Embedding partial triple systems

A.J.W. Hilton

Abstract. We discuss the problem of embedding a PTS(n,A}

(a partial triple system on n vertices with index A ) in a
TS(n,A) (a triple system with n vertices and index A )
whenever t 1is admissible and t22n+1. We bring out the
close connection between this problem and various edge-colouring
problems. The work described is mostly due to the author

and C.A. Rodger.

Introduction. A partial triple system of order r and index A

(a PTS(n,X) )} 1is a collection of triples of elements of an n-set
such that each pair of elements is in at most A of the triples.
If each pair of elements is in exactly XA triples, then we have

a triple systém (a TS{(n,x) ). It is well-known that these

exist if and only if n23 and

an (n = 1) 0 (mod 6)
and

A(n-1) £ 0 (mod 2),

When n and A satisfy these congruences, we call n admissible
(with respect to A ). A PTS(n,1) is usually called a

partial Steiner triple system, and a TS{n,1) 4is a Steiner

triple system.

The problem of embedding PT{(n,A}'s finitely has quite a long

history. In 1871, Treash [4]) proved that a PTS(n,1) could be
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embedded finitely; her interest in this stemmed from universal
algebra. In 1975, Lindner [11) showed that a PTS(n,1) could be
embedded in a PTS(t,1) if t = 6n+3, and he conjectured that
the embedding would always be possible if t22n+1, t admissible.
The best possible result to date on embedding PSTS(n,1)'s is
due to Andersen, Hilton and Mendelsohn {1] in 1980, who showed it
is possible when t24n+1, t admissible.

A slight generalization of Lindner's conjecture is:

Conjecture 1. A PTS(n,A) can be embedded in a TS(n,})

whenever tz2n+1, t admissible.

The number 2n+1 here would be best possible. Recently

Rodger and Stubbs [12) and Stubbs [13) showed that

Conjecture 1 is true for Lz4n  lexcept possibly if ng14 when A
is even). The most recent progress on this conjecture has been
by Hilton and Rodger [8], who proved Conjecture 1 in the case when
4]x.

The method employed by Hilten and Rodger is quite different
to any of the earlier methods. Our object here is to give the
reader some idea of the main features of this method, as well as
to explore what needs to be done to extend this method to the cases
222 (mod 4) and A = 1.

The method of Hilton and Rodger is derived from a method used
successfully in the theory of embedding partial latin squares.

On the one hand, we look for an embedding theorem analogous to the
theorem of Cruse [2] on embedding partial latin squares; on the
other, we try to imitate the very simple proof of Cruse's theorem

due to Hilton using the theory of outline latin squares (see [51).



This method has been used successfully in some other contexts,
notably in Hamiltonian decempositions of complete graphs

(see [B], [7]).

Cruse's theorem.
It would be out of place in this short article to go into the
theory of 'Outline Latin Squares’' (but see [5]). However, we

shall state Cruse's theorem. An r x s partial latin rectangle

on n symbols O4s+04,0, 1s an r x s matrix in which some of
the cells contain one symbol (others possibly remaining empty]) and
no symbol occurs more than once in any row or column, A txt
latin square is a t x t matrix on t symbols °1""'°t with
a symbol in each cell such that each symbol occurs once in each
row and column.

Cruse [2) proved the following theorem,

Theorem 1. An r x s partial latip rectangle R on the symbols

01,....on can be extended to a t x t latin square on the symbols

°1""'°t with the empty cells in R being filled with the new

symbols °n+1"'°’°t if and only if

(i) NS (rs + sn + nr) - t (r+s +n -t)

and
(ii) NU(k] Z2r+s -t (1sksn),
N;(il 2s+n-t (1sisr),
N()2ner-t¢ (1sjss),

where N 1is the number of cells of R which are occupied,

Notk] is the number of cells of R containing the symbol O

NC(i) is the number of occupied cells in row i, and Nc(J] is

the number of occcupied cells in column j.




Cruse's theorem has the following corollary, due to Evans (3].

