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Abstract

In this paper, we characterize the set of spanning trees of g,‘,,, (a
simple connected graph consisting of n edges, containing exactly one
1-edge-connected chain of r cycles C} and g,’u \ C} is a forest). We
compute the Hilbert series of the face ring k[A,(Gy ;)] for the span-
ning simplicial complex A,(G: ,). Also, we characterize associated
primes of the facet ideal Ir(A,(Ga ). Furthermore, we prove that
the face ring k[A,(G} ;)] is Cohen-Macaulay.
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1 Introduction

The study of simplicial complexes arising form a simple graph has been an
important topic and attracted good literature. One popular chapter of this
literature is the complementary simplicial complex Ag of a graph G; for
example, see [13]. The notion of spanning simplicial complex (SSC) A,(G)
associated to a simple connected graph G(V, E) was firstly introduced in
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[1]. For uni-cyclic graphs Un,m, it is proved that Ay(Uy i) is shifted in [1].
Zhu, Shi and Geng [14] further investigated the algebraic and combinatorial
properties of SSC associated to n-cyclic graphs with a common edge. In
[9], the authors investigated the algebraic properties of SSC A4(Gn,r) as-
sociated to r-cyclic graphs G, » (containing exactly r cycles having no edge
in common). Moreover, they proved that the facet ideal Ir(As(Gn,r))
has linear quotients with respect to its generating set and computed the
betti numbers of Ir(As(Gn,r)) for particular cases. Some other interesting
classes of simple finite connected graphs are studied for SSC by Pan, Li
and Zhu in [11], Guo and Wu in [6] and Raza, Kashif and Anwar in [12].
In this paper, we investigate the class of spanning simplicial complexes
A4(Gl,) associated to G. .. Where G}, is a connected graph having n
edges, contammg exactly one 1- edge-connected chain of 7 cycles C! and
Gnr \Cl is a forest. In other words, G, ,. is a graph consisting of 7 cycles
such that every pair of consecutive cycles have exactly one edge common
between them. If Cy,Cy,...,C; are the r cycles of the graph g,l,,, forming
C! with respective lengths m;, m2,. .., m, then we fix the label of edge set
of G} . as follows;

E= {611,--~,€1m,,621,---,€2m2—1,---,6r1,...,erm,_l,el,...,et} (1)

where, t =n— Z m;+(r—1) and {e;1,..-,€i} is the edge-set of ith-cycle
=1
such that v = m1 fori=1, v=m;—1fori>1 and e;; always represents

the common edge between ith and (i + 1)th-cycle (for 1 < i < 7). We
give the characterization of s(G}. ) in 3.4. The formulation for f —vectors
is presented in 3.5 which further applied to device a formula to compute
the Hilbert series of the face ring k[A,(G} )] (see 3.7). Moreover in 4.1,
we characterize all the associated primes of the facet ideal Ix(As(G ))-
Finally, we prove that the face ring k[A,(G}, )] is Cohen-Macaulay in 5.4.

2 Background and basic notions

In this section, we give some background and preliminaries of the topic and
define some notions that will be useful in the sequel.

Definition 2.1. A spanning tree of a simple connected finite graph G(V, E)
is a subtree of G that contains every vertex of G. We represent the collection
of all edge-sets of the spanning trees of G by s(G), in other words;

8(G) := {E(T:) C E, where T; is a spanning tree of G}-

For any simple connected graph G, the authors mentioned the cutting-
down method to obtain all the spanning trees of G in [1]. According to this
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method a spanning tree is obtained by removing one edge from each cycle
appearing in the graph. However, for the graph g,l,', with 7 cycles having
one edge common in every consecutive cycles and the labeling given in (1),
one can obtain its spanning trees by removing exactly r edges from the
graph with not more than two edges deleted from any cycle. Also, keeping
in view that if a common edge between two cycles is removed then only
one edge can be removed from the non common edges explicitly from the
cycles on the either side of the common edge.

