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Abstract. An NB[k, \; v] is a B[, ); v] which has no repeated blocks. In this pa-
per we prove that there exists an indecomposable NB[3,5;v] forv > 7 and v =
1 or3 (mod 6), with the exception of v = 7 ard 9, and the possible exception of
v=13,15.

1. Introduction
Let v, k and ) be positive integers. Let X be a v-set (of points). A be a collection
of some subsets of X (called blocks) with size k. A B[k, A; v] is a pair (X,A)
such that every unordered pair of points of X appears in exactly A blocks of A.
If the design has no repeated blocks, then it will be referred to as an NB[ k, X; v].
An NB[k, ); v] will be called indecomposable (or irreducible) if there does not
exist a subset A’, A’ C A, such that A'is an NB[k,);v] for1 < ) < A If
(Y,B)isaB[k,\;nlandY C X,B C A then we say the first design contains
the second design as a subdesign.

Itis known well that the necessary conditions for the existence of anNB[3, ); v]
are

AM(v—1)=0(mod6), Mv—-1)=0(mod2) and I<v-—2.

Therefore the necessary conditions for the existence of an NB[3, \; v] containing
an NB[ 3, \; n] as a subdesign are

Mv(v — 1) =0 (mod 6), Mv—=1) =0 (mod 2)
Mn(n—1) =0 (mod 6), AM(n—-1) =0 (mod2)
v>2n+1, n>A+2
Hanani [5] has obtained the following result:

Theorem 1. There exists a B[3, \; v] if and only if Jv(v — 1) = 0 (mod6)
and AM(v—-1) =0 (mod?2).

Dehon [3] has proved that

Theorem 2. There exists an NB(3, \; v] ifand only if A\v(v—1) = 0 (mod6),
Mv=1)=0(mod2) and A < v-2.

H. Shen [3] has proved that
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Theorem 3. The necessary conditions for the existence of an NB[3, \; v] con-
taining an NB[ 3, \; v] as a subdesign are also sufficient.

Our knowledge of the existence of indecomposable designs about k£ = 3 can be
summerised as follows.

Theorem 4. There exists an indecomposable NB|3,2; v] if and only if v =
0,1(mod3),v > 3 and v # 7; There exists an indecomposable NB[3 ,3; v] if
andonly if v=1(mod?2) and v > 3 (see[1,6 ]); There exists an indecompos-
able NB[3,4;v] ifand only ifv = 0,1 (mod3),v > 10 (see [2]); There exists
an indecomposable NB(3, 6; v] for v > 8 with the exception of v = 9 and the
possible exception of v = 10,11,12,13,15,16 (see [4,7 ]).

Dan Archdeacon and Jeff Dinitz have proved that

Theorem 5. The necessary conditions for the existence of an indecomposable
NB(3, ); v] are also sufficient for all sufficiently large v. (see [10])
In this paper we shall prove the following result:

There exists an indecomposable NB[3, 5; v] forv = 1 or3 (mod 6) andv > 7
with the exception of v = 7 and 9, and the possible exception of v = 13, 15.

It is easy to see that the necessary conditions for the existence of an NB[ 3, 5; v]
containing an NB[ 3, 5; ] as a subdesign are

v=1,3(mod6), n=1,3(mod6), n>7, v>2n+l
Let m = v — n, it is easy to see that m is even. Let

E;={{9,9+3}:9€2,} forl1<i<m/2-1
Em/2={{g'g+m/2}: g=1,2,...,m/2}
Ei(j)={{9,9+i}: g¢g=j(mod2), ge€2Z,} forj=0,1

Let A be a collection of blocks without repeated blocks, we define
d(z,A)=|{A:z€A€cA}|, and
AA be a collection of blocks in which each A € A appears \ times.

