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This document contains the SageMath calculations for the paper “The p-smooth and p-golden partial
fields." Version 9.3 of SageMath is used and the installation is on a personal computer running the Windows-
11 operating system.

Annex A: Calculations for Ss

[1]: """ Calculate all mon-negative integer solutions (a,b,c) to 3°b+5°c=2"a
with a tn [1..10]."""

for a in [1..9]:
for b in [1..5]:
for ¢ in [1..3]:
if 3"btb~c==2"a:

print(a,b,c)
311
531
713
[2]: """ We calculate s1024 which is a list of all modulo-256 pairs (b,c) for which

3°b+57c=0 modulo 1024."""

51024=[]
for b in [0..255]:
for c in [0..255]:
if (37b+57¢)%1024==0:
51024 . append ((b,c))
print (len(s1024))

128

[3]: """ We calculate s257 which is a list of all modulo-256 pairs (b,c) for which
3°b+5°c=R2"a modulo 257 for some a in {0,...,15}."""

s257=[]
for a in [0..15]:
for b in [0..255]:



for ¢ in [0..255]:
if (3°b+5-c)%257==(2"a)%257:
s257=s257+[(b,c)]
print(len(s257))

4080

[4]: """ Find the intersection of s102/ and s257. """
[value for value in s1024 if value in s257]
[4]: [(19, 25), (83, 217), (147, 153), (211, 89)]

[51: | """ Calculate the sets L2={2"a mod M : a > 0}, L3={3°b mod M : b > 2}, and
L5={5°c mod M : c > 2} """

M=3"3%5"3%7*31

L2=[]
x=1
for i in [0..M]:
if x in L2:
break
else:
L2.append(x)
x=2%x%M

L3=[]
x=27
for i in [0..M]:
if x in L3:
break
else:
L3.append(x)
x=3*x/,M

L5=[]
x=125
for i in [0..M]:
if x in L5:
break
else:
L5.append (x)
x=5*x%M
print (len(L2),len(L3),len(L5))

900 300 18

[61: """ Calculate all z+y for = in L2 and y in L3 and check that none are in L2."""

for x in L3:
for y in Lb5:
sum=(x+y) %M
if sum in L2:



print (sum)

[71: """ We first check that the assoctiates of the rational numbers listed in our
theorem form a set of 99 distinct rational numbers. This also implies
that the sets of associates are mutually disjoint."""

B=[3/128,2/27,5/32,9/25,3/8,2/5,4/9,3,4,5,6,9,10,16,25,81]

def Assoc(n):
return([n, (1-n),(1/n),((n-1)/n),(n/(n-1)),(1/(1-n))1)

L=[-1,1/2,2]
for x in B:
L=L+Assoc(x)

print (len(L),len(set(L)))
print ()
print (L)

99 99

[-1, 1/2, 2, 3/128, 125/128, 128/3, -125/3, -3/125, 128/125, 2/27, 25/27, 27/2,
-25/2, -2/25, 27/25, 5/32, 27/32, 32/5, -27/5, -5/27, 32/27, 9/25, 16/25, 25/9,
-16/9, -9/16, 25/16, 3/8, 5/8, 8/3, -5/3, -3/5, 8/5, 2/5, 3/5, 5/2, -3/2, -2/3,
5/3, 4/9, 5/9, 9/4, -5/4, -4/5, 9/5, 3, -2, 1/3, 2/3, 3/2, -1/2, 4, -3, 1/4,
3/4, 4/3, -1/3, 5, -4, 1/5, 4/5, 5/4, -1/4, 6, -5, 1/6, 5/6, 6/5, -1/5, 9, -8,
1/9, 8/9, 9/8, -1/8, 10, -9, 1/10, 9/10, 10/9, -1/9, 16, -15, 1/16, 15/16,
16/15, -1/15, 25, -24, 1/25, 24/25, 25/24, -1/24, 81, -80, 1/81, 80/81, 81/80,
-1/80]

Annex B: Calculations for G,

[1]: RX=QQL['x']
x=RX.0
GoldenRing=RX.quotient(x~2-x-1,'g")
g=GoldenRing.0

[2]: RX
[2]: Univariate Polynomial Ring in x over Rational Field
[3]: GoldenRing

[3]: Univariate Quotient Polynomial Ring in g over Rational Field with modulus x"2 -
x -1

[4]: def Assoc(n):
return([n, (1-n),(1/n),((n-1)/n),(n/(n-1)),(1/(1-n))1)

[6]: ""'4 listing of irrational fundamental elements of G_2 stated in the Theorem.
Later we will confirm that all 24 elements listed are distinct.'''



