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Abstract

Gracetul graphs were first studied by Rosa [17]. A graceful labeling f
of a graph G is a one-to-one map from the set of vertices of G to the set
{0.1,---,|E(G)|}. where for edges xy, the induced edge labels | f(x) —
f(y)| form the set {1,2,---,|E(G)|, with no label repeated. In this paper,
we investigate the set of labels taken by the central vertex of the star in the
graph Ky .,,,. 1 & C,, for each graceful labeling. We also study gracefulness
of certain unicyclic graphs where paths P3, P, are pendant at vertices of the
cycle. For these unicyclic graphs, the deletion of any edge of the cycle does
not result in a caterpillar.

JCMCC 109 (2019), pp. 105-127



1 Introduction

For a simple graph G = (V, E), a graceful labeling f is a one-to-one map from
V to the set {0, 1, --- . |E(G)|} such that when an edge zy is assigned the label
|f(x) — f(y)|, the resulting edge labels are distinct and form the set {1,2,...,
|E(G)|}. A graph G which admits at least one graceful labeling is a graceful
graph. The notion of graceful labeling was introduced by Rosa [17] and used to
attempt to resolve the conjecture of Ringel [16] that states that given any tree T°
with n edges, the complete graph K3, 41 can be edge-decomposed into 2n + 1
copies of T. Rosa [17] showed that if a tree T' with n edges is graceful, then
Ko, 41 can be so edge-decomposed. Thus Ringel’s conjecture is reduced to prov-
ing gracefulness of all trees.

Besides trees. gracefulness of other types of graphs has also been investigated.
Gallian’s extensive survey [10] presents details for cycle-related graphs, product
related graphs, complete graphs, disconnected graphs and joins of graphs. In this
paper, we study gracefulness of certain unicyclic graphs.

Several authors have investigated gracefulness of unicyclic graphs. Rosa [17]
proved that the n-cycle C,, is graceful if and only if n is congruent to 0 or 3
modulo 4. Truszczynski [18] conjectured that the non-graceful unicyclic graphs
are only cycles C,, with the size n congruent to 1 or 2 modulo 4. Doma [7], in his
master’s thesis, investigated the gracefulness of some unicyclic graphs where the
cycle has up to 9 edges. Barientos [5] proved that a unicyclic graph in which the
deletion of any edge on the cycle results in a caterpillar is graceful. Bagga et al.
[1,2, 3,4, 14] investigated algorithms to generate all graceful labelings of several
classes of unicyclic graphs. In this paper, we study properties of graceful labelings
of a class of unicyclic graphs, gracefulness of certain classes of unicyclic graphs.

The organization of the paper is as follows. We present definitions and nota-
tion in Section 2. In Section 3 we give a summary of the related known work on
unicyclic graceful graphs. In section 4 we discuss the set of labels taken by the
central vertex of the star in the graph K7, -1 @ C,,. In section 5, we study the
gracefulness of certain unicyclic graphs with pendant P,’s and P3’s attached to
vertices of the cycle, where the deletion of one edge of the cycle does not result in
a caterpillar. We build software code to visualize our graceful unicyclic graphs in
the tool Graphviz in the section 6. Section 7 presents a summary.

2 Definitions and Notation

In this section, we give definitions and notation used in the paper. For all other
standard terminology, we follow Diestel [6]. We consider only connected graphs.
Unicyclic graphs are graphs with exactly one cycle. For uniyclic graphs, the num-
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ber of vertices is equal to the number of edges. A C,,-unicyclic graph is a uni-
cyclic graph where the cycle has n vertices, n > 3. A caterpillar is a tree that
is a Py, a /% or has more than two vertices and the deletion of its leaves re-
sults in a path. This path is called the spine of the caterpillar. A caterpillar R
with spine £, = vyv; -+ v, is also denoted R(vyvy -+ - vn-1). A cycle with a
pendant caterpillar is obtained by identifying a vertex of the cycle with a leaf of
R(vgv) -+ - v, 1) that is adjacent to vy (or v, —1).

Rosa [17] defined four types of labelings (he called them valuations) to study
graph decompositions of complete graphs into isomorphic subgraphs. For our
purposes, we only need two of these: a-valuation and 3-valuation. We define
these below. For a graph G := (V, E) and a one-to-one mapping f : V(G) —
{0,1,- G)}, we define an induced mapping on the edge set of G as follows:
for anedoe U/of(" f(ry) = |f) = f(y)l

e f as above is an o-valuation of G if there exists a label [ in L = {0, 1,
.-+ |2(G)|} such that for each edge xy, we have either f(z) <1 < f(y) or
f(y) <1 < f(x). 1 has been called the critical value by Figueroa-Centeno
et al. [8]; while Mavronicolas et al. [13] used term strength of the labeling,
and they used the name strongly graceful labeling for an a-labeling.

e [ isa.3-valuation of (i if the induced edge labels are distinct. A 3-valuation
is also called a graceful labeling. We observe that an -valuation is also a
3-valuation.

