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Abstract. A complete bipartite graph with the number of two
partitions s and ¢ is denoted by K ;. For a positive integer s and
two bipartite graphs G and H, the s-bipartite Ramsey number
BR,(G, H) of G and H is the smallest integer ¢ such that every
2-coloring of the edges of K, ; contains the a copy of G with the
first color or a copy of H with the second color. In this paper, by
using an integer linear program and the solver Gurobi Optimizer
8.0, we determine all the exact values of BRs(K> 3, K3,3) for all
possible s. More precisely, we show that BRy(K3 3, K33) =
13 for s € {8,9}, BRy(K23,K33) = 12 for s € {10,11},
BRy(K33,K33) = 10 for s = 12, BRy(K2,3,K33) = 8 for
s € {13,14}, BR,(Ky3,Ks3) = 6 for 5 € {15,16,---,20},
and BRs(K23,K33) = 4 for s > 21. This extends the re-
sults presented in [Zhenming Bi, Drake Olejniczak and Ping
Zhang, “The s-Bipartite Ramsey Numbers of Graphs K3 3 and
K3 3”7, Journal of Combinatorial Mathematics and Combinato-

rial Computing 106, (2018) 257-272).

1 Introduction

In this paper, we shall only consider graphs without multiple edges or loops.
For a graph G = (V, E), we denote by V(G) and E(G) the vertex set and
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edge set of G, respectively. A complete bipartite graph with the number of
two partitions m and n is denoted by Kmmn. Please consult [1] for more
notion and notation of graph theory.

For a positive integer s and two bipartite graphs G and H, the s-
bipartite Ramsey number BR,(G, H) of G and H is the smallest integer ¢
such that every 2-edge coloring of the edges of K+ contains the a copy of G
with the first color or a copy of H with the second color. For convenience,
we use the {1,2} to color the edges of K, ;. Given two 2-edge colorings
f1, f2 of a bipartite graph K, , with partitions A and B, we say f1 and f,
are equivalent if there is a 1-1 mapping g : V(Km ) = V(Km,n) such that
9(A) = A, 9(B) = B and f(g(z)g(y)) = fi(zy) for any zy € E(Kmn).
A 2-edge colored graph F of K, is called a (G, H; s;t)-graph if neither
F' contains neither G with color 1 nor H with color 2. The set of all
inequivalent (G, H; s;t)-graphs is denoted by R(G, H; s;t).

In [2], some exact values of two color s-bipartite Ramsey number-
s for K23 and K33 were obtained. More precisely, they show that
BRQ(K2,3,K3'3) = 21 for 8 = 4,5; BRS(K2,3,K3,3) = 15 for s = 6,7;
BR,(K23,K33) € {13,14} for s = 8,9 and BR,(Ka23,K33) < 14 for
8 < s < BR(Kj3,K33). For more information on s-bipartite Ramsey
numbers, please consult [3,4].

In this paper, we will continue the study the values of two col-
or s-bipartite Ramsey numbers for K>3 and K33 We show that
BR,(K23,K3,3) = 13 for s € {8,9}, BRs(K2,3, K33) = 12 for s € {10,11},
BR,(K23,K33) = 10 for s = 12, BR,(K23,K33) = 8 for s € {13,14},
and BRy(K2,3,K33) = 6 for s € {15,16,---,20}, and BR,(K23,K33) =4
for s > 21.

2 The lower bounds

In combinatorial problems, many tools were used to search a graph with
given property [5], including SAT testing [6, 7], integer programming [8],
and constraint programming [9]. In this paper, we use an integer program-
ming to establish the lower bounds for some s-bipartite Ramsey numbers.

For integers s,t > 3, we apply an integer linear programming to deter-
mine if there exists a 2-coloring of the edges of K ; such that there exists
no copies of K3 with the first color and no copies of K3 3 with the second
color.