[6]:

[7]:

[8]:

ListOfAssociates=Assoc(g)+Assoc(2xg~2)+Assoc(g~3)+Assoc(g~6)
print (len(ListOfAssociates),ListOfAssociates)

24 [g, g+ 1, g-1, -g+2, g+ 1, -g, 2xg + 2, -2xg - 1, -1/2%xg + 1, 1/2*g,
2xg - 2, -2%xg + 3, 2xg + 1, -2%g, 2%g - 3, -2xg + 4, 1/2*%g + 1/2, -1/2xg + 1/2,
8xg + 5, -8%g - 4, -8*g + 13, 8%g - 12, 1/2xg + 1/4, -1/2%g + 3/4]

mnimn

Here we use Lemma giving bounds on 2°tg~7 to obtain the list of potential
trrational fundamental elements. Note that the 160 elements of G_2 that
are generated must all be distinct."""

PotentialFunds=[]

for

i in [-6..3]:
for j in [-1,-2,-3,-6,1,2,3,6]:
PotentialFunds=PotentialFunds+[2"i*g~j,-2"i*g~j]

print (len(PotentialFunds))

160

rr

Now for each f in our list of 160 elements we check <f 1-f is also in the list
of potential fundamental elements. This gives us the complete list of the
trrational fundamental element of G_2. There are 24 as stated in our theorem.'''

FundamentalElements=[]

for

f in PotentialFunds:
if 1-f in PotentialFunds:
FundamentalElements.append (f)

print (len(FundamentalElements))
print (FundamentalElements)

24

[-1/2%g + 3/4, 1/2%g + 1/4, -1/2%g + 1/2, -1/2%g + 1, 1/2%g, 1/2%xg + 1/2, g - 1,

_g+

1, - g+ 2, 2%g - 3, -2xg + 3, -8xg + 13, g, -g, g+ 1, 2%g + 1, -2xg - 1,

8xg + 5, 2%xg - 2, -2xg + 4, -2xg, 2%g + 2, 8*g - 12, -8*xg - 4]

rr

for

True
True
True
True
True
True
True
True
True
True
True
True

Here we check to see that the elements in FundamentalElements are contained in
the elements of the list ListOfAssociates from above. Since the 160 potential
fundamental elements are all distinct, we have also confirmed that the 24
elements in the ListOfAdssociates are all distinct. '''

a in FundamentalElements:
print(a in ListOfAssociates,a)

-1/2xg + 3/4
1/2*g + 1/4
—1/2*g + 1/2
-1/2*xg + 1
1/2x%g

1/2*g + 1/2
g -1

-g +1

-g + 2

2%xg - 3

-2xg + 3
-8xg + 13



[1]:

[2]:

[2]:

[3]:

[3]:

[4]:

[5]:

[6]:

True g

True -g

True g + 1
True 2*g + 1
True -2%g - 1
True 8%g + 5
True 2*g - 2
True -2xg + 4
True -2xg
True 2*g + 2
True 8xg - 12
True -8*g - 4

Annex C: Calculations for G;

RX=QQ['x"]

x=RX.0
GoldenRing=RX.quotient(x~2-x-1,'g")
g=GoldenRing.O

RX
Univariate Polynomial Ring in x over Rational Field
GoldenRing

Univariate Quotient Polynomial Ring in g over Rational Field with modulus x"2 -
x -1

def Assoc(n):
return([n, (1-n),(1/n),((n-1)/n),(n/(n-1)),(1/(1-n))1)

""'4 listing of irrational fundamental elements of G_3 stated in the Theorem. Later
we will confirm that all 60 elements listed are distinct.'''

