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ABSTRACT

Three remarkable determinant identities of skew—symmetric matrices are reviewed in a more trans-
parent manner.
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1. Introduction and Outline

There exist numerous determinant identities in the literature (cf. [4, 9]). For example, the determi-
nants of Vandermonde and Cauchy

A, =  det [x?%j} = H (2 — x;),
1si,jsm 1<i<j<m

[ 1 } _ haicjem(@i — 7)Y —y))

T; + Y H1gi,jgm($i + v5)

play an important role in symmetric functions and group characters (cf. [3, 5]).

I

det

1<i,j<m

A special class of determinants concern the skew—symmetric matrices. For a given skew matrix
M, it is well known that det M = 0 when the order of M is odd. Instead, when the order of M is
even, the determinant det M results in a square of a polynomial (called Pfaffian of M) in the entries
of M.

In this little article, we shall review three important determinants of skew—matrices. Let 7" and
{k }1<k<2n be indeterminates. Define three skew—matrices by

(_an — Qjﬂ)z
Uz = [Ui,jhgi,jgn c Uiy = ;Z — :L’]j ’ (1)
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T — X5
Von = Vi3]« 5 NS ’
[ 7‘7]1§z,‘]§2n ) T +x]7
T; — Xj
Way, = w; il . - LW = ——
[ 73]1§z,j§2n »J 1— Tl‘ixj

Their determinants are explicitly given by the following remarkable theorems.

Theorem 1.1. (Ishikawa and Wakayama [1]).

det Uy, = H (zi — z4)°.

1<i<j<2n
Theorem 1.2. (Schur [6]). ,
detVo = ] (%)
1<i<j<2n v J
Theorem 1.3. (Sundquist |8]).
det Wy, = 720 ] (—1”“"_ ;;ﬂx j)2 .

1<i<j<2n

When T = 1, the last theorem reduces to the following evaluation due to Lascoux—Thorup [2] (see

also [7]):

2
1<i,j<2n {1 — xixj] H (1 — IEiﬂUj)

1<i<j<2n

We shall present new and easier proofs for these three formulae in the next three sections, that

are believed to be more transparent and accessible to the readers.

2. Proof of Theorem 1.1

Rewriting the matrix entry u; ; in Uy, by

2 n
(x] — %)
_ ? J _ n n n—k, k—1
Uij = = (7] _xj>§ 'rz T
T T k=1
n 2n
_ E 2n—k _k—1 § 2n—k _k—1
k=1 k=n+1

where we have made the replacement k& — k — n for the rightmost sum.
Then we can express the matrix Us, as a product of two matrices

Usn = UsUsp,
where U, and U}, are explicitly given by
Uén = [u;,j] : ul =Z; '7

g =) g, =T o TSR
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Evaluating the following two determinants by the Vandermonde determinant

det Uy, = Mgy, det Uy, = Agy,

their product results in A% . which confirms the formula in Theorem 1.1. ]

3. Proof of Theorem 1.2

For the matrix V5, by subtracting the last row from the other rows, we can check that the resulting
matrix becomes

Aricvan)ts 1 < < 2
— Y

a __ [,a . a __ (zitz;)(2ntx;)’
Vo = [l hicijcon o v =Y g
J,’Qn—l‘j .
552n+33j7 L= 2n

Then for the matrix V!, making the same operations on the columns, i.e., subtracting the last
column from the other columns yields the matrix

(xifx‘)(ibi*IQn)(m'*$2n) s .
o) @ taan)(o Fazn)? 1+ = b <20

b = b - : b = L2n—Tj -
‘/271 [Uz,j]1§%3§2n : Ul,] x2n+$;’ 1 = QTL,
Li—T2n —
Ti+x2n’ j o 2n
By extracting the common row factor Z—2x and the common column factor 2" for 1 < i,j <
Ti+xon Tj+T2an
2n, we find the following determinant equality
2n—1 X T 2
; — Ty
det Vo, = det Vs, x ] (=—=) , (4)
=1 T; + Top

where the matrix Vi is given by the following simpler form

ﬁ, 1<i,j<2m;
Van = l0ih<ijeon  Vij = y(j =2n) — 1, i=2n;

1—x(i=2n), j=2n.

The matrix Vi, can further be reduced analogously by repeating the precedent row and column
operations. First subtracting the penultimate row from the other rows (except for the last one) gives
rise to the following matrix

2(xi—Tan—1)T; . o,
Gto)Gn_isay)r L SE<2n =2

i _rd : _ Ca ‘
Vo = [V jli<ijeon t 05 = 220178 i=2n—1;
Toan—1+T;

xX(j=2n)—1, i=2n.

Then for the matrix V¢

2n»

the last one) leads us to the matrix

subtracting the penultimate column from the other columns (except for

Vo, = i li<ij<on;
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where the matrix entries are explicitly displayed as below

;

O . NEEIR P A
o i=2n—1andi#j;
Ch siFommo” Jj=2n—1andi# j;
—x(j =2n—1), 1= 2n;
\X(i:2n—1)7 J=2n.
Now by extracting the common row factor ;;iﬁ and the common column factor —ij;ii:j for
1 <1,j <2n—2, we find the following determinant equality
; 22 N2
et = det Vi ]| (+—> ’ 5)

where the matrix VQJ; is given by the following simpler form

(

o 1<i,j<2n—2;

Tit+x;’

x(j=2n—-1)—1, i=2n—1and j # 2n;

f_i,/f . o _
Van = [vijh<igeom s v, =941— x(i=2n—-1), j=2n-—1andi# 2n;

—x(=2n-1), i=2n

x(i=2n—1), Jj = 2n.