2. Indecomposable NB{ 3, 5; v] (or INB([3, 5; v])
It is known that of the 13 non-isomorphic NB[3, 5; 9] designs, all are decompos-
able by W. Harnau (see [9]), and it is clear that there does not exist an NB[3, 5; 7].
In this section, we first construct an INB[3, 5; v] for v = 19,21,25,27,31,
33,37.
LetY ={a:1<i<n}, X={z;:1<i<m},s=x31+32+ -+ Ty,
(Y,B) be an NB[3,);n] and (X UY,A UB UN) be an NB[3, \; v] where
v=m+ nand A is a collection of blocks of X,and NNY # @ forall N € N.
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Theorem 6. If a+ b+ ¢ =0 (mod)) forall A= {a,b,c} € A and (\,(m -
n—1)s/2) =1, Then (X UY,A UB UN) isanINB[(3, ); v].

Proof. Itis clear that forx € X,d(z,A UBUN) = \(v—1)/2 andd(z,N) =
An, so d(z,A) = M(m —n—1)/2. Suppose (X UY,A' UB' UN’) is an
NB[3,)\;v] whereA' Cc A,B'’C B,N'C N,and 1 < )\’ < ) then

dz,A")=XN(m—-n—-1)/2.
Since A’ C A anda+ b+ c=0 (mod)) forall A = {a,b,c} € A so

Y (a+b+o)=N(m—n—1)5/2 =0 (mod ).
{ab,c}eA’

But it is impossible that A'(m — n— 1)s/2 =0 (mod )\) since 1 < A’ < A and
(X, (m —n—1)s/2) = 1. Therefore we have completed the proof.

Theorem 7. There exists an INB(3, 5; v] for v = 19,21,25,27,31,33,37.

Proof. LetY = {a;: 1 <i<n},X =2, (m=v—n). FromTheorem2 we
canlet(Y,B) bean NB[3, 5; v] forn=7,9,13, 15 we then present a collection
of blocks A of X = Z,,, form = 12,16,18,22 and M; for1 < i < n. Itis clear
that (X UY, A UB UN) is an INB[3,5;v] forv = 19,21, 25,27, 31, 33,37
by applying Theorem 6, where

N=|J Ny, Ni={{a,0,b}:{a,b} €M} forl1<i<n
1<i<n

Forv=19,n=7,m= 12, let

A={014 127 249 4511
019 136 258 46 10
023 1311 267 479
028 145 2711 41011
037 1410 2810 56 9
046 168 357 578
0510 1811 3611 59 11
069 1910 3710 68 11
078 235 389 7810
0911 2310 456 91011}
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M={03 12 24 38 56 610
04 15 26 39 58 79
05 17 29 310 510 711
010 110 211 47 67 89
011 111 34 48 69 811}

M={01 12 29 311 57 610
02 13 211 47 510 79
05 16 34 .48 511 710
010 18 36 49 67 89
011 25 39 411 68 810}

M;={0 24 34 48 7 1

6 15
07 17 26 35 59 910
08 19 210 38 611 1011}UE;

M4 =E, UE,UEg Ms = E; UE| U Eg
Ms=FE4UEsUE3;(0) Mj;=EsUFEsUE;5(1)

Forv=21,n=9,m= 12, let

A={1212 235 3710 49 12
136 267 389 57 8
145 2612 4511 68 11
1811 2810 4610 71112
1910 3512 479 91011}

M={12 24 37 412 512 8 10
13 27 38 56 69 8 12
16 29 311 57 611 9 12
17 211 46- 59 710 1011
111 34 48 510 89 1012}

M={17 110 28 211 39 312 47
58 511 69 612}UE; UEs(0)
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My={14 15 18 19 112 23 24 25 29
210 34 36 310 311 48 411 56 59
510 67 68 610 78 79 711 712 812
911 1012 1112}

My=E,UE UEs(0) Ms=E,UB UEs(1) M¢=EsUE3UEs5(1)
M;=E4UE; UEg Mg = E4 U E3UEg My = E; UEs UFEg

Forv=25,n=9,m= 16, let

A'={1212 2315 31012 56 9 61415 91516
1316 2612 31314 57 8 71112 51015
1415 2711 45 6 59 16 71216
1613 2810 48 13 51114 71315
1811 3413 41011 51416 89 13
1910 3814 41016 61014 91115}

