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ABSTRACT

In this paper, the hyperoctahedral group algebra .7 [572] over a splitting field .% of wreath product g,:
with char(F) 1 |S,|, is considered and the unique idempotents corresponding to the four linear char-
acters of the group 9, are explored. Also, by establishing the minimum weights and dimensions, all
group codes generated by the linear idempotents in the aforementioned group algebra are completel
characterized for every n. The nonlinear idempotents corresponding to nonlinear characters of S3
are also obtained and various group codes in .%#[S3] generated by linear and nonlinear idempotents
are examined.
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1. Introduction

Coding theory originated long back in 1948 after Shannon [21] published a classic paper “A Math-
ematical Theory of Communication’and was later explored by numerous researchers in different
directions (see [4, 10, 7, 6, 8]). For instance, algebraic coding theory is a fast growing and fasci-
nating topic which is popular for its mathematical structure and practical applications. Out of all
mathematical techniques used to construct codes in algebraic coding theory, group algebra codes are
of great importance and play a vital role in the error correction and detection for reliable commu-
nications while transferring information through noisy channels. In 1967, Berman [5] proved that
cyclic codes and Reed Muller codes are ideals or subspaces in a group algebra .#[¥¢] of a field .# and
a finite group ¢ under consideration. For a deeper study of these types of codes one can refer to
[2, 5, 16]. However, there exist some group algebra codes which are constructed from zero divisors
and units in group rings [11|, which do not necessarily form ideals in the algebraic structure. An
important study regarding Abelian and non-Abelian group codes in a group algebra of a group over
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any field has been described in [3, 15, 19, 20]. Further, the nature of group codes, whether Abelian
or non-Abelian for |¢|< 128 with |¥4|¢ {24,48,54,60,64,72,96,108,120} is explored in [19]. The
aforementloned work motivated us to construct group codes in a group algebra of hyperoctahedral
groups S Furthermore, a study of group algebra codes over binary tetrahedral group can be found
in [7].

Recall from [18] that a group algebra F[¥] = { > a,9 : a, € F} is the free .#-module over ¢

geY
with the elements of group ¢ as an .Z-basis for .7 [¥], where .7 is a field and |¥¢] is finite. The

addition and multiplication of elements in .#[¥|] are defined naturally by extending the operations in

both .% and ¥ as: ) a,g + Z byg = > (ag + by)g; ( > agg) <%§;bhh> =3 ( > agbh)x. Note

geY gevy geY €9 gh=x
that under these operations, ,/ [%] is an associative .#-algebra with identity 1 = 141¢, where 14

and 1y are identity elements of .# and ¥ respectively. The scalar multiplication in .%#[¥] is defined
by a( > agg) = > (aay)g, for a € F. Also, it has been found that an element g € ¢ can be

gey gey

identified as an element 1.g of F|¥] ie., ¥ C F[¥] and hence the elements of ¢ constitute the
coding basis for group codes when viewed as subspaces in .7 [¥].

Further, a group algebra code in #[¥] is defined as a one sided (left or right) ideal in Z#[¥],
whereas if #[¥] is regarded as a vector space, then a code can be viewed as a subspace in #[¥].
In addition, if ¢ is cyclic or Abelian, then a code in a group algebra .#[¥] is a cyclic code or an
Abelian code. On the other hand, if a code is a vector subspace of .Z#[¥], then it is called a linear
code. More importantly, if char(.%#) 1 |¥4|, then Z#[¥] is semisimple. Thus, .#[¥] is decomposable
into a direct sum (9| = &;%9Y.,, where F¥,, is the minimal ideal generated by the idempotent
e (see [12]). Suppose that & = {e;}5_; is the set of idempotents in a semisimple group algebra
Z14], then any ideal . in .7 [¥] is also expressible as a direct sum of minimal ideals in {FY,, } cs
which are generated by a single element e; € &, ie., & = @y FY,, for some subset & of &.
Let .# be an ideal generated by a subset & = {e;}!_, of the set of idempotents & C .#[¥]. Then
I ={u€ FYG :ue; =0for alle; € &\ &'} and for simplicity .7 is denoted by .#,, where y = &\ &,
the complement of & in &. Moreover, the length of a group code S, in F[¥] is the order of the
group ¢ and is denoted by n. The weight wt(u) of an element uw = ) a,g is the order of the set

geYy
which consists of all non-zero coefficients in the presentation of u with elements of ¢ as basis, i.e.,

wt(u) = |{a, : a; # 0}|. Let £ be a group algebra code in . [¥] with its dimension as a subspace over
Z is k and the minimum distance d, where d = d(.¥) = min{wt(u) : 0 # v and ue; = 0 for alle; € u}.
Then the group algebra code . is called (n, k, d) group code. Moreover, a linear (n, k, d) group code
over . with d =n — k + 1 is called a maximum distance separable (MDS) group code.
Additionally, the algebraic structure of group algebra codes helps in detecting and correcting errors
that may occur during reading or writing data. Further, algebraic properties in group algebra possess
the capacity to design efficient decoding algorithms, reducing the time required for error correction.
The use of group algebras lead to more efficient decoding processes compared to other coding schemes,
particularly in terms of computational complexity. For instance, it follows from the above definition
that producing a group code as an ideal in a group algebra involves the computations of product
of elements with idempotents in the underlying group algebra. The complexity analysis of product
of elements in group algebra has already been discussed in [I]. The results in [1| conclude that a
computation of a product in group algebra apparently requires time O(n?) and the number of active
multiplications can certainly be reduced to O(n%), where n is the order of the group in group algebra.
In fact, the study of group codes in a group algebra Z[¥| depends on the choice of the field .7
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and the group ¢. The hyperoctahedral group ?n is the wreath product of symmetric groups, i.e.,
Sp = Zo 1 Sy, the wreath product of a cyclic group of order 2 with the symmetric group over n
symbols. This group can also be seen as the group of n X n signed permutation matrices. The group
S, of order 2"n! has its abstract presentation as a group generated by oy, 09, ..., 0,, satisfying the
relations 02 = 1 (1 = 1,2,...,n), (0:0:11)> =1 (i = 1,2,...,n — 2), (0y-10,)* = 1 and 0,04 = 040,
Vjand k # 5+ 1.

Throughout this paper, Sn represents the hyperoctahedral group of dimension n and % is a
splitting field of S,, whose order is relatively prime to char(.%#). The main objective of this paper is
to characterize completely the group codes generated by the linear idempotents in the group algebra
F [Sj] corresponding to the linear characters of .S,,, for every n. Also, various group codes of length
48 generated by linear and nonlinear idempotents in .%#[S3] are obtained in section 3.

2. Group codes generated by linear idempotents in .7 [S:Y]

The group ST,: has py(n) conjugacy classes, where p,(n) represents the number of bi-partitions of a
natural number n (see [17, 9]). Consequently, the group S, has py(n) characters, out of which four
are linear characters (say) x1, X2, X3, X4, as discussed in the upcoming remark, while all the remaining
characters are nonlinear. Recall that a linear character of a group ¢ is a group homomorphism from
4 to the multiplicative group .#* of a field .%. In fact, the linear characters of a group are the only
non zero characters which are homomorphisms from that group to the multiplicative group of a field
and the set of all linear characters of a group forms an Abelian group under point wise multiplication
which is called the character group of that group.

_>
Remark 2.1. [17] Let oy, 09, .. 5 On be the generators of the hyperoctahedral group S,, of dimension
n, > 2. The character group of S, is of order 4 i.e., S, has four linear characters xi, x2, X3, X4 :
S — Z* defined by x1(0;) = 1, V4,1 <j<m XQ(UJ) -1, Vj1<j<n;

17 \V/] S n— ]-7
X3(0j) =
—1, for j =n,
and
_17 \V/] S n — 17
Xa(oj) =
1, for j =n.

As we have gathered all the necessary information required to obtain the linear idempotents corre-
sponding to the linear characters in Sn, so we list them in the following lemma by using Proposition
14.10 in [14], which states that: “If x is a Character of .Z[¥]-module, then the unique idempotent

corresponding to the character x is given by e = \‘4 3" x(g71)g”. Moreover, an idempotent is termed
S
as linear or nonlinear idempotent, if it corresponds to a linear or nonlinear character respectively.

%
Lemma 2.2. The linear idempotents in F[S,| are given by e; = 2%, Z xi1(g™h)g = Z g;

2”71'
QES gES

€2 = g 2 X2(97)g5 s = g 1 Xs(97')g and es = e 2 xalg ™).
965_'n> gESn gESn
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Further, we compute the product of an arbitrary element and the linear idempotents in .%# [§n>]
which will be used to construct various group codes in .#[S,]. For this, let v = >  A\;g be an
95
arbitrary element in .# [ST;] with A\, € #. Then

%
as for any character x, x(zz™!) = x(e) = 1, where ¢ is the identity element of S,.

Further, since y; is a linear character and every linear character is a group homomorphism, we
have y;(xz™!) = xi(x)xi(z™1), therefore

2”171! Z_) ( Z )\QXi(h71>>Xi(x)Xi(£Cil)£C.

TES g,hG,S'_)n,gh:a:

ue; =

ﬁ
Note that x;(g) € Z, for all g € S, and i = 1,2,3,4, so x;(x) can be distributed inside the
summation, thus the above can be written as

2”1n! ( Z )‘QXi(h_l)Xi(I))xi(x_l)x.

