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ABSTRACT

The Narumi-Katayama index of a graph is defined as the product of the degrees of all
vertices in the graph. In this paper, we obtain upper bounds of the Narumi-Katayama
index of a connected graph. We further present sufficient conditions based on the Narumi-
Katayama index and other graph invariants for Hamiltonian and traceable graphs.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Notation and
terminology not defined here follow those in [1|. For a graph G = (V(G), E(G)), we use
n and e to denote its order |V (G)| and size |E(G)|, respectively. We use G¢ to denote
the complement of a graph G. The minimum degree and maximum degree of G are
denoted by 6(G) and A(G), respectively. The neighborhood of a vertex u in G, denoted
N¢(u), is defined as the set of all the vertices which are adjacent to u in G. The average
(arithmetic mean) of the degrees of the vertices adjacent to u is denoted by m(u). If
a vertex u € V — Vi, where V} is a subset of the vertex set V, we define dgpy)(u) as
|Ng(u) N V|, where G[V;] is a subgraph of G which is induced by V;. A subset V; of
the vertex set V(G) of G is independent if no two vertices in V5 are adjacent in G. A
maximum independent set in a graph G is an independent set of largest possible size.
The independence number, denoted a(G), of a graph G is the cardinality of a maximum
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independent set in G. For disjoint vertex subsets P and @ of V(G), We define E(P,Q)
as{e:e=pg € E,p€ Pqe Q}. Fortwo disjoint graphs G; and Gy, we use G V Gs
to denote the join of G; and G;. We use K, to denote a complete graph of order r. We
also use K, ; to denote a complete bipartite graph with two partition sets X and Y such
that | X|=r and |Y|=s. A graph G is called a (0, A)-smeiregular bipartite graph if G
is a bipartite graph such that the degrees of all vertices in one partition set are equal to
5 and the degrees of all vertices in another partition set are equal to A. Let A(G) be
the adjacency matrix of G. The spectral radius of G, denoted A\;(G), is defined as the
largest eigenvalue of A(G). The Laplacian spectral radius of G, denoted p1(G), is defined
as the largest eigenvalue of L(G) := D(G) — A(G), where D(G) is a diagonal matrix
whose entries are the degrees of vertices in G. The signless Laplacian spectral radius of
G, denoted ¢(G), is defined as the largest eigenvalue of Q(G) := D(G) + A(G), where
D(G) is a diagonal matrix whose entries are the degrees of vertices in G. A cycle C'in a
graph G is called a Hamiltonian cycle of G if C' contains all the vertices of G. A graph
G is called Hamiltonian if G has a Hamiltonian cycle. A path P in a graph G is called a
Hamiltonian path of G if P contains all the vertices of G. A graph G is called traceable
if G has a Hamiltonian path.

For a graph GG, Narumi and Katayama [11] introduced the “simple topological index”
which was defined as the the product of the degrees of all vertices in G. In the later
works, researchers have used the “Narumi-Katayama index” for the “simple topological
index”. See, for instance, [4]. We in this paper will also use the same terminology as the
one in [1] and denote the Narumi-Katayama index of G by NK(G). It is noted that some
results on the Narumi-Katayama index have been obtained. The readers are referred to
References [3, 4, 6, 10, 11, 13, 14].

In this paper, we first establish upper bounds of the Narumi-Katayama index of a
connected graph. Using the ideas of obtaining the upper bounds, we further present
sufficient conditions based on the Narumi-Katayama index and other graph invariants such
as the spectral radius, the Laplacian spectral radius, or the signless Laplacian spectral
radius for Hamiltonian and traceable graphs. The main results are as follows.

Theorem 1.1. Let G be a connected graph of order n > 2 vertices and e edges. Then
[1] NK(G) < (n—a)*A"* with equality if and only if G is KV H, where H = G|V -1,
I is a mazimum independent set in G with |I|= « such that d(y) = 0 = (n — «) for each
y€ 1l and d(z) = A for each z € V — 1.
2] NK(G) < (g)aA”_a with equality if and only if G is a connected bipartite graph
with partition sets of I and V — I such that |I|= «, d(y) = 0 for eachy € I and d(z) = A
for each z €V — 1.