Rosa [ 17] proved that every caterpillar has an c-valuation. Since we shall use
Rosa's canonical graceful labeling of a caterpillar, we describe it next. Suppose
R is a caterpillar of order p. If p == 2, then label the vertices 1 and 0. For p > 3,
let R = R(vyvy ---v,.1) (n > 1). Partition the vertices of R in two partite sets
A and B where A consists of vertices that are at an even distance from wvg, and
B consists of vertices that are at an odd distance from vg. Clearly v; € A for
even i and ©; € B for odd 7. Label vy with label p — 1. Label the neighbors of
vo with labels 0,1, 2 - - -, such that the neighbor v; gets the largest of these labels.
Label the unlabeled neighbors of v; with labels p — 2,p — 3,p — 4, - - - such that
the neighbor v, gets the smallest of these labels. Continue in this fashion until all
vertices have labels. This process assigns consecutive labelsp—1,p—2,p—3, - --
to vertices in A, and 0,1.2.--- to those in B. It is easy to check that this results
in an cv-valuation and hence a graceful labeling. In figure 1, we present the Rosa’s

canonical labeling of a caterpillar, d; is the degree of v;, t = Z“” /2 g,
[1/2] when nis even and f - L!(':, WL, - |n/2] when n is odd.
In the figure 2. we present an example of a graceful labeling obtained after

a canonical labeling. We next discuss some graphs that are constructed by iden-
tifying some vertices of two vertex disjoint graphs. Let G and H be two vertex
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Un-1

Caterpillar R(vg,v1,V2, """ ,Un—1)

p -1 p—2 J_P—.dl‘ el
0 1 ' (lu -1 d() ' t
Canonical labeling of R(vo, V1,2, , Un—-1)

Figure 1: Canonical labeling of R(vo, v1,v2,**,Vn—1)

disjoint graphs. For a vertex 2: of G and a vertex y of H, G(z) & H(y) denotes
the graph obtained by identifying a with y. Thus the vertices of G(z) ® H (y) are
those of G and H except  and y, and a new vertex z. G(z) @& H(y) has all the
edges G and H that are not incident at 2: or y. The edges incident at z come from
those edges in G and H that are incident at x or y.

1 8 8
o| "/ |2
D20 420 2617
8| |4
9 5

Figure 2: Graceful labeling obtained after canonical labeling

More generally, given a cycle C',, = (y1,Y2, -, Yn) and n graphs H; (i =
1,2,---,n), the graph C,, @ (H1(y1) : Ha(y2); -5 H,.(y»)) is obtained by iden-
tifying each vertex y; of the cycle to a vertex of the graph H;. If y; is a peripheral
vertex of H;, then the notation is simplified to C,,®(H1; Hz; -+ -; His Higpy0e0 5 Hy)
when the peripheral vertices are indifferent. In figure 3, we present a unicyclic
graph obtained by identifying an end vertex of a caterpillar R; and a vertex of the
cycle Cy. Similarly in case of paths, the notation C,,®(Pa(y1); Pa(y2); - - 3 P2(yn))
is simplified to C,, ® (Py; Pa; - - - ; Pa).

3 Known results

Several authors have published results dealing with the gracefulness of graphs
with at least one cycle. We focus our work on unicyclic graphs. In 1984, Truszczynski
[18] proved that for two graphs G and H with disjoint set of vertices, if G is
graceful under some graceful labeling f, v € V(G) and f(v) = 0, and H has a
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Caterpillar R, Cycle Cy Ry(z6) ® Cy(yy)

Figure 3: Ry (x6) ® C3(y1)

a-labeling i, w € V(H) and h(w) = 0, then G(v) @ H(w) is graceful. In figure
4, we present an example of the graceful graph described by Truszczynski [18].
Truszezynski also studied gracefulness of unicyclic graphs where a caterpillar or
a path is attached on a vertex of the cycle. He stated without proof that the uni-
cyclic graph C,, 3 R(u), where u is a vertex adjacent to a peripheral vertex of the
caterpillar i, n > 3, |[V/(R)| > 3, is graceful. He also stated without proof that
the graph C,, & P,,(u), where w is a peripheral of the path P,,, n > 3, m > 2, is
graceful.

1 0 4
N g E
5 2 21
0 3 Bisatsai3 o 4 3 7 2
3]
2
Graph G with a graceful labeling f Graph H with a a-labeling h
f(v).=0 h(w) =0
2
TR EY A J Y, P SO
6 I | 8 3 I
1 8—2 6

The graph G(v) ¢ H (w) obtained is a graceful graph.

Figure 4: Graceful graph obtained from a graceful graph G and a graph H having
a a-labeling

Later in 1991, Doma [7] showed that all unicyclic graphs with size up to nine
are graceful. He worked on C',-unicyclic graphs, 3 < n < 9, with one caterpillar
attached to a vertex or with two caterpillars attached to two adjacent vertices. His
main idea was to remove one edge of the cycle such that the remaining graph is
a caterpillar. Then he did a modified canonical labeling of the remaining graph.
For the graphs where the modified canonical labeling does not give a graceful
labeling, he gave ad hoc graceful labelings. In figure 5, we present an ad hoc
graceful labeling of Cg-unicyclic graph with a caterpillar attached to a vertex of
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Cs. We present some graceful graphs studied by Doma [7] in figure 6.

