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Abstract

Necessary conditions for the existence of group divisible designs with
block size three are developed. A computation is described that establishes
the sufficiency of these conditions for sixty and fewer elements.

1 Introduction

Let X be a finite set of v elements, and let G = {G1,G2,...,G,} be apar-
tition of X into subsets called groups. Let B be a collection of subsets of X’
called blocks, and set € = {|B| : B € B}, the set of block sizes. If (X, B)
has the property that every pair of elements either appears in exactly one
block or in exactly one group it is a group divisible design, and is denoted
by K-GDD. The type of the GDD is 2} 2% 2% . . . 2%+ when the number of
groups of size z; is ¢;. In this paper we examine the case K = {3}. We
first determine a number of necessary conditions on the possible types of
{3}—GDD. We then describe a computation using hill-climbing that es-
tablishes the sufficiency of these conditions for v < 60. The techniques
employed apply for larger orders; however, storage limitations forced us to
limit the order to 60; specific cases for larger orders can be addressed by
the techniques developed here.

2 Necessary Conditions

Suppose that a {3 }—GDD exists having s groups, with group sizes gi,.. .,
gs; by convention, we order the group sizes so that gy > g2 > -+ > gs-
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What conditions must the group sizes g1, . .., g, satisfy? We establish the
following necessary conditions:

Lemma 2.1 A {3}—GDD on v elements with group sizes g1 2> g2 2>
-+ > gs exists only if:

I ()= Sy &) mod3;

2. v=gimod?2 foralli=1,...,s;

3. 91 < Xk3gi

4. vo(v — v) < 2 [("2°)+ (30 - i s5")], whenever

vo=Y% agiandos € {0,1},i=1,...,s;
5.20203 209192+ 93 — Lkails
6. andif g1 = Y l39i,29394 2 (91 — g2) [93 + 94 — Ti=s gi]-

Proof: :

Condition (1) follows from the fact that each triple uses three pairs, so
the number of pairs must be a multiple of three. For condition (2), observe
that every element must be in an even number of pairs, and hence that
v — g; must be even. For condition (3), consider one of the g elements
in the second group. It appears in g1 distinct triples with elements of the
first group, and in each such triple the third element is not in the first two
groups. For condition (4), consider the partition of the v elements into two
sets, one of size vp and the other of size v — vg. By construction, each
group lies entirely within one of the sets. Thus the right hand side of the
incquality gives twice the number of pairs inside the two sets that must
appear in triples, while the left hand side gives the number of pairs that
contain one element from each set. Since every triple must use at least one
edge inside one of the sets, the inequality follows.

For condition (5), we proceed as follows. If we delete all elements of
the first group, the result mustbe a {2, 3 }-GDD with group sizes g2, ..., gs
having g; parallel classes of edges. Consider the g;-regular graph that is
the union of these parallel classes. Partition the elements into three classes
Wi, V2, V3, where V; contains the g; elements of the second group, V>
contains the g3 elements of the third group, and V3 contains the } {4 g;
elements of the remaining groups. Let ¢;; be the number of edges with one
endpoint in V; and the other in V;. Evidently, €11 = €22 = 0 and ¢;; = ¢;;.
We obtain the following system of equations:
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n+e3 = gig2 am

€e2t+e3 = 9193 @
, _
es+en+2e3 = g1()g) 3
i=4

Now €12 < g293, and thus we obtain €23 > g3(g1 — g2) and €13 >
92(g91 —g3). Thus 2€33 < 91( %4 9i — 92 — 93) + 29293, 0r 2(g293 —
€33) > g1(g2 + 93 — X .4 95). Since e33 > 0, the inequality follows.

Condition (6) is obtained similarly, by observing that if g1 = Y i3,
deleting all elements of the first two groups leaves a {2,3}-GDD with
group sizes g3, ..., gs in which the pairs form a (g; — g2 )-regular graph.

a

We make some remarks on these necessary conditions. Condition (4)
can be obtained directly by treating the {3 }—GDD as a partial Steiner triple
system and applying the known necessary conditions for leave graphs [3].
In the general case of leaves, one would try all partitions of the elements.
For {3 }—GDD, however, one need only consider those partitions that do
not split the elements of any group.

Conditions (5) and (6) do not appear to follow from any of the known
necessary conditions for leave graphs. In fact, it is not clear in advance that
they are not subsumed by condition (4). However, group sizes (13,7,7,1,1,
1,1,1,1) meet conditions (1)-(4) but fail to meet condition (5) (since 2 -7 -
7 # 13(7+7—6). Inaddition, it is not clear in advance that condition (6) is
needed given conditions (1)-(5). However, (31,11,11,11,1,1,1,1,1,1,1,1,1)
meets conditions (1)-(5), but fails to meet condition (6) (since 2 - 11 -11 %
(31 =-11) - (11+ 11 = 9)).

It appears likely that these conditions will not be sufficient in general,
as one expects further structural conditions such as (5) and (6). In fact,
conditions (4), (5) and (6) all result from the requirement that one must be
able to find gy disjoint 1-factors in a complete multipartite graph Kg, . .,
but are not by themselves sufficient to ensure that such a set of 1-factors
exists.

Our objective in studying small {3 }—~GDD is in part to uncover nec-
essary conditions such as (5) and (6); more importantly, however, we are
interested in obtaining a complete result for small orders. The motivation
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is perhaps clear: our ability to apply recursive constructions is in direct
proportion to the availability of small cases to use as ingredients.

We note then that the conditions of Lemma 2.1 are known to be suf-
ficient when all group sizes are equal or when all but one are equal [2],
and when there are some groups of size u and the remainder have size one
[1]. Beyond this, no general results on sufficiency are available, although
numerous direct and recursive constructions are known [1,2].

3 Sufficiency for v < 60

We sct out to determine, for all small orders, when the conditions of Lemma
2.1 are sufficient. Remarkably, using some simple computational tools, we
find that these conditions are sufficient for all v < 60.