ListOfAssociates=Assoc(g)+Assoc(2xg~2)+Assoc((8/3)*g~2)+Assoc(3*g~2)+Assoc((1/
~3)*g~3) +Assoc(g~3) +Assoc(2*g~4) +Assoc(8*g~4) +Assoc (g~ 6) +Assoc(18*g~6)
print (len(List0fAssociates),ListOfAssociates)

60 [g, g +1,g-1, g+2, g+ 1, -g, 2xg + 2, -2%g - 1, -1/2xg + 1, 1/2xg,
2%g - 2, -2xg + 3, 8/3xg + 8/3, -8/3%g - 5/3, -3/8%g + 3/4, 3/8xg + 1/4, -24xg +
40, 24xg - 39, 3*%g + 3, -3xg - 2, -1/3*g + 2/3, 1/3*xg + 1/3, -3*g + 6, 3*g - b,
2/3xg + 1/3, -2/3*%g + 2/3, 6xg - 9, -6*%g + 10, 3/2%g + 1, -3/2xg, 2xg + 1, -2x*g,
2kg - 3, -2xg + 4, 1/2%xg + 1/2, -1/2xg + 1/2, 6%g + 4, -6xg - 3, -3/2%g + 5/2,
3/2%g - 3/2, 2/3xg, -2/3xg + 1, 24%g + 16, -24xg - 15, -3/8%g + 5/8, 3/8%g +
3/8, -8/3%g + 16/3, 8/3%g - 13/3, 8xg + 5, -8*g - 4, -8%g + 13, 8xg - 12, 1/2x*g
+ 1/4, -1/2%g + 3/4, 144xg + 90, -144xg - 89, -4/9xg + 13/18, 4/9*g + 5/18,
-144xg + 234, 144*g - 233]

""" Here we use the lemma bouding the exponents on 2°137jg°k to obtain the list of
potential irrational fundamental elements. Note that the 9600 elements of G_3
that are generated must all be distinct."""



PotentialFunds=[]
for i in [-16..8]:
for j in [-10..5]:
for k in [-1,-2,-3,-4,-6,-12,1,2,3,4,6,12]:
PotentialFunds=PotentialFunds+[2~i*3~j*g~k,-2"i*3"j*g k]
print (len(PotentialFunds))

9600

[7]: """ We transform the polynomials r*g+s of degree 1 in g into pairs [s,r] of rational
numbers for faster computation in the next step. '''

PotentialFundsPairs=[]

for p in PotentialFunds:
PotentialFundsPairs.append(p.list())

print (len(PotentialFundsPairs))

9600
[8]: '''" Here we take each f (which is represented by pair [s,r]) and check if 1-f (which

is represented by the pair [1-s,-r]) ts also in the list of potential fundamental

elements. This finds the complete list of irrational fundamental elements of
G_3. There are 60 of them.''"'

FundamentalElements=[]
for £ in PotentialFundsPairs:
diff=[1-f[0],-£f[1]1]
if diff in PotentialFundsPairs:
FundamentalElements.append (f)
print (len(FundamentalElements))
print (FundamentalElements)

60

[(5/8, -3/81, [1/4, 38/81, [3/4, -3/81, [3/8, 3/81, [3/4, -1/21, [1/4, 1/2]1,
[13/18, -4/91, [5/18, 4/91, [1/2, -1/21, [1, -1/21, [&/2, -3/21, [0, 1/2]1, [1/2,
i/21, 1, 8/21, [-3/2, 3/2], [0, -3/21, [2/3, -1/31, [1, -2/3], [-13/3, 8/3],
(1«3, 1/31, [1/3, 2/31, [-5/3, -8/31, [-1, 11, [1, -11, [2, -1, [-3, 21, [3,
-21, [-5, 31, [13, -81, [-233, 1441, [0, 11, [0, -11, [1, 11, [1, 2], [-1, -21,
(-2, -31, (5, 81, [-89, -144]1, [e, -31, [-9, 61, [-39, 241, [3, 3], [-3, -61,
[-15, -24]1, [2/3, -2/31, [O0, 2/3], [-2, 2], [4, -2], [10, -6], [0, -2], [2, 2],

[4, 6], [234, -144]1, [90, 1441, [-12, 81, [-4, -81, [16/3, -8/31, [8/3, 8/3],
[40, -24]1, [16, 24]1]

[9]:

""'"Here we convert the representations of the 60 fundamental elements as pairs of
rational numbers back to polynomials of degree 1 aimn g.'''