For example by using the above said cutting-down method for the graph
Glo,2 given in fig. 1:

3(9110,2) = {{61,62,63,64,613,611,823,621},{61,62,63,64,613,611,eg3,e22},
{el, €2, €3, €4, €13, €11, €21, 822}, {ela €2, €3, €4, €13, €23, €21, 62‘2}'1 {ely €2, €3,
€4, €12, €11, €23, 621}, {e1, €2, €3,€4,€12, €11, €23, 622}: {e1,e2,€3,e4, €1, €11,
e21, €22}, {€1, €2, €3, €4, €12, €23, €21, €22}, {€1, €2, €3, €4, €13, €12, €23, €20},
{e1,€2,€3,€4,€13, €12, €23, €21}, {e1, 2, €3, €4, €13, €12, €21, 22}, {€1, €2, €3,
€4, €13, €23, €21, 622}, {e1, €2, €3, €4, €12, €23, 821,622}}

€22
€12 €11 €21 |€3
[ s
€1 €13 €23 €2 €4
Fig. 1. 6{0'2

Definition 2.2. A simplicial complez A over a finite set [n] = {1,2,...,n}
is a collection of subsets of [r], with the property that {i} € A foralli € [n],
and if ' € A then A will contain all the subsets of F' (including the empty
set). An element of A is called a face of A, and the dimension of a face F
of A is defined as |F| — 1, where |F| is the number of vertices of F. The
maximal faces of A under inclusion are called facets of A. The dimension
of the simplicial complex A is :

dimA = max{dimF|F € A}.
We denote the simplicial complex A with facets {F,...,F,} by
A= (Fy. ., Fy)

Definition 2.3. For a simplicial complex A over [n] having dimension d,
its f — vector is a d + 1-tuple, defined as:

f(A) = (fO)fl)""fd)

where f; denotes the number of i — dimensional faces in A.
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Definition 2.4. (Spanning Simplicial Complex )

Let G(V, E) be a a simple finite connected graph and s5(G) = {E\, E,, . .. ’
E,} be the edge-set of all possible spanning trees of G(V, E), then we defined
(in [1]) a simplicial complex A4(G) on E such that the facets of A,(G) are
precisely the elements of s(G), we call A;(G) as the spanning simplicial
complez of G(V, E). In other words;

As(G) = (Ey, B, ..., Ey).
Here we recall a definition from [4].

Definition 2.5. Let A be a simplicial complex with vertex set V = [n]
and facets Fy, F»,...,F,. A vertez cover for A is a subset A of V such that
ANF; #0forallie€{1,2,...,q9}. A minimal vertez cover of A is a subset
A of V such that A is a vertez cover, and no proper subset of A is a verter

cover for A.

For example, the minimal vertez covers for the spanning simplicial com-
plex A,(Glo 2) given in Fig. 1, are as follows:

{e1}, {e2}, {ea}, {es}, {e13, €12}, {€23, €22}, {€23, €21}, {€22, €21}

3 Spanning trees of G, . and Face ring A;(G} )

In this section, we discuss the combinatorial properties of G, .. We use
7(Ga,r) to denote the total number of cycles contained in G} .. We begin
with the elementary result, that tells the total number of cycles contained

by G .
Proposition 3.1. The total number of cycles in the graph G ,. will be

i3 5« TlPah 1)
T(gn,r) . 2

Proof. As the graph G] _ contains one-edge connected chain C! of T cycles
{Cl ’ CZ'A seny

Cr}. By removing the common edges between any number of consecutive
cycles, we obtain a cycle by the remaining edges. The cycle obtained in
this way by adjoining consecutive cycles C;, Cit1,--.,Ciyr is denoted by
Cii+1,...i+k. Therefore, we get the following cycles

Cl,2y 02,31 ey Cr—l,ra Cl,2,31 veey Cr——2,r—1,r) KRS CZ,S,...,T’) C'12,3,...,?'
Hence, the set of all possible cycles contained in the graph gg,, will be

{Ciis1,..ivk| i€{1,2,...,r—k}and0<k <r-—1}.
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Therefore, we get the total number of cycles contained in the graph G}, _ as

r—-1r—k

G =L 1=

k—O i=1

O

It is clear from above proposition that the cycle C; ;41,... i+ is obtained
by removing the common edges between the adjacent cycles C;, Ciyy,...,
C;+k. We denote the length of cycle Ciit1,... 14k bY |Ci,i+1,...,i+k|-

Proposition 3.2. Let G} | be a graph containing the one-edge connected
chain C! of r cycles {Cy,Cy,...,Cr}, then the length of cycle C; 41, itk
will be