For each order v in turn, we first generate all partitions of v that meet
conditions (1) and (2) of Lemma 2.1. We then filtered these to obtain the list
of all partitions meeting the necessary conditions. Call a group type admis-
sible if it satisfies the conditions of Lemma 2.1. Many of these group types
can be obtained from another admissible group type by filling in one group.
In order to establish sufficiency, we need only treat admissible group types
that are not formed by filling in groups in this way; call such a group type
primitive. We further restricted our list of group types to determine the set
of primitive group types.

Here we list the numbers of admissible and primitive group types for
each v < 60. We write v = 5o + b; then the (a, b) entry of the following
table gives the numbers of admissible and primitive types:

ab 1 2 3 4 5

0 0,0 0,0 1,1 0,0 0,0

1 1,1 2,1 1,1 4,1 1,1

2 1,1 2,2 - 51 3,2 8,3

3 3,2 5.1 7,3 15,4 8,4

4 24,4 9,4 20,5 16,7 39,6

5 21,9 54,9 25,11 53,9 38,13
6 90, 13 48,18 122,16 60, 21 136, 22
7 85,26 209, 29 111, 34 272,31 138, 42
8 312,41 182, 50 440, 51 233, 64 568, 58
9 295,76 667,78 375,93 905, 92 477,112
10 | 1143,106 597,139 1392,137 745,167 1785, 162
11 | 937,198 2235,189 1175,238 2759,237 1426, 284
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For each primitive type, we constructed a {3 }—GDD of that type. The
basic tool employed is a variant of Stinson’s hill-climbing algorithm [4].
We outline the method here:

found = false
triples = { }
tries = 0
while not found and (tries < maxtries) do
if there is no unused pair then
found = true
else
tries = tries + 1
select an unused pair {x,y} at random
select an unused pair {x,z} at random
if y and z are in different groups then
if {y,z} is unused then
add {x,y,z} to triples
tries = 0
else
remove the triple {w,y,z} containing {y,z)
add {x,y,z} to triples
od
if found then output trip}es else output "fail"

For most of the primitive group types, we employ the algorithm given
here withmaxtries = 2000. Ineach case, we attempt to construct the
{3}—GDD up to one hundred times. This approach proves quite effec-
tive; for only 197 of the primitive group types did we obtaina "£fail® in
each of the one hundred attempts. In these remaining cases, we proceed
as follows. We adapt the hill-climbing algorithm to run in two phases. In
the first phase, we consider only triples that do not involve an element of
the largest group (of size g;). We enforce the condition that the number of
unused pairs at each element not in the largest group remains at least g;.
When the number of unused pairs at each such element becomes equal to
g1, the first phase is complete. The second phase then hill-climbs to add
the remaining triples, without removing any of the triples chosen in the first
phase. In particular, if {y, z} is found to appear in a triple selected in the
first phase, the replacement of {w, y, 2} by {z, y, 2} is not done. When the
first phase complectes, a partial GD D has been found on all but the largest
group, which leaves uncovered precisely the pairs of a g, -regular graph;
the second phase is essentially determining a proper edge-colouring of this
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graph in order to add the largest group. This two—phase approach seems
to overcome the problems encountered in the cases with frequent failures;
what appears to happen in those cases in the basic algorithm is that too
many triples are chosen that do not involve elements of the largest group,
and hill-climbing takes too many iterations to reduce this number.

In any event, the two—phase hill-climbing approach produced solutions
for all of the remaining primitive group types. Naturally, it is not feasible
to list the {3 }—~GDD found. We do, however, list all of the primitive group
types for which {3 }—~GDD were found; the corresponding designs support
the sufficiency of the conditions of Lemma 2.1 for all v < 60.

313 6: 23 7: 3114 8: 24 9: 33 10: 4123
11: 5116 12: 26,43 13:3%1! 14: 4321, 6124

15: 35,53,7118 16: 44,614123 17: 5134

18: 6'43,63,812°

19: 3611,533111 7134 91110

20: 614321 632,826,843

21: 5332,713412 73,9134

22: 6144,6341,816'4122,10126

23: 543171513312 72513111 915133 111112

24; 45,6243,6%,814322,816222,83,1014223

25: 715331,723312 733111, 913511 915311 917133

26: 4621,624321 6%21,816'43,8163,826!22,8%21,10'614221, 12127

27: 7'533112,723411,7332 915331 91713312 917294 93 11152313,
l3l114

28: 624%,6%41,8'4%22,8'624'22,826'4'27,8%4, 106143, 10763,
1018125, 1214126, 12144

29: 715%12,735131 9154 9l71513212 9l725111 925132 13136 115331
111713332

30: 65,81614322,816322,824321,826221 8361,10145,1016242,
101814222 103,12'6143,12163, 14128

31: 5611,725312,7431, 91533211 917153 91723212 gl9311 927132
933111 111523311 111715231 13136 151116
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32: 6527,81624%,8164,824%22,826222,8% 121,84, 1014521, 101624221,
108 6142 102614121 10321, 1216 432l 12 6321 1218143, 121816123,
14129 1414323

33: 5631,72533111 743142 91715312 919331 9253 92913212 929211
9332, 11‘7‘523 12,11 91523‘ 113,1313612 13 533'12 131713411, 15136

34. 6541,81634122,8262412!,836'4!, 106243, 10! 64,1018 4322
10'8'6222,10'826121, 10783, 1026142,10%41,1216'4%,121634!,
12181614122 121824121 1211043, 12 10‘6‘23 1414422 141624122,
1612°

35: 71543212 725411 745112 915432, 9 172513211 9 17351 9271513112
935131 111715332 191 7 331 1119153 1119171322 111919211 1119232,
112523' 1315412 131715 331l 131725131 13191513292 ;515 35.15154.
171118

36: 6%,8'6422,826321,8%62,8%22,10'6342,10'81614222, 101824221,
10244,102624!,102814122,103%6¢!, 12'6243 12164,121814322, 121816222,
121826121,12'83,12110642,123, 141614322, 1416322, 141814321,
141816221,1614226, 16145

37: 735%11,7512,91715332, 9 7332119 74 92533111 92723112 g35131
941, 11 551l 111725212 1119 523211 111917152 112715131 112915131
1133111 131715312 1319331 3319 35.13 9153 1319171322 131919291,
131923113 1311115213 1513711, 151533211 1517135 1517153 151723292