=
rE€Sy  g,hESn,gh=x

ue; =

Again, y; is a homomorphism, therefore

2”171! < Z )‘QXi(xh_l))Xi(x_l)x

— —
€Sy  g,h€Sn,gh=x

ue; =

B znlnl ~ ( X;Agxi(g))xi(:cl)x
- < Z_}MXi(Q)) <2”1n! Exl(xl)x>
- ( Z_))\QXi(g>>ei- |

Thus, we summarize

uey = ( > Agxl(g))el = ( > >\g>61, (1)

— —
gESh geSh
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uey = ( Z AgX2(g )62, (2)

95,

ues = ( Z )‘gXS >€37 (3)
gES%

uey = ( Z AgXalg ) (4)
9€Sn

Proposition 2.3. The system of four equations Z Agxi(g) = 0,4 =1,2,3,4 is linearly independent.
gESh
Proof. Let AX = 0 be the matrix representation for the system of equations Z_} Agxi(g) = 0 where
gESn

i = 1,2,3,4. Clearly, the matrix A is a matrix of order 4 x 2"n! whose j* column contains the
coefficients of the j* unknown ); in the given system of four equations for i = 1,2,3,4 and X is a
2"n! x1 column matrix of 2"n! unknowns A;, 1 < j < 2"nl. Note that the given system of equations
is linearly independent if and only if the rank of the matrix A is 4. Equivalently, the matrix A has
a non vanishing minor of order 4.

Next, we will construct a square sub-matrix of A of order 4 with non zero determlnant For this,
first observe that each column of the matrix A corresponds to an element g € S which is for sure the

x1(9)
x2(9)
X3(9)

X4(9)
matrix B of order 4 of the matrix A, whose colugns are the columns of the matrix A corresponding

. = .
column vector , where x1, X2, X3, x4 are linear characters of S,,. Now, consider a square sub

to four distinct elements 02, 01,0, and o010, € S, is

2
X101

(01%) (0n) xi(o104)
5 |x2(0) xa(01) xa(on) xa(o10w)
Xs(01?) (0n) x3(o104)

X4(012) a(o1)  xalon) X4(U10n)
Since x1, X2, x3 and x4 are linear characters of ?n therefore the entries of the above matrix reduces
to
x1(01)? xi(o1) xi(on) xa(o1)xa(on)
B— X2(01)? Xa(01) Xa(on) x2(01)x2(0n)
XS(U1)2 x3(01) x3(on) xs(o1)xs(on)
)(4(01)2 Xa(o1) xalon) X4(01)X4(0n)_

Further, in view of Remark 2.1, the above matrix takes the form

p= |t 1 1 and | B|# 0.
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]

From the above proposition, it follows that the four equations > A xi(g) =0, (for i = 1,2,3,4)
%

gESn
are linearly independent. It is pertinent to notice that out of these four equations if we choose two

or three distinct equations at a time, again form a linearly independent set, as a subset of a linearly
independent set is linearly independent. The above observation infers that the dimension of an ideal
F,={u € ﬁ[?n] cuxr = 0 for all x € p} where p C {ey, e2, €3, €4}, as a vector subspace of ﬁ[gz]
is 2"n! —|ul, because ue; = 0 if and only if ;Agxi(g) =0, for i = 1,2,3,4 and every equation

gESn
imposes an independent constraint.

%
The upcoming theorems provide us with various group codes in .Z[S,,].

%
Theorem 2.4. Let ey, ey, e3, eq be linear idempotents in F[S,]. Then Iy for i = 1,2,3,4, is
(2"n!,2"n! —1,2) MDS group code.

_>
Proof. Assume u = \g, for g € S, and 0 # X € .F so that wt(u) = 1. By using equations (1) to (1),
we have ue; = £Ax;i(g)e; # 0 for @ = 1,2,3,4. This implies that v ¢ .#,} and hence the minimum
distance of ., given by d(Z,;) = min{wt(u) : 0 # u and ue; = 0} is > 2. Now, for any choice
- o
of two distinct elements o;, o), from the subset {01, 05, ...,0,_1} of the set of generators of S,,, there
exists an element u = 0; — 0, € F[S,] with weight 2 such that ue; = (x;(0;) — xi(ox))e;. Further,
Remark 2.1 infers that ue; = 0, as x;(0;) = xi(oy) for all j,k € {1,2,...,n — 1}. This implies that
u € Sy, for every i and hence d(.#,) = 2. Moreover, as discussed above, the dimension of .7

as a vector space over Z is 2"n! —1. Hence 7.3 is a (2"n!,2"n! —1,2) MDS group code. n
%
Theorem 2.5. Let eq, eq, e3, 4 be linear idempotents in F[S,] and i, j, k be three distinct elements

of the set {1,2,3,4}. Then
(1) Fteie;y 18 (2™n!,2"n! —2,2) group code.
(11) ese;eny 15 (2"n!,2"nl =3,2) group code.
(i11) ey eneseay 18 (2"n!,2"nl —4,2) group code.

Proof. Assume that .# denotes the corresponding ideal in (i), (i7) and (i27). First, it is observed
from equations (1) to (1) that for i € {1,2,3,4}, ue; = 0 if and only if Z->)\gxi(g) = 0 is satisfied.
gESn

Now, in any of the parts (¢), (i¢) and (ii7), if we choose an element u = \,g, for g € ?n, 0#)N\, €7
with wt(u) = 1, then it follows from equations (1) to (1) that ue; = 0 for i = 1,2, 3,4, if and only
if A, = 0. This implies that u ¢ .# and so d(.#) > 2. We claim that for any two distinct choices
of generators oy, 0y from a_s)ubset {01,009, ...,0,_1} of the set of generators of 5_':” there exists an
element u = o, — 0, € F[S,] such that u € .. In order to show this, it is enough to prove that
ue; = 0, for each 7 = 1,2,3,4. Clearly, for v = 0, — 04, we have \,, = 1,A,, = —1 and \; = 0, for
all g € ?n \ {0s,0:}. Therefore, by using equations (1) to (1), we have ue; = (xi(0s) — xi(or))e;.
Again, by using Remark 2.1, we have ue; = 0, as x;(os) = x;(oy) for all s,t € {1,2,...,n — 1}. Thus,
d(.#) = 2. Moreover, the dimension of ideals .# over .# in the case (i), (i) or (iii) is 2"n! -2,

2"n! —3 or 2"n! —4 respectively and this finishes the proof. n
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3. Group codes generated by linear idempotents in .7 [ffn]

— —
The group A, of order 2" 'n! can be defined as the kernel of the homomorphism € : S, — {£1}.
Also, it can be viewed as the Wreath product of a cyclic group of order 2 with the alternating group
A, e, A =Zol A,. Forn > 2 A has £py(n) or $py(n) + 3p(n) characters depending on whether

n is even or odd respectlvely (see [9]). There are two linear Characters of A, namely, x;  the trivial

character and s , the restriction of the linear character y; of S as already discussed in Rema_r>k 2.1.
Finally, for A,, using the same arguments with the necessary variations as in case of S,, one

can easily obtain t_h>e linear idempotents and the group codes generated by these 1dempotents in a

group algeblr_a> 7 [A,] as discussed in the following results, where .# is a splitting field of A with

char(F) 1 |Anl.

Lemma 3.1. The linear idempotents in %’[E] are given by f1 = 5=

g:2n1nlzg‘mdf2 2"1n'ZX2< g

QEA geA

%
Theorem 3.2. Let fi1, fo be linear idempotents in F|A,]. Then
(4) Fipy fori=1,2,4s (2" 'n!, 2" nl —1,2) MDS group code.
(40) Fp 03 s (27710!, 2770l =2,2) group code.

4. Various group codes of length 48 in .Z[S;]
%
The hyperoctahedral group of dimension 3 is S3 which has its abstract presentation as

{a,b,c:a® =b*=c* =1, (ab)> =1, (be)* = 1,ab # ba, bc # cb, ac = ca).

%
Thus, the elements of S3 as words, using the letters a, b and ¢ can be listed in a set as follows:

Ss = {1, a, b, aba, cbc, acbac, bacbach, ab, ba, acbe, cbac, abache, acbach, bacbac, bebach, ¢, beb, abcba, ac,

bacb, abacba, cbacbe, abcbacbe, bacbacbe, bebe, abebac, abacbach, be, cb, abac, abeb, acba, beba, abacbacbe,

abebe, bacbe, bebac, cbach, abacbace, abebach, abe, ach, bac, cba, abacb, bacba, acbache, bebache}.
Moreover, S5 has ten conjugacy classes which are given by

¢y = {1},
= {a, b, aba, cbc, acbac, bacbacb},
Cs = {ab, ba, acbe, cbac, abacbe, acbacb, bacbac, bebach},
Cy = {c, beb, abeba},
Cs = {ac, bacb, abacba, cbacbe, abcbacbe, bacbache},
Cs = {bcbe, abcbac, abacbach}
C7 = {be, cb, abac, abcd, acba, bebat,
= {abacbacbc},
= {abcbe, bacbe, bebac, cbach, abacbac, abcbacb},
Cho = {abe, acd, bac, cba, abacb, bacba, acbacbe, bebacbe}.
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_>
Consequently, the group S3 has ten characters, precisely, four linear characters x1, x2, X3, x4 and
six nonlinear characters xs, Xs, X7, X8, X9, X10, out of which the characters xs, x¢ are of degree 2 and
X7, X8, X9, X10 are of degree 3 discussed in Table 1.