Theorem 2. An n xn partial latin square on n symbols

°1""‘°n can be embedded in @ t x t 1latin square on the

t symbols Opreesslys whenever tz22n,

Proof. In Cruse's theorem, put r = s = 0, Ltet f(t,n) =
t? - 3nt + 3n2. Then condition (i) becomes N $ 3n% - t (3n - t)

of of _ .3
f(t,n). However, 3 2t - 3n, so I 0 when t 3 n.

Therefore, for t22n, n fixed, f(t,n) is minimal when ¢t = 2n,

and so we have
Nsn? = f(2n,n) s flt,n).

Thus condition (i) is vacuous.

Similarly the condition No(k) z2r+s -t is vacuous, for
we have Nolk] 2022n-t when t22n, and the other parts
of (ii) also become vacuous. Theorem 2 therefore follows from

Theorem 1.

1wo analoguues of Cruse'. thueorem?

In this section we give two conjectural analogues of Cruse's
theorem, one for the problem of embedding a PTS(n,Al when A
is even, the other when A = 1.

Given a PTS(n,A) T, let N(v) dencte the number of
triples containing the element v. Let G denote the multigraph
obtained from T with vertex set consisting of the set V(T) of
elements of T, and with each pair of vertices a,b joined by
A - x edges, where the pair a,b of elements are in exactly x

triples of T.

"



Ltet G° be the regular multigraph of degree  A(t - n)
cbtained fram G by adjoining %{ A(t-n) - dG(vl} loops
at the vertex v, for each v€ V(G) [(here a loop counts two
towards the degree; it is easy to show that A(t - n) - dG(v]

is evenl.

For A even, we make the following conjecture:

Conjecture 2. Let A be even. A PSTS(n,A) S can be

embedded in a TS(n,A) without inserting any further triples

on the elements of S if and only if

(2.1) t is admissible,

(2.2)  N(v) 2 2A(2n - t = 1) (V vEV(s)),

N

(2.3) nev) s (57 . oy - 1 tten))
vzvts) ( 2 ) 2 2

(2.4) 6° contains na component with exactly one loop,

and, if t - n = 2, Go contains no component

with an odd number of loops.

It is shown in (8] that if S can be embedded, then conditions
(2.1) - (2.4) are all satisfied. It is the converse which is
difficult to prove. The difficulty seems to lie mainly in
dealing with condition (2.4) about the components of 6°.

For the case when 4|k, we give in the next section the very

close approximation to Conjecture 2 which we were able to prove.
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For A = 1 we make Conjecture 3 below. Note that a proper
edge-colouring of a graph G is a map ¢ : E(G) ——*(C, where
E(G) is the set of edges of G and C is a set of colours, such
that no two edges with a common vertex receive the same colour.

G is r - edge-colourable if it has a proper edge-colouring
with r colours. Kindly note that later on we shall need other

kinds of edge-colourings.

Conjecture 3. A partial Steiner triple system S of order n

can be embedded in a8 Steiner triple system T of order t without

adding any further triples on the elements of S if and only if

(3.1) t is admissible,

(3.2) Nlv) 235 (2n -t - 1) (v vev(s)),

N| =

t-n

(3.3 0s (5

. (g)-%(t -n)n-§ NV S 3t -n),
vEV(S)

(3.4) G is (t - n) - edge-colourable,

(3.5) &°

has no components of even order with two loops.

In Section 7, we show that if S can be embedded in T
without adding any further triples on the elements of S, then
S satisfies conditicns (3.1} - (3.5). Notice also that
condition (3.4), that G be (t - n) - edge-colourable, is
a different kind of condition to any of the cenditions in
Conjecture 2, The problem of deciding whether a simple graph G

has chromatic index A4(G) or A4(G) + 1, where A(G) is the



maximum degree of G, is known [10] to be NP-hard. Nonetheless,
if Conjecture 3 is correct and can be proved, it would still be a

very useful theorem.
We remark that, although (3.5) is not a conseguence of

{3.1) - (3.4), there are some conditions very similar to (3.5)

which are consequences of (3.1) - (3.4).