FundamentalElementsNormal=[]
for p in FundamentalElements:
FundamentalElementsNormal.append (p[1]*g+p[0])
print (len(FundamentalElementsNormal) ,FundamentalElementsNormal)

60 [-3/8%g + 5/8, 3/8xg + 1/4, -3/8xg + 3/4, 3/8xg + 3/8, -1/2xg + 3/4, 1/2%g +
1/4, -4/9%g + 13/18, 4/9%g + 5/18, -1/2%g + 1/2, -1/2%g + 1, -3/2%g + 5/2,
1/2%g, 1/2%g + 1/2, 3/2%g + 1, 3/2%g - 3/2, -3/2%g, -1/3%g + 2/3, -2/3%g + 1,
8/3xg - 13/3, 1/3*g + 1/3, 2/3%g + 1/3, -8/3*g - 5/3, g - 1, -g + 1, -g + 2, 2%g



[10]:

-3, -2xg + 3, 3*g - 5, -8*%g + 13, 144*g - 233, g, -g, g + 1, 2%xg + 1, -2%xg - 1,
-3xg - 2, 8%g + 5, -144xg - 89, -3xg + 6, 6%g - 9, 24xg - 39, 3*g + 3, -6xg - 3,
-24xg - 15, -2/3xg + 2/3, 2/3*g, 2xg - 2, -2%g + 4, -6xg + 10, -2%g, 2xg + 2,
6xg + 4, -144xg + 234, 144xg + 90, 8*xg - 12, -8*g - 4, -8/3*g + 16/3, 8/3xg +
8/3, -24xg + 40, 24xg + 16]

"!'!" Here we check to see that the 60 elements in FundamentalElements are contained
in the elements of the list ListOfAdssociates from above. Since the 9600
potential fundamental elements are all distinct, we have also confirmed that
the 60 elements in the ListOfAssoctates are all distinct. '''

for a in FundamentalElementsNormal:
print(a in ListOfAssociates,a)

True -3/8%g + 5/8
True 3/8xg + 1/4
True -3/8*g + 3/4
True 3/8xg + 3/8
True -1/2%g + 3/4
True 1/2xg + 1/4
True -4/9%g + 13/18
True 4/9*g + 5/18
True -1/2*g + 1/2
True -1/2*g + 1
True -3/2%g + 5/2
True 1/2xg

True 1/2xg + 1/2
True 3/2xg + 1
True 3/2xg - 3/2
True -3/2*g

True -1/3%g + 2/3
True -2/3%g + 1
True 8/3*g - 13/3
True 1/3*g + 1/3
True 2/3*g + 1/3
True -8/3%g - 5/3
True g - 1

True -g + 1

True -g + 2

True 2*g - 3

True -2%g + 3
True 3*g - 5

True -8*g + 13
True 144x*g - 233
True g

True -g

True g + 1

True 2*g + 1

True -2%g - 1
True -3*g - 2
True 8%g + 5

True -144*xg - 89
True -3*g + 6
True 6*g - 9



[1]:

[2]:

[2]:

[3]:

[3]:

[4]:

[5]:

True 24*g - 39
True 3*g + 3

True -6*g - 3
True -24*g - 15
True -2/3*g + 2/3
True 2/3*g

True 2*g - 2

True -2xg + 4
True -6*g + 10
True -2%g

True 2*g + 2

True 6*g + 4

True -144xg + 234
True 144xg + 90
True 8xg - 12
True -8*g - 4
True -8/3*g + 16/3
True 8/3*g + 8/3
True -24xg + 40
True 24x*g + 16

Annex D: Calculations for G5

RX=QQ['x']

x=RX.0
GoldenRing=RX.quotient(x~2-x-1,'g")
g=GoldenRing.0

RX
Univariate Polynomial Ring in x over Rational Field
GoldenRing

Univariate Quotient Polynomial Ring in g over Rational Field with modulus x"2 -
x -1

def Assoc(n):
return([n, (1-n),(1/n),((n-1)/n),(n/(n-1)),(1/(1-n))1)

"""'4 listing of irrational fundamental elements of G_5 stated in the Theorem. Later

we wtll confirm that all 96 elements listed are distinct.''’