,Cz i+1,.. .z+k| Z |Cz+a| - 2k.

a=0

Proof. 1t is clear from above that Cjit1,. itk is obtained by deleting the
common edges shared by the adjacent cycles {C;, Ci4q,...,Cig} in Q,l,‘r.
Therefore, the length of the cycle C; ;1,... i+ is obtained by adding lengths
of all C;, Ci41, . .., Ciyk and subtracting 2k from it, since the common edges
are being counted twice. Hence, we have

k
|Ci,i+1.....i+k| = Z |Cita| - 2k.

a=0
O

We use |Ciiya,..i+k (1 Cij+1,.. 41| to denote the number of edges
shared by the cycles C; i1, i1k and Cj,j+1,...j+1- The following propo-
sition characterizes |C; i11,....i+k (1 Cj j41,... j+| in g

Proposition 3.3. Let G} . be a graph containing the one-edge connected

chain C} of r cycles {01,02, .»Cr} of lengths my,my, ..., my, then for
15k§l_<_rwehave

11 l+ k = J — 1;

|Cj.j+1,.‘.g'+u| -2, itk=j+0;0<a<k-];
ICj.j+l....j+k| -1, i+k=j+k

|Ci g 1,itly i+k=j+landl=k;
Ciitl,itk N Cigttjtt] = [Ciir, itk -2, i+k=j+o;k+1<asl-]
ICisitr,..itkl =1,  i+k=j+]

ICiitr,. itk -2, i+k=j+l+e;1<alk

1, i=j+l+]

L 0, otherwise.
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Proof. Here we denote m; it1,... i1k = |Ci,i+1,...,i+k .
Now for 1 < k <1 <r we discuss the following cases for

lci»"+1»"-:i+k n erj+1y--'rj+l I :

Case (i) Ifi+k = j—1, then the right most edges of the cycle C; ;41,....i1x
are from its adjoining cycle C;4x and the left most edges of the cycle
Cjj+1,...j+1 are from its adjoining cycle Cj41, and since Ciyx and
C;+1 are consecutive so they have only one edge in common.

Case (ii) Ifi+k = j+o; 0 < a < k-1, then the left most a adjoining cy-
cles of the cycles of Cj j41,... j+1, i.e., Cj,Cj41,. . ., Cjj+a coincide with
the right most & adjoining cycles of the cycles of C; ;41,... i+k. There-
fore, the intersection C; i41,....i+% [ Cj,j+1,... 5+t Will contain all edges
of Cj j41,....j+a except its two edges, one the edge of Cs991,..04n
which is the common edge of Cj1o and Cjia+1 and second the edge
of Cj j+1,....j+a Which is common edge between C; and C;_;.

Case (iii) If i+ k = j+ k and k < [, then i = j and therefore the cycle
Cijit1,....i+k lies completely in the cycle Cj ji1,... j+1 except its one
edge which is the common edge between its adjoining cycle C;4x and
the cycle Cj4x+1. Therefore the intersection C; ;41,.. itk Ci541, 51
will contain all edges of Cj; j4+1,... j+k except one.

Case (iv) Ifi+k=j+!+0a; 1 < a <k, then the left most k — a+1 ad-
joining cycles of the cycle C; j+1,... i+, which are C;, Ci41, - - -, Citk—a
coincide with the right most k — a + 1 adjoining cycles of the cycle
Cj.j+1,....j+1- Hence the intersection Ci,i+1,...,i+kan,j+1,...,j+l will
contain all the edges of the cycle C;i;1,. . i+k—a €xcept two; one is
the common edge of its adjoining cycle C; and the cycle C;_; and the
other is the common edge of its adjoining cycle C;4+x— and the cycle
Ci+k—a+1-

The remaining cases can be proved in the similar way. O

Lemma 3.4. Characterization of s(G} ,.)