N

2 0
o lo
8 Dot
N\, 7s o Al
1 3
Figure 5: Ad hoc graceful labeling of a Cs-unicyclic graph
redas 8- §——1——9——0
6) \ 6 5
. 4 2 3 1
7o 6 -2 2 B g — 6 3 4
3 2
5 5
Graceful graph C3 & (P3: Py; Ry) Graceful graph Cy & (Ps3; P1; P1; R2)

Figure 6: Graceful graphs of Doma

In 2005, Barrientos [5] proved that all unicyclic graphs other than a cycle for
which the deletion of any edge from the cycle results in a caterpillar are graceful.
Baggaet al. [1, 2] in 2007 designed a labeling algorithm to enumerate graceful la-
belings of cycles and investigated their properties. More recently in 2014, Pambe
et al. [14] designed an algorithm for enumerating graceful labelings of the graph
Ki.m-1 @ C, and studied their properties. In 2015, Bagga et al. [3] modified
canonical labeling and proved gracefulness of the following unicyclic graphs:

o (', +1-unicyclic graph where the cycle vertices (in order) are zg, 1, T2,
-+, g, such that two adjacent vertices on the cycle (say z¢ and z3,) have
pendant caterpillars R, and Ry, while every other vertex on the cycle has
any number of pendant P’s, and |E(R;)| > n+t — 1,i € {1,2} where t
is the total number of pendant P,’s at vertices 1, Tg, T3, -+, Ton—3.

e (', -unicyclic graph where the cycle vertices (in order) are g, T, T2, T3,
.+ -, Tan_1, Such that two adjacent vertices on the cycle (say xo and T2,,—1)
have pendant caterpillars R, and R, respectively, while every other vertex
on the cycle has any number of pendant P,’s, and |[E(R1)| > n+t — 2 and
|E(R2)| = n4t -2, where ¢ is the total number of pendant P,’s at vertices

Xy, o, 3, o2y —3.
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Still in 2015, Figueroa-Centeno et al. [8] proved that certain unicyclic graphs
with special types of pendant trees (of arbitrary size) at each vertex of the cycle
Cy, n =0 or 3 (mod 4), are graceful. In the unicyclic graphs they studied, the n
pendant trees should have the same order p and should admit a-valuation f; where
for the critical value, we have l; = [,,_i41 when 1 < i < |n/2]. The unicyclic
graph is obtained by identifying the vertex u; of the cycle and the vertex v; of the
pendant path P;, where fi(v;) = [, i = 1,2,---,n,and | < p. In figure 7, we
present an example where 7; = P, with the c-valuation described in the figure,
where the critical value is I, f(v,) =1,i =1,2,3,4,5.

0 15 2

, e A

3 0 -l Boradd (i Ak ko B 4

2 8 9

1 §awistd au i 2Baie —5 Roilf el f

1 AT

2 6 10
cv-valuation of Py Graceful unicyclic graph

Figure 7: Graceful unicyclic graph with special types of pendant trees

12 5

12 0 5 ——6
11 2
(1P SN - | (SO, T TR O |
. 6
9
7
2

Figure 8: Graceful unicyclic graphs with pendant paths having the same length in
consecutive pairs

Later, Chin-Mei Fu et al. [9] studied gracefulness of unicyclic graphs where a
vertex of the cycle is identified with a leaf of a corresponding pendant path. The
pendant paths have the same length in consecutive pairs. An example is displayed
in ﬁgUl'C 8. Pt, = P-z, 1Df,2 = Pt,J o= 1)3, Ph = Pﬁ.’. = P2.
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4 Labels of central vertex of star in K n,_1 © C;,

In this section we present a proof of the following theorem that was stated in our
paper [14] without proof. This result specifies the list of labels that the central
vertex of the star can have in any graceful labeling of K; m—1 © C,, (obtained by
identifying an end vertex of the star K ,,,—1 and a vertex of the cycle C,,).

Theorem 1 ([14]) For n > 4, for m > n + 2 and for any graceful labeling
of Ki,m—-1 % C.. the central vertex of the star cannot have a label in the set

{n,n+1,---,m-1}

Proof. Suppose f is a graceful labeling of Ky -1 © Cn. Let v denote the central
vertex of the star and let A be the set of labels {n,n + 1.---,m — 1}. We prove
the result by contradiction.

Suppose that v has a label in A. Consider an edge of label m + z, where
0 < x < n - 1. The end points of this edge must have labels m + = + y and
y, where 0 < 2+ y < n — 1. It follows that neither of the two end-points have
labels in A. Thus the edges labeled m,m +1,---,m + n — 1 are all on the cycle,
and in particular, 0 and m + n — 1 are adjacent labels on the cycle. Furthermore,
the edges on the star are labeled 1.2, -- -, m — 1. Now the end-points of the edge
labeled m — 1 must have labels m — 1 + z and z, where 0 < z < n. The only
labels in A that satisfy these are n and m — 1.