B8] NK(G) < ()\1\/%>a A" with equality if and only if G is a connected bipartite
graph with partition sets of I and V — I such that |I|= «, d(y) = § for each y € I and
d(z) = A for each z €V — 1.

4] NK(G) < <@>a A" with equality if and only if G is a connected graph with
vertex subsets of I and V — I such that |I|= «, d(y) = 0 for each y € I, d(z) = A for
each z € V — I and dg(w) is a constant for each vertex each w € V — I,
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graph with partition sets of I and V — I such that |I|= «, d(y) = § for each y € I and
d(z) = A for each z €V — 1.

[5] NK(G) < (M>§ A" with equality if and only if G is a connected bipartite

Theorem 1.2. Let G be a k-connected graph (k > 2) of order n > 3 and size e.
[1] If NK(G) > (n—k—1)*A* = then G is Hamiltonian or G is K{, |V H, where
H = G[V —1I] and |V(H)|= k, I is an independent set in G with |I|= k + 1 such that

dly)=0=(n—Fk—1) for each y € I and d(z) = A for each z € V — I.
2] If NK(G) > (kil)kJrl AR then G is Hamiltonian or G is Ki 1.
3] If P(G) >

( 1/ " k+1 ) A"fkil then G 1s Hamiltonian or G is Ky j41.
[4] If NK(G) > (“1 ke 1)> AR then G is Hamiltonian G is Ky 1.

k+1
[5] If NK(G) > (%) * AR then G is Hamiltonian or G is K 1.
Theorem 1.3. Let G be a k-connected graph (k > 1) of order n > 9 and size e.
1] If NK(G) > (n — k — 2)F*2A" %2 then G is traceable or G is Kf.,V H, where
H =GV —1I] and |V(H)|= k, I is an independent set in G with |I|= k + 2 such that
dly)=0=(n—k—2) for eachy € I and d(z) = A for each z € V — 1.

2] If NK(G) > (ﬁ)ﬂ2 A"F=2then G is traceable or G is Kj 1o

k+2
3] If NK(G) > (A14/ ";_’if) A"F=2then G is traceable or G is Kj jio.

n

@ = (
k2
[4] If NK(G) > <M> A”*k”, then G is traceable or G is K ji2.
(@)= (

5] If NK(G) > ( 2clnh 2)> A”*kfz, then G is traceable or G is K k2.

k+2)n

2. Lemmas

The following results will be used as lemmas when we prove our theorems. Lemma 2.1
below is the well-known AM-GM inequality. See, for example, Theorem 1.1 on Page 27

in [8].
Lemma 2.1. Let aq, as, ..., a, be positive numbers. Then
1 _aptax+--tay,
a/ CL ... a n < y
( 1U2 n) =~ n
with equality if and only if ay = as = - -+ = a,.

Applying Theorem 3.2 on Page 304 in [15] to the adjacency matrix of a graph G, we
have the following Lemma 2.2.

Lemma 2.2. Let G be a connected graph of order n with degree sequence dy, ds, ..., d,.

Then
2 2 2
A > \/d1+d2+ +dn’
mn
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with eqaulity if and only if G is a reqular graph or G 1is a bipartite graph with partition
sets of S and V' — S such that d(y) = a for each y € S, where a is positive integer, and
d(z) = b for each z € V — S, where b is a positive integer.

Lemma 2.3 below is Lemma 3 on Page 392 in [7].

Lemma 2.3. Let G = (V, E) be a connected graph of order n and Gy be an induced sub-

graph of G with ny (ny < n) vertices and average degree ry (i.e., 1y = >, dg (v)/ny).
”UGV(G1)
Setdy = >, d(v)/ni. Then
veV(Gh)
dy —
1 (G) > M=)
n—mni

Moreover, if the equality holds, then dg,(u) = s for all verter v € V(Gy) and dg,(v) =t
for all vertezx v € V(Gz), where Gy = G[V — V(Gy)].

Lemma 2.4 below is from [12].

Lemma 2.4. Let G be a connected graph. Then uy < {d(u)+m(u) : u € V' } with equality
if and only if G is either a reqular bipartite graph or a semireqular bipartite graph.

Lemma 2.5 below is from [16].