Remark. If S and t satisfy conditions (3.1) and (3.4)

then

(3.5a) if t - n 23, then, for each component J of Go

with fewer than % (t - n) loops, no vertex of J

has more than half the loops on it,

(3.5b) if n 1is odd then 6° has at least one

component of odd order; any component of odd order

has at least % {t - n) loops.

Note that, specializing (3.5a), we have that if t - n2 3,

then no component of 6° has exactly one loop.

We also remark that the lower bound in (3.3) is the analogue
of the inequality (2.3). The upper bound in (3.3) actually
says very little, and there is no analogue for it in Conjecture 2.
In fact the only time when it is necessary to have the upper
bound in (3.3) is when t - n 2 5 (mod 6). In all the other
cases, the upper bound in (3.3) is either obvious, or is implied

by (3.4) (or rather (3.5al).
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In much the same way that Cruse's theorem implies that

a partial n x n latin square on symbols Ogreees @ cC2N be

embedded in a t x t latin square on symbols 01,..., o, whenever

t

t 2 2n, Conjectures 2 and 3 would imply Conjecture 1 when 2|2,

or when A

= 1, respectively, We omit the details here.

Embedding a PTS(n,A) when 4|2,

In the case when 4|\ we have managed to prove a theorem very

similar to Conjecture 2; the theorem provides good evidence for

Conjecture 2.

Theorem 3.

Let 4|x. A PTS(n,A) S can be embedded in a

TS(t,A) without inserting any further triples on the elements

of S if

(4.1)

(4.2)

(4.3)

(4.4)

t 1is admissible,

N(v) 2 % A(2n -t - 1) (v vE(S)),

Enevy s a ({5 « () - 2n (e - nd) -k (S,n) - K (S,n)
VEV(S) 2 2 2 ° e

Go contains no component with an odd number of

loops unless there is a vertex in the component

with 2 2 1leops on it; if n - r € {2, 3},

then GO contains no compocnent with an odd

number of loops.



Ko and k1‘ are small numbers whose definition is too
complicated to be worth giving here; if there are no compcnents
with an odd number of loops, then kD = K1‘ = 0.

The main point of difference between Theorem 3 and
Conjecture 2 is the more restrictive nature of condition (4.4)

compared with condition (2.4).

Theorem 3 implies the following solution to Conjecture 1

when 4|A.

Theorem 4. Let 4|n. A PTS(n,A) can be embedded in a

TS(t,A) whenever t 2 2n +1 and t 1is admissible.

The proof is very much like the deduction of Evans' theorem
from Cruse's, although a bit more complicated. The details

are omitted.

An edge-colouring problem.

In this section we describe an edge-colouring conjecture,
Conjecture 4, below. Its solution is not in itself strong
enough to prove Conjecture 2. Nonetheless the difficulty in
the proof of Conjecture 2 which would remain once Conjecture 4
was proved, seems to be of much the same nature. Thus it seems
likely that a proof of Conjecture 4 would yield a proof of
Conjecture 2.

Before stating the conjecture, we give a number of
definitions; an apology for them might not be out of place,

as they are not all strictly necessary to state the conjecture,



but arise from the way that C.A. Rodger and I managed to prove
Theorem 3. Qur terminology here differs from the standard
terminology.

A normal graph consists of edges (possibly multiple) and
loops; loops count two towards the degree of a vertex.

A half-loop counts one towards the degree of a vertex;
two half-loops can be combined to form a loop.

A graph consists of edges (possibly multiple) and half-loops.
There may be an odd number of half-loops at a vertex, so it may
not be possible to form a normal_graph from a graph by combining
half-loops together in pairs to form loops. Given a normal
graph 6, we can replace each loop by a pair of half-lcops and
thus form a graph G°*; speaking loosely, we may simply refer
to these as the half-loops of G.

A split-loop-colouring of a graph G 1is a function

Yy : E(G)U L‘(G] —> ¢ , where ¢ 1is a set of colours,
and E(G) and L‘(G) are the set of edges and the set of
half-loops of G, respectively. The name split-loop-colouring
draws attention to the fact that if o i: & normal graph, then
each loop of G 1is split into two half-loops, and each of these
receives a colour; the two colours may or may not be the same.

A A - half-loop-factor of a graph is a subgraph which is

regular of degree AX.