Assume that v has label 7. The other case is similar Then the vertex on the
cycle adjacent to v has label m 4 n — 1. Now the edge labeled m — 2 on the star
must have labels . — 2+t andf, where 0 <t <n+ 1. Ifm—-24¢t=n, we
gett = 0 since m > n + 2. This is a contradiction since 0 is a label on the cycle.
It follows that ¢ = n and the label m + n — 2 is on an end vertex of the star. This
forces the label 1 on the cycle adjacent to the label m + n — 1 since this is the
only way of achieving edge label m + n — 2. This also forces the label m +n —3
on the cycle adjacent to label 0, to achieve the edge label m + n — 3. Finally, to
achieve the label m - 3 on the star, an end vertex must have label m +n — 3 or1
(if m = n 4 2), a contradiction. This completes the proof. O

5 (C,-Unicyclic graphs with pendant paths P, and P3

We study in this section the gracefulness of a class of unicyclic graphs where the
cycle has pendant paths. For these unicyclic graphs, the deletion of any edge on
the cycle does not result in a caterpillar. This class of unicyclic graphs has pendant
paths P; and P; at the vertices of the cycle Cy,. Let k be an even integer, k > 2,
and 1. = 4k -- 1. Denote the vertices of C,, 11, us,us, - --,usk—1, as depicted in
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figure 9.

We form the unicyclic graph G of this class by adding pendant paths to the
vertices of C,, as follows. Add [%J pendant P,’s at vertices uag, Usk—_2, Usk—4,
© ooy U3k —2|k\2]+2- Add pendant Py’s at all the other vertices of the cycle. Finally,

’\' )
add also |5 | pendant Py's at ugk. |, Ugp—5, Uak—9, - -, Udk+3-4[k/2)

For a vertex u; on the cycle, we denote by Ps(u;) the pendant path P; at the
vertex u;, where s = 2 or s = 3. We present the special cases for k = 2 and

k = 4 in figure 10.

Theorem 2 Suppose that G is a Cy—1-unicyclic graph as described above. Then
G is graceful.

°
|
° [ Uy Ugk—1 ® 9
@ —————— @ 'lll,g U4k|-,—2 ° ®
o - o @i et 8 uL 'U«4I!~—3 o o
@ o= e @ s L2 T “!-I '11,4]!-_4 ] [}
® ° 1).,- ° u4,1_5 e [
® e - @ —e = U] e U T uiﬁr;g °
l
|
°

Figure 9: Graph G with pendant P;’s and P,’s

Proof. We first observe that the deletion of the edge u;uit1,t =1,2,--+,4k — 2,
or the deletion of the edge wu4x—1u; on the cycle results in a tree that is not a
caterpillar. It is a lobster, because the deletion of peripheral vertices leaves a

caterpillar, ,
We have k > 2, the cycle has 4k — 1 edges, 2[%] pendant paths P»’s, and
4k — 1 — | £| pendant paths Py’s. We have
k k
S = dk--1+4 2|_§J +2(4k -1 - [§J)
12k - 3
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Unicyclic graph G for k = 4

Figure 10: Special cases of unicyclic graphs considered when k = 4 and k = 2
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Thus G has 12k — 3 edges. We first describe 7 steps used to label some vertices
of G (step ¢ must be completed before step ¢ + 1,7 = 1-..6). These steps are
used to label the vertices of G, except the vertex adjacent to u4x_; on pendant
path P(ugr—)), the vertex adjacent to uqx—5 on pendant path P;(u4k—5), the
vertex adjacent to ugx_g on pendant path Pa(u4x—9), - -, the vertex adjacent to
Uqp43--4|&/2) ON pendant path Po(uak43-4(k/2) ).

step 1 We do a canonical labeling of the vertices uy, ug, ug, - -, ugx—; of the
cycle. So these vertices are labeled 0, 12k — 3,1, 12k — 4, 2, 12k — 5, - - -,
2k — 3, 10k, 2k — 2, 10k — 1, 2k — 1. We next label the vertex adjacent to
uqr—1 on the pendant path P3(ugx_1) with the label 10k — 2.

Then we obtain the following edge labels: 12k—3,12k—4,12k—5-- -, 8k+
1,8k.2k 1 onthe cycle, and 83k — 1 on the pendant edge.

step 2 We label the vertex adjacent to w4x—3 on the pendant path P3(u4x—3), the
vertex adjacent to w4, _5 on the pendant path P3(u4_s5), the vertex adjacent
to uygx—7 on the pendant path Pj(uqk—7), - -+, the vertex adjacent to uz
on the pendant path Ps(u3), the vertex adjacent to u; on the pendant path
P;(uq). These vertices are labeled 10k — 4, 10k — 6, - - -, 6k + 4, 6k + 2,
6k.