Lemma 2.5. Let G be a graph with at least one edge, then

> d*(v)

veV
(&

v

01
The next two results are from [2].

Lemma 2.6. Let G be a k-connected graph of order n > 3. If a < k, then G is Hamil-
tonian.

Lemma 2.7. Let G be a k-connected graph of order n. If a« < k41, then G is traceable.
Lemma 2.8 below is from [9].

Lemma 2.8. Let G be a balanced bipartite graph of order 2n with bipartition (A, B). If
d(x)+d(y) >n+1 for any x € A and any y € B with xy & E, then G is Hamiltonian.

Lemma 9 below is from [5].

Lemma 2.9. Let G be a 2-connected bipartite graph with bipartition (A, B), where |A|>
|B|. If each vertex in A has degree at least j and each vertex in B has degree at least i,
then G contains a cycle of length at least 2min{ |B|,j +i—1,2j — 2 }.
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3. Proofs

Proof of Theorem 1.1. Let I be an independent set in G with |I|= «a. Clearly,
1<a<n-—1.
Proof of [1] in Theorem 1.1. Notice that d(y) < (n — «) for each y € I. Then

NE(G) =[] dx) =]]dw) [] d) < (n—a)yar—e.

zeV yel zeV—1I

If NK(G) = (n— a)*A™ % we, from the above proofs, have that d(y) = (n —a) =§
for each y € I and d(z) = A for each z € V —I. Thus G is KV H, where H = G[V — 1],
I is a maximum independent set in G with |/|= a such that d(y) = 0 = (n — «) for each
y €l and d(z) = A for each z € V — I.

If Gis KV H, where H = G|V —1], [ is a maximum independent set in G with |I|= «
such that d(u) = 0 = (n—«) for each u € I and d(v) = A for each v € V — I it is evident
that NK(G) = (n — a)*A" . O

Proof of [2] in Theorem 1.1. Notice that Y d(y) = |[E(I,V —I)|< > d(z) and
yel zeV -1
> d(y)+ >, d(z) =2e. We have that

ddly)<e< ) d(2).

yel zeV -1

Applying Lemma 2.1 to the degrees of the vertices in I, we have that

NE(G)=]]d@) =]]dw [] d)

eV yel zeV -1
> d(y)\* o
< yel An—aé (_> A
(0 «

If NK(G) = (£)" A", then

NE(G) =] dtw) = [Tdw T )

zeV yel zeV -1
> d(y)\ " N
. are = (£) A
a «
> dw)\
Thus [],c;d(y) = Y ) TLey_sd(z) = A" and Y d(y) = e. Therefore we,
yel

by Lemma 2.1, have that d(y) = 6 for each y € I and d(z) = A for each z € V — I. Since
> d(y) = eand > d(y) + > d(z) = 2e, we have that > d(z) = e. Thus G is a

yel yel zeV -1 zeV -1
bipartite graph. Therefore G is a connected bipartite graph with partition sets of I and

V' — I such that |I|= «, d(y) = ¢ for each y € I, and d(z) = A for each z € V — I.
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If G is a connected bipartite graph with partition sets of I and V — I such that |/|= «,

d(y) = d for each y € I, and d(z) = A for each z € V — I. Then e = o and

NK(@) = [[ d(x) = 6°am= = (§>a A,

Proof of [3] in Theorem 1.1. From Cauchy-Schwarz inequality, we have that

(Z 1% d(y)> <> 1P d(y).

yel yel yel
Thus )
(z; d(y))
S By >
yel @
Similarly, we have that
(2 d(=)?
Z dQ(Z) Z zeV -1
2eV—I n—a
Notice that > d(z) > > d(y), we, by Lemma 2.2, have that
zev—1I uel
> d*(z)
P A —
1 _\ -

LBy + X d(2)

yel zeV -1

:\ -

(2 dy)? (X d(z)?