\

Finally for the matrix Vj;, by adding first the last row to the other rows and then the last column
to the other columns, we reduce it to the following double-bordered matrix in blocks:

‘/Qn—2 0 0
0 0 0
0 0 -1

Expanding the determinant along the last two columns leads us to the determinant equality
det Vi = det Va,_.
By combining this with (4) and (), we establish the following recurrence relation

n—12n—k 2 T 2
i I+2n—k
det Vs, = det Va5 X (;> .
" " H H T; + Tojpon—k

k=1 =1

Iterating this relation (n — 1)-times and taking into account that

2
det V, = <x1 5”2)
T+ X9
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we derive the explicit expression

n-lam-2k oo 2
— Toiqon—k
det Va,, =det V4 x ( ‘ e )
1 i=1

im € + L2l+2n—k

k=
n—12n—1—k 2
. H (Iz - $21+2n—k>
, Ti + Toly2n—k

this completes the proof of Theorem 1.2. n

4. Proof of Theorem 1.3

By following exactly the same procedure as done in the last section, we can explicitly evaluate the
determinant for the matrix W5,. Subtracting the last row from the other rows transforms W5, into
the following one:

(17Tx?)(mi7$2n)

We — [ a } o . a __ (1-Tzjxon)(1-Txjz2n)’ l<i< 2n7
on = (Wi jl1<ij<on - Wjj; = o
2n — Ly y —
T Ta,09m" 1= 2n.

Then for the matrix Wy , making the same operations on the columns, i.e., subtracting the last
column from the other columns yields the matrix

b
Wan = [wili<ij<on,
where the matrix entries read explicitly as

T(xi—x;)(xs—zan)(T;—T2n)

(T, oo (- Tojaam) L =67 <21
b )
w, . = L2n—T; _
1,7 —liij:B;n, 1 = Qn,
Ti—T2n —
1-Tz;T0, "’ J = 2n.

LTi—X2n

By extracting the common row factor ;#"2~ and the common column factor % for 1 <
142n J
1,7 < 2n, we find the following determinant equality

2n—1 2
Ty — Tan >
)

det Wa, = det W5, x [] (1 i (6)
i=1 7 n

where the matrix Wy is given by the following simpler form

% 1<i,j<2n;
Wi = [wijhi<ijeon Wi = x(=2n)—1, i=2n;

1—x(i=2n), j=2n.
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The matrix W2 can further be reduced analogously by repeating the precedent row and column

operations. First subtracting the penultimate row from the other rows (except for the last one) gives
rise to the following matrix

([ T(-T2?)(@i—w2n-1) .
(1_ijx2n—Jl)(1—T$jI2n_1)7 1 S 7 S 2n - 27
T(z2n-1~2;) . .
1Tz zan_1’ 1=2n—1;
W2dn - [wz]]:LSZJSQH : wfl’] == I_T'Ija’?"*l
x(i=2n—1), i = 2n;
(X(i=2n—1), j=2n.

Then for the matrix W | subtracting the penultimate column from the other columns (except for
the last one) leads us to the matrix

Wy, = [w; ;]1<ij<on,

where the matrix entries are explicitly given by

,
Pl 1<) <o -2
Toorsy), i=2n—1andi# j;

Wiy = Tien), =92 —1andi# j;
—x(j =2n—-1), i = 2n;

\X(i:2n—1), J=2n.

. T(2i—zon— T(z;—T2n_
Now by extracting the common row factor M and the common column factor M
1-Tx;xon—1 1-Txjron—1

for 1 <1,5 < 2n — 2, we find the following determinant equality

2n—2

T(x; — 2on-1)\’
det Ws, = det Wi, x [] <$) : (7)
=1

1 —Tx;r9,1

where the matrix ngn is given by the following simpler form

;

—Tya) 1<4,7 <2n—2;

x(j=2n—-1)—1, i=2n—1and j # 2n;
1,/ . —
Wiy = [wijh<ij<on : wi; =<1 - x(i=2n—-1), j=2n-—1andi# 2n;

—x(7=2n-1), i = 2n;

x(t=2n-1), Jj=2n.

\

Finally for the matrix szn, by adding first the last row to the other rows and then the last column
to the other columns, we reduce it to the following double-bordered matrix in blocks:

Wy 0 0
0 0 0
0 0 —1
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Expanding the determinant along the last two columns leads us to the determinant equality

det Wan = det Wgn_g.

By combining this with (6) and (7), we establish the following recurrence relation

2 2n—k 2
det W2n — det W2n72 > T4nf4 H H < Z; Ti4on—k ) .

i N = T2ty on

Iterating this relation (n — 1)-times and taking into account that

2
1 — T2
det Wy = | —————
¢ 2 (1—T.T11}2>

we derive the explicit expression

2n—2—n—k 2n—k )2

det Wy, = det Wp x 72"~ o
e 2 € 2 H H 1— Tﬂiil’l 2n—k
k=1 =1 *

2n—12n—k 2
_2n(n—1) H H ( T — T142n—k )
1 =Tz o0k

k=1 i=1
n—12n—1 Ti— 2
:TZn(n—l) H H < ? J >
io1 =2 1-— T[Eiafj
zi—x; \°
:T2n(n—1) [ J )
1<i<j<2n
this completes the proof of Theorem 1.3. O]
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