Let Gy, . be the r—cycles graph with edge set E as defined in eq (1),
then a subset E(T(j,i,.jsis,....5ir)) C E, where jo € {1,2,...,7}, i, €
{1,2,...,m;_ —1}; jo > 2 and iy € {1,2,...,m1}; jo =1, will belong to
s(Gh ) if and only if it satisfies any of the following:

1. If jaia # jal for all a except for which jaia = Tiq, then
E(T(j:i:.jziz.---.jrir)) ey E\ {elineZiga cee ,Cri,}
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2. If jaia = jol for any a, then E(fl‘(jli,,jz,-,"__.jr,-r)) = E\{€jii1, €505 . -,
ej.i.} where, {ej,,-l,ej,,-,,...,eja_,,-o_l,ejaw-a“,...,ej,,-,} will con-
tain exactly one edge from Cj_ ;. +1) \ {€(j.-1)1,€5,1}-

3‘ If jﬁia =j01 for ae {7’1,7‘1+ 11'0"1-2}, Where 1 S T < T2 <r then

(a) If €j, 1,€j,, 41y1> -1 €j,1 BT€ cOmmon edges from consecutive
cycles then E(T(jli,,j,i,,...,j,i,)) e E\{ejlinejziz, .-+€j,i,} such
that {ej1i1 1 €jaigy -0 ejr‘r} \ {ejrl 1y ej(r,-n)la ceey ej,-,zl} will con-
tain exactly one edge from Cj,l Jtes 41)ssiidng \{e(j,l —1)1,8,',,1}-

(b) If none of e;, 1,€j,, 441, +1€j,,1 are common edges from con-
secutive cycles then E(T(j i, siz.....jvi)) = E \ {€j1i11€jzizs- - -
ej.i. } such that for each edge e;, 1 case 2 holds.

(c) If some of ej,,1,€j,, 411+ -1€j,,1 2Te common edges from con-
secutive cycles then E(T(J'lil.jzfz.---.jri,-)) =FE\ {ejn'n 1€j2izs - - -5
ej,i, } such that (3.(a)) is satisfied for the common edges of con-
secutive cycles and (3.(b)) is satisfied for remaining common
edges.

In particular, if we denote the above classes of subsets of E by C(1),C(2),
C(3a) : C(3b), C(gc) respectively then,

s(Ga.r) =Ca U Ce2) U C(3a) U Cap) U Ciae)

Proof. Since G}, .. is a r-cycles graph with cycles Cy,Ca, ..., Cy and e, €21,
...,€(r—1)1 @ common edges between consecutive cycles and by cutting
down process a total of r edges must be removed with not more than one
edges from the non common edges of each cycle. Therefore, in order to ob-
tain a spanning tree of g},‘, with none of common edges e1y, €21, .., €r-1)1
to be removed, we need to remove exactly one edge from the non common
edges from each cycle. This explains the case (1) of the above lemma.

Now for a spanning tree of g},,r such that exactly one common edge
ej.1 is removed, we need to remove precisely r — 1 edges using cutting
down process from the remaining edges. However, from the non common
edges of the cycle Cj_ ;. +1) , we cannot remove more than one edge (since
that will result in a disconnected graph). This explains the proof of case
of (2) of the lemma.

Next for the case (3.a), we need to obtain a spanning tree of Gy, ,. such
that 72 — 71 common edges must be removed from consecutive cycles. If
Cjry1Ciry 411+ -+, Cj,, are consecutive cycles then the remaining r—(r1—r2)
edges must be removed in such a way that exactly one edge is removed from
the non common edges of Cj, j,. ,1).....j-, 21d the remaining r — (r1 - r2)

cycles of the graph Gn.» which concludes the case.
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The remaining cases of the lemma can be visualised in similar manne;
using the above cases . Consequently, if we denote the above disjoint classe
of subsets of E by C(l),C(z),C(ga),C(:;b),C(:;c) respectively, then, we get th,
desired result for s(G}, ) as follows:

5(Gn,r) = Cy [UC2 |J Caay | Ciay J €3y

Our next result is the characterization of the f-vector of A,(Gj ).

Proposition 3.5. Let A,(Gl,) be a spanning simplicial complex of the
graph G}, ., then the dim(A,(g},,r)) = n—r—1 with f—vector f(A4(G; )=
(fO’ f11 consy fn—r—l) and

n LE k
Jo= ( i+1 ) H 2N
A vt Tk, ""}Em-’.,.i.,ﬂ ..... ioy+k,, + )f: 1Ct i1t bz MO, oy Hhrrtey i)
2 E i=1 uv=]

k k
=1k, =01 1 .
= L ;Z: Mg, byt hesidostiin, F 10 |Ch i btciicnne MCt st tamtscngia, )

u,v=1
where0<i<n-r-1

Proof. Let E be the edge set of G} . and C(3), C(2), C(3a), C(3b), C(3c) are dis
joint classes of spanning trees of G ,. then from lemma 3.2 we have

s(Gn ) = C(1) UC(2) U C(3a) U C(3v) Uc(3c)