38: 6%21,8165,826322,83622!,8%6!,10163422!, 10 816242 10 1824292,
102624 z' 1028 6141, 1036 21, 10381 1216421, 121816143, 1218163,
121826122,1218321, 121101614221, 12' 1018 42,1211024 2',122622’.
1228‘23.12321.14‘46.1416243,14‘64,14‘8‘4322.14‘816222,14‘826‘2‘,
14183,1471016'42,1614521,16'624221,18'210

39: 733111,91725311 917412 925332 92723211 9273 g3713112 9431
111553‘,11‘7252311‘.11‘917‘5212.11'9252.112715'3‘12,1129‘5'3R
11332, 1317153311 131733112 13‘9 5312, 131917231 131923272,
131927 1t 13111! 523‘12 133,151715212, 151723311, 1517331, 1519135,
1519153 15191713212 1715234 191120

40: 6541,81644122, 82634121 ,836241,844122 10165, 10'816322,
10'826221,1018%61,1026242,102814222,1036'4!, 104, 121 644!,
12181624122 12182614121 1218341,121106!43, 12110163,
12110181622, 1211018221, 12110242, 122624, 122814122, 12210123,
12341,141634122, 141814421, 14181624121, 141826141, 1411014322,
1411016222,14'10'8%6121,141121614122,16146,1616243, 16164,
161814322 161816222, 16183, 1814129, 1814423
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41: 745'3212,755111, 91735132, 9272513111, 93715112 9451, 11172531},
1117412, 111915332, 11191723211, 1119173, 11192713112, 111933},
112715212, 1129152, 1135131, 131543212, 131715411, 131735112,
1319171513211, 131917251, 13192513112, 131115%1%, 13! 111723},
131111913212, 131111917111, 132513311, 132715131, 1515432, 1517251321,
1517351,1519171513112 151925131, 1511135, 151 11153, 151 111713212,
17138,1715333,171713512,17' 715%12,171723%1!

42; 816522,826%21,8363,846122,8521,10'6%42,10!8'624222,
10182614221,1018342,1026341,1028'614122,102824121,10%62,
1038122, 12165,121816322, 121826221, 121836, 1211016242,
121101814222, 1211026141, 121103, 12263, 122816122, 1228221, 12210142,
12361, 1416422, 141816321, 1418243, 1418262, 1418322, 14101614222,
141101814221, 1411024122, 1411214322 1411216222, 14112186 2}, 143,
1616145,1616342,16181614222,161824221,16110'44,16'10' 624!,
16110'814122,18146,18%6243,1816%4,201 21!

43: 753212,7611,917432,92733111 937212 943211 9471 1117252322,
111735211 11191715232 11192523171 1125411 112725112, 11291513211,
112917151 1137131 1139111 131725311, 1317412, 131915332 13191723271,
1319173, 13192713112 1319331 13'11'7'5212,13 1119152, 131 1125!3!,
1325312, 132713311, 1327231, 132913212 1333!111,151715332 151733211,
15174, 15191533111 15191723112 151927131 1519311 15111152321,
1511117152, 15113135, 15113153, 151131713212 1715511, 171715233,
171725212 17191523211 19138 1915333 21112

44: 826%22,8%6321,8462,8522,10'6%4221,10'8'6%42,10!82614222,
10'834221,102634121,1028'6241,102824122,103622!,103816!, 1216521,
1218164, 121826222, 121836121, 12184, 121101624221, 121 101816142,
121102614121, 1211028141, 12110321, 1226321, 122862, 1228222,
1221014221, 1236127, 12381, 14165, 14816322, 141826221, 141836!,
1411016242,1411018'4222,1411026'41,141103, 141126 143, 14112163,
141121816122, 14112'8221,14112110'42,14112223, 1426222, 1428124,
14321,161634221,16'816242,16'824222 1611014421, 16'10'624!2!,
161101816141,16110224,16'1216'4221, 1611218142, 1814621, 181624321,
1816421, 181816143, 1818163, 1818225,201212,2014326 2046

45: 7631,91743212 917511 927332 ¢3723111:947112 95 11735231,
1119171523212 11191725211 111925232 11272513111 11291715112,
1129251 113713112 1139131 131743111 13191715311 131917312,
13192713211 1319272 131933112 13111171523111 131111915212,
131112513112, 132533111,132723112 132917131,1329211 13332,
15171533212 151725311,1517412,15915332 15191723211 1519173,
15192713112 1519331 151111715212 1511119152 1511125131, 1511315312,
151131713311, 1511317231 151131913212 153, 1715531 17172523111,
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17191715212 1719252 1711115134 1711171513112 1913812 191533312,
191713611 19171533131 1917234 21138

46: 84614122,854121,10'8%62,10'8422,1026%42, 10281614222,
102824221,10%624",10%8'4122, 10%6", 126541, 12181634122,
12182624121, 121836141, 12110164, 121101816222, 12110!8261! 2!,
12110'83,121102642,12110%4!, 1226341, 12281614122, 122824121,
12210'62,12210'8122, 1236141, 12310, 141644122, 14181634121,
141826241,14'834122 14110'6322,14110'816221, 141108261,
1411024222,141121624122, 1411218161421, 1411218241, 1411211016122,
1411211018121,1411224122, 142624121, 14286 14!, 142101612?,
1421214121 14341 16'65,161816322,161826221,161836!, 1611016242,
16110184222 16'10%26'41,16'103,16'12'6143, 16112163, 161121816122,
1611218221,16'12110142, 1611414322, 1611416222, 16148124, 18147,
1816244,1816%41,181814422,18!81624122, 18182614121, 1818341,
1811016143,18110163, 18110186122, 1811018221 ,201614422, 20163422,
22]2]2