Then we obtain the following edge labels: 8k — 2, 8k — 3, 8k — 4, - - -, 6k.

step 3 We label the vertex adjacent to up on the pendant path P;(usz), the ver-
tex adjacent to w4 on the pendant path P3(uy4), - - -, the vertex adjacent to
Ugk—2|k/2)+2 ON the pendant path Py(usk_2|x/2)+2), the vertex adjacent
to u3k—2(k/2)+4 ON the pendant path PQ(’U,gk_Qlk/QJ +4), - - -, the vertex ad-
jacent to uzr on the pendant path Ps(ugk), the vertex adjacent to ugk42
on the pendant path Ps(u3s4.0), - - -, the vertex adjacent to usx—4 on the
pendant path P (u4x.-4), the vertex adjacent to u4x—o on the pendant path
Ps(uqk.-2). These vertices are labeled 8k — 3,8k — 5,8k — 7, - - -, 4k + 3,
4k 4- 1. We next label the last vertex non labeled on Ps(u4kx—1) With the
label 4k - 1.

Then we obtain the following edge labels: 6k — 1, 6k — 2, 6k — 3, - - -, 4k.

step 4 We label the last vertex non labeled on P;(ugx ), the last vertex non labeled
on P3(ugy -2), the last vertex non labeled on Ps(ugk—4), * -+, the last vertex
non labeled on Py (u,), the last vertex non labeled on P3(u2). These vertices
are labeled 2k, 2k + 4, 2k + 8, - -+, 6k — 8, 6k — 4.
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Then we obtain the following edge labels: 4k—1,4k—3, -+, 2k+3, 2k 1,

step 5 We label the last vertex non labeled on P3(u1), the last vertex non labeled
on Py(u3), - - -, the last vertex non labeled on Pj(ugk—3), the last vertex non
labeled on Ps(wyy—1). These vertices are labeled 2k + 2, 2k + 6, 2k + 10,
..+, 6k - 6, Gk — 2.

Then we obtain the following edge labels: 4k — 2, 4k — 4, - -+, 2k + 2, 2k.

step 6 We label the last vertex non labeled on Pj(u4k—3), the last vertex non
labeled on P3(uqk_5), the last vertex non labeled on P3(u4k—7), - - +, the last
vertex non labeled on Pj(ugx +3), the last vertex non labeled on P3(u2k+1)-
These vertices are labeled 8k + 1, 8k + 3,8k + 5, -+, 10k — 7, 10k — 5,
10k -- 3.

Then we obtain the following edge labels: 1, 3, 5, - - -, 2k — 5, 2k — 3.

step 7 We label the vertices non labeled on pendant P;ss: the last vertex non la-
beled on pendant path Ps(u4k—2), the last vertex non labeled on pendant
path Py (41 —4), - - -, the last vertex non labeled on pendant path P3(ugx—2( (x—1)/:
These vertices are labeled 4k —3, 4k —5, 4k—7, ---, dk—1-2|(k—1)/2].
Then we obtain the following edge labels: 4,8, 12, - - -, 4| (k — 1)/2].

Table 1 shows the edge labels produced after these 7 steps. After these 7
steps, the peripheral vertices of the [%J pendant Pos at ugk—1, Udk—5, Uak—95 * * s
Ugk4+3—4|k/2| are not yet labeled. Now we label these remaining vertices: the ver-
tex adjacent to u4,_ 1 on pendant path P,(ugk—1), the vertex adjacent to u4x—5 On
pendant path P (u4,5), the vertex adjacent to ugx—g on pendant path Py(ugk—9),
.- -, the vertex adjacent to i443—4| k/2) On pendant path Ps (ugk4+3-4(k/2] ). These
vertices are labeled 2k + 1, 2k + 3,2k + 5, - -+, 2k — 1 + 2| k/2].

Then we obtain the following edge labels: 2, 6, -- -, 4| k/2| — 2.

All the vertices are labeled now. The missing vertex label is 8k — 1. We have
the edge labels from 12k - 3 to 1. Now we must check that the vertex labels and
the edge labels are distinct. Let V; be the set of vertex labels used in step ¢, and
E; the set of edge labels obtained in step j. We have

i = {0.1.2.---.2k - 1} U {10k — 2,10k — 1,10k, -, 12k — 3}
Vo = {6k.Gk+2,6k+4,--- 10k - 6,10k — 4}

Vo = {4k-—-1,4k+1,4k+3,.-- 8k 7,8k — 5,8k — 3}

Vi = {2k.2k+44.2k+8,---,6k — 4}
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Vs = {2k +2.2k46.2k+10,--. 6k -2}
Vo = {8k+1.8k+3.---.9k—-59k-3.--- .10k — 5,10k — 3}
V; = {4k—1-21(k-1)/2].4k+1-2(k-1)/2].---.4k — 7.4k — 3,

1k -3
V, = {2k+1.2k+3.2k 45 .2k — 1 +2(k/2]}
Step ;Ve;t—e—;'léifl;gsigncd Edge labels produced i