Therefore, by definition 2.4 we can write

By(Gny) = <C(1) Uca JCsa ¢ UC(SC)>

Since each facet E(jlil|j2i2.---»jrir) - E(T(j,,-,,_,-z,-z,._,'jr,-r)) is obtained by
deleting exactly r edges from the edge set of g,l,,,, keeping in view lemma
3.2, therefore dimension of each facet is same i.e., n —r —1 ( since
|E(j14,,42ia,....4rir)| = n—7 ) and hence dimension of A4(G} ,.) will be n—r-1.
Also it is clear from the definition of A,(G}, ,.) that it contains all those sub-
sets of E' which do not contain the sets {e11,. .., e1m, } and {ei-1)1, €1,
eim;—1} for all 2 < i < r, i.e., those subsets of E which do not contain any
cycle in the graph G} ..

Now by lemma 3.1 the total cycles in the graph G _ are C; 41, ipx 1€
{1,2,...,7r—k} and 0 < k < r — 1, and their total number is 7. Let
F be any subset of E of order i + 1 such that it does not contain any
Ciitl,nitk 1 € {1,2,...,7 =k} and 0 < k < v — 1, in it. The total
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number of such F is indeed f;. We use inclusion exclusion principle to find
this number. Therefore,

fi = Total number of subsets of E of order i+1 not containing C; i+1,...i+k;
t€{1,2,...,r—k}and0<k<r-1.

By Inclusion Exclusion Principle we have,

1
fi= ( Total number of subsets of E of order ¢ + 1) - ( E Y

number of subsets of E of order i + 1 containing Cj, ; 41, .i.,+k.,) +
r—1 Tk,

2
( 5> Y. Y number of subsets of E of order i + 1 containing both
j=1 kaj =0 ilj=1

r—1 T k'

Ci L it N T x ) + (- 1)’(2 Y, Z number of subsets of E
IJJ ,ioj yenata g 8; J-—l k.J—O ;.J,_l

of order i + 1 containing each C;, dog Hlosia +k )

This implies

1 =1 TFs;

e ( n ) [E TR ( By, g, Ede o, )]+

z —_— i

i+1 =1k,;=01s;=1 t4.1= M, iay+1,.eniay +hay
2
2 r-1 '_k'l = E mi, 1 L 4 J+1 o ’+k 4 + uvznl lC"'-'i'-+l""""-+k'- nch..h,"'l.--..!'.,'{*k.'l
s Dy B "2
J=1 kq =0 io,-‘l i+1-— z ml e +l o ,+k,’ + E : IC.’,.'i‘-+l,....i._+k‘. nC,',' 'i..+1'__'(.'+§.'|
J=1 u,v=

_...+(_1)T

r r=1 ke Z:lm‘j‘)+l LY + Z |Cl RISE S IR nCl KPS IR l

= uv=

b 3k YO )

J=1k, =0i,=1 t+1—2m, KRS BT + E IC, RTINSy nC. RS W S |
’— u"-

This implies

fi=(1+1)+2( 1)F

k r—1 Tk n-— jz:lfnql.’-{-l ..... taytke +u02 |C| 0w+ 1seeubay +Xs, nC: S ¥lilon +E |
Ly iy s ¥
=1 k.’zo i, =1

¢l 1—%—1—):"1.,J S0yt ity ko + E |C. oy H sy +k, ﬂC. Jag )iy +ko |

u,v=1

O

Corollary 3.6. Let A,(G) ) be a spanning simplicial complez of a graph
with 2 cycles of lengths my, m, having one edge common, then the

dim(A,(G2 5)) = n—3 with f—vectors F(As(GY ) = (fo, fu- n-s) and
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n n—m; n—mo n-—myz2
f*=(i+1 )_[( i+1-m )+( i+1—m;, )+( i+1—mye )]*
n—my —mz+|CiNCy n—ml—ml,z-i-lClnCl,zl

[ i+1—-my—my+|CiNGCy i+1—m1—m1'2+|01001,2|

n—mp—my2+|CaNCypl )]+
(i+1—m2—m1'2+|C2ﬂCI,2|

n—ml—mz—m1,2+|ClﬂC’2|+IClnCL2|+|CgﬂC1,g| )]
[ i+1—ml—mg—m1,2+|C1ﬂCQ|+|ClnCl,2|+|CgﬂCl,2|
where 0 <i<n-3.