ListOfAssociates=Assoc((5/8)*g)+Assoc(g)+tAssoc(2*xg~2) +Assoc((5/2)*g~2)+Assoc((8/
-3)*g~2) +Assoc(3*g~2)+Assoc ((1/
-3)*g~3) +Assoc(g~3) tAssoc(2xg~4) +Assoc(5xg~4)+Assoc(8*g~4) +Assoc(g~5/8) +tAssoc(g~5/
—3)+Assoc(2*g~5) +Assoc (g~ 6) +Assoc(18*g~6)

print (len(ListOfAssociates),ListOfAssociates)

96 [6/8*g, -5/8%g + 1, 8/6xg - 8/5, -8/5*g + 13/5, 40*g + 25, -40*g - 24, g, -g
+1, g-1, -g+2, g+ 1, -g, 2%g + 2, -2%g - 1, -1/2%g + 1, 1/2xg, 2%g - 2,
-2xg + 3, 5/2%g + 5/2, -5/2xg - 3/2, -2/b%xg + 4/5, 2/6xg + 1/5, 10%g - 15, -10%g
+ 16, 8/3*%g + 8/3, -8/3*%g - 5/3, -3/8%g + 3/4, 3/8*g + 1/4, -24xg + 40, 24xg -



39, 3*%g + 3, -3*%g - 2, -1/3*xg + 2/3, 1/3*%g + 1/3, -3*g + 6, 3xg - 5, 2/3*g +
1/3, -2/3*g + 2/3, 6xg - 9, -6*xg + 10, 3/2%xg + 1, -3/2xg, 2xg + 1, -2%g, 2%g -
3, -2xg + 4, 1/2%xg + 1/2, -1/2xg + 1/2, 6xg + 4, -6xg - 3, -3/2xg + 5/2, 3/2%g -
3/2, 2/3*g, -2/3%g + 1, 16xg + 10, -16%g - 9, -3/5*g + 1, 3/b*g, 5/3*g - 5/3,
-5/3*xg + 8/3, 24xg + 16, -24xg - 15, -3/8xg + 5/8, 3/8xg + 3/8, -8/3*g + 16/3,
8/3*xg - 13/3, 5/8xg + 3/8, -5/8*%g + 5/8, 40*g - 64, -40*g + 65, 8/6xg + 1,
-8/bxg, 5/3*%g + 1, -5/3%g, 15%g - 24, -16%g + 25, 3/6*g + 2/5, -3/5*g + 3/5,
10*xg + 6, -10xg - 5, 5/2%g - 4, -5/2xg + 5, 2/b%xg + 2/5, -2/6xg + 3/5, 8%g + 5,
-8xg - 4, -8xg + 13, 8*xg - 12, 1/2xg + 1/4, -1/2*g + 3/4, 144xg + 90, -144xg -
89, -4/9%g + 13/18, 4/9%g + 5/18, -144%g + 234, 144xg - 233]

[6]: """ Here we use our lemma bounding the exzponents on 2°13°j5°kg~l to obtain the list
of potential irrational fundamental elements. Note that the 145,552 elements of
G_5 that are generated must all be distinct. This computation takes several
minutes on our SageMath tmplementation. An iteration counter 2s provided and
2ndicates every 10,000th iteration.”""

count=0
PotentialFunds=[]
for i in [-17..9]:
for j in [-10..5]:
for k in [-7..4]:
for 1 in [-1,-2,-3,-4,-5,-6,-12,1,2,3,4,5,6,12]:
count=count+1
if count’%10000==0:
print (count)
new=2"1*3"j*5 k*g~1
PotentialFunds=PotentialFunds+[new, -new]
print (len(PotentialFunds))

10000
20000
30000
40000
50000
60000
70000
145152

[7]: """ We transform the polynomials r*g+s of degree 1 in g into pairs [s,r] of
rational numbers for faster computation in the next step. '''

PotentialFundsPairs=[]

for p in PotentialFunds:
PotentialFundsPairs.append(p.list())

len(PotentialFundsPairs)

[7]: 145152



[8]:

[9]:

""" Here we take each f (which is represented by pair [s,r]) and check <if 1-f

(which is represented by the pair [1-s,-r]) is also in the list of potential

fundamental elements. This gives us the complete list of irrational fundamental
elements of G_5. There are 96 of them. This computation took over half an hour
on our SageMath implementation. An iteration counter is provided and indicates

every 10,000th iteration.''’'

