lQZ[, + sz L

=Y Q! + QA )W - +]Z@N]U

1=2
N -1 ~1) -1 , Nlyr(-1
_ZZQ[ i -ug) +ZQH (OGH UG Yo'y
I=1
(smce Q;l] = 0 for each 7).

We may rewrite the second term as

-1) (1)
ZQH l l] 1 )

Z (=1L (U, - U5 _JZQu UEY (by (12)).
=2

After the index substitution [ — [ — 1, the summation index runs from 1 to n — 1.

n—1
=— Z ng}q(Ul(Jll)1 —J Z Q[N]U (index substitution).
=1

Substituting the previous identity into the expression above, we observe that all terms
with indices [ = 1,...,n — 1 cancel pairwise, leaving only the contribution corresponding
to [ =n.

+1ZQ 131+]_Z ZQN]U(1

=(—- )Q[N]U (note that U 1 = 0 for each j < n)
= 0.

Indeed, if 7 < n — 1, then UT(L,;'D = 0 because U("Y(n) is upper triangular, whereas if
j = n, then the coefficient j —n vanishes. Hence the remaining term is zero in either case.
This completes the proof in situation (b). O
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Finally, we recall the following matrix decomposition established in [1]|, which will be
used in the proof of Theorem 4.5.

Lemma 4.4 (Theorem 1, [1]). Let N,n be positive integers. Then, we have the following
matrix identity:

S(n) - (V(n) = 1,)" = E(n) - Q™(n).

Theorem 4.5. Let 1,7, N > 1 be integers. Then, we have

S () st 1 1) = Sy caprn R

Proof. Let 7, 5 be fixed, and choose the integer n > 1 so that 1 <i,5 <n. We have

Emn)-Q™(n) = En)-Q™(n)-UY(n) (by Lemma 4.3)
=S(n)- (V(n) =L)"Y -U"Y(n) (by Lemma 1.1)

=S5(n) - (Z(—l)N_l N Vi(n))-UY(n) (by binomial theorem)
[

=0

N
=0
N

>

=0

(3 ) st Vi o)

N
(_1)N7l
[
Nt (N e a2
—1) ] SYH(n). (by Theorem 3.3)
Comparing the (i, j)-entries of both sides completes the proof once the two entries are

evaluated explicitly. On the left-hand side

(B()- QM) = 3~ B =D (k+ 1) (—1) (,f_ ;)ffjtlﬁt ok

k=1

On the right-hand side
N N
N N
(Z(—wf“( ) )s<“><n>) =S () st 4= 1)
=0 ij =0

because SV (n),; = S(i+j+1—1,j). -

Corollary 4.6. Leti,7 > 1 be integers. Then, we have

S(+5,0) = Sti+i-17) =) (V™" —(I;)J!r(;)fjk_— ol

k=1

Proof. This follows immediately from Theorem 4.5 by taking N = 1. O]
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5. Conclusion

In this paper, we established several determinant identities for generalized Stirling matri-
ces by deriving explicit matrix decompositions and factorizations. These results provide
a unified framework for evaluating determinants of a broad class of matrices associated
with generalized Stirling numbers and yield a number of explicit determinant formulas
as direct consequences. We also illustrated the effectiveness of the proposed approach
through corollaries and illustrative examples.

The decomposition techniques developed in this work may also prove useful in the study
of determinant identities for other combinatorial matrices arising from recursive sequences
or polynomial families. Possible directions for future research include extending these
methods to broader classes of Stirling-type matrices and investigating further applications
in combinatorial matrix theory and enumerative combinatorics.
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