For a simplicial complex A over [n], one would associate to it the
Stanley-Reisner ideal, that is, the monomial ideal In/(A) in S = k[zy, zo,. ..
,Tn] generated by monomials corresponding to non-faces of this complex
(here we are assigning one variable of the polynomial ring to each vertex
of the complex). It is well known that the face ring k[A] = S/In(A) is a
standard graded algebra. We refer the readers to [8] and [13] for more de-
tails about graded algebra A, the Hilbert function H(A,t) and the Hilbert
series Hy(A) of a graded algebra.

Our main result of this section is as follows;

Theorem 3.7. Let A,(g}hr) be the spanning simplicial complex of Q’,‘l’,.,
then the Hilbert series of the face ring k[A, (9,11',.)] is given by,

d n \itl d T
et
H(k[A,(g}l’,)],t) =1+ Z: 1:: E o E E (—l)k
1=0 =0 k=1
k k

k r—1 Tk n-— Z mi,,,.'"+| ''''' ‘.,‘Hh, + z: |C.','.,',_+1,...,|,.+k.. nci..,i..+l.....i..+k.,'

E E E ’=’h u.v=:

e k.lzo ‘.‘=l ‘ + o ’gl 'ni.,,i., +l,-..,‘l} +k'l o u,vz-——l IC'-- ey +l""'i'- +k'- n C"' ""+l""'i"+k" l

t‘+l
zl—t;‘:ﬂ ®

Proof. From [13], we know that if A is a simplicial complex of dimension d
and f(A) = (fo, f1,---, f4) its f-vector, then the Hilbert series of face ring
k[A] is given by

d :
fitt-i-l
H(k[A]t) =1 —_.
By substituting the values of f;’s from Proposition 3.5 in this above ex-
pression, we get the desired result. O

4 Associated primes of the facet ideal Ix(A S(Q,l,,f))’

We present the characterization of all associated primes of the facet ideal
Ix(D4(Gs,r)) of spanning simplicial complex A,(GL ) in this section.
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Associated to a simplicial complex A over [n], one defines the facet ideal
Ix(A) C S, which is generated by square-free monomials z;; .. . z;,, where
{va,--- ,Vis } is a facet of A.

Lemma 4.1. If A,(Gy, ) be the spanning simplicial complex of the r-cycles
graph g'lm., then

1<i<r 2<jalr-1
Ix(Ds(%ny) = ( N (xz)) ﬂ( N (xj..ia,xjai,))

e €C; 2<iFig<mj, —1

ﬂ (2 n (a:u.,,:cup,)) ﬂ ( ﬂ (xria,zriﬂ_))

<iaFigSmi 1<ia#ig<me—1

Proof. Consider the spanning simplicial complex A,(G;, ) and let
Ir(A4(GL ) be the facet ideal of As(Gy, ). Since from [4, Proposition 1.8,
we know that a minimal prime ideal of the facet ideal Ix(A) has one to
one correspondence with the minimal vertex cover of the simplicial com-
plex. Therefore, in order to compute the primary decomposition of the
facet ideal Ir(A,(G. ,)); it is sufficient to compute all the minimal vertex
cover of Ay(G, ,).

Indeed clear from the definition of A,(G} ) and by Lemma 3.4 that {e; }
is a minimal vertex cover of A,(G},) such that e; & C; Vi € {1,...,r}
. Moreover, {€j,i.)€jais} is also a minimal vertex cover of A,( n.r) With
2<iq #ig <my, —1forjo €{2,...,r-1},2<ia #ig <myforj, =1
and 1 < ia ?é ’lﬁ < my — 1 for ja = 7. Indeed for any E(jlil.jzizn---,jrir) €
s(g};,,) the intersection {eja,-a,eja,-ﬂ} N E(jlix,jziz.---.jrir) is nonempty. 0O

5 Cohen-Macaulayness of the face ring of Ay(G; )

In this section, we include some definitions and results from [2] and use
them to show that the face ring of A,(G2 ) is Cohen-Macaulay.

Definition 5.1. [2]
Let I C S = k[zy,3,...,,] be a monomial ideal, we say that I will have
the quasi-linear quotients, if there exists a minimal monomial system of
generators my,m, ..., m, such that mindeg(lp,) =1 forall 1 <i<r,
where £

Im; = (my,ma, ..., mi—1) : (my).
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Theorem 5.2. (2] Let A be a pure simplicial complex of dimension d over
[n]. Then A will be a shellable simplicial complex if and only if Ir(A) will
have the quasi-linear quotients.

Corollary 5.3. [2] If the facet ideal Ix(A) of a pure simplicial complex A
over [n] has quasi-linear quotients, then the face ring is Cohen Macaulay.

Theorem 5.4. The face ring of Ay(G}, ) is Cohen-Macaulay.

Proof. By corollary 5.3, it is sufficient to show that Ix(A,(G} ) has a
quasi-linear quotients in S = k[x11, %12, - - - T1my» T21, T22, + . ., To(my—1)s - -,
Tr1yTr2y...,

Tr(m,-1)sT1,Z2, . - ., T¢). By lemma 3.4, we have

8(Gas) = Ca) U Cl2) U C(3a) U C(av) U C(ac)
Therefore,
Ay(Gnr) = <E(j.i1.jai=.....j.i.) = E\{€j1111€4a1a1+ 1,8} | Bty daiasendete) € 8(grll,r)>

and hence we can write,

I_r(Aa(ng;,r)) = (ml:.?(j,i;.iz"z

Here, Ir(A4(Gy, ) is a pure monomial ideal of degree n —r with
T bty Jhgs @l the product of all variables in S except zj,i,, Tj5iz,- .-,

xj,i,- Now we will show that Ir(A,(Gy ,)) has quasi-linear quotients with
respect to the following generating system:

-~

1
| E(jlil|j2i21"'vjrir) € s(gn,r )'

|||| jrir)

............... r=1:drir)
ir—l ?é 1}’
{mé(n.zl ..... (r=3)1,(r=2)iy_2,dr—1ir—1.drir) | tr—2 :'é l}"'"{xE(u.ziz.jais...,j,..’,)

12 '-76 1}7

Let us put
C(ll,21....,(r—1)1,j,i,.) = {xE(u.n ..... (r=1)1,5piy) I b 7& 1}’

C(11.21....,(r—2)1,(r—1)i..._1,j,.i,.) R {xE(ll.2l ..... (r=2)1,(r=1)i,._q,Jriy) l =1 ;é 1}’

Also for any Cj iy jaig,jris)s 4€00t€ Cliiiy iaia,....5ri,) S the residue col-
lection of all the generators which precedes C(jyiy,jzis,...,5.i,) in the above

order. We will show that

(C_‘(jliltj2i2:--njri")) : (xE(,-l.-,,j,a, ..... ,'...',))
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contains atleast one linear generator.

Now for any gener i i
y generator T B 41t the above said system of
generators guarantee the existence of a generator

S o e (k-’)l-ja‘o.jk+1ik+1 ..... Jrip) in C(l1’""(k-l)lljkiky-"vjrir) su(:h that jaia #
jkik. Therefore, by using the definition of colon ideal it is easy to see that
(Cat, (k=1 Ldkinrsivin)) * (@1 k1) fuikrmieds)

contains a linear generator z;,;,. Hence Ir(A,(G) ) has quasi-linear quo-
tients, as required. O

We conclude this section with an example.

Example 5.5. For the graph Gj, , given in Fig. 1., the facet ideal of the
spanning simplicial complex is:

Ix(As(G1o.2)) = (11,21, Cit,jaia, Chin aia)

where C11,j,i; = T11,22, 211,23, T11,12, T11,13 a0d C1iy jyi, = T12,21, T12,225
T12,23, T13,21, £13,22, £13,23- It IS easy to see that, Ix(A,(Gly,)) has quasi-
linear quotients with respect to the ordering given to its generators (by
applying above theorem). Hence, the face ring of A,(G}y,) is Cohen
Macaulay.

Acknowledgments: The authors are grateful to the reviewer and editor
for their valuable suggestions to improve the manuscript.
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