A = G(16) \ A’ where
G(16) = {{a,b,c}:a+ b+ c=0 (mod5), ¢,b,c€(1,2,...,16}}

Mi={12 19 111 112 116 26 210 2 11
. 215 34 38 310 314 315 46 48
412 413 56 58 510 515 516 6 7
69 78 711 713 716 89 912 9 13
1015 1016 1112 1114 1214 1314 1315 1416}
My={12 16 18 110 113 24 29 211
214 34 312 313 314 316 4 10 4 13
416 56 57 510 511 515 6 12 6 14
615 79 711 715 716 89 8 11 8 13
814 915 916 1012 1015 1112 1216 1314}
Ms={13 14 17 112 115 23 26 28
212 216 39 313 314 47 48 411
413 59 510 514 515 516 6 10 6 12

613 614 711 7 12 7 14 8 10 8 13 8 14
911 913 916 1011 1015 1115 1216 1516}
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Mi=BE,UE UE(0) Ms=E,UEUE;(0) Ms=E4UE3UE(1)
M;=EsUEUE (1) Ms=EsUEsUE;g My = Es UEs U Eg

Forv=27,n=9,m=18,let

A'={1217 235 3710 5718 61113 9 1417
1316 23 10 31215 58 17 61316 101218
145 2711 31314 59 16 78 15 101317
16 18 28 10 456 51114 71617 101416
18 11 21216 46 10 51213 8 1215 111217
1910 21315 47 9 67 12 81418 111618
11415 34 8 41115 69 15 91318 151718
51015}

A = G(18) \ A’ where
G(18) = {{a,b,c} :a+ b+ c=0 (mod 5), a,b,c € {1,2,...,18}}

M={15 19 111 23 2102 12 3 11 313 46 47
412 510 5 15 6 14 6 16 7 15 7 17 816 817 818
917 918 1015 1114 1213 1316 1418} UE;

M={12 13 18 19 11824 210213 216
37 31031231447 48 412417 56
510513515516 67 69 61261879
718 811 812 815 9 13 9 17 1015 1016 1113
1115 1117 1118 1214 1314 1416 1417 1516 1718}

My={14 110114115117 23 28 29 21
21434 38 31331645 46 411 56
S1051 515610613 61579 78 711
714 7 16 8 14 8 18 9 12 9 16 9 17 1015 1018
1112 1215 1216 1218 1317 1318 1417 1617 1618}

My=(E1\{56,1516}) U{515,6 16} U E5s U E7(0)
Ms=E,UEsUEs(0) Ms=E,UEsUEs(l) M7=E3sUE UE(])
Mg=FEsUEUE My =FEgUE3sUEy
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Forv=31,n=13,m = 18, let

A={127 235 3517 41115 68 16 8 1017
136 249 37 10 41214 69 15 8 1314
14 5 2518 39 13 41318 61113 9 1016
16 18 26 12 31012 41417 61118 101114
18 11 28 10 31116 56 14 78 15 101213
19 10 29 14 31215 57 13 79 14 111316
11217 21112 31418 58 12 71018 121518
11316 21315 45 16 58 17 71117 131517
11415 21617 46 10 59 11 71216 141516
11618 34 8 47 9 67 17 89 18 151718}

My={12 215 316 48 510 711 9 13 1114 1317
13 216 317 410 612 89 9 17 1115 1318
14 217 318 56 613 811 1011 1213 1416
15 218 46 57 614 815 1015 1214 1418
17 315 47 59 78 912 1017 1216 1618}

M,={18 23 34 412 516 610 8 14 1018 1314
19 24 311 413 518 715 9 12 1112 1417
110 26 313 510 67 716 9 15 1117 1516
111 27 314 514 68 718 9 16 1217 1617
113 28 411 515 69 813 1015 1218 1718}

My={112 210 36 415 511 615 713 818 1013
114 211 37 416 512 616 714 911 1014
115 213 38 417 513 617 812 917 1016
117 214 39 418 515 712 816 918 1118 }UE,(0)

My=FE,UE3sUE;(0) Ms=E,UE3UE;(0) Ms=E;,UE UE;(1)
M, = E4UE3 UE;(1) My =E¢UEs UE (0) My = EsUEsUE;(1
Mo=EUEUE(l) Mi=EUEBUE Mi2=E4sUEUE
M3 = Es UEsUEy
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Forv=33,n=15,m =18, let