FundamentalElements=[]
count=0
for £ in PotentialFundsPairs:
count=count+1
if count%10000==0:
print (count)
diff=[1-f[0],-£[11]
if diff in PotentialFundsPairs:
FundamentalElements.append (f)
print (len(FundamentalElements))
print (FundamentalElements)

10000
20000

30000

40000

50000

60000

70000

80000

90000

100000

110000

120000

130000

140000

96

[(s/s, -3/81, [1, -5/8], [1/4, 3/81, [3/8, 5/81, [5/8, -5/8]1, [0, 5/8], [3/4,
-3/81, [3/8, 3/81, [3/4, -1/21, [1/4, 1/21, [13/18, -4/9]1, [5/18, 4/91, [1/2,
-1/21, [1, -1/21, [5/2, -3/21, [-4, &5/21, [0, 1/21, [1/2, 1/21, [1, 3/21, [-3/2,
-5/21, [5, -5/21, [5/2, 5/2]1, [-3/2, 3/21, [0, -3/2], [2/3, -1/3], [1, -2/3],
[8/3, -5/31, [-13/3, &/3], [1/3, 1/3], [1/3, 2/31, [1, 5/3]1, [-5/3, -8/3],
[-5/3, 5/31, [0, -5/31, [3/5, -2/51, [1, -3/51, [13/5, -8/51, [1/5, 2/5]1, [2/5,
3/s], [1, 8/51, [-1, 11, [1, -11, [2, -11, [-3, 21, [3, -21, [-5, 31, [13, -81,
[-233, 144]1, [0, 1], [0, -11, [1, 11, [1, 21, [-1, -21, [-2, -31, [5, 81, [-89,
-1441, [-15, 101, [25, -15], [65, -401, [-5, -101, [10, 151, [25, 401, [3/5,
-3/51, [0, 3/5]1, [6, -31, [-9, 6], [-24, 15], [-39, 241, [3, 3], [-3, -61, [-9,
-151, [-15, -241, [2/3, -2/3], [0, 2/31, [4/5, -2/5], [2/5, 2/51, [-2, 21, [4,
-21, [10, -61, [16, -101, [0, -21, [2, 21, [4, 61, [6, 101, [234, -1441, [90,
1441, [-12, 81, [-4, -81, [16/3, -8/31, [8/3, 8/31, [-8/5, 8/51, [0, -8/51, [40,
-241, [-64, 401, [16, 24], [-24, -40]1]

"'"'"Here we convert the representations of the fundamental elements as pairs
of rational numbers back to polynomials of degree 1 im g.'''

FundamentalElementsNormal=[]
for p in FundamentalElements:

10



[10]:

FundamentalElementsNormal.append(p[1]*g+p[0])
print (len(FundamentalElementsNormal) ,FundamentalElementsNormal)