A ) - half-loop-factorization of a regular graph H of

degree X\ is a decomposition of H into x X - half-loop
factors. Note that a A - half-loop-factorization of a normal
regular graph G of degree X\ 1is a kind of split-loop-

colouring of G.



A split-loop-colouring with Kk colours c1,...,ck is
equalized (on the edges) if, for all i, j€ {1,...,k}, i = j,

e b = leglls,
where, for 1sisk, C1 is the set of edges of colour ci (loops
or half-loops are not included in Ci).
A split-loop colouring is skew-free (on the half-loops) if,

at each vertex v, not more than half the half-lcops at v get

the same colour.

Conjecture 4. Let A be even and x 2 2, Let H be a normal

regular connected graph of degree xA\. Then H has an

equalized skew-free A - half-loop-factorization if and only if

(1) when x > 2, H does not have exactly one loop,

and

(11) when x = 2, the number of loops of H is even.

The connection between Conjecture 4 and Conjecture 2 is
discussed in detail in (9].

Conjecture 4 is proved in a number of special cases in (8].
One particular special case of interest, which we cannot at the
moment deal with, is when X = 2, x =3 and H 1is a normal
connected regular graph of degree 6 with three loops, all on
different vertices. The problem in this special case may be
changed slightly by removing the three loops (on, say, Vyr Vo

and v3] and replacing them by three edges, say e1 = v1v2.
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e = v3v1. We then wish to 2-factorize the

2 " V2¥3r &
resulting normal graph, with the three edges e, 82' 33 each

lying in a different 2-factor.

An alternative formulation of the embedding problem when X is

even.

We may think of a TS(t,A) as a M (that is a complete

graph on t vertices, with each pair of vertices joined by A
edges) with the edges coloured so that there are three edges
of each colour, the three forming a K3. We can form an
amalgamated TS(t,A) by amalgamating t - n vertices, forming

a new vertex Q (the source vertex, or amalgamated vertex);

in this amalgamation, t - n vertices are identified, but all
the original edges and colours remain, A (t;"] of the
original edges becoming loops on ( (a more formal definition
may be found in (8] or (9]).

If A is even, the amalgamated TS(t,A) has the following

properties, (Pi) - (Py).

(Pi) Each vertex has degree X (t - 1), except
(if n<t - 1) for Q, which has degree

At -1) (t -n)

(P11) 0 has A (“2") 1loops on it;

(Piii) The number of edges between x and vy

(x = y) is d(x)dly) .

Alt - 1)



Litiv)

(Pv)

he culourea triangles become one of the following

four types:

b 0 \

9

AN

These four types of triangle are called 3-triangles,
2-triangles, 1-triangles and O-triangles, respectively.
Now we give a definition of G and 6° which is
quite different from the earlier definition. Let G be
the normal graph formed from the vertices other than Q,
and from the edges of all the 1-triangles which are
not incident with Q. Let Gu be the normal graph
formed from G by adding loops so as to make a regular

normal graph of degree A (t - n).

No connected component of Go has exactly one loop,

and, if t - n = 2, then no connected component of G0

has an even number of loops.

We also define a quasi TS{t,A). An edge=-coloured normal

graph with a vertex Q and n other vertices, with three edges

of each colour, the three edges forming a 3-, 2-, 1-, or

O0-triangle, and satisfying (Pi) - (Pv), is called a quasi

TS(t,A).
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Conjecture 5. If t 1is admissible and 4 is wven, Lhen

a quasi TS{t,A) is an amalgamated TS(t,A).

In other words, a quasi TS(t,A\) can be ‘undone’ or
‘de-amalgamated' so as to produce a TS(t,A).
In [(8) we showed

Theorem 5. Conjectures 2 and 5 are equivalent.

The main idea here is that if we are given t and a PTS(n,2)

so that (2.1) - (2.4) are satisfied, we can make a quasi TS(t,})
by adding a further vertex 0Q and the required number of
coloured edges forming coloured triangles of the various types,
the triangles of the PTS(n,A) being the O-triangles of the
quasi TS(t,A).