Assume the vertex set of K, is AU B, where A = {a1,a2,--- ,as},
B = {b1,b2,--- ,b:}, and A and B are both independent sets. For each edge
{u,v} (v € A,v € B) we introduce boolean variables z, . (1 < ¢ < 2)
and let Zyv,c = 1 if and only of {u,v} is colored with ¢. Then for each
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uv € E(K,,) we have
Tyv,1 + Ty,v,2 = 1. (1)

Now, we enumerate all possible K3 38, and forbidden K2 3 with color 1.
So for each K2 3 with vertices a1, az, b1, b2, b3, we have

Zay,by,1 T Zay,by,1 + Tay,bs,1 + Taz,by,1 + Tay,ba,1 + Tagbs,1 < 5. (2)

Next, we enumerate all possible K3 3s, and forbidden K33 with color 2.
So for each K33 with vertex a;, az,as, b1, bz, b3, we have

Z xai,bj,2 S 8. (3)

1<i,7<3

If we find a solution subject to (1), (2) and (3), then we find a lower
bound for BR,(K23,K33) and conclude that BR,(K23,K33) = t + 1.
By using the solver Gurobi Optimizer 8.0 [10], we are able to find a
(K23, K3,3;8; t)-graph within several seconds. We succeed to find the lower
bounds for BRs(K2,3, K3,3) for different s, which are presented in Figures
1-5. In order to represent a (K3 3, K3 3; s; t)-graph, we will use an adjacency
matrix with s + ¢ rows and columns and entries 0,1,2. The graph induced
by 1 contains no K23 and the one induced by 2 contains no K33. As an
example, Figure 5 is the corresponding graph whose adjacency matrix is
depicted in Figure 1. The graph depicted in Figure 5 contains no K23 and

its complements of K11,11 contains no K3 3.
Proposition 1 BR,(K23,K33) > 12 for s € {10,11}.

Proof. Figure 1 presents a (K23, K3,3;11;11)-graph, which implies that
BR,(K33,K3,3) > 12 for s = 11. By the definition of s-bipartite Ramsey
number, we have BR;o(K2,3, K3,3) > BR11(K2,3, K3,3). Therefore, Propo-

sition 1 holds. o
Proposition 2 BR,(K>3,K33) > 10 for s = 12.

Proof. Figure 2 presents a (K23, K3 3;12;9)-graph, which implies that
BR,(Kz,g,K:;,s) > 10 for s = 12. O
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Figure 1: An adjacency matrix of a (K> 3, K3 3; 11; 11)-graph.
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Figure 2: An adjacency matrix of a (K23, K3,3;12;9)-graph.

Proposition 3 BR,(K23,K33) > 8 for s € {13,14}.

14. By the definition of s-bipartite Ramsey

(K2,3,K3,3) > BR14(K2,3, K3,3). Therefore, Propo-

Proof. Figure 3 presents a (K23, K3,3;14;7)-graph, which implies that
> 8 for s =

number, we have BR;3

BRg(K2,3a K3,3)
sition 3 holds.

O
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Figure 3: An adjacency matrix of a (K23, K3 3;14; 7)-graph.

Proposition 4 BR,(K,3,K33) > 6 for s € {15,16,---,20}.

Proof. Figure 4 presents a (K23, K3 3;20;5)-graph, which implifes th.at
BR,(Ky3,K33) > 6 for s = 20. By the definition of S—blpart.ilte
Ramsey ’number, we have BR;(K23,K33) > BRit1(Ka3,K33) for i €
{15,16, - - - ,19}. Therefore, Proposition 3 holds. o

Proposition 5 BR,(K33,K33) >4 for any s > 21.