> l yel 4 2eV I
n « n—auo
) (>_d(y)? (D d(y))?
> - yel + yel
n « n—auo

Thus

Zd(y) < Ava(n —a).

yel

Applying Lemma 2.1 to the degrees of the vertices in I, we have that

NE(G)=]]d@) =]]dw ]] d)

eV yel zeV -1
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2 d(y)\ "
yel AN
«

IA

IN

/\1 Oé(TL - a))a AP
(6%

~( n-&) Ao

«

T NK(G) = (M52 )a A" We have that

NE(G)=]]d@) =]]dw ]] d)

eV yel zeV -1

ZI d(y)\ “
_ ye AP«
Y

_ )\1 Oé(Tl B a)>a AP«

(67

«

Y "_O‘> AP,

Thus Y d(y) = Myv/a(n —a) and d(z) = A for each z € V — I. Therefore

yel

(%ﬂ?ﬁ)
S dBy) = St

«
yel

and Y d(z) = > d(y). From Lemma 2.1, we have that d(y) = J for each y € I. Since
2eV—I yel

S d(y)+ > d(z) =2e, we have that Y d(y) = > d(z) =e. Hence G is a bipartite

yel zeV—-1 yel zeV -1

graph. Therefore GG is a connected bipartite graph with partition sets of I and V — I such

that |I|= «, d(y) = § for each y € I, and d(z) = A for each z € V — I.

If G is a connected bipartite graph with partition sets of I and V — I such that |/|= «,
d(y) = ¢ for each y € I, and d(z) = A for each z € V — I. When 6 = A, then G is a
regular graph with ad = e = (n — a)A. Therefore a = (n — o) = §. From Lemma 2.2,
we have that A\; = §. Hence

n—«o

«

NK(G) = ()\1 ) A = R A,

When 6 # A, we still have that ad = e = (n — a)A. We, from Lemma 2.2 again,
further have that

) \/a52 + (n — a)A? \/a52 + adA ad(6+ A)
1= — — -~ @@ 7

n n

n
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Thus
F:\/55+A (n — a)
:\/5 (n—a)d+ (n—a)A)
:\/5 n—a5+a5) 5
Therefore

NK(G) — JAATY — ()\1 n — Oé) AP
(0]

Remark 3.1. It was informed by the referee that A\;(G) = V0 A if G is a connected (0,
A)-smeiregular bipartite graph. Obviously, combining this fact with ad = e = (n — a)A,
we can shorten the above proofs. But the author couldn’t find references stating directly
that fact.

]

Proof of [4] in Theorem 1.1. Applying Lemma 2.3 with G; = G[I] and G, = G[V —1,
we have that
n ). d(y)

L B
= a(n — «)
Thus
Zd ,ula n— )

yel

Applying Lemma 2.1 to the degrees of the vertices in I, we have that

- [T ét) - [Tdw I )

zeV yel zeV -1
ZI d(y)\ *
< ye AP
o

< (Ml(nn— Oé))aAn—oa'

If NK(G) = (@)a A" we, from the above proofs, Lemma 2.1, and Lemma 2.3,
have that G is a connected graph with vertex subsets of I and V' — I such that |I|= «,
d(y) = 0 for each y € I, d(z) = A for each z € V — I, and dg;j(w) is a constant for each
vertex each w € V — I. O

If G is a connected graph with vertex subsets of I and V — I such that |I|= «, d(y) = §
for each y € I, d(2) = A for each z € V — I, and dgy(w) is a constant for each w € V —1,
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we, from Lemma 2.4, have that u; = 0 + A. Thus

NK(G) = (—“1(" — o) ) "o

((5 +nA)(n - a))a A

n
_ (5 — ) + A( n—a)) An—a
n
_ (5n—a )+ o) )O‘An_a
= §*A"

]

Proof of [5] in Theorem 1.1. From Cauchy-Schwarz inequality, we again have that

(Z d(y))?
ng yel ’
( ZId(Z))2
> )z
Notice that > d(z) > > d(y), we, by Lemma 2.5, have that
() LBy + X d(2)
@ 2 zeV - _ yel ezEV—I
| (X dw)? (X d(2))
e
| (X dy)? (X dy))
Z L yel yel

- (o )—>

Sl < /222 =)

yel

Thus

Applying Lemma 2.1 to the degrees of the vertices in I, we have that

=[] d(=)

zeV
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IA

< (Q1e<n _ Oé)) ? AP
If NK(G) = (M> A" we have that

=[[d) =]]dw ] d@)

N]l)

eV yel zeV -1
Zld(y) ¢
— ye A«
(8%

(1= e

Thus > d(y) = \/w and d(z) = A for each z € V — I. Therefore

yel
2
(Zjd(y))
2,y _ \Y€
Z d (y) - Oé )
yel
and > d(z) = > d(y). From Lemma 2.1, we have that d(y) = J for each y € I. Since
2€V -1 yel
S d(y)+ > d(z) =2e, we have that Y d(y) = > d(z) =e. Hence G is a bipartite
yel zeV -1 yel zeV -1

graph. Therefore GG is a connected bipartite graph with partition sets of I and V' — I such
that |I|= «, d(y) = d for each y € I, and d(z) = A for each z € V — I.