Table 1. [13] The character table of S

Conjugacy Classes

Characters | C; | Cy | C3 | Cy | C5 | Cg | C7 | Cg | Cg | Cho
X1 1y 1111|1111 1
X2 1 -1 1|11 {1]1]|-1|-1]-1
X3 1y 11 (-1 }-1{1]-1|-11]-1
X4 T -1 1|1 |11 ]-11/|-1]1
X5 210 (-1 20 2]01]2]|0]-1
X6 210 (-1-2]02]01]-2]0 1
X7 3 /101 |-1(-1]1|-3|-1]0
X8 3 |-1{0 -1 ]-1|-1]1}3]1 0
X9 3 /1011 -1]-1]3]|-1]0
X10 3 |-1{0 1|1 |-1]-1|-3]1 0

Now onwards, for our own convenience, we denote the class sum of a conjugacy class C; by C; and
the i element of the set 53 defined in the beginning of this section by& At this point, we are in a
position to obtain the idempotents corresponding to the characters of S3, so in view of Proposition
14.10 in [14], we list them in the following two lemmas.

%
Lemma 4.1. The linear idempotents in .F[Ss] are given by

e = %[ —f—Cg+C3+C4+C5—|—06+O7+08+09+010]
A1 Ty + Ty~ Cy+ T + Ca+ O — Cs — Cg — Cho),
6—48[1+02+03 Cy— Cs5+Cs — C; — Cg + Cy — Cho,

64_18[ C2+03+C4—C5+C6—C7+Cg—09+010]

where C; = 5. g.
9€C;
Lemma 4.2. The nonlinear idempotents in F|[Ss] are given by

v = %=[(2)1 = C5+ (2)Cs + (2)Cs + (2)Cs — Ciol,
vy = 35[(2)1 = Cs — (2)Cy + (2)Cs — (2)Cs + Cho),
v3 = 35[(3)1 + Co + Cy — G5 — Cs + C7 — (3)Cs — Gy,
U4 ﬁ[(?’)l—cé Cy—Cs— CG+F7+(3)FS+€9]7
vs = :[(3)1+ C3 — Cy + C5 — Cs — C7 + (3)Cs — Cy),
ve = 35[(3)1 = Co + Cy + C5 — Cg — C7 — (3)Cs + Co
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%
Further, we compute the product of an arbitrary element and the idempotents in % [S3] which will
— 48
be used to construct various group codes in .#[S;]. For this, let u = >_ \;g; be an arbitrary element
i=1
in Z[Ss] with \; € Z for i =1,2,...,48, then calculating by SageMath [22], we have

ue; = (i )\i)eh (5)

PSS 1¢S5

ues = ( Z Ai — Z )\i>€37 (7)
€73 ¢S

Uey = Z Ai — Z )\i>€47 (8)
1€SY ¢Sy

where % = {1,8,9, ...,15,19,20, ..., 33}, % = {1,2, ..., 15,25, 26,27, 35, 36, ..., 40} and
1 ={1,8,9,...,18,25,26,27,34, 41,42, ..., 48}.

Furthermore, Using SageMath [22] the products corresponding to the nonlinear idempotents are
uvy = 35201 = As = Ao — Ao — A1 — A2 = Az — A — Ais + 2006+ 217+ 2X 08+ 2005 -+ 2A96 + 297 + 2031 —
Aa1—As2—As3—Aaa—Aas—Aag—Aar—Aas) (91 G16H 917+ G18+ 925+ g2+ gar+34) T [2A2— Az — A —As — Mg+
2A7+2 19— Aao— Aa1 — A2z — Aoz + 220 — Aag — Aag — Az0+2A31 — Az +2A33+2A35 — Aze +2A37 — Ass — Az —
A10](g2+97+g19+goa+gs1+933+gss+9a7) +[— Ae+2A3 = A +2A5 = Ag — A7 — A9 — A2g+2A21 — Aga +2 93—
A2a+2A98+2A99 — A30—A31 — Az —Az3— A5 — Az6 — Azr— Azs +2A30+2 A0 (93+ 95+ g1+ 923+ gas + oo+ 930+
940) F[= A2 = A3+224 = A5 +2X6 — A7 — A1g 200 — A21 +2 A2 — Aoz — Aos — Aag — Aag+-2A30 — A3y +-2 N30 — A3z —
A35H2A36 = A37+2A38 = A39— Aao] (9a+G6+ 920+ 922+ 930+ g2+ 936+ 9as) H— A +2As = Ag+2 10— A1 — A1 —
AM3+2M14+2A 15— A6 — A7 — A1s—Aas — Ao — Ao — Aza+2 A1 +2 42— a3 — Aaa— Aas +2Xa6 — Aar+2 48] (g8 +
G107+ 914+ 15+ ga1+Gaa+gas+gas) +[— A —As 20— Ao +2A11 +2 12+ 2 13— Aia— Ais— A — Mz — Adig —
A25—A26—A27 —Aza—Aa1 — A2+ 243+ 240 +2X45— Ao +2Ma7— Aag| (Go+ 911+ 912+ G153+ a3+ gaa+gas+gar).-

Similarly, the products uvsy, uvs, uvy, uvs and uvg have been obtained in Appendix I.
Next, in support of Theorem 2.4, we present the following example for n = 3.

%
Example 4.3. Let e, ey, e3, e be linear idempotents in .#[S3]. Then S, for i = 1,2,3,4, is
(48,47,2) MDS group code.

The result stated below can also be derived from Theorem 2.5. However, we are giving the
proof of this result for better understanding, so that we can use equations (9) to (12) in the later
part of this paper.

Theorem 4.4. Let ey, ey, €3, e4 be linear idempotents in 35[§3>] and i, 5,k be three distinct elements
of the set {1,2,3,4}. Then

(1) Here;y 15 (48,46,2) group code.

(11) Fese;eny 15 (48,45,2) group code.

(11) ey easesea} 15 (48,44,2) group code.

Proof. Assume that .# denotes the corresponding ideal in (¢), (ii) and (¢ii). First, observe that it
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follows from equations (5) to (8) that ue; = 0 for i € {1,2,3,4} if and only if the i equation in the
following equations is satisfied.
AMAX+ A3+ A+ A5+ X6+ A7+ s+ Ao+ Aip + Aip + Ao + Mg + Ag + Ais + Aig + Az + A
+ Aig + Ao + Aa1 4+ Aoa + Aoz 4+ Aoy + Aos + Ao + Aoz 4+ Aag + Aag + Ago + Azt + Aga + Ass
+ Asq 4+ Ass + Age + Asr + Ass + Ago + Ao+ Aar + Az + Aaz + Aag + s + Aag + Aar + Mg =0, (9)

AM—=X = A3 =M= A5 —A¢ — A7+ Ag + Ao+ Aig + Aip + Aig + Az + Aig + Ais — Aig—
A7 — Mg + Ag + Ago + Aar + Aog + Aag + Aog + Aos 4+ Aag 4+ Aoy 4 Aag 4+ Aag 4+ Ago 4+ Ag1 + Aga+
N33 — Aga — A5 — Azg — Azz — A3 — Ag9 — Aap — A1 — A2 — Az — Aag — Aus — Aug — Ay — Mg = 0,
(10)

MAX+AN+M+ A+ A+ A7+ A5+ Xg+ Ao+ Air + A+ Ais + Mg+ Ais — Aig—
A7 — Aig — A9 — oo — Aap — Agg — Aoz — Aag 4+ Aas 4+ Aag + Aoy — Aag — Aag — Azp — Agp — Ago—
Az — Aza + Ass + Az + Azz + Asg + Az + Ao — Aap — Ag2 — Aaz — Aag — Aas — Mg — Az — Mg = 0,

(11)

M—=d—= A3 = A — A5 — X — A+ As + Ao+ Aiog+ Aip + Mg+ Ais + Mg + Ais + Mg+
A7 4+ Aig — A9 — Aoo — Aap — Agg — gz — Aag 4 Ao 4 Agg 4+ Aoy — Aag — Aag — Azp — Azp — Ago—

33+ Aza — X35 — A36 — Azz — Ags — Ag9 — Ago + Aap + Mgz + Mz + Aag + Aas + A + Ay + Mg = 0.
(12)

Now, in any of the parts (i), (#4) and (ii7), if we choose an element u = \g, for g € S—;,, 0#£NeF
with wt(u) = 1, then it follows from equations (9) to (12) that ue; = 0 for i = 1,2, 3,4, if and only
if A = 0. This implies that v ¢ .# and so d(.#) > 2. We claim that for any two distinct ChOlces of
elements s, t from the set {19,20,...,24, 28,29, ..., 33}, there exists an element u = g; — ¢; € [Sg]
such that v € #. For this, it is enough to show that ue; = 0, for each ¢ = 1,2,3,4. Clearly, for
u = gs — gi, we have \,, = 1,\,, = —l and A\, =0, for all k € {1,2,...,48} \ {s,t}. Therefore, by
using equations (9) to (12), we have ue; = (1—1)e; =0, for i = 1,2,3,4. Thus, d(.#) = 2. Moreover,
the dimension of ideals .# over .% in the case (i), (i7) or (¢ii) is 46, 45 or 44 respectively. Hence the
result. ]

%
The upcoming theorems provide us with various group codes in .#|[S3], which are generated non-
linear idempotents or a combination of linear and nonlinear idempotents in .#[Ss].

Theorem 4.5. Let v; and vy be nonlinear idempotents in 9[5_)5] corresponding to nonlinear charac-
ters of degree 2. Then

(i) Fuy for i =1,2, is (48,44, 2) group code.

(1) Itoy,00 15 (48,40,2) group code.

Proof. Let u = Z \igi € 9[53] and o C {vy,v2}. Then .7, = {u € F [S—;} cux = 0 for all x € p}.