Proof. Let K, 3 have vertex partitions A = {al,a?,--- ,as} and B =
{b1,b2,b3}. Now we consider a 2-edge coloring f with f (a;dy) = 1 and
faiba = f(a;b2) = 2 for any i. Then f induces a (K23, K33; s;3)-graph
and thus BR,(K23,K33) 2 4. 0

A"10



20; 5)-graph.

r 1
ANANANN—~ NN~ NNt =t = N~ NN~ NN~ O OO0
NANANNN— N =t = = N = O = N NN O OO OO
NN = = NN NN NN N~~~ NN NO OO OO
AN~ =~ AN ANANN— NN~ NN~ NNN— O OO0
ANt et = NN = = NN NN NN NN~ =~ NO OO OO
COOOOOOOOOOCOCOOOOOOON—ANIN—~
COCCOCOOOOOOOOOOOOOOO—ANN—A
COOOCOOOOOOOOCOOOOOOOO—N—ANA
COOOCOOOOOOOOOCOOOOOO—ANNNI—
COOCOOCOOOCOOOOOOOOOOON——AIA
COOCOOOOOOOOOOOOOOOOANN——A
COOCOOOOOOOCOOOOOOOCOONN— N —
CCOCOOCOOOOOOOOOOCOOOOOON—AN—A
COOOOOOOOOOCOOOOOOOON AN
COCOCOOOOOOOOCOOOOOOONNIC i
COCOOCOOOOOOOOOOOOOOOANINICN r—ir—
COOCCOOOOOCOOCOOOOOOOOON—N—A]
COO0COOOOOOCOOOOOOOOO—ANIAI — A
OO OCOOOOOOCOOCOOOOOOOO—AINN —
COOCOCOOOOOOOCOOOOCOOOOONN N
COOOOCOOOOOOCOCOOOOOOOANNI— N
COOOOCOOOOOOOCOOOOOOO~—ANAA
OO COOCOOOOOOOOOOOOO——AIAIA
OO OO OO0O0OOOOCOOOOOO—MNm—AIA]
nFUOOOOOOOOOOOOOOO000021122.

RS

NRN)
N\

'/ u.f

‘,\WOr )

</

4‘\\;.\.'#‘ ,C....Q
’ / \\\ .'

Figure 4: An adjacency matrix of a (K23, K3,3;
Figure 5: The (K2,3, K3,3; 11;11)-graph depicted in Figure 1.

The equivalence of two such colorings can be tested by using tool nauty [11]
on two constructed graphs. Since the solver Gurobi 8.0 failed to exhaus-
tively search all the 2-edge coloring of K,; for the desired values of s
and t, we can not confirm the corresponding upper bounds via this ap-
proach. However, we succeed to use the tool nauty to test all inequiv-
alent of 2-edge colorings of complete bipartite graphs up to 21 vertices.

3 The upper bounds
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By the definition of BR,(K2,3, K33), we will extend R(K2 3, K3 3;s;t) to
R (K>3, K3,3;s;t+1) by increasing t until RU(K2,3, K3,3; 8;t+1) = (). The
statistics of |R(K2 3, K3 3; s;t)| for some 4 < s < 21 are presented in Tables
1-13. It can be seen that the s-bipartite Ramsey numbers for s € {4,5,6,7}
are the same as known results in [2], which supports the correctness of this
statistics. From the results of Tables 5-13, we have

Theorem 1 (i) BR,(K23,K33) <13 for s € {8,9};
(ZZ) BRs(Kz'a,K&;;) <12 for s € {10, 11},‘

(ZZ’L) BRS(K2,3,K3,3) <10 for s € {12},‘

(iv) BRs(K23,K33) <8 fors € {13,14};

(‘U) BRs(K2,3,K3,3) <6 for s € {15, 16, - -- ,20};
(‘Ui) BRS(K2,3,K3,3) _<__ 4 fOT‘ S Z 21

Table 1: The statistics of |R(Kz,3, K3,3;4it)|

t ER(K2,3,K3,3;4;t)| t [R(K2,3, K3,3; 4;1)]
1 g 19
3 60 4 167
5 378 6 713
7 1102 8 1451
4] 1595 10 1518
11 1241 12 890
13 949 14 304
15 143 16 62
17 23 18 8
19 2 20 1
21 0
Table 2: The statistics of |R(Kz2,3, K3,3;5;t)|
t ,R(K2,3a K3 3;9; t), t LR(K2,3, K33;5;t)|
1 6 9 7
3 106 4 378
5 1173 6 2876
7 5352 8 7599
9 8073 10 6578
11 4197 12 2176
13 922 14 350
1o 115 16 38
17 12 18 4
19 1 20 1

21 0




Table 3: The statistics of [R(K 5,3, K3 3; 6; t)|

¢ 1,73(1{2'3’ 3,3; 6;t)] ¢ 2Kz, Kaai 0]
3 171 4 7’173

) 2876 6 9157

s 20605 8 30587

9 28027 10 15080

T .

15 0 5

Table 4: The statistics of [R(K2,3, K3,3: 73 t)|

3 LR(K2,3, K33, 7;1)| z LR(Kz,a, K3,3;7:t)]
1 2 7

3 171 4 713

5 2876 6 9157

7 20605 8 30587

9 28027 10 15080

11 4532 12 702

13 43 14 4

15 0

. Table 5: The statistics of |R(K> 3, K3,3; 8;1)|

7 !)R(KZ,3’ K3,3; 8; t)l t lR(K2,37 K3,3; 8; t)l
] 2 61

3 352 4 1451

5 7599 6 30587

7 77837 8 93272

9 42344 10 5590

11 342 12 14

13 0

Table 6: The statistics of |R(K2 3, K3,3;9;1)|
S [R(K2,3, K3,3;9; )] t IIR(Kz,s, K3,3;9;t)]

1 10 2 5
3 468 4 1595
5 8073 6 28027
7 56743 8 42344
9 8615 10 223

11 10 12 3
13 0
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Table 7: The statistics of |R(K>,3, K3,3; 10; t)|

z ~ [R(K2,3, K3,3;10; )] t LR(KZ,& K3,3;10;5)]
1 11 2 1

3 603 4 1518

5 6578 6 15080

T 18511 8 5590

9 223 10 8

11 1 12 0

Table 8: The statistics of |R(K> 3, K3,3; 11;)|

T [R(K2,3, K3,3;11; )| t [R(K2,3, K3,3;11; )]
1 12 2 108
3 754 4 1241
5 4197 6 4532
7 2724 8 342
9 10 10 1
11 1 12 0
Table 9: The statistics of |R(K2 3, K3,3;12;1)]
z [R(K2,3, K3,3;12; )| t [R(K2,3, K33 12; )|
1 13 2 127
3 924 4 890
5] 2176 6 702
7 162 8 14
9 3 10 0
Table 10: The statistics of |R(K2 3, K3,3;13;1)]
¢ [R(K2,3, K3,3;13; 1) ¢ |R§K2,3, K3,3;13; )]
o 1. b
54
5 922 251 43
7 2 8 0
Table 11: The statistics of |R(Ka2,3, K3,3; 14;t)]
t [R(K23, K33, 14; )] t [R(K2,3, K3,3;14;1)]
1 15 2 169
3 1315 4 304
5 350 6 4
7 1 8 0
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Table 12: The statistics of |R(K2, 3, K3,3; 15;t)|

t [R(K2,3, K33;15; )] t [R(K2,3, K3,3; 15; 1)
1 16 2 192
3 1536 4 143
53 115 6 0

Table 13: The statistics of |R(K2 3, K3,3;21;1)|
t gR(Kz,s,Ka,a;ﬂ;t)l t !BR(Kz,a,Ks,a;21;t)|
1 2 2 63
3 3234 4 0

Table 14: Exact values of BR;(K2,3, K3,3)

BR,(K2,3,K3,3) condition Ref.
21 s €1{4,5 2
15 s €{6,7 2
13 s € 18,9 this work
12 s € {10,11} this work
10 §=12 this work
8 s € {13,14} this work
6 s € {15,16,---,20} this work
4 s > 21 this work

4 Conclusion

In (2], Bi et al. initial the study of the s-bipartite Ramsey numbers for
K3 and K33. But they only solved the case for s < 7. In this paper, we
use computational technique to obtain all the cases for this these families
of s-bipartite Ramsey numbers and the results are summarized in Table
1. Since finding the Ramsey number is a hard problem, determining the
exact values of BR;(K3 3, K3, 3) is an interesting and challenging avenue of
further research.
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