In view of Theorem 5, we can switch our attention away from
the embedding problem to the conceptually much more vivid problem
of proving Conjecture 5. This is the approach we adopted
successfully in proving Theorem 1 (although we had there to
consider pseudo TS(t,A)'s whose definition is similar to, but

not the same as, that of quasi TS(t,A)'s).

A discussion of Conjecture 3.

Conjecture 3 has the greatest potential importance of the
various conjectures and theorems of this paper, since it concerns
the most basic structure, namely that of a Steiner triple
system (so A = 1),

We show first that conditions (3.1) - (3.5} are necessary

for the embedding of a PTS(n,1) in a TS(n,1).



Theorem 6. If a partial Steiner triple system S of

order n can be embedded in a Steiner triple system T of

order t without adding any further triples on the elements

of S, then conditions (3.1) - (3.5) are all satisfied.

Proof. Conditions (3.1), (3.2) and the lower bound in (3.3)
are proved in Theorem 4.3 of [8].
It is easy to see by counting that the number of triples

of T on the vertices of V(T) ~ V(S) is

t-n n 1
5 s Q) -zte-ma - Nnu.
VvEV(S)
But the number of triples of T on the vertices of V(T) ~ V(S)
is at most wu(t - n). This establishes the upper bound in

(3.3).

The (normal) graph G is formed by joining two vertices
v, and vy by an edge if they are not in any triple of S.
Let CqreresCy_o denote the vertices of V(T)} ~ V(S).

Then any edge v of S is in a triple {v1,v2,cj} of T.

1Yz
If we colour the edges of G so that each edge LA receives
the colour cj corresponding to the triple the edge is in,

then a proper edge-colouring results. Thus G is (t - n)-

edge-colourable; this proves (3.4).

Finally suppose that Bo does have a compocnent J of even
order with two loops. Let the vertices upon which these two

(possibly v, = v ).

loops lie be v and v 1 2

1 2
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If v, = v then in any edge-colouring of G with t - n

1 2
colours, the same two colours, say ci and cj, are missing
from vy and Vye Consider the edge-colouring described above
corresponding to the triple system T. The only pairs {v, cl,
with V€ V(J) and c€ V(T) ~ V(S), not included in the triples

of the form {v1, Voo c} with v, v2€ V(J), c€ V(T) ~ V(S),

1
are the pairs [v1, ci}, (v1, cj}. (vz. ci}. (vz. cj}.
But the only triple of T that {v1, ci} and {v1, ci} could

be contained in is {v1. c., cj). and similarly, (VZ’ ci)

i
and {vz, cj) could only be in the triple (vz, ¢ cj}.
But then {ci, cj} would be in two triples, a contradiction.

Therefore G0 can have no component of even order with two loops

on distinct vertices.

If vy TV, . SO that Y4 has two loops on it, then G
cannot be edge-coloured with (t - n)} - colours, contradicting
(3.4). For in any such edge-colouring, four colours would be
missing at v, ;  since [v(J)| is even, each such colour must
be missihg from some other vertex, which is impossible since
each other vertex has degree (t - n). This proves (3.5)

and completes the proof of Theorem 6.
Finally we prove the remark after Conjecture 3.

Proof of (3.5a)} and (3.5b).
Suppose that S and t satisfy (3.1) and (3.4).
1f 6° had a component J with fewer than % (t - n) 1loops

altogether, but with a vertex Vo with more than half the loops



of J on it, then in any (t - n) - edge-colouring of J, some
colour would occur on an edge at each vertex (so that |V(J]|
would be even), whereas some other colour would cccur at each
vertex other than Yo (so that |V(J)| would be odd).
But |V(J)| cannot be both even and odd. This proves (3.5a).
Since t 1is admissible, we have t = 1 or 3 (mod 6), so
t is odd. It follows that % (t - n) is an integer when n is
odd. Since |V(G®)] = n, if n is odd, then G° clearly
has a component J of add order. Since J can be (t - n) -
edge~-coloured, and since IV(J)[ is odd, each colour will be
missing at at least one vertex. Since there are (t - n)

colours, in 6° there must therefore be at least % (t - n)

loops.
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