If G is a connected bipartite graph with partition sets of I and V — I such that |/|= «
d(y) = ¢ for each y € I, and d(z) = A for each z € V — I. Then the line graph of G,
denoted Line(G), is a (0 + A — 2)-regular graph. Thus A\;(Line(G)) = § + A — 2. From
the proof of Lemma 2.3 on Page 567 in [16], we have ¢1(G) = A (Line(G)) +2 = + A.

Note again that «d = e = (n — o)A. We have that

(qle(zn—a))a _ ((5+A )ad(n — o )

56+ A)( n—a)

. g
<5 ((n—a)o+( n—a)A))
("

a(( n—a5+a6))
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= 0"

Hence

[e3

NK(G) = §°A" = (m) A
an

]

Proof of Theorem 1.2. Let G be a k-connected (k > 2) graph with n > 3 vertices and
e edges. Suppose G is not Hamiltonian. Then Lemma 2.6 implies that o > k + 1. Also,
we have that n > 20 + 1 > 2k + 1 otherwise § > k > n/2 and G is Hamiltonian. Let
I :={uy,ug,...,uy } be a maximum independent set in G. Then [ := {uy,us, ..., ugi1 }
is an independent set in G.

Proof of [1] in Theorem 1.2. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [1] in Theorem 1.1, we have that

(n — k- 1>k+1An—k—1 < NK(G) < (n — k- 1)k+1An_k_1.

Thus
NK(G) = (n—k— 1)FMtArF -1

Therefore d(y) = (n —k —1) = § for each y € [ and d(z) = A for each z € V — I. If
n =2k+1, then G is K,V H, where H = G[V —I] and |V (H)|= k, I is an independent
set in G with |I|= k + 1 such that d(y) = = (n — k — 1) for each y € I and d(z) = A
foreach 2 ¢ V—-1. If n >2k+2 thend =n—k—1> % =n/2 and G is
Hamiltonian, a contradiction. O]

Proof of [2] in Theorem 1.2. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [2| in Theorem 1.1, we have that

N k+1 N k+1
n—k—1 < < nfkfl.
(7)) e svr@s () 2

e k+1
NK(G) = (k " 1) AR

Therefore GG is a connected bipartite graph with partition sets of I and V — I such
that |I|= (k+ 1), d(y) = 6 for each y € I, and d(z) = A for each z € V — I. Since
dk+1)=e=An—k—1)>§n—k—1), we have that n < 2k + 2. Since n > 2k + 1,
we have that n =2k +1orn =2k + 2. If n =2k + 1, then G is Ky 1. If n =2k + 2,
Lemma 2.8 implies that G is Hamiltonian, a contradiction. ]

Thus

Proof of [3] in Theorem 1.2. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [3] in Theorem 1.1, we have that

p— k41 p— k41
n—k— n—Fk—
—_— AL < NK < _ AR
<)\1 k+1 ) - (@) = (Al k+1 )
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Thus

1 k+1

n_ —_

NK(G) = — AR
© (Al k+1 )

Using the same proofs as the ones in the last paragraph in Proof of [2] in Theorem 1.2,
we can complete the proof of this case. O

Proof of [4] in Theorem 1.2. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [4] in Theorem 1.1, we have that

(—“1(” —k- 1>>k+1 ARl < NK(G) < (—’“(" —k- ”)Hl APk

n n

Thus .

n

Using the same proofs as the ones in the last paragraph in Proof of [2] in Theorem 1.2,
we can complete the proof of this case. n

Proof of [5] in Theorem 1.2. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [5] in Theorem 1.1, we have that

E+1 k+1

(M) e s () e

Thus

k+1

NK(G) = (WEZ; f); Y ) 7 AnheL

Using the same proofs as the ones in the last paragraph in Proof of [2] in Theorem 1.2,

we can complete the proof of this case. O O

The proofs of Theorem 1.3 are similar to the ones of Theorem 1.2. For the sake of
completeness, we present the proofs of Theorem 1.3 below.
Proof of Theorem 1.3. Let G be a k-connected (k > 1) graph with n > 9 vertices
and e edges. Suppose G is not traceable. Then Lemma 2.7 implies that o > k 4 2. Also,
we have that n > 2§ + 2 > 2k + 2 otherwise 6 > k > (n — 1)/2 and G is traceable. Let
I :={uy,ug,...,us } be a maximum independent set in G. Then I := {uy,us, ..., ugi2 }
is an independent set in G.
Proof of [1] in Theorem 1.3. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [1] in Theorem 1.1, we have that

(n — k- 2)k+2An_k_2 < NK(G) < (n — k= 2)k+2An_k_2.

Thus
NK(G) = (n—k—2)FM2A"F2
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Therefore d(y) = (n —k —2) = 6 for each y € I and d(z) = A for each z € V — I. If
n = 2k+2, then G is K,V H, where H = G[V —1I] and |V (H)|= k, I is an independent
set in G with |I|= k + 2 such that d(u) = 0 = (n — k — 2) for each v € I and d(v) = A
foreachv eV —1. Ifn>2k+3, then d =n—k—2>2=b=2t — (n —1)/2 and G is
traceable, a contradiction. O

Proof of [2] in Theorem 1.3. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [2] in Theorem 1.1, we have that

e k+2 e k+2
— A" F 2 < NKG) < | —— AE2,
(=) < vK(6) < ()

e k+2
NK(G) = (k " 2) APE=2

Therefore GG is a connected bipartite graph with partition sets of I and V' — I such
that |I|= (k + 2), d(y) = 6 for each y € I, and d(z) = A for each z € V — I. Since
dk+2)=e=A(n—k—2)>d(n—k—2), we have that n < 2k + 4. Since n > 2k + 2,
we have that n =2k +2, n =2k + 3, or n =2k + 4. If n =2k + 2, then G is K, j4o0. If
n = 2k + 3, then k£ > 3 since n > 9. Thus Lemma 9 implies that G has a cycle of length
at least 2min{ k + 1,k +k — 1,2k —2} = 2k + 2 = (n — 1) and therefore G is traceable,
a contradiction. If n = 2k + 4, then k£ > 3 since n > 9. Thus Lemma 2.8 implies that G
has a cycle of length n and therefore GG is traceable, a contradiction. m

Thus

Proof of [3] in Theorem 1.3. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [3| in Theorem 1.1, we have that

k 7 k+2 k 5 k+2
n—~K— n—k—2 n—r~r— n—k—2
—_— < < —_— .
<)\1 5 ) A2 < NE(G) < ()\1 s > A

- k+2
NK(G) = ()\1 n—_—) N =]

Thus

k+2

Using the same proofs as the ones in the last paragraph in Proof of [2] in Theorem 1.3,
we can complete the proof of this case. O

Proof of [4] in Theorem 1.3. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [4] in Theorem 1.1 and the given conditions
in this case, we have that

(ul(n—k—2)>k+2Ank2 < NK(G) < (m@-k-z))k“mu

n n

Thus

NK(G) = (M)M Anke2
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Using the same proofs as the ones in the last paragraph in Proof of |2] in Theorem 1.3,
we can complete the proof of this case. n

Proof of [5] in Theorem 1.3. Suppose G satisfies the conditions in this case. Using
proofs which are similar to the ones in Proof of [5] in Theorem 1.1 and the given conditions
in this case, we have that

k+2 k+2
(QIe(n —k— 2)) : An7k72 < NK(G) < <QIe(n —k— 2)) : Anfk72'

(k+2)n (k+2)n
(n—k=2)\'*
qreln — K — P An—k—2
NK(G) = A )
(@) ( (k+2)n )
Using the same proofs as the ones in the last paragraph in Proof of [2] in Theorem 1.3,
we can complete the proof of this case. O O
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