7 10,126-3,1,12F -4.2,12k—5, | 12k — 3.12%k - 4.12k — |
o 2k—3,10k,2k—2,10k—-1. | 5---.8k + 1,8k.8k — 1 and |

|
:
g
]

J 2% 1,10k -2 v Fr) B o] |
3 110k —4.10k - 6,10k -8, ---, | 8k — 2.8k — 3.8k — 4--- 6k
6k

3 | 8F—3,8k—5,8k—7, - 4k—1 | 6k—1,6k—2.---.4k
4 2%. 2% +4,2k +8,---,6k—4 | 4k—1,4k—3,--- .2k +3.2k+1
5 |2+ 2.2k +6,26+10, .-, |4k —2.4F —4.... .2k + 2.2k

6k — 2 ;
A 10k —3,10k —5,---, 9k — 3, | 1,3.5,---.2k—5,2k— 3
Ok —5,---,8k+3,8k+1
7 | 4k—3,4k—5,4k—7,---.4k— | 4,8,12,---, 4|(E— 1)/2]
1-2j(k—1)/2]

Table 1: Details of labeling steps

Itis clear that Vi N5 = 0, (ViuVa)nV = 6, (VuVa)nV = 6, (VuVa)n
V; =0, Ven(ViuVauVauVyuls) = 0, Vin(VuVauVzuVauVzu ) = 0.
It is also evident that (V3 1 V) = 0. (V3 N V5) = 0. because V and V5 are two
sets of even numbers. V5 is a set of odd numbers. Indeed

V; = {4k+2j-1]j=0.1,2,--- 2k -1}
Vi = {2k+4i|i=0,1,2,---,k-1}
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Suppose there exists ig € {0,1,2,---,k —1} and jo € {0,1,2,---,2k — 1}
such that
2k 4-diyg = 4k + 2j() -1
=> 2(2i9 — jo) = 2k—1 Impossible because k > 1
Then V3 N Vy = 0. Now we should verify VyN V5. Vs = (2k+ 2+ 4da | a =

0,1,2,---,k — 1}. Suppose there exists io € {0,1,2,---,k — 1} and a €
{0,1,2,---,k — 1} such that

2%k + 4ig = 2k-+2+4 4«
47:0 —4da = 2
= 2(i9 —«) = 1. This is impossible because ¢y and « are integers.

Then V5 N V4 = (). We have also
Vean(VuVauVauVauVsUuVgUuVy) =0

Concerning the sets of edge labels, we have
ExnEsnEsnEsNEsNEgNE; N Eg =0.

The vertex labels are distinct, the edge labels are also distinct from 1 up to 12k —3,
then we obtain a graceful labeling of the graph G when k is even. We present the
graceful labeling in figure 11. O '

We now present two examples. We begin with the unicyclic graph G where
k = 4. The results of the steps are in the table 2 and the figure 12 presents
the graceful labeling obtained. For our second example, figure 13 presents the
graceful unicyclic graph G where k = 8 and table 3 shows results of the different
steps.

Step | Vertex labels assigned Edge labels produced

1 0,45, 1.44,2,43,3,42, 4, 41, | 45, 44, 43, 42, 41, 40, 39, 38,
5,40,6,39,7, 38 37, 36, 35, 34, 33,32, 31,7

2 36, 34, 32, 30, 28, 26, 24 30, 29, 28, 27, 26, 25, 24

3 29, 27, 25,23,2k 19217, 15 23,22,21,20, 19, 18,17, 16

4 8, 12, 16, 20 15,13, 11,9

5 10, 14, 18, 22 14,12, 10, 8

6 33, 35, 37 1,3,5

7 13 4

Then we use the vertex labels 9, 11 to obtain the edge Tabels 2 and 6.

Table 2: Steps of labeling unicyclic graph G when k = 4
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Figure 12: A Graceful labeling of unicyclic graph G when k = 4

Step Vertex labels assigned Edge labels produced
1 0,93,1,92,---,80, 14,79, 15, | 93,92,91, ---, 63, 15
78

2 76,74,72,---, 48 62,61,60,:--,48

3 31,33,---,61 47, 46,45, --+, 32

4 16,20,24, ---,44 31, 29, 27,7+, 19517
5 18,22, 26, - -, 46 30, 28, 26, -+, 18, 16
6 75,73,71, 69, 67, 65 1, 3,5,7,9,11,.13

7 29,27, 25 4,8,12

Then we use the vertex labels 17, 19, 21 and 23 to obtain the edge labels 2, 6, 10,
14.

Table 3: Steps of labeling when k = 8
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Figure 13: A Graceful labeling of unicyclic graph G when k = 8
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6 Visualization of our graceful unicyclic graphs

In this section, we build software code to visualize our graceful unicyclic graphs,
We design C programs constructing dot files with the language DOT using the
generator neato [11, 15] in the tool Graphviz (Graph Visualization Software [12]).
Graphviz is an open source graph visualization software. Graph visualization is
a way of representing structural information as diagrams of abstract graphs and
networks. It has important applications in networking, bioinformatics, software
engineering, databases, web design, machine learning, and in visual interfaces for
other technical domains.

We wrote a function for each step by constructing the .dot file used to visualize
the graph in Graphviz. An edge is represented by

a. == b 1ely

where the labels of the vertices are a and b and the edge label is c.

We next present code for our seven steps:

e Step 1
We do a canonical labeling of the vertices on the cycle starting on the vertex
u; with the set {0, 12k — 3,1,12k — 4,2, ---,2k — 1}, where the label O is
assigned to uy.

for (tmp = 0; tmp <= 2xk-2; tmp++) {

fprintf (file," %d -- %d [label=%d];", tmp,12xk-3-tmp,12+k-3-2+tm
fprintf (file," %d -- %d [label=%d];", 12+k-3-tmp,tmp+l,
12%k-3-2+Emp~1) ;

} A
fprintf (filé;" %di-= &%d ([dabel=%d];\t", 0,2%k=1,2xk-1);

fprintf- (file, " %d - %d: [label=%d];",; 2+k~1;10xk-2,8+k=1);

e Step 2

We assign the label 10k — 4 — 21 to the vertex adjacent to the vertex already
labeled with 2k — 2 — 4,2 =0,1,2,---,2k — 2.

for (tmp = 0; tmp <= 2xk-2; tmp++)
fprintf (file," %d -- %d [label=%d];", 2xk-2-tmp,10+xk-4-2+tmp,
8xk-2-tmp) ;

o Step 3

We assign the label 8k - 3 — 2i to the vertex adjacent to the vertex already
labeled with 12k - 3 —4,7=10,1,2,---,2k — 1,
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for (tmp = 0; tmp <= 2+k-1; tmpt+)
fprintf (file," %d -- %d [label=%d);", 12+k-3-tmp,8+k-3-2+tmp,
6xk-1+tmp-(2+k-1));

Step 4
We assign the label 2k + 4i to the vertex adjacent to the vertex already
labeled with 6k + 2i,7=0,1,2,--.,k — 1.

for (tmp = 0; tmp <= k-1; tmp++) |
fprintf (file," %d -- %d [label=%d];", 6+k+2+tmp-1,2+k+4+tmp,

4+xk-1-2+tmp) ;

Step 5
We assign the label 2k + 47 + 2 to the vertex adjacent to the vertex already
labeled with 6k + 27,1 =0,1,2,---,k — L.

for (tmp = 0; tmp <= k-1; tmp++) {
fprintf (file," %d -- 3d [label=%d];", 6*k+2+tmp, 2+k+4+tmp+2,

4xk--2-2+tmp) ;

Step 6
We assign the label 10k —3 — 27 to the vertex adjacent to the vertex already
labeled with 8k 4 24,7 = 0,1,2,---, k — 2.

for (tmp = 0; tmp <= k-2; tmp++) |
fprintf (file," %d -- %d [label=%d];",8+k+2+tmp, 10xk-3-2+tmp,

abs (2+k-4+tmp-3) ) ;

Step 7
We assign the label 4k — 3 — 2i to the vertex adjacent to the vertex already
labeled with 4k + 1 + 2,7 =0,1,2,- o [(E=2)/2] = 1.

max = (k-1)/2-1;
for (tmp = 0; tmp <= max; tmp++) {
fprintf (file," %d -- %d [label=%d];", 4+k+1+2+tmp,4+k-3-2xtmp,

4+4+tmp) ;

Remaining vertices
We assign the label 2k 4 1 4- 2i to the vertex adjacent to the vertex already
labeled with 2k -~ 1 - 24,0 ==0,1,2,---, |k/2] — 1.

max = k/2--1;
for (tmp = 0; tmp <= max; tmp++) |
fprintf (file," %d -- $d [label=%d];", 2xk-1-2+tmp, 2+k+1+2+tmp,

4+tmp+2);
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/ x
graphpaper3.dot -- k=2
By Pambe, for the graphical representation of graceful labelings of
some uniyclic graphs Goal: This file is used by neato in Graphviz
to generate the labeled graph
*/
graph {
graph [overlap=false,splines=true]; node [shape=circle,fontsize=12];
edge (labelfontsize=10, fontcolor=blue];
/* STEP 1 —=—--ommmmmm e */
0 -- 21 [label=21]; 21 -- 1 [label=20];
1 -- 20 [label=19]; 20 -- 2 [label=18];
2 -- 19 [label=17]; 19 -- 3 [label=16];
0 -- 3 [label=3]; 3 —-- 18 [label=15);
/% STEP 2 —--mmm—im e m o e m e x/
2 -- 16 [label=14]); 1 -- 14 [label=13]; 0 —- 12 [label=12];
/% STEP 3 ===——=-mmmm oo */
21 -- 13 [label=8]; 20 -- 11 [label=9]; 19 -- 9 [label=10];
18 -—- 7 [label=11];
/% STEP 4 ——-cimmmmm s o e e */
11 -- 4 [label=7]; 13 -- 8 [label=5);
/% STEP 5 === —imm oo oo */
12 —- 6 [label=6); 14 —-- 10 [label=4];
{3 STEP § ~—-—si——s2tooescescoamesusannsess */
16 -- 17 [label=1];
/% -STEP 7' 2o iSsicticassaitannannsestetoas */
/+ REMAINING YERTIGES swsrssssszsssssadass */
3 -= 5 [label=2]; "