Note that uv; = 0 1f and only if the following equations are satisfied.
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AL+ Ag = 29 + Ao — 2A11 — 212 — 2X53 + Aig + Ais + Aig + Az + Aig 4+ Ao
+ Ao+ Aoz + Azg + Agg + Aap — 243 — 204 — 2045 + Agg — 2047 + Mgz = 0, (13)

A2+ A3 — 20 + A5 — 26 + A7 4+ Aig — 2X00 + a1 — 290 + Aoz + Aoy + Agg

3A3 — 34 + 35 — 3 — 3Aag + 321 — 3Aan + 3Aa3 + 3Aag + 3Aa9 — 330
— 332 — 336 — 338 + 3A39 + 3X40 = 0, (15)

3/\8 - 3)\9 + 3/\10 — 3)\11 - 3)\12 - 3)\13 + 3)\14 + 3)\15 + 3)\41 + 3)\42 - 3)\43
- 3)\44 - 3)\45 + 3)\46 — 3)\47 + 3>\48 — 0, (16)

whereas, uvs = 0 if and only if the following equations are satisfied.

AL+ As — 209 + Ao — 2211 — 2X12 — 2X43 + Mg+ Ais — A — A7 — Aig + Ao
+ Ao + Aoz — Asq — Aup — Mg + 2043 + 20g + 2045 — Agg + 2047 — Mg =0, (17)

— A9 + 2A30 — Ag1 + 232 — Asg + Azs — 2A36 + A3z — 2A38 + Ag9 + Ago = 0, (18)

3/\3 - 3)\4 + 3/\5 - 3)\6 + 3/\20 - 3)\21 + 3)\22 - 3)\23 - 3)\28 - 3/\29 + 3/\30
+ 3)\32 - 3)\36 - 3)\38 + 3)\39 + 3/\40 == O, (19)

3Ag — 3Ag + 3A10 — 3A11 — 312 — 3A13 + 3A1s + 3A15 — 3A41 — 3Aae + 33
+ 3)\44 + 3/\45 - 3/\46 + 3/\47 - 3>\48 =0. (20)

48 —
(i) Let If,,y be the set of elements of the form u = ) A\jg; € #[S3] such that the coefficients in the
i=1

presentation of u satisfy equations (13) to (16), if i = 1, while equations (17) to (20), if i = 2. Now,
as observed in the previous theorem, we can similarly prove that .#;,,, does not contain any element
with weight 1. Also, an element with the minimum weight in #,.y, for i = 1,2, is u = g3 — g5 with
weight 2, as the coefficients of A3 and A5 in equations (13) to (20) are equal. Thus, we conclude that
d(SF1v,y) = 2. Moreover, the dimension of 7, is 44. Hence 7,3 is (48,44,2) group code.
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(1) Consider an ideal #,, 4,3 of F [Sg] which consists of the elements of the form u = Z Nigi €
=1

5"[5'3} such that the coefficients in the presentation of u satisfy equations (13) to (20). Again, one can
realize that #(,, ,,1 does not contain any element with weight 1 and an element with the minimum
weight in F¢,, 4.} IS u = g3 — g5 with its weight 2. Therefore, d(#,, v,)) = 2. Moreover, the dimension
of (v, vs} is 40. Hence Fpy, .,y is (48,40,2) group code. O

Theorem 4.6. Let e, ey, e3, e4 be linear idempotents and vy, vy be nonlinear idempotents corre-
sponding to nonlinear characters of degree 2 of F[Ss]. If X; and Y; are subsets of order i and j of
the sets {e1, e, es,e4} and {vy,vo} respectively. Then

(1) Hx,uy, is (48,43,2) group code.

(17) Ix 0y, 15 (48,39,2) group code.

(117) Ix,uy, s (48,42,2) group code.

(iv) Ix,0y, 15 (48,38,2) group code.

(v) Ix,uy, s (48,41,2) group code.

(vi) Fx,uy, 15 (48,37,2) group code.

(vii) Ix,uy, s (48,40,2) group code.

(viii) Ix,0v, is (48,36,2) group code.

Proof. Assume that .#x,uy, denotes the corresponding ideal in any possible case of (i), (i), (i)
and (iv), where X; and Y; are some subsets of order ¢ and j of the sets {e1, ez, e3,e4} and {vy,ve}
respectively. We claim that d(.#) = 2. For this, consider an ideal Zx,uy, of ﬁ’[S_;,] containing the
elements of the form v = % Aigi such that ux = 0, for all x € X; UY;. This infers that depending
upon the subsets X; and Y the coefficients in the presentation of u must satisfy suitable equations
from equations (9) to (20), corresponding to ux = 0, for all z € X; UY]. Clearly, .#x,uy, can not
contain any element of weight 1 and so d(#x,uy;) > 2. Further, an element with the smallest weight
2 in Fx,uy, is u = g3 — g5, as the coefficient of A3 and A5 in all the equations (9) to (20) are equal.
Thus, we conclude that d(#x,uy;) = 2. Next, for the dimension of .#x,uy,, observe that all the
equations (9) to (20) are linearly independent therefore, the dimension of fx,uy, is 48 — (i + 4j).
This completes the proof. O]

Theorem 4.7. Let vs, v4, v5 and vg be nonlinear idempotents in f[?g] corresponding to nonlinear
characters of degree 3. Then

(1) Fuy fori=3,4,5,6, is (48,39,2) group code.

(i1) Hvsve) 18 (48,30,2) group code.

(111) Fvyws) 15 (48,30,2) group code.

_>
Proof. Let u = Z \igi € J[Sg] and p C {vs, v4,v5,06}. Then F, = {u € F[S3] :ur =0 for all x €
p}. Note that uvg = 0 if and only if the following equations are satisfied.
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- 3)\27 + 6)\28 + 4)\30 - 2)\31 - 2)\32 - )\34 + 2)\36 + 2)\37 + 4)\39 + 4)\41 + 5)\43 - 3)\44 - 3)\45 + )\47 = 0,
(21)

Ao+ 2X5 + 206 + Ag + D11 + 312 + 614 + 416 — 2A17 — 2A18 + D A9 — 290 — 2A91 — Aoy
—|— 2)\25 ‘l‘ 2>\26 + 8)\28 + 6/\30 + )\33 - )\35 + 4)\36 + 5)\37 ‘l‘ 6)\39 —|' 6)\41 + 9/\43 - 3)\44 — )\47 = 0, (22)

Az + 35 + 26 + Ag + 2A10 + A1 + 3A12 + 4A14 + 6Aig — 2A17 + 619 — 2X90 — 3A21 — Aoz + 45
-+ 2/\26 + 7>\28 - 3)\29 + 6)\30 - 2)\33 -+ 2/\35 + 4>\36 + 4)\37 + 3/\39 + 6/\41 + 7)\43 - 3)\44
- 3)\45 - 2/\46 - )\47 == 0, (23)

A+ 225 + 36 + Ag + 2X10 + 3A 11 + A2 + 214 + 66X — 215 + 69
— 320 — 291 — Ag2 + 295 + 4o + 4Aag — 299 + D30 — A3z — 2A33
+ 235 + Ag6 + 437 + 239 + 441 — 2040 + D43 — Aag — 3A5 — 2046 — Mg =0, (24)

4)\5 -+ 4)\11 + 4)\16 + 4)\19 + 4)\25 -+ 4>\28 + 4)\37 + 4)\43 - O, (25)

ANg + A1 + dX1g + 46 + 419 + 4o + dXog + dX3g + 437 + dAg9 + ANy + 4Nz = 0, (26)

+ 2A35 + 2A36 — 2A37 — 2A38 + 2A39 — 2X40 + 341 — Mgz + Mgz — 3Aas + Aus — Aag + Aar — Mg = 0,

(27)
AN1g + 413 + 4)og + 431 + 4A35 + d)Ng0 + 4hygo + 4X45 = 0, (28)
AN1o + 4X14 + 4hog + 430 + 4A36 + 439 + 4hg1 +40y5 = 0, (29)
whereas, uvy = 0 if and only if the following equations are satisfied.
)\1 + 2/\5 + 2)\6 — )\9 + 3)\12 + 3)\13 + 5)\16 — 3)\17 — 3/\18 + 2/\20 + 2)\21 — 3)\25 — 3)\26

/\2 + 2)\5 + 2/\6 - /\9 + )\12 + 5)\13 - 2)\14 + 2/\15 + 4/\16 - 2)\17 — 2)\18 + 2)\20 + 2/\21
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+ Aog — 295 — 2X96 + 47 + 299 — 230 + O30 — A3z — Ags + DAgr — 2A38 + 239
+2X1 — 2X 2 + O3 + Ay — Ay7 =0, (31)

A3 4 35 4+ 206 — Ag + 210 + Ai2 + TA13 + 2A15 + 6X 16 — 2A17 + 290 + 3A21 + Aoz — 2A96 + 6 o7
+3)\29 — 2)\30 —|— 8/\31 — 2/\33 — 2/\35 + 8)\37 — 2)\38 ‘l‘ 3)\39 + 2/\41 + 7)\43 + /\44 + 2)\46 - /\47 = 0,

(32)
A+ 25 + 36 — Ag + 210 + 312 + D13 — 2214 + 6Aig — 218 + 3Ao0 + 2X91 + Ao
— 295 4+ 627 + 209 — Azp + 831 — 3A32 — 2A33 — 235 — 336 + 8A37 — Azg + 2A39
— 2X2 + 543 + 34 + 2M46 — M7 = 0, (33)
AX5 + 4AN13 + 4hg + 4ho1 + 4hor +4X31 +4X37r + 43 = 0, (34)

4)\6 + 4)\13 + 4)\15 -+ 4/\16 + 4)\20 + 4)\27 + 4)\29 + 4)\31 + 4)\37 + 4)\39 + 4)\41 + 4)\43 = O, (35)

Ag — Ag + Ao — A1+ 3A12 — Mg+ Aig — 35 + 298 — 299 4+ 2A30 + 2A31 — 2A30 — 233 — 235
—2X36 + 2A37 + 238 — 239 + 2040 — 3Aa1 + Aa2 — Az + 3y — Ais + A — Aar + Mg =0,

(36)
410 + 4N13 + 4Aag + 4A31 + 437 + 4A3g + 4My3 + 4Ny = 0, (37)
Ao 4+ 414 + A og + 430 + 438 + ANy + 4hao + 4Ny = 0, (38)
whereas, uvs; = 0 if and only if the following equations are satisfied.
AL+ 225 + 206 — 2X7 — Ag + 3A 11 + 312 + 414 — 3Aig + A7 + Aig
— 219 + 2A20 + 2A21 + Aos + Aog — a7 + 4 a9 + 231 + 232 + Azs + 2A36 + 2A37
+ 439 + 4o + 3Aga + M5 — Aar = 0, (39)

Ao+ 2X5 + 206 + Ag + D11 + 312 + 66X 14 + 217 + 2X18 + 2X00 + 291 + Aas + 2X05 + 206
+6A29 + 5Ag1 + 430 — X33 — Ass + 4A36 + 57 + 6Ag9 + 6Aao + 3Aas + 5As5 + Aar =0, (40)

/\3 + 3)\5 + 2)\6 + )\9 + 2)\10 + 3)\11 + 3/\12 + 4/\14 + 2)\17 + 4)\18 + 2/\20 + 3/\21 + /\23 + 4)\25 + 2)\26
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+3Aog + 4A31 + 432 + 233 + 235 + 436 + 4A37 + 3A39 + 4ha2 + 3Aag + 35 + 246 + Agr = 0,
(41)

Aa 4 25 4 36 + Ag + 2A10 + A1 + A2 + 2014 + 417 + 2218 + 3h90 4+ 291 + Ao 4+ 295 + 4o

(42)

4)\5 + 4)\11 + 4)\18 + 4/\21 + 4)\25 + 4)\31 + 4)\37 + 4)\45 - O, (43)

4)\6 + 4)\11 + 4)\14 + 4)\17 + 4)\20 -+ 4)\26 + 4)\29 + 4)\51 -+ 4)\37 + 4)\39 + 4)\42 + 4)\45 = O, (44)

As — Ag + Ao — A1+ 3h12 — Aig + Mg — 3A15 — 298 + 299 — 2A30 — 2A31 + 232 + 233 + 235
+2X36 — 237 — 238 + 2X39 — 2X40 — 3Aa1 + Asz — M3+ 3Aas — A5 + Aag — Aar + Mg = 0,

(45)
4)\10 + 4)\13 + 4)\28 + 4)\33 + 4)\35 + 4)\40 + 4)\43 + 4)\46 = 0, (46)
419 + 414 + 49 + 439 + 4A3g + 439 + ddso + 4Aay = 0, (47)

whereas, uvg = 0 if and only if the following equations are satisfied.

AL+ 2A5 + 206 — Ag + 3A 12 + 313 + 317 + 3Aig + 619 — 290 — 291 — 3 a5 — 3o
+5/\27 + 2>\28 + 2)\32 — )\34 — 2)\36 + 6)\37 — 2)\40 - 3/\43 - 3/\44 + 5/\45 —|— /\47 = 0, (48)

/\2 + 2)\5 + 2>\6 — )\9 + )\12 + 5)\13 — 2)\14 + 2)\15 + 2)\17 + 2)\18 + 5/\19
—2X20 — 221 — Agq — 295 — 2X96 + 4oy + 4hag — 2X99 + 2A30 + A3
—A35 + D37 — 238 + 239 — 241 + 240 — Agg + DAy5 + Ay7 = 0, (49)

Az 4+ 3As5 + 206 — Ag + 210 + A2 + TA13 + 2A15 + 217 + 415 + 69
— 2X90 — 321 — Aoz — 296 + 67 + TAgg — 399 + 2A30 + 2A33 — 2A35
+ 837 — 238 + 339 — 241 +4Ag0 — Aag + Thys — 2046 + Aa7 = 0, (50)

)\4 + 2)\5 + 3/\6 — /\9 + 2)\10 + 3/\12 + 5/\13 — 2)\14 + 4)\17 + 2/\18 + 6/\19
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— 320 — 221 — Ao2 — 2Xa5 + 67 + 4Aag — 2X99 + Azp + 3A32 + 2A33 — 2A35
- 3/\36 + 8)\37 — /\38 + 2)\39 —I— 2)\42 — 3)\44 ‘|— 7/\45 - 2/\46 + /\47 = 0, (51)

AN5 + 43 + 48 + 4 Mg + 4o + 4dog + 437 + 4045 = 0, (52)

ANg + AN13 + 45 + 4Xi7 + 419 + dXo7 + Adog + 430 + 437 + dAg9 + ANy + 4Ny5 = 0, (53)

—2X36 + 237 + 2A38 — 239 + 2X40 + 3Aa1 — Aso + Auz — 3Aaa + A — A + Az — Mg = 0,

(54)
AN10 + 413 + d)hog + A3z + A3 + dh39 + 4y + 4Xy5 = 0, (55)
4/\12 + 4)\14 + 4)\29 + 4)\32 + 4)\38 + 4)\40 + 4)\41 + 4)\43 = 0 (56)

Suppose that .# denotes the corresponding ideal in any possible case of (i), (i7), (7i7) and (iv). We

claim that d(.#) = 2. For this, consider the corresponding ideal .# of . S5 containing the elements
48

of the form u = > \;g; satisfying uxz = 0, for all x € A, where A is a subset of the set {vs, vy, v5, 05},

i=1
which depends upon the case under consideration. This infers that the coefficients in the presentation

of u must satisfy suitable equations from the set of equations (21) to (56), corresponding to uz = 0,
for all x € A. Clearly, .# can not contain any element of weight 1 and so d(.#) > 2. Further, an
element u with the smallest weight 2 in .# is u = g; + ¢34 if A C {w3,v6}, while u = g1 — g4 if
A C {vg,vs}. Thus, we conclude that d(.#) = 2. Next, for the dimension of .#, observe that all
the equations (21) to (56) are linearly independent, therefore the dimension of ideal .7 is 48 — 4|A]|.
This completes the proof. O

_>
We summarize some other results concerning group codes in .%[S3] in the upcoming theorems. In
fact these results can be proved by using similar techniques with necessary variation that we have
used in our previous results of this section.

Thg)rem 4.8. Let ey, ey, e3, e4 and vy, Vo, U3, Vs, Us, Vg be linear and nonlinear idempotents in
F[S3]. If X; and Z; are subsets of order i and j of the sets {e1,e4} and {v4,vs5} respectively, then

(i) d(Fx,0z,) = 2 and dim(Ix,uz,) = 38.

(i1) d(Fx,0z,) = 2 and dim(Ix,uz,) = 29.

(id1) d(Ix,uz) = 2 and dim(Ix,uz,) = 3.

(v) d(Ixyuz,) = 2 and dim(Ix,0z,) = 28.

(v) d(Ipyuz) = 2 and dim(Ip,y0z,) = 35.

(vi) d(Ffvsyuz,) = 2 and dim(Fu,10z,) = 26.



GROUP CODES OVER ALGEBRA OF WREATH PRODUCTS 115

(vii) d(fXIU{vl}Uzl) =2 and dim(leu{vl}uzl) = 34.
(U”Z) d(leu{m}UZz) =2 and dim(JXlu{vl}UZQ) = 25.
(iz) d(Ixpuronyuz) = 2 and dim(Ix,0mi0z) = 33.
(7) d(Ixyufoiuzs) = 2 and dim(Fx,upeuz,) = 24.

Thg)rem 4.9. Let ey, eo, e3, e4 and vy, Vg, V3, V4, Us, Vg be linear and nonlinear idempotents in
F(S3]. If X; and Z; are subsets of order i and j of the sets {ez, ez} and {vs,vs} respectively, then

(i) Ix,uz, s (48,38,2) group code.

(i1) Fx 0z, 1s (48,29,2) group code.

(1ii) Fx,uz, 15 (48,37,2) group code.

(1v) Fx,0z, is (48,28,2) group code.

(V) oz, 15 (48,35,2) group code.

(Vi) Fgusyuz, 05 (48,26,2) group code.

(vit) Fx,u{vayuz, @5 (48,34,2) group code.

(vit1) Ix,Ufwayuze B8 (48,25,2) group code.

(ix) Fx,ufwauz, b5 (48,33,2) group code.

(7) Ixou{vauz, 5 (48,24,2) group code.

5. Conclusions

This paper completely characterized the four families of group codes namely; (2"n!,2"n!—1,2)
(MDS group code), (2"n!,2"n!—2,2), (2"n!,2"n!—3,2) and (2"n!,2"n! —4,2) group code which
are generated by the linear idgnpotents corresponding to the linear characters of S, in the hype-
roctahedral group algebra .7 [S,] for every n and thereby established two families of:§roup codes
(2=l 27~ 1In! —1,2) (MDS group code) and (2" 'n!, 2"‘1n_!>—2, 2) group code in .Z|[A,] generated
by linear idempotents corresponding to linear Characteis of A,, for every n. In addition, as the order
and the number of nonlinear characters of the group S, increases very rapidly with n, therefore the
problem of complete characterization of group code generated by nonlinear idempotents for arbitrary
n, in Z[S,] is very lengthy to compute, in general. Moreover, we also attempted to explore various
families of group codes of length 48 having minimum distance 2, generated by linear and nonlinear
idempotents % [S3] of hyperoctahedral group of small order.
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Appendix I- Products vy, uvs, uvy, uvs & uvg

uvy = 35201 — As = Ao — Ao — A1t — A2 — Az — Ara — Ais — 2A16 — 2A17 — 2X15+ 2X05 + 296+ 2X07 — 2A34 +
Aa1+AaaF A3+ Aaa A5+ Aae+Aar+Aag) (91 925+ g6+ 927 — 16— G17—g1s—gaa) T [2Aa— Az — A= A5 — Ae +
2A7 =2 19+ Ago+ Ao+ A2+ Aag — 2Aas + Aag + Aag + Az0 — 2A31 + A2 — 2A33+2A35 — Az +2A37 — Ass — Ago —
A10](ga+97+ 735+ 937—Gr9—gaa— 931 — g33) +[— A2 +2A3 = A +2X5 = Ae — A7+ A9+ A20 —2A01 + Ao — 203+
A2a—2A98 =229+ A30+A31+A32+A33— A5 — A6 — Asr— Ass +2A39+2A0 (93 + 95+ 939940 —g21— G2z —Goas —
920) +[= A2 = A3+2X4—=A5+2X06 = A7+ A19— 220+ Aa1 — 2 22+ Aoz +Aas+Aag + Ao — 230+ Az1 —2A32+ A3z —
A351+2A36 = A37+2A38 —A39—Aa0] (946 + 936+ 938 — 20— G2 —g30—g32) H[— A1 +2As = Ag+2 10— A11 — Ao —
A13H+2A14F2A 15+ A16H A7+ A s — Aas — Aos — Aoz +-A3a — 2 01 —2A 2+ Aaz+Aaa+Aas — 2 A6+ Aar — 25 (g8 +
910+ 914+ 15— ga1 — Gaz — Gae — gas) +[— A1 = A +2X0 — Ao+ 2 11 +2X19+2 13— Ara— Ais +Ais + Air+Aig —
Ag5—A26— A7+ Aza+Aa1 + A2 =243 = 2A 04— 245+ Aag — 2 A7+ Aag | (o + 911+ g12+ 913~ a3 — Gaa — Gas — Gar)-

Uvs = 4_18 [3>\1+>\2+)\3+)\4+)\5+)\6+>\7+>\16+)\17+>\18_)\19_/\20_>\21 —)\22 —)\23—>\24—)\25 _)\26_>\27+
Agg +A2g + Ag0+ g1+ A3z +Ag3 = 3A34 — M35 — Ags — Azr — Ags — Azg — Ago] g1+ (M1 +3A2 = A7+ Ag + Mg+ Ao+
A1 — A2 = A13 = Ay — A5 — Aig+ A7+ Aig + A9 — 3Aas — Aas — Aog+ Aoz +A31 +A33 — Azy — Azs — Agr+ Aag +
A2z Aas— A5 — Mg — Az —Aag| ga+[ A1 +3A3 = A5+ Ag+Ag— Ao —Aii — Ao+ A+ A — A5+ A g+ A7 —
Aig+A21 =323+ A5 — Aog — Aoz +Aas +Aag — Aga — Ago — Aao+Aa1 — Aao — Mg+ Aaa+Aas + Aag — Aar — Aaslgs +
[A1+3A= A+ As+Ag— Ao = A1+ A2 = Az — AiaF A5+ A6 — A+ Ais+Aoo — 3 A2 — Aas +Aag — Aoz +-Ag0 +
A32 — Ags — A3 — Azg — Aa1 + Aaz 4+ Aaz — Aag + A5+ g — Aar — Aaglga+ [M — A3 +3X5 = As = Ag+ Ao+ A1 +
A2 = A3 — A1+ A5+ A1g+ A7 — Ag — 3Aa1 + Aoz + Aas — Aag — Aoz + Aag + Ao — Aza — Azg — Ao — Agr + Ago +
A3 —Aaa—Aas — AaeF+Aar+Aas] g5+ [ A1 = A +3X6 = As— Ao+ A0+ At — Ao+ Ais A= AisFAis— Az + g —
320+ A2z — Aas 4 Aas — A7+ A30+A32 — Aga — Age — Asg +Aa1 — Aaa — Mg+ Aaa — Aas — Aag +Aar +Aasl g6 +[ A1 —
Ao +3A7—=Ag—Ag—A1g— A1+ A2+ A3+ A+ A5 — Aig+ A7+ Ais —3A 19+ Aog — Aos — Agg + A7+ Az + A3z —
A3q—Ag5 — A7 — A1 — M2 — Az — Aaa A5+ Aas +Aar+ s g7+ [ Ao+ A3+ A= A5 = Ag = A7 +3Xs = Aig— Ay —
A5+ A19+A20+A21 — Aza — Aoz — Aoa+Aag — Aag — A0+ A31 + A32 — A33+A35 — Azg — Agr+ A3z +Az9 — Ay + Aa1 +
A2F+Aa6—3Aas]gs [ Ao+ A3+ A= A5 = A — A7 4+3Ag— A1 — A2 — Az + Ao+ Ao+ Aa1 — Aag — Aaz— Aos — Aog+
A29+A30— A1 —Ag2+ A3z — Ag5+A3e+Ag7— A3g — Azg+Ago+ a3+ Aas+ a5 —3Aa7] go+-[ Ao — A3 — Ay A5+ X —
A7—=Ag+3A 10— A1a— A5+ A 19— Aoo— Ao +Aoa+ Aoz — Aog — Aog +Aog + A30+ Az1 — Aza — Azz+ Az +A3g— Azr—
Asg—A39 A0+ A1+ A2 =36+ Mgl g0+ [Ae = As—Aa+ A5+ A6 — A7 = Ag+3A 11 — A2 — A+ A9 — Ao — A1 +
A22F 23— Aoa+Aag — Aag — Azo— As1 Az +A33— Ass — Az + g7+ Asg+ A3 — Aao+ Az +Aas —3Xu5+Aar] 911+
[— A2 = A3+ As+ A5 = A6+ A7 —=Ag— A1 +3X12 = Ais— Ao+ A2 — Aot — Aoz + Ao+ Aas+Aag — Aag + Az + A3 —
A3z — A3+ Ag5+ Ase — Ag7 — Azg +Azg — Mg+ Az = 3Aag + A5+ Aar]gra+[— Ao+ A3 = Ay = A5+ Ag + A7 — Ag —
A1 — A2+ 3A13 = A9 — Aog+ a1 + Ao — Az +Ags — Aag +Aog — Azo + Azt + Azp — Azz+ Azs — Azg — Azr+ Azg —
A3g+ A0 =3 A3+ Aaa+ A5+ Aar]grs+[— Ao+ A3 = A= A5+ X6+ A7 = Ag— Ao +3 s —Ais = Aig—Ago+ Ao +
A22— A3+ Aoa+Aag — Aag+A30— A1 — Asa +A33— Ass A6+ Ag7— Asg A3 — Aao+Aa1 =3 Ao+ Aag+Aas] gra+
[— A2 = A3+ As+ A5 = A6+ A7 = As— Ao — Aa+3X15 — Ao+ Ao — Aot — Aoa + Aoz +Aos — Aog +Aag — Azo— A1 +
A324A33— 35— Ag6+Ag7+A3s — Agg + g0 —3Aa1 + Ao+ Mg+ Mg 915+ A1 — Ao+ A3+ Ay + A5+ X6 — A7 4+-3 A 16—
A17—A1g+ A1g — Agg — Aa1 — Aoz — Aaz + Ao+ Aas + Ao — 3Aa7 + Aag +Aog + Az0 — Azt +Aza — A3 — Aza + Azs —
A3+ 37— A38— A9 — Aa0] 916+ [ A1+ Ao+ A3 = Ay A A5 = A6+ A7 = A1 +3A17 = Aig— Ao+ Ao — Ao1 +Apo — Aoz —
A2474 A5 =396+ A7+ Aos+A2g — Ago+A31 — Ao+ A3 — Ay — Ag5+Ass — Ag7+Asg — Agg — Aao] 917 +[ A1+ Ao —
A3+ A= A5+ A6+ A7 = A6 — A7 +3A 18— A 19— Azo+Aa1 — Aga+ A2z — Aos — 3 a5+ Aas + Aoz — Aag — Aag +Azp +
A31+A32+ A3z — Aza— Az — Az — Az — Azg +A39+ Aao | g1g+ [ — A1+ Ao = 3A7+ Ag+ Ao+ Ao+ A —Aig— Az —
Ata— A5+ A6 — A17 — Aig +3A19 — Aog + Aos + Aos — Aoz — Azp — Azz+ Aza +Ags + Az +Aar + Ao+ Auz+ g —
a5 — A6 — Aar— Aag) g0+ [— A+ A —=3X6 +As Ao — Ao — A1 F A2 = Ais—= g+ A5 = A+ A 17— Ais+3Ag0 —
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Ag2+ A5 — A6+ A7 — Ago — Az2+Asa +Aze+Ags — Aa1 + Ao+ Az — Aaa+Aas +Aag — Aaz — Mgl goo +[— A1+ A3 —
A5+ AstAg—A10— A1t — A2+ A3+ A — A5 — Arg — Arr+A1g +3A21 — Aoz — Ao+ Agg+ Aoz — Aag — Ao+ Azs+
A39+ A0+ a1 — A2 — Mg+ Aga+ s+ Mg — Az — Aag|ga1 [ — M =3+ X6 —As— Ao+ Ao+ A1 —Aia+ A3+
Ata— A5 — A6+ A17— A1g — Moo +3 X2+ Aas — Aos + Aor — Ao — Asa + Aza + Azg+ Azg +Ag1 — Ao — Auz+ Aug —
a5 —Age+ A7+ Aag|goa+[— A1 —3A3+ A5 = Ag— Ao+ Ao+ A+ A2 — Az = Aig+Ais = Aig— AirHAig — Aoy +
323 — Aa5 4 Aag + A7 — Aag — Aag + Asa 4 Az + Ao — Aar 4 A2 + Mg — Aag — Aas — Mg+ Aar + Mgl gaz + [ — A —
Ao+ A7 —=Ag—=Ag— Ao — A1+ A2+ A3+ A+ A5+ A 16— Arr— A — Ao +3Aas +Aos +Aog — Aoz — Azt — Asz+
AsaFAs5+ 37— Aa1 — Aaa = Az — Aaa+ Aas + A+ a7+ Mgl gaa+[— A = AeF A=A+ A5 =X = Ar+ A g+ A7 —
3A 18+ A 19+ A0 — A1+ a2 — Mgz + Aog +3 a5 — Aog — g7+ Aag +Aag — Ago — Azt — Azp — Az3+ Aza +Azs + A3+
37438 —A39—Aa0]g2s+[— A1 = A2 = A3+ A= A5+ A6 — A7+ A1s =3 A 17+ A s+ A 19— Aog a1 — Aaa -+ Aoz +Aos —
A2543 X6 — A7 — Aag — A2g +A30 = Ag1 Az — Az + N34+ A5 — Ase +Ag7— Asg +Az9+Aao] gas +-[— A1 F Ao — A3 —
Ap— A5 =g+ A7—=3A16+A17+ A8 — Arg+Aao+ Aa1 + Ao+ Aoz — Aas — Aoy — Aog +3Aa7 — Aag — Aag — Azo+ Az —
A32F+A334A34— Ag5+A36 — A3+ Ass +A39+Aao | gor [ AL F A3+ A5+ As = Ag— Ao+ A1 FAa— Mg+ A — A5+
A6+ A17—A1g = Aa1 — Aoz + o5 — Agg — Aoz +3Aag — Aog — Azg +A39 — 3Ag0+ Aa1 — Ao+ Az — Aag — a5+ Ay +
A7 —Aag] 928+ A1+ A3+ A5 = Ag+ Ao+ A 10— A1t — A+ A 13— A F A5+ A HA 17— Ais— Ao — Aaz+Aos — Ags —
Ag7 — Aag +3A29 — Az — 339+ Aao — Aa1 + a2 — g+ Aaa =+ Aas — Mg — Aaz + Mgl gao + [ A+ Aa+ A — g+ Ao+
Ato— A1t A2 — A3+ A — A5+ A1 — Arr+ Aig — Aog — Aga — Ao+ Aag — a7 +3A30 — Aza — Aza+ Az6 — 3A3s +
A1 — A2+ A3 — Aaa a5 — Mg — Aar+ g gso+[ A1 H Ao+ A7+ As = Ao+ A0 = Aii A e F A3 —Aia— A5 — A+
A7+ A 18— A1g— Aoy — Aos — Age + A7 +3A31 — Agz — Aza + Az — 337+ Ag1 + Ao — Mg — Agg+ A5 — Agg + A7 —
Aaglg31H A+ A+ A FAs—Ag— Ao+ A1 — Az F A3 = A+ A5+ A 16— A7 HAis— Aoo— Aaa — Ags Ao — Agr —
A30+3A32 = Azs — 336+ A3g — a1 4 Aa2 — Aaz +Aaa — Az + A+ Aar — Aag gz + [ A1+ A+ A7 = Ag + Ao — Ao+
A1 —=A12 = A3+ A+ A5 — At A7 FAig — Ao — Aoy — Aos — Aog+ Aoz — A1 +3A33 = A3y — 335+ Az — Ay —
Ao Aag+Aaa— a5+ A6 — Aar+Aas] g3 +H[—3A — A= A3 = A= A5 = A —Ar—Aig— Az —AisF A1+ Ao+ Ao +
22+ Aoz +Aos+Aos +Aas+ a7 — Aag — Aag — Azo— Azt — Aga — Ag3+3 X34+ X35+ A36+ 37+ Asg +Azo+Aaol 934+
[ A=A = A7+ As—Ag+ A= A1+ A2 F A3 = A — A5 A6 — A7 — Aig +Aig+Aas 4 Ao+ Aog— Aoz + A3y —
3334 Ag4+3A35 — A7+ Aa1 + a2 — Aaz — Mg+ Aas — Mg+ A7 — Mg g3+ = A = A=A = AsF Ao+ Ao — A+
A2 = A13FAa— A5 — A1g+ A7 — Mg+ Aog+Aaa + Aos — Aag + Aoz +A30 —3A32 + Aza +3A36 — Asg +Au1 — Ao +
A3 —Aaa+Aa5— g — Az +Aasglgse+[— A —Aa— Az = As + g — Ao+ A1 — Ao = AisH A u+ A5+ g — Air —
A1+ A 194 A2+ A5+ Aa6 — A7 =331+ A3+ Aga— Ag5 +3A37 — At — Ao+ Aag +Aas — Aas+Aag— Aar +Aagl gar+
[ A= A=A FAs—Ag—= A0+ A1 = Ao+ A3 = A+ A5 = Aig A7 = Ag+Ao0+ Moo+ a5 — Ao+ Ao —3A50 +
A324 X34 — A6+ 338 — Ag1 + A2 — Aaz+Aas — Mas Mg+ A7 — Aag) gas +[— A = Az = A5+ A = Ag— Ao+ A1 +
A2 = A 13+ A1a— A5 — A1g — A1+ A1+ Aor + Aoz — Ags +Aog + Aoz +Aog —3A29 + Aza +3A39 — Ayo+ Ay1 — Ago +
A3 = Mg — M5 A+ Az — Aaglgso +[— A = Az = A5 = As+ A+ Ao = At = Ao+ A3 = A+ Ais — Aig— Air +
A1g+A21 4+ Aa3— A5+ Aog+Aa7—3Xag +Aag+Aga— Ag9+3 A0 — A1 +Aao— Aag FAas+Aas — Aag— Aar +Aas) gao+
[AoFA3—= A= A5+ A6 = A7+ AsF A 10+ A1 =3 15+ A 19— Ao+ A21 +Aa2— Ao — Aoa+Aag — Ao+ Ag0+ A1 — Asa —
A33A35+A36 — A3z — Azg+A39 = Aao+3 A1 — a2 — Mg — Aag] gar +[Aa = A+ Ay + A5 = Ag— Ar+Ag+A10—3 A4+
A5+ A19+A20—A21 — Ao+ Aoz —Aos — Aag+Aag — A0+ A31+A32 — A33+A35— Azg — Asr+Ass — Azg+Ago— Aa1 +
32— A6 —Aas|gaa+H [ A2 — Az + A+ A5 = A6 — A7+ Ao+ A 11+ 12— 313+ A9+ A0 — Aa1 — Asa+ Aoz — Aos+ Ao —
29+ Ag0 = A31 — Az + Ag3 — A5+ Ags + Asr — Agg +A39 — Aao +3 A3 — Aaa — Aas — Az gus + [ Ao+ A3 — Ay — A5+
A6 — A7+ Ag+A11 =3 12+ A3+ A1g — oo+ Ao1 +Aaa — Aoz — Aoy — Aag +Aag — Azo — Az1 +Aza + A3z — Azs — Azg +
As7+A3g — A39+Ago— Aag+3Aaa — Aus — Aaz] gaa+ [ = Ao+ A3+ A = As = Ag+ A7+ X9 =3A 11+ Ao+ A3 — Ao+
A20+A21 — A2 — A2z + Ao — Aog+ Ao+ A30+A31 —Azo — Az3+Az5+A36 — Azr — Asg — Azo T Aao— Auz— Aaa +3Ay5—
Aa7]Gas = A2 F A3+ A= A5 = A6+ A7+ As =310+ A 144 A1 — A9+ 20+ A21 — Aoz — Mgz +Aog+-Aog — Agg — Asp—
A314+As2+A33— Ag5 — Ag6+ A37+A3s+ 39— Aag— Au1 — Ao +3Ma6 — Mg gas+[— Ao — A3 — A+ A5+ Xs+ A7 —
A9t A11+ A2+ A13—A1g— Ao — Ao +Aga+ Aoz +Aoa+Aog — Aag — Ao+ A31 + A2 — Azz+Az5 — Azg — Azr + Ags +
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A39—A10 — A3 — Aaa— Aus+3Aa7|gar+H[— Ao — Az = A+ A5+ X6+ A7 —=3As + A0+ A1a+ A5 — Ag— Ago — a1 +
A2+ A2z +Aog — Aag + Aag+A30— Ag1 — Ag2+ 33— g5+ Ag6+ 37— Ags — Ago+ Ao — A1 — a2 — Mg +3\us] gus-

uvy = %8[3/\1 A= A3= A= A5 = A= A7 —A1g— A7 —A1g— Ao — Ao — Ao1 — Moo — Aoz — Aoy — Ags — Aog — Aoz +
A2g A2+ A30+Az1 +Asa+ 3343 X34+ Ag5+ A6+ Az7 4+ A3+ A9+ Aao] (91 +934) = A1 +3Xa = A7 = Ag—Ag—
Ao— A1+ 2+ A3 A s F A=A A7 F A s — A9 3 Ao+ A5+ Aag — Aor—As1 —Ag3—Ass—Ags — Az + A+
A2+ A3+ Aas—Aas — Aag— Az — Mg (G2 +g2a) H[— M +3X3 = A5 —As— Ao+ A0+ A1 F e —As— A+ A5+
A16FA17—=A18—Ao1+3A23— A5+ Ao+ Aor—Aag— Aog— Azs — Agg— Ao+ Au1 — Ao — A+ Aus+Aas+ A — Aar—
Aas](g3+923) +H[—A1+3 A=A —As— Ao+ A0+ A1 — Ao+ AisFA s = A5+ A6 — A+ Ais— A2 +3 Ao+ o5 —
A26F 27— 30— A32— Aza — Az6— A3g — Aa1 +Aaa+ Az — Aaa+Aas + s — Aar— M) (ga+g22) +[— A1 — Az +3A5+
As+Ag—=A10—=A11 = A2+ A3+ A1 — A5 F A6 A 17— Aig+3 A1 — Aoz — Aas +Aog Ao — Aag — Aag — Aga — Ag9 —
Ao = Aa1F A2+ Az — Mg — Aas — Mg+ Aar+Aas) (95 +921) = A1 = A +3X6+ A+ Ao — Ao —Aii A — Az —
AaFA 15+ A 16— A7+ A18+3A20 = Aoa+ a5 — Ao+ Aor— Az0—Aza — Aga—Azg — Agg +Au1 — Ayp— Auz+Agg — Ays —
Aot Aar+Aag] (g6 +920) [ — A1 = Ao +3A7+As+ Ao+ Ao+ A1 — Ao — Mg —Aa—Ais = Mg+ A7+ A is+3 19—
A24+ o5+ Ao — a7 — A31 — Ag3— Asg — Az — Ag7 — Agp — Mg — Mz — Agg + A5 + Mg+ Aar +Aag (97 +910) + [ —
A2 —=A3—= At A5+ A6+ A7+3 A8 —A1g—Ara— A1s+ A1+ Ao+ Ao1 — Aoa — Aoz — Aoy +Aag — g — Azo+ Az +Aza —
A33— 35+ A6+ Az7— Azg — Azg+Aa0 — Aa1 — Az — Aa+3Nus) (g +9a8) +[— A2 = A3 = Ay + A5+ X6+ A7 +3Ag —
A1 —A12— A3+ A9+ A0+ Ao1 — Agp — Aoz — Aog— Aag +Aag+A30—A31 — Azo+A33+A35 — Agg — Azr+Azg +Azg—
A0 — A3 — Mg — A5 +3M47] (g9 +9a7) [ Ao+ A3+ A= A5 = Ag A7 = Ag+3A10 = A1a— A5+ A1g— Ao — Aoy +
Ag24 23— Ags— Aag+A29+A30+Ag1 — Az — Az3— A5 — Age + A7+ Ags + A9 — Aao— Mg — Aaa+3M46— Mg (g10+
Ga6) F[= A F A3+ A= A5 = A6+ A7 = Ag+3A11 — A2 — Mg+ A1 — Aog — A1 +Ao2+ Aoz — Aag +Aag — Aag — Az —
A31+A32+Ag3+ 35+ Ag6 — A3z — Ags — Azg + Aao— Aug — Aaa+3Aa5 — Aaz] (g11+9a5) + [ Ao+ A3 — A= A5+ A6 —
A7—=Ag—A11+3A 12— A13— A9+ Ao0— Aa1 — Ao+ Aog+Aog+Aog — Ao+ A30+ A3t — Azp — Azg — Azs — Agg+Asr +
A3g = A39+Aa0— Aaz+3Aas — Aas — Aar] (912 +gaa) H[Aa = Az +Aa+ A5 =X = A7 = Ag— A1 = A2 +3A 13— Ao —
A0+ A21+A22 — Aoz + Aoy — Aag+Aag— A0+ A31 +A32 = Az3 — Az5+Az6+A37 — Asg + A9 — Ayo+3Aa3— Aga — Aus —
M| (9134 943) FH[ A2 = A3 F A+ A5 = A= A7 = Ag = A10+3A 14— A5 — Aig— A2+ a1+ A2 — Ao+ Aas+Aag — Aog+
A30—A31 —A32+ 33+ A35 — As6— A3z +A3s — Asg+ Ao — a1 +3 A2 — Aag — Aas) (914 +Ga2) +[ Ao+ A3 — A — A5+
A6 —A7—Ag—A10—A14+3A 15— A9+ oo — Aor — Ao+ Aoz +Aos — Aag +A29 — A0 — Az1 + Az2+ Agz+ Az + A3 —
A37—A38FA30 = Ag0+3A41 — a2 — Aag — M) (G15+9a1) +[— A1 = Ao+ A3+ Ay +- A5+ A6 — A7 +3 A 16— Air — Aig —
Ag+A20+A21+A2a+Aa3 —Aos — Aas — Aog+3Aa7—Aag — Aag — Ao+ A31 — Aza+A33—Aga+Ag5 — Age+A37— Azg —
A39 = A40) (G16+927) = A1+ Ao+ A3 = Ay F+ X5 = Mg+ A7 = A1 +3A 17— Mg+ A1g — Ago Aot — Aso + Aoz + Aoy —
A2543 26 — A7 — Aag — Aag + A0 — A1 +Ag2 — Azg — Aza — Ass + A3 — Mgz +Aas — Ao — Aao) (917 + 926 ) +[— A1+
A2 = A3+ A= A5+ A6+ A7— A6 — A7+ 3 A 18+ Ao+ Ao — Ao + Aoz — Mgz + Aos +3Aa5 — Aog — Aar+ Agg +Agg —
A30—A31 — A32 — A33 — Ags — A5 — Az — A7 — Asg +Ag9+ a0 (918 +925) +[A1 — Az = A5 +Ag— Ag— Ao+ A1 +
A2 = A13+A1a— A5 — A1 — Arr - Aig — Aor — Aoz + Aas — Aag — Aoz +3Aag — Ao+ Aza — Azg+3Aa0 — Aur + Ao —
a3+ AaaF Az — Mg — Az + Mg (Gas+940) F[A1 = A3 = As = Ag A9+ Ao — At — Ao+ A3 — Aig+ A5 — Aig—
A17+A18 = Az1 — Aoz + Aoz — Ags — Aoy — Aog +3A29 + Azs +3A39 — Ago+Au1 — Aua+ Az — Ay — Aas + Agg + a7 —
Aag)(g20+939) F[ A1 = Aa—As = As+ Ao+ o= A1+ A2 = g+ A1s—Ais = Aig+ A7 — Mg — Ao — Aaa — Aos +
A26—A27F3A30 — A3+ A34— A3 +3 38— Aa1 A2 — Az +Aas — M5+ Mg+ a7 —Aag) (930 +938) A1 — Ao — A7+
Ag—AgtA10—= A1+ A2+ A3 = A1a— A5+ A6 — A7 —Aig— Ao — Ao — Aos — Ags+ Aoz +3A31 — Azz+ Aza — Azs +
337 = Aa1 — A2 F Mg+ Mg — Aas Mg — Aar s (931 +937) + [ A = A= As FAs = Adg = Ao+ A1 —Aia+ A3 —
Ata+A15 = A1+ A17— A1g — Aoo — Aga — Aos +Aog — Ao — Azo+3A32+ Aga +3A36 — Azg +Ag1 — Aaa+Aaz — Ay +
A5 — Mg — A7+ Aag] (932 +36) H[A1 = A2 = A7 = Ag+Ag = Ao+ A1 — Az = Az F A+ A5+ Aig — Air — s —
A19—A2s—Ag5—Aag+Ao7 = Ag1 +3 33+ Asa 4335 — Agr+ a1+ A2 — Aaz — Aag+Aas — Mg+ a7 —Aag (g33+935).-



120 DADHWAL AND PANKAJ

UVs = 4_18 [3)\1+)\2+)\3+)\4+)\5+>\6+/\7_)\16_)\17_>\18+)\19+)\20+)\21 +)\22+>\23+)\24—)\25 _/\26_)\27_
A2g = A20 = A30 — Az1 — A2 — Ag3+3 34— Ag5 — Az — Azg — Az — Azo— Aao] (g1 +9g34) + [ A1 +3 A2 — A7+ A+ Ao+
AoFA 11— A2 —A13—Ais— A5+ A 16— A7 —Ais— A1g+3Aas — Aos — Ags+Aor — Azt — Azg+ Azs— Ags — Azr — Ay —
A2 = Aag— Aaa+ a5+ Mg+ Az 4 Aas] (92 + G24) F[ A1 +3X3 = A5+ As+ Ao — Ao —Ain — Ao+ A3+ A — A5 —
A16—A17+A18—Ao1 +3 A3+ Aos — Ao — Aoz — Aag — Aog +A34 — Azo — Auo— a1 +Aaa+Aaz— Aag— s — Agg+ A+
Aag](g3+g23) F[A1F3As=As+ A+ Ag— Ao = A1+ A2 = Az = Aig+ A5 = A+ A7 — Aig — Aag +3Aa2 — Aos +
Ag6 — Ao7 — A0 — A2+ Azs — Age — Azs +Aa1 — Aag — Aag+Aaa — Aas — Mg+ Az +Aag| (9a+g22) + [ A1 — Az 435 —
Ag— A9+ A1+ A1+ A2 — A3 = A+ A5 —Aig— ArrF A1g 31 — Aag+Aas — Aog— Aoz — Aag — Agg + Azs — Azg—
a0+ A1 — A2 — Mz a4 A5+ A — