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Abstract

A cancellable number (CN) is a fraction in which a decimal digit can
be removed (”canceled”) in the numerator and denominator without
changing the value of the number; examples include % where the 6
can be canceled and % where the 9 can be canceled. We show that
the slope of the line of a cancellable number need not be negative.

1 Introduction

In 1933, Morley [2] posed the problem of illegitimate cancella—

tion, identifying & = ¥, & = o = 1 and 3 = ¢ as the
only proper fractions with denominators 1less than one hundred
which could be reduced by the indicated illegal cancellation.
B-L- Schwartz [3] provided the solutions for three digit denomi-
nators in 1961. In [1], more results on cancellable numbers were

presented.

2 A Result on Cancellation Slopes

In [1] it was stated that a py CN for & is a representative
for & 37 such that H can be cancelled 1,2,3, ..., p times, each
cancellation producing a representative of . An examination

of 1-CNs for an arbitrary £ 17y L > M suggests that the cancelling

: i 4 884 2 058
line never has a positive slope. Consider %x’ %E, i%"éf’ b
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Even if we look at the p-CNs, it seems that whenever there does

exist a CN with a positive slope cancelling line, e.g., Z£2, the

positive slope is not necessary, e.g., gégg. Just how general is

this observation? The general case for integers follows.

Theorem 2.1: Let M = 3. If the coefficient of 10¥ in the nu-
merator cancels with the coefficient of 10¥+" in the denominator,
then the expression is an r-CN for M.

Proof: Assume that the (k4 1)st digit from the right in the
numerator is cancellable with the (k + r + 1)st digit from the
right in the denominator, 7 > 0.

Let M = % where

S = 10"apm+. . . +105 ey 410 apy  +105 " 1g g+

ot 108y + 10%a, + 105 ap_y + ... + ag

T = 10", + ...+ 108 b + 108 H 4 105+ -1g,. . 1+
v 108 by + 1050 + 10520y + ... + bo

Now we can see that M = g where

= 10’"“am o R T 10k+rak+r+1 -+ 10"+"lak+r+
1082, 1 + ...+ 10%ay; + 105 g, + ... +ap

Q= 01 sk 10k+rbk+r+1 + 105+ by 1+

10k+"2ak+r_g +...+ 10kbk 5 is 10“‘1bk_1 + ...+ b

From the equation with M = % we obtain the following set
of equations:

Mby = ag + 10cq, Mb, + co =a; +10¢cy, ..., Mbr + cr—1
H + 10¢ck, Mbrs1 + ¢ = ag41 + 10¢k41, - - s Mbpsr—1 + Cryr—2
Qsr—1 + 10Cksr—1y- - yMby + Cno1 = @y + 10¢, = am.

l

From the equation with M = —g we obtain the following set

of equations:
Mby = ag + 10cg, Mby + ¢o = ay +10cy, ..., Mby + cr—1
1+ 10ck, Mbgyr +ck = arg2 +10Ck41, - o, Mbgyr—1 + Crgr—2

I



Aksr + Ckir—1-

Comparing the above set of equations, it follows that a,., =
arso = ... = agyr = H. To show that by = by, = ... =
birir—1 = H, we examine the division process instead of multi-
plication. Since division proceeds from left to right, while mul-
tiplication begins with the rightmost digit , the first remainder
is called t,, the second t,_1, etc. Noting that a,, = 10c, + a,,
and writing lo—c]!‘—!ﬂﬂ = b, + t,, we have:

an + IOCn = A’I(bn 1% tn), 101‘/[tn +ap-) = ‘\J(bn—l + tn—l)-
S 101"1tk+r+1 + Qk4r = A/[(H + tk+r), 101\’1t;¢+r + OGpsp-1 =
I‘J(bk+r—l T tk+r—l)1 o o0y 101‘/[tk+1 g H = lw(bk . tk), e

Similarly, we obtain: ..., 10MTksrs1 + @y = M(bp=r—; +
tk+r)7 IOMTk-H‘ - Qpgr=1 = M(bk+r—2 53 tk-}-r—l), viviily lOﬂ/[tk_{,l -+
H = M(bx—1 +tx),---

Comparing the above sets of equations shows that by.,—1 =

bpsr—2 = ... = by = H. It follows that it is always possible to
avoid positive slope canceling lines and this completes the proof.

3 The case for Irrationals

If I is an irrational number expressed as a quotient, then either
the numerator or denominator or both have an infinite decimal
part. Assuming that I can be recaptured after cancellation of a
finite number n of digits, the numerator and denominator can
then be multiplied by a sufficiently large power of 10 so that the
cancellable digits all lie to the left of the decimal point. The
assumption of cancellability states

(10*1+1A; + 10M Hy + 10241 Ay + 102 Hy + ... + Ap+). Ans

b= (1011""131 + 104 H + 1012+1Bg 2R 10’2H2 +...+ Bn+).Bn+1




_ (100+-n4, + 10924y 4. 4+ A ). Anyg
~ (10h+1-nBy + 102+2-"By + ... + By +). B,y

where either 4,,+1 or B,,+1 or both are inﬁnite decimals.

P r P(A: Hi
But then, since £ = & — e ETE_H—.%’
where P and Q are ﬁmte—polvnomlals in their arguments, which

is a contradiction. This leads to the following:

Theorem 3.1: No irrational number has a CN representa-
tion in which a finite number of digits can be cancelled.

This argument essentially states that I = % oy ey ¥ =.
But, if the number of cancellations is finite both - and y are
necessarily rational. In the infinite case one or both of {z,y}
may be irrational, as may be their quotient.

4 Different Bases

In base 10, zero and nine are preferential digits for cancellation.
In base k, zero and (k — 1) are preferential. The following theo-
rem expresses this fact and suggests that results concerning CNs
have analogs in any base.

-~

Theorem 4.1: If L has [ digits and M has m digits in base
K and [ > m, then

(L—1)K"? + (K — 1) K" 4 (KHP—1 — L)
(M - 1)K"? + (K — 1)KHp-1 4 (KHP-1 — M)
in base K is a Px_;-CN for TL,- in base K.

The proof consists of showing first that the expression does
indeed equal IL? and second that 7 cancellations produce an iden-
tity, i.e., that '

(L-1)K"P + (K - 1)K"*P~! 4 (KHP-1 — L)
(M = 1)KHp + (K — 1)K+p-1 4 (K+p-1 — M)




(L — 1)K"P=i 4 (K - 1) K913 4 (K4p=1-1 _ [)
(M — 1)K™"p-3 + (K — 1)K#-1-7 + (K1*-1-7 — })

in base K. Each of these is a simple reduction. Most CN results
expressed in base J have obvious analogs in base K. Accord-
ingly, generality is not lost if J = 10 and this convention is
continued in what follows.

5 Acknowledgment

The second author declares Dr. Jerome Henry Manheim to be
the (main) author of this research endeavor and humbly pays
homage and tribute to his memory and his family. We are grate-
ful for the tremendous feedback from the referee as well.

References

[1] Aliabadi, Manheim, Nategh, Shahmohamad, ”Cancellable
Numbers”, JCMCC 102 (2017), pp. 45-54

[2] Morely, ” Problems and Solutions”, American Mathematical
Monthly (August-September 1933), Vol. 40, No. 7, 425-26.

[3] Schwartz, "Illegal Cancellation,” proposal 434; Mathemat-
ical magazine (September-October, 1961), Vol. 34, No. 6,
367-68



