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Abstract. In this note, we construct a (39,{5,6,7},1)-PBD. Thus we have a finite
generating set forthe PBD-closed set N§° with at most three inessential elements, where
Ng={1}u{v:v>5}).

The theory of PBD-closure was developed by R. M .Wilson in a series of papers
(see [5], [6], [7] and [8]). Given a set K of positive integers, we denote by B( K),
the closure of K, the set {v : e (v, K, 1)-PBD exists}. A set is a PBD-closed set
if B(K) = K.

Wilson showed

Theorem 1. [8] If K is a PBD-closed set, then there exists a finite set J C K
such that K = B(J).

Such a set J is called a finite generating set for the PBD-closed set K. Wilson
also observed that each PBD-closed set K has a unique minimal generating set
which is contained in every finite generating set of K. Anelementz € K is called
essential in K ifandonly if z ¢ B(K — {z}), or equivalently, z ¢ B({y € K :
y<z}).

It can be quite difficult to determine whether or not a particular element is not
inessential. The following lemma can be of help.

Lemma 2. (4] Let P be a PBD whose smallest block size is at least s and largest
block size is m. Then P contains at least m(s ~ 1) + 1 elements.

Let N° = {1} U{v: v > k}. Hanani proved

Theorem 3. (3] Let K3 = {3,4,5,6,8}, Ka = {4,5,...,12,14,15,18,19,
23,27}, and Ks = K¢ U {32,33,34,39} where K¢ = {5,6,...,20,22,23,
24,27,28,29}. Then K, is a finite generating set for N{° foreachk = 3,4 and
3s.

The fact that K3 is the minimal finite generating set for N5° is an immediate
consequence of Lemma 2. It is also well known (see, for example, [1] and [2])
that K4 — {27} is the minimal generating set for N$°. But for N&°, we do not
know whether the elements of {32,33,34,39} are inessential.
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It is the purpose here to construct a (39, {5,6,7}, 1)-PBD, which implies that
K2 U {32,33,34} is a finite generating set for N§° which contains at most 3
inessential elements.

We assume familarity with standard terminlogy and results in design theory

(1.
Theorem 4. A (39,{5,6,7},1) -PBD exists.

Proof. Remove 6 points from two groups respectively of a TD(7,8) to get a
{6,7,8}-GDD of type 127¢ which contains a unique block of size 8. Remove 5
points from a block of size 6 which intersects the unique block of size 8 at one of
these 5 removed points. Then we obtain a {5,6,7 }-GDD of type 12657, which
implies the existence of a (39,{5,6,7},1)-PBD.

Thus we have

Theorem 5. Let K§ = K$U {32,33,34}, where K¢ = {5,6,...,20,22,23,
24,27,28,29}. Then K is a finite generating set for N§° which contains at
most three inessential elements of 32,33 and 34.
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