96 [-3/8*xg + 5/8, -5/8*%g + 1, 3/8xg + 1/4, 5/8+xg + 3/8, -5/8xg + 5/8, 5/8xg,
-3/8xg + 3/4, 3/8%g + 3/8, -1/2*%g + 3/4, 1/2xg + 1/4, -4/9*%g + 13/18, 4/9xg +
5/18, -1/2%g + 1/2, -1/2%g + 1, -3/2%g + 5/2, 5/2%g - 4, 1/2xg, 1/2*%g + 1/2,
3/2xg + 1, -5/2%g - 3/2, -5/2*g + 5, 5/2*g + 5/2, 3/2xg - 3/2, -3/2*g, -1/3xg +
2/3, -2/3xg + 1, -5/3*%g + 8/3, 8/3xg - 13/3, 1/3*%g + 1/3, 2/3*%g + 1/3, 5/3xg +
1, -8/3xg - 5/3, 5/3%g - 5/3, -5/3*g, -2/5*%g + 3/5, -3/5%g + 1, -8/bxg + 13/5,
2/6*%g + 1/5, 3/6%g + 2/5, 8/bxg + 1, g - 1, -g + 1, -g + 2, 2xg - 3, -2%g + 3,
3xg - 5, -8*%g + 13, 144xg - 233, g, -g, g + 1, 2%g + 1, -2%xg - 1, -3xg - 2, 8x*g
+ 5, -144xg - 89, 10*g - 15, -1b*g + 25, -40*g + 65, -10*xg - 5, 15%g + 10, 40%g
+ 25, -3/bxg + 3/5, 3/bxg, -3*g + 6, 6%g - 9, 1b*xg - 24, 24*xg - 39, 3xg + 3,
-6xg - 3, -16%g - 9, -24*xg - 15, -2/3%g + 2/3, 2/3*g, -2/6xg + 4/5, 2/5xg + 2/5,
2%xg - 2, -2%g + 4, -6%xg + 10, -10xg + 16, -2xg, 2*%g + 2, 6xg + 4, 10xg + 6,
-144*g + 234, 144*g + 90, 8xg - 12, -8xg - 4, -8/3xg + 16/3, 8/3*g + 8/3, 8/bx*g
- 8/5, -8/5%g, -24xg + 40, 40%g - 64, 24xg + 16, -40%g - 24]

""" Here we check to see that the elements in FundamentalElements are contained in
the elements of the list ListOfdssociates from above. Since the 145,552 potential
fundamental elements are all distinct, we have also confirmed that the 96 elements
2n the ListUfAdssoctates are all distinct. '''

for p in FundamentalElementsNormal:
print(p in ListOfAssociates,p)

True -3/8*g + 5/8
True -5/8*g + 1
True 3/8xg + 1/4
True 5/8*g + 3/8
True -5/8%g + 5/8
True 5/8*g

True -3/8*g + 3/4
True 3/8xg + 3/8
True -1/2%g + 3/4
True 1/2xg + 1/4
True -4/9*g + 13/18
True 4/9*g + 5/18
True -1/2*g + 1/2
True -1/2*g + 1
True -3/2%g + 5/2
True 5/2*xg - 4
True 1/2*g

True 1/2xg + 1/2
True 3/2xg + 1
True -5/2%g - 3/2
True -5/2%g + 5
True 5/2xg + 5/2
True 3/2xg - 3/2
True -3/2*g

True -1/3%g + 2/3
True -2/3%g + 1
True -5/3%g + 8/3
True 8/3*g - 13/3
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True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True
True

1/3*g + 1/3
2/3%g + 1/3
5/3xg + 1
-8/3*g - 5/3
5/3%g - 5/3
-5/3xg
-2/5%g + 3/5
-3/bxg + 1

-8/5%g + 13/5

2/5%g + 1/5
3/5%g + 2/5
8/5xg + 1

g -1

-g + 1

-g + 2

2%xg - 3
-2%g + 3
3xg - 5
-8xg + 13
144xg - 233
g

-g

g+1

2%g + 1
-2xg - 1
-3%g - 2
8xg + 5
-144xg - 89
10xg - 15
-15*%g + 25
-40*g + 65
-10xg - 5
16xg + 10
40*g + 25
-3/5%g + 3/5
3/5%g

-3*%g + 6
6xg - 9
16%xg - 24
24xg - 39
3*xg + 3
-6*xg - 3
-15xg - 9
-24*g - 15
-2/3*%g + 2/3
2/3*g
-2/5xg + 4/5
2/5%g + 2/5
2xg - 2
-2xg + 4
-6xg + 10
-10xg + 16
_2*g

2%g + 2
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True
True
True
True
True
True
True
True
True
True
True
True
True
True

6xg + 4

10xg + 6
~144xg + 234
144%g + 90
8xg - 12
-8*xg - 4
-8/3%g + 16/3
8/3xg + 8/3
8/5%g - 8/5
-8/5%g

-24*g + 40
40*g - 64
24xg + 16
-40%g - 24
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