Figure 14: Dot file obtained when k = 2 with DOT
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At the end of the labeling, we obtain the dot file. For k = 2, figure 14 presents
the dot file. We then used the generator neato to display the graph. Neato [15]
is a program that makes layouts of undirected graphs following the filter model of

DOT [11]. The command is
neato -Tps graphpaper3.dot -o graphdoﬁ.ps

The graphdot . ps containing the labeling of the unicyclic graph G obtained
when k& = 2 is in the figure 15.

7 Conclusion

In this paper we study gracefulness of certain unicyclic graphs. We have presented
the proof of the generalization of the labels for the central vertex of the star in the
unicyclic graph K ,.-1 ¢ C,. This theorem appeared without proof in [14].
We have shown the gracefulness of certain Cy_;-unicyclic graphs, where the
cycle vertices have pendant paths P; or P», and the deletion of any edge on the
cycle does not result in a caterpillar, but in a lobster. The results of Doma(7],
Barrientos[5], S.K.Vaidya et al.[19] together with our results add more evidence
to Truszczyniski’s conjecture. The authors thank the referee for useful suggestions

and corrections.

References

[1] Jay Bagga, Adrian leinz, M. Mahbubul Majumber, An Algorithm for Grace-
ful Labelings of Cycles, Congressus Numerantium 186 (2007), 57 — 63.

[2] Jay Bagga, Adrian Heinz, M. Mahbubul Majumber, Properties of Graceful
Labelings of Cycles, Congressus Numerantium 188 (2007), 109 — 115.

[3] Jay Bagga, Laure Pauline Fotso, Pambe Biatch’ Max, S. Arumugam, New
Classes of Graceful Unicyclic Graphs, Eighth Internatinal Workshop on
Graph Labelings IWOGL 2014, December 3 — 6 2014, in Electronic Notes
of Discrete Mathematics, 48 (2015), 27 — 32.

(4] Jay Bagga, Graceful Labelings - Properties and Algorithms, Graph Theory
Research Directions, Pratima Panigrahi and S.B. Rao (Eds.), Narosa Pub-
lishing House Pvt. Ltd., New Delhi (2011).

(5] C. Barrientos, Graceful graphs with pendant edges, Australas. J. Combin.
33 (2005).

126



Figure 15:  Image in the Ps file obtained with neato for the unicyclic graph G
when k = 2

125



[6]

(7]

(8]

(9]

(10]

(11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

Reinhard Diestel, Graph Theory, Electronic Edition 2005, Springer-Verlag
Heidelberg, New York 1997, 2000, 2005.

J. Doma, Unicyclic Graceful Graphs, M. S. Thesis, McMaster Univ., 1991.

R. M. Figueroa-Centeno, R. Ichishima, F. A. Muntaner-Batle, and A. Os-
hima, Gracefully Cultivating Trees on a cycle, Electronic Notes in Discrete

Math., 48 (2015), 143-148.

Chin-Mei Fu, Yu-Fong Hsu, Ming-Feng Li, New Results of Graceful Uni-
cyclic Graphs (Preprint).

J. A. Gallian, A dynamic survey of graph labeling, The Electronic Journal of
Combinatorics, (http://www.combinatorics.org/) DS 6 (2011), 1 — 79.

Emden R. Gansner and Eleftherios Koutsofios and Stephen North, Drawing
graphs with dot, dot UserdAZs Manual, January 5, 2015.

http://www.graphviz.org/Home.php, accessed on August 4, 2016.

M. Mavronicolas and L. Michael, A substitution theorem for graceful trees
and its applications, Discrete Math., 309 (2009) 3757 — 3766.

Pambe Biatch’ Max, Jay Bagga, Laure Pauline Fotso, An Algorithm for
Graceful Labelings of Certain Unicyclic Graphs, Vietnam National Univer-
sity Journal of Science: Comp. Science & Com. Eng. Vol. 30, No. 3 (2014)
1= 11,

Stephen C. North, Drawing graphs with NEATO, NEATO UseraAZs Man-
ual, April 26, 2004.

G. Ringel, Problem 25, in Theory of Graphs and its Applications, Proc. Sym-
posium Smolenice 1963, Prague (1964) 162.

A. Rosa, On certain valuations of the vertices of a graph, Theory of Graphs
(Internat. Symposium, Rome, July 1966), Gordon and Breach, N. Y. and
Dunod Paris (1967) 349 - 355.

M. Truszeeyiiski, Graceful unicyclic graphs, Demonstatio Mathematica, 17
(1984) 377 - 387. :

S.K.Vaidya and Lekha Bijukumar, Some new graceful graphs, International
Journal of Mathematics and Soft Computing Vol.1, No.1 (2011), 37 — 45.

127