A={127 2310 3715 41318 61118 9 1516
136 2518 3913 41214 61217 101114
18 11 29 14 4516 57 8 71617 101213
11316 21112 4610 59 11 81215 101718
11415 35 17 479 68 16 81418 131517}

Mi={19 24 34 48 513 614 718 9 12 1216
110 28 311 415 514 615 89 1015 1218
112 213 314 417 515 710 810 1113 1416
117 216 316 56 67 711 813 1115 1417
118 217 318 512 69 713 910 1117 1618}

M;={14 26 38 411 613 714 917 1016 1314
15 215 312 510 712 817 918 1116 1518 } UE; U E1(0)

My=EUEUE(0) Mi=EUEUE(0) Ms=E;UE; UE7(0)
Mg=E34UEBUE7(0) M;=EsUE{UE(1) Ms=E4sUEFE;UE;(1)
My =E4UEsUE(1) Myo=Es UEUE(1) Mn = EsUBE; UE;(1)
M2 = Eg UEs U Ey Mps=E¢UEsUE)y Mis= EsUEs UEy
Mys = E3 UEs UEy

Forv=37,n=15,m=22,let

A={127 235 3715411155 1921 71320 9 1922
1217231038194 11206 7 12 71721 101114
136 249 3918412196 7 17 81017 101213
145 2622310224 13186 8 16 81121 101416
1410281031017 4 1422 6 9 10 81418 101619
1514281531116 4 1521 6 9 20 81517 101822
168 211123 1220 5 6 19 6 1118 82022 111222
17222 1117 3 1319 57 13 6 1217 81314 111321
18112 1216 3 1522 5 7 18 6 1321 81819 111519
19102 13153 1621 5 8 12 6 1420 91516 121419
1 1222 2 1419 4 516 5 9 11 6 1519 91318 121617
1 1316 2 1820 4 6 155 9 21 7 8 20 91417 121820
1 14152 162247 9 S5 1114 7 1018 91521 131517
1 1821 3 4 13 47 14 5 1322 7 1122 91620 141516
11920 3 5 12 4 1021 5 1822 7 1221 91719 142021
131720 161821 161920 171820 172122}
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M={13 24 37 41752 79 9 11 1116 1314 1520
1122 5 3 11 4 18 6 10 710 9 12 1120 1319 1622
1152 6 31456 6 14 716 1013 1213 1417 1719
116 29 31758 621 89 1015 1218 1421 1718
119 2 2148 51078 816 1113 1215 1518 1922
422 1819 2021 2022 2122}

Mpy={1132 1434 48 516 613 714 8 21 1012 1214
11821838 4175 17 616 716 9 12 1019 1215
11721939 419520 622 719 9 13 1020 1316
1202203 2051046 711 89 9 14 1117 1322
1212213215156 11 715 812 1011 1118 1422
1518 1522 1618 1722 1921}

M3={19 27 36 412 515 618 813 9 22 1021 1119 1520
111 213 314 416 517 719 822 1020 1221 1617 1418}
UE, UE (1)

My={F; U Ey U E3(0) U E;(1) U B} \ A where

A={310,4 15,1820}, B={318,420,10 15}

Ms=E; UEj o UEy(0) M¢=E4UEyjUEy(0) M;=EsUEsU E;(0)
Mg=E3UE7UE7(0) My=EsUE;UEs(0) Mpo=EsUEUEy(1)
Mn=EsUE UEy (1) Mp=E3UEsUE;(1) Mp=E)UEyUEs(1)
Mis=Es UE3 U Ey Mis=E¢ UE3 UE),

It is easy to see that if NB[ £, ); v] contains an INB[ &, \; n] as a subdesign
then the NB[k, \; v] is also indecomposable. From Theorem 3 there exists an
NB[3,5; v] containing an NB[3,5; 19] as a subdesign for v > 39 andv =
1,3 (mod 6). From Theorem 7 there exists an INB[3, 5; v] for v = 19,21,25,
27, 31, 33, 37. Therefore we have

Theorem 8. There exists an indecomposable NB[3,5; v] forv = 1 or 3 (mod 6)
and v > 7 with the exception of v = 7 and 9, and the possible exception of
v=13,15.
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