47: 75513211 7651 9174513112 92735131 9371513212 g39251 1
945132 111743212 1117511, 111917332, 11192723111 111937112 11194,
11271523212 112725211 112915232 113715112 113915! 11431,
13173513212 131745111 13191725132 1319271513111 131935112,
131111715311 1311117312, 1311119171321 1311129172 13111192312,
13'11125212,1325411 132725112,13291513211 132917151 1329119131,
1321119111,1335131 151735132 151915431 1519172513111 15192715112
1519351 1511115332 151111723211 15111173, 15 1119171312,
1511119231 15111252 1511317151321 1511317251 1511319151312,
1511311113212 1525134, 15271513112 17156 17171533212 171725311,
1717412,171915332 17191923211 1719173 17192713112 1719331,
171111715212 171119152, 1711313512, 1711315312, 17013171331 L,
191543212 191715411 191725133 191735112 19191513412,
1919171513211 191925115 2115137 211543113 231124

48: 846222, 856!21,86,10182624221,101836142, 10281624122,
102826'4121,102834!,1038'6'22,1038221,10%42, 121826321, 1218362,
1218422 1211016342,12110181614222, 121101824221, 1211026 24!,
12110284122, 12'10%6!, 12264, 122816222, 1228261 2!, 12283,
12210'6'42,12210247,12362,1238'22,12%, 1416522, 14'8'6%2!, 1418263,
141836122 1418%21,141101624222,14'10'81614221, 1411018242,
141102614122,14'10284121 14110%22, 1411216322, 14121816 22!,
1471218261,1411211014222 1411226122, 1411228121, 1426321, 1428143,
1428162,1428222,142101422!, 1421216121, 14361, 1616442,
16181624222,161826'4221,1618342,16'10!634!,16'10'8'614122,
161101824121, 16110243, 16110262,16'1028122, 1611216242,
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161121814222 16'12'10'6'4',16'12242,16'1416'4222 161141814221,
1611411014122,163,1816°,18'8'6322,18182432!,181826221,18!83¢!,
18110'45,1811016242,181101814222,1811026141, 181103, 1811216143,
18112163,181121816122,2014622,201624322,2016%22,20!81614321,
201816321,2018243,201826123, 2214229, 2214523

49: 763211'91753112'927431’93723212,937311,947132’953111'
11173523211 1117452, 1119172523112 11192715231 111935291,
11272513212 112735111 11291715132 11292513111 1137232 11391321,
1139171, 131743212 1317511, 131917332 13192723111 131937112 13194,
1311171523212 131111725211 131111915232 131112715112 1311129151,
13111331,132715311,1327312,13291713211 1329192, 13292312,
1321115212 1337131, 1339111, 1517432 15191733111 15192531,
151927212 151933211 1519371 151111715232 151111915231,
151112513211 1511127151 15111311, 151131723211 15113173,
1513191713112 1511319231 15113111152, 1511323212 15272312,
152913311, 152917131 15213132 1533111 1717155 17172523242,
171735211, 17191715232 1719252311 1711115412 171111725112,
1711191513211 171111917151 1711123311 1701127130 171131715212,
1711319152 171151523211 19156, 19171533212 191725311 1917492,
191915332 19191723211 1919173 19192713132 1919331 1911115233,
191111715212, 2113911, 211533411 2117137 211715332 211723412 21174
50: 856122,8621,10182624222,10!8%614221,1018442,102826!4122,
1028%4121,10%8%62,10%8222,1044221,12'8%6221,1218%6!,
12'10'8'6242,121101824222,1211026242!,12' 10281641, 1211036 2!,
12'10%81, 1226421,1228'6%, 122826122, 1228321, 1221016 1422,
12210'8142,1221024121, 1236221, 123876, 12421, 141826321, 1418%62,
14'842%,14110'6%42,14'10'8%6 14222, 141101824221, 141 10% 624!,
141102814122,14710%, 1412764, 141121816222, 141121826 ' 2!,
14112183 141121106142, 1412110247, 14112262, 1411228122, 141123,
1426322,142816%21,1428267, 1421014222, 142121622, 14212812,
1436'21,14381,16'6%422!, 16816342, 1682614222, 1683422},
16'10'6%4121,16110'816241,16'10!824722,16'10%622', 1610281 6!,
161121624221 16112'8'6142,16112110'614 121, 161121 1018141,
16112110221, 1611224221, 1611416242,16'14'8'4222 161141106141,
16114112142 162624121,162816141,16210124,1632!,1816521, 1818164,
181826222, 181836121,18'8%,18'10'62422!,18'10!8'6'42,
18'102614121,1811028141, 18110321, 181121614321 1811216321,
1811218143 18'1218162,18'1218222, 1811211014221, 18112224,
1811476143 18114163, 181141816122,2016146,2016343, 20167,
20181614322, 201816322, 201824321,20182622!,20'8%6!,20'10'43,
20110'6242,20'1018'4222,201103, 221614521, 221634221, 241213

51: 92743112,937331,94713212 947211,9532 111745212,
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1119172523211 111917352 1119271523112 111935231 112735131,
1129171513212 1129172511 112925132 113723111 113917112 11392,
1317531, 13191733212 131917411 131927232 13193713111 1319412,
131111725231 1311119152322 1311119171521 1311127151311,
131112915132 1317133112, 132733111,132917212 132923211, 1329271,
132111523111 133713112 1339131 151743212 1517511, 151917332,
15192723111 151937112 15194 1511117152322 151111725211,
151111915232 151112715112 1511129151, 15111331, 1511317312,
1511319171321 1511319172 151131923112 1511311115212, 151 1327131,
1511329111,152723211 15273, 15291713112 1529231 15211152,
1521313212, 1521317111, 15332 171735231 1719171523212 17191925211
171925232 1711115431 1711117251310 1711191715112 1711119250,
171112713112, 1711129131 1711317152311 171131915212,

17113 111513112, 171151715212, 171 1519152 173, 1915612, 191725331,
191743111,19191533212 19191715311 191917312 19192713211 1919272,
191933112 1917117152311 191111915212 191112513112 19113153311,
1911317134,191131723112 191131913311 21156 21171533212 211725311,
2117412,211915332 21191713412 21191723211 2119173 2119234,
2315236 251126

52: 84624122 8561412!,8%41,10'8%6'22,10'8%21, 10281624222,
10282614221,1028%42,1038'614122,103824121, 10462, 104822,
121836241, 121844122 121101826221, 1211018361, 1211026242,
121102814222, 1211036141, 121104, 12281624122, 12282614121, 122834!,
12210163, 12210816122, 12210!8221, 12210242, 1236241, 123814122,
12310161, 12441, 1483614122, 141844121 14'10'8'632!,14110'8262,
14110'8322,141102614222,1411028'422, 1411034122, 141121634122,
1411281624121, 141121826141, 141121106222, 1411211081 61 2¢,
14112110182,141122614122, 141122814721, 14112210122, 142634121,
142816241,142824122 1421016221, 14210'8!6!, 142121614121,
1421218141 1421211021, 14%6141, 143101, 161816422, 161826321,
16'8362,1618422,16'1016342,16110'8'614222 161101824221,
1611026241,161102814122, 16110361, 16112164, 161121816222,
16112'82612!,16'12'83,16'12'10'6'42,1611211024, 16112262,
1611228122 161123, 1611416322, 161141816221, 161141 826!,
1611411014222 1611411216122, 1611411218121, 1611426121, 1626242,
162814222 16210'6'41,16212'42,16%41,18'674!, 1881634122,
18182624121, 181836141, 18'10'6%,18'10'8'6222,18'10'82612!,
18'10'8%,1811026142,18110%41, 181126341, 1811218164122,
18112'824'21,18"12'104%, 1812 10'62, 18" 12108122, 181226 4!,
1811414422 18'141624122, 1811481614127, 1811418241, 1811411016122,
18'16'6'4%,18"16'6%,18116'8'2%,201644'22, 2081634121, 20182624,
20'834122,20'10'6'4322,20'10'6%22, 20110814321, 20 10816221,
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20'10'826',20'1024222,20'12'4%22,20' 121624122, 201 12181614121,
20'12'8241,20112110'25,2216146,2216343,22165, 22181614322,
221816322,221824321, 221826221, 24141212, 2414426, 24147

53: 9372513211 937351 9471513142 955131 111927331 11193713232,
111937211 1119432 11272523211 1127352 1129171523112 112925231,
11371513212 11372511, 113915132 1147112, 11491, 13174513211 1319551,
1319173513112 13192725131 13193513212 13193715191 131971933232,
1311117411, 131111917232 1311119271311 1311119312 13111252322,
131112715211, 1311135112, 13272513212 132735111 13291715132,
13292513111 1321117212 132111913211, 1321119171, 133715112 1339151,
13211131,15174513112 15191735131 1519271513232 1519272511,
151935132 1511117332 1511119172311 151111927112 15111193,
1511125232,151 11351, 151131725132, 15113191 71513111 151131925112,
1511311171321 15113111172, 151131 111913112 15113251321
1511327151 15113211111, 15272513111, 15291715112 1529251,
152111713112, 1521119131, 152131513112 1535131 171743212 1717511,
171917332 17192723111 171937112 17194 171 11171523212,
171111725211 171111915232 171112715112 171 1129151 1711133!,
171131715311 1711317312, 1711319173211 1711319172 17113192312,
1711311115212, 1711323311, 17113297131 1711515332 17115172322,
17115173, 17'15'91713112 1711519231 17115111152, 17115113132 12,
1725233 172715212, 1917254 19173513212 191745111 19191925132
1919271513111 191935112 191111533212 191111715311, 1911117312,
19'11191713211 1911119172 191111923112 1911125212 1911315%1!,
191131725112 1913191513211 191131917151 191131111331,
1911311117113, 1915171513211 19115191513112 21171543112 911735132
211915431 2119172513111 211925133 21192715112 2111115332,
211111723211 21111173, 2111119134, 211 11191713112 231310 2315335,
23156 231713712 23171533212 231923511 231725311 2317333

54: 85622!,8%6',101836242,1018%4222,10282624'21,102836'4!,
103816222,103826121,10%83,1046142,10541,1218%6122, 1218521,
12110'81624222 1211018264221 1211018342, 1210281614122,
121102824121, 12110362, 1211038122, 122826221 ,122836!, 122106242,
12210'8'4222 1221026'41,122103, 1238'6122,1238221,12310'42,12%6!,
141836222, 1418%6!2!,14185,14110'81624221 14110782642,
14110%624122,141102816'4121, 1411028241, 141103622, 14110381 2!,
1411218262, 1411218322, 14112110'6'4222, 1411211081422,
1411211024122,1411226222, 14112281621, 14112282, 14112322, 1426421,
1428163,142826122,1428321,14210'6'4221,1421018'42,1421024 12!,
1421216221,1421218161,14212221,14%62,1438122,14% 121, 1618262422,
161836142,16'10'8'624122,16110182614121,16110'834!, 16110263,
161102816122,1611028221,16110%42,1611216342,16' 12181614222,
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161121824221, 16'12'10'624!,16'121101814122, 16112110261,
1611226142,16'12210141, 161141624222 1611418161422, 1611418242,
16114110'6'4122 16114110'814121,16114110222, 1611411214222,
1611424221 1626341,16281614122,16282412!, 16210143, 16210162,
1621018122, 1621216141,1621414122,1636!, 181816422, 181826321,
1818362,1818422,18110'6342,18'1081614222, 181101824221,
181102624!,18'102814122,18110%6!,18112164, 181121816222,
181121826121, 18'12183,18112110'6%42,1811211024!, 18112262,
1811228122 ,181123,1811416322, 181141816221, 181141826!,
1811411014222, 181141126122, 1811411218121, 18114224, 18116145,
1811616242,18'161814222,181161101614!,183,2016522, 20816421,
2018263,20'836122,2018421,20'101624222,20'10!81614221,
20110'8242,20'10%6'4122,201102874121,20110322, 20126322,
201121814321, 201121816221,201121826!,2011211014222,2011226122,
201141614321, 2011416321 ,2011418143 2011418162, 2011418222,
2011411014221,22148 2216245 ,2216442,221814522, 22181624222,
22182614221,2218342,221101614%,2211016341, 2211081614122,
221101824121, 22110243,2211026123, 2416145, 2416343, 24165261214

55: 94723112,957131 9611 11192725212 11193523211 111937152,
1129172513112 11292715131 112935111 113723212 113917132,
113923111 1145211 131927331 13193713212 131937211 1319432,
1311172523211 1311117352, 131 1119171523112 131111925231
1311271513212 131112925111 131112915132 1311137112, 131 1139!,
132733212,1327411, 132919232 13292713111 1329312 132111523212,
132111715211 1321125112, 1337212, 133913211 1339171 13431 151753112,
151917431 15192723212 151927311 151937132 1519431711,
1511117252312, 1511191715231 151111925211 151112715132,
1511291513111 1511133211 15111371, 1511317332 1511319172311,
151131927112 15113193 1511311115232 15113111251 15113271321,
15113272,151132913112 15113311 152733111 152917212 152923211,
1529271, 152111523111 152131713112 1521319131 1537131 1539111,
17173523211 1717452 1719172523112 17192715231 17193521
1711117251322 171111735111 17111191 715132 1711119251311,
1711127212, 171112913211 1711129171, 1713171523212 171131725211,
171131915232 171131111715112 1711311119151 17113111231, 1711325212,
171151715232 1711519152311 1711511151321 1711511117151,
17115111211, 17115113152, 1725411, 172725112 17291513211 172917151,
1721113311, 1721117131, 1721315113, 1733112 191743212, 1917511,
191917332 19192723111 191937112 19194 1911117152322,
191111725211 191111915232 191112715112, 1911129151, 19111331,
191131533212 191131715311 1911317312, 1911319171321 1911319172,
191131923112 1911311115212, 1911323311, 1911327131 1911515332,
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191151723211, 19115173, 1911591713112, 1911519231 191151 11152,
1911715233, 191171715212 211563111, 21172533112 2117432,
21191715331 21191733111 211925311 211927212 211933231 2119371,
211111715232 2111119152311 211112513211 2111127151 21111311,
2111315332 211131723211, 21113173, 2111319134, 2111319171311 2,
2111319213, 231553211, 2317155 23172523232 231735211 23191715232,
23192523111’2513!0’2515335'25156'271128

56: 8%6121,10183624221,10'8%6142,1028%6'4!2',1028%4!, 103826122,
1038321,104614221,1048142,1054121,1218462,1218722,
12110'82614222,12'10'834227,1211028'624!, 121102824122,
1211036221, 121103816, 122826222, 122836121,12284, 122101624 22!,
12210'816142,122102614 21, 1221028141, 12210321, 1238162, 1238222,
123104221, 1246121, 12481, 14184622, 1418521, 14110181624222,
14110'82614221,14110'8342,141102816'4122,14110282412!, 14110362,
1411038122,14112182622!, 14'121836!, 1411211016242,
141121101814222,14112110%6141, 141121103, 14112263, 141 122816122,
1411228221 14112210142, 1411236, 1428262, 1428322, 142101614222,
142101814221,1421024122, 1421216222, 14212181621, 14212182,
14212222, 1436221,1438161, 14312121, 144, 16182624222, 1683614221,
1618442,16'10'82614122,16'10'8%4121, 161102862, 16! 1028222,
1611034221, 161121816242,16'121824222, 161121101624 12!,
161121101816141,1611211026 12!, 161121028 ,1611226 14221,
1611228142 ,16'12210'4'21,1611416342,161141816'4222, 161141824221,
161141106241, 161141101814122, 1611411026}, 161141121 1014},
1611411216142, 1611424222 ,162634121 1628'624!,162824122,
162106221, 16%21018161,16%2121614121,1621218141,162121 1012},
1621416147, 1636121, 16381,18!836221,18!8%6!,18'10'816242,
181101824222,18'10%62412!,18'1028614!,18'1036!2!, 181 10%8!,
1811216421, 1811218163, 181121826122, 1811218321, 181121101614 22!,
1811211018142, 181211024121, 1811226221, 181122816, 18112321,
18114164,181141816222,18'141826'21,18114183, 1811411016142,
18114110241,18114112143, 18114112162, 1811411218122, 1811426!22,
1811428121, 181161624221, 18116816142, 1811611016141 2!,
18116110814, 18116110221, 1811611214221, 1828143, 1828162, 1828222,
1821014221,18321,20'6%,20'816422,20!82632',20'8%62, 208422,
20110'6342,20110'8'6'4222,20'10'82422!,20'10%2624!,20' 10284122,
+ 20110361,20112164,201121816222,20'121826'21,20' 12183,
2011211016142,20'1211024!,20112262,2011228'22,201123, 2011416322,
201141814321, 201141816221, 20'1418261,20'1411014222,
2011411216'22,20'16'45,20'1616242,201161814222,20' 1611014123,
221644221, 221816342, 22182614222 ,221834221 22110634121,
2211018144, 22110181624!,221101824122, 2211026221, 22110281 6!,
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21124521, 221121624221, 22112181642, 2211211016 14121,
22112110221, 241614%21,241634%27, 2416521, 2418145, 241816242,
24'8164,24'824%22,2418%6222,2484,261215, 2614325, 261423

57: 94723211 95713112 9631 1119272523111 11193715212 1119452,
1129172513211 1129271513112 112935131 11391713232 11391721,
1139232 1145231 131937231 131943212 131947111 13111191715232 1,
131111917252 13111192523112 131112725131 1311129151322,
1311129171511 131113713112 1311139112 1327431 1329172322,
132917311,132927132 132933111 132111715231 1321119152,
13211251311 133723111 133917112 13392 1343112 151927331,
15193713212 151937211 1519432 1511117252321 1511117352,
1511119171523112 151111925231 15111271513212 1511127251,
151112915132 1511137112 15111391, 151131733212 151131741},
151131917232 1511319271311 1511319312 151131111523212,
1501311171521 1511311125112,1511327212, 151132913211 1511329171,
15113331,1527332 15291723111 152927112 15293 1521115232, 1521125!,
152131713211,15213172, 152131913112, 1521321!, 153713112, 1539131,
171745212, 1719172523211 171917352 1719271523112 171935231
17111735131 1711119171513212 1711119172511 171111925132,
17111272311 171112917112, 17111292, 171131725231 1711319152322,
1711309171521 17113111171513111 171130 11t915112 1711311123112,
171132523111 1715171523212 171151725211 171151915232,

171151111 715112 171151119150 17115111231, 1711511315212, 17115252,
17272513111 17291715112 1729251 172111713112, 172111913,
172131513112 172155131, 17332, 1917531, 19191733212 191917411,
191927232 19193713111 1919412 191111725231 1911119152322,
19'11191715211 1911327151311 191112915112 1911133112,
191131733111 191131915311 191131917232 191131923211 1911319271,
1911311115231 191132713112 1911329131 191151533212 191151715311,
1911517312, 1911519171321 1911519172 191151923112 1911511115212,
1911511313311 1911511317131, 19115218 1911717152311 191171915212,
191170111513112 193 211743212 2117511, 211917332 211925331,
21192723111 211937112 21194, 21111155, 2111171523212 211111725211,
211111915232 211112715112 2111129151 21111331, 211131533292,
211131715311 2111317312 21113191713211 2111319172 211131923142,
2111311115212 2111323311 2111515332, 211151723211 211151 73,
2111519134 2111519171312 231715512 231735231 2319155,
2319171523212 23191925211 231925232 7311115431 2311117251311,
231111915133 23111191715112 23111234 25131012 251533512 2515612
251713811 25171533311 2519236 251925331 251733332 571310
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58: 10282624221,10%826'4121,1038341,10%816'22,104822!, 10542,
121854121, 1211018362, 1211018422, 121102824221, 1211036 24!,
12'103814122,1211046", 1228262421, 12283641, 122101816222,
12210'826'21,12%10'82, 1221026 42, 12210%41, 123824 12!, 1231062,
12310'8122, 1246147, 124101, 1418461421, 1418541, 14110836122,
1411018%21,141102624222,14'10281614221,1411028242,14110%6 4122,
141103814121,14110%22, 141121826241, 141121834122, 1411211081 6221,
141211018261, 1411211024222, 141122624122, 1411228614121,
14'1228241,141122101622, 141122101812}, 1411234122 14282614122,
142834121,14%10'8'62, 142108222, 1421024221, 142121624 12!,
14212'816147, 142121016127, 14212110187, 1421224121, 1436241,
143814122 ,14310%6",14%12141,1618%6122,1618521, 1611018624222,
16110'82614221,1611018342,16'102816!4122, 16110282421, 16110362,
1611038122, 161121826221,16'1218361,1611211016242,
16112'101814222 1611211026'41,161121103, 16112263, 161122816122,
16'1228221,16112210'42,16'12%61,16'14'8262, 1611418322,
161141101614222 16'141101814221,1611411024122, 1611411216222,
161141121816121,16114112182,16114112222, 1611426221, 16 11428161,
16114212121,161143, 16281614222, 162824221,162101624!,
16210'814122,1621026!,1621216142,16212110'41, 1621414222, 16364!,
163101, 18183624!, 181844122 18110!826221,18110!836!, 1811026242,
181102814222, 1811036141, 18110%,18112181624122 1811218261412,
1811218341,18112110163, 1812110816122, 181 12110'8221,18112110242,
1811226241,181122814122, 1811221061, 18112341, 181 14181624121,
181141826141,1811411016222,181141 10816121 ,18114110182,
1811412110122, 18114112614 122, 181141121814 121 1811426 14121
1811428141, 18114210121,18'16'6%,18116!8'6222, 181161826!2!,
18'16183,18'16'10'6'42,18116110241,18116'12143,18'161 12162,
1811611218122 1811611416122,1811611418121, 18116242, 18281614122,
182824121,18210143,18210162, 1821018122, 1821216141, 1821414122,
18216123,18341,20'826341,20!83614122,2018%412! 2011016422,
20'10'816321,20'10'8262,20'10!8322,20'10%2614222,20'102814221,
2011034122 20'121634122,2011218'624121,201121826!41,
20'12110'6222,20' 121101816121, 20112110182, 201 122614122,
201122814121,20'12210122,20'141634121,20'141816241,201 141824122,
20114110'6221,20'14110'8'61,20114 112110121, 2011412161412,
. 20'14'1218147,20114%6'4!,20'166%22,20' 161814321, 201681622,
20'161826!,2011611014222,20'1611216122,2011814%22 201181624122,
2018181614121 201 18110125,2216%,221816%22,22182632!,2218362,
2218422 2211016342,22110'81614222, 221101824221, 221102624!,
221102814122 22110361,22112164,22112'816222, 221121826 12!,
22112183 221121106142, 22112110241, 22112262,2211228122, 221123,
221141614322 22'1416322,221141814321, 221141816221, 221141826,
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22'141104222,2416'47,246344, 2416541, 24781614422, 24181634122,
241824421,24182624121,2418%6141,24110146,2411016243, 24110164,
241101814322 24110'816222,24'10'82612%,24110'83, 2411026142,
2614722 261624422 261644122, 281215

§9: 95715112 9651 11193723211 11194713112 1119531 11292715212,
1129352 1139171513112 113925131 114713212 114721!, 1149132,
1319371513211, 131937251 13194513112 131111927231 131111933212,
131111937111 1311271523211 1311127252 1311291523112,
131113513212 131113715111 13111412, 1329172513112 13292715131
132935111 132111723212 1321117311, 132111917132, 132111923111,
1321125211,13371513212 133725111 133915132 1331117112 13311191,
1345112, 1519272513211 1519391513112 151945131 151131917331,
1511192713212 151111927211 1511119332 1511127523112,
151112915231 1511135132 151114, 1513191725131 1511319251322,
1511319275111 1511311117232 151131 11191713111 151131111922,
151132715132 1511329151311 1511321113211 15113211172, 15113350,
152735131 1529171513212 15291925111 152925132 15271172311,
152111917112 15211192, 15213171513111 152131915112 1521311113112,
153715112, 1539151 15311131, 171927331 17193713212 171937211,
1719432 1711172523211 1711117352, 171 1109171523112 171111925231
1711127513212 171112725111 171112915132 1711137112, 171 11391,
171131733212 1711317411, 171131917232 1711319271311 1711319312,
1711311152322 1711311171521, 1711311125112, 1711327212,
171132913211 1711329171 17113331, 1711517332 1711519172311,
171151927112 17115193, 1711511115232 17115111251, 170 151131713211
17115113172 17115 1131913112 17115113210, 171152713112, 1711529131
17271523212 172925211 172915232 172111715112 1721119151 17211231,
1721315212, 17215152, 1735131, 19174513211 1917551 1919173513112,
19192725131 19193513212 19193715111 191111733292 1911117411,
191111917232 1911119271311 1911119312, 191112523212 191112715211,
1911135112, 19113172513212 191131735111 1913191715132,
1911392513111 1911311115312 1911311117212, 1911311119232 ?,
1911311119171 191132715112 1911329151 19113211131 191151725132,
1915191715131 191151925112 19115111171321! 19115011172,
191151111913112 1917151131513211 1911511317151 191152513112,
191171533212 191171715311,19117'7312, 1911719171321 1913719172,
191171923112 1911711115212, 1911711313312, 1911711317113,
1911711513115, 1925411 192725112, 19291513211 192917151 192111331!,
21174513112 21191735131 2119271513272 21192725111 211935132,
2111117332 211111915331 2111119172311 211111927112 21111193,
2111125232 21111351, 211131725132 211131917151311 21113192512,
2111311171321 21113111172, 21113 111913112 211132513211
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2111327152 2111515431 2111517251311 2115191715112 2111519251,
21115111134, 211151 111713112 21t 151t 13, 211151131 5131 2
2111715332 211171923211, 21117173, 2111719134, 2111719 171311 2,
2315632 23172533211 2317353 231743212 2317511 2319171533132,
231917332 231925331 23192723111 231937112 23194 23171155,
2311171523212 231111725211 231111915232 231112715112, 2311129151,
23111331, 231131533212 231131715311 2311317233 2311317312,
2311319171321 231131923112 231131111522 25171543211 2517254,
25173513212 951745111 25191543112 25191725132 95192513392,
2519271513111 2715139 9715434 291930

60: 10%826221,10%83%6',10%6242,104814222 1056141, 108,
12110'82624221, 1211028261412, 1211028341, 121103816122,
1211038221,12110442,1228%62,1228422,12210!824221, 1221026241,
122102814122, 12210361, 123826!21,12310'6142,12310%4!, 12462,
1248122,125,1418%6221,1418%61,14110!826242, 14110834222,
14110281624121,14110282614!,1411036222, 1411038621, 14110382,
141121836122, 1411218421,14112110'624222, 1411211081614 22!,
1411211018242, 141121102614122,141121102814121 14112110322,
141122816221,1411228261,1411221014222, 1411236122, 1411238121,
142826222 142836121,1428%,14210'624%2!,14210!816142,
14210%614121,1421028141,14210%21,1421218162, 1421218222,
14212110'4221,1421226121,1421228!, 143816122, 1438221, 14%10142,
14312161,14422,161836242,1618%4222, 1611018262421, 16110!83614!,
161102816222,161102826'2!,16'10283,16'1036'42,16110%4!,
1611281624222 16'12182614221, 1611218342, 1611211018614 122,
16'12'10824121,16112110262,16'12'1028122, 1611226242,
161122814222 16'12210'6'4!,16'122102,16'12342,16'14 181624221,
161141826142 1611411062422, 1611411018 61412 161141101824,
1611411026122, 1611411028121, 16' 1411211014122, 16114112161 4222,
161141121814221 161142614221,16'1428142 1611421014121,
16281624122, 16282614121, 1628341, ,16210'63, 162101816122,
16210'8221,16210242,16212'624!,162121814122, 162121101 6!,
16212241, 162141614122, 162141814121, 16214110122, 16%62, 1638122,
163121, 181846122, 1818521,18110181624222,18110182614221,
18'1018342,18110281614122,181102824121,18110362, 1811038122,
181121826221, 1811218361, 1811211016242, 18' 12110814222,
181121102641, 181121103, 18112263, 181122816122, 1811228221,
1811221042, 18112361, 1811418262,18'1418322,181141101614 222,
1811411018422, 1811411024122 1811411216222, 181 141121816121,
18114112182,18114112222,18'142622!, 1811428161, 1811421212, 181143,
1811681614222 ,18116'82422!,18'16'10'624!,18'16'101814122,
18116'10%61,18'161 12110141, 18'1611216142,18116'14 14222,
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1811626'41,182816222,182826!2!,18283,18210'6'42, 18210241,
18212143,18212'62, 18212!8122,1821416122, 1821418121, 18216142,
18361,20!836222,20184612!,20!85,20'10!8'624221,20110'826142,
201102624122,20'10281614121,20'102824!,201103622, 2010381 2!,
2011216422,20'121816321,2011218262,20'1218322,20'12' 101614222,
20112'10'814221,2011211024122,20'1226222,2011228'621,20'12282,
20112322 ,20'1416421,201148163,20' 141826122, 2011418321,
20114'10%614221, 2011411018142,2011411024121 2011411216221,
20'14'1218'6!,20114112221,20114243,20114262, 2011428122,
201161624222, 20'16'8'61422!,20'16'8242, 2016101614122,
20116'10'814121,20116110222,20'16'1214222 2011611414221,
20118'614322,20'186322,20'18'81432! 20'18181622!,20'181826!,
2011811014222, 20118112125,203,2216%42, 22181634222 22182624221,
221836142 22110'6%41,22110'81624122, 2211082614121, 221101834!,
22110263,221102816122,2211028221,22110342, 221126342,
2112181614222 ,22112182422!1, 2211211016241, 221121 101814122,
22112110261, 2211226142,22112210'41, 221141624222, 2211418161 4221,
2211418242 22'14'10'6'4122, 2211410184121, 22114110222,
2211411214222 2211616144, 2211616341, 2211681614122, 221161824121,
22116'10143,22116110'62,2416%,241816%22, 241826321, 2418362,
2418422 24110'6342,24110'8'614222,241101824221, 24110244,
2411026241,241102814122,24110323,2411216243, 24112164,
241121814322 2411218%6222,241121826121,24112183,24 11211016142,
241123,261614622 261634322,2616%22,261814621, 26181624321,
261816421, 261826143,2618263,2618325,28142212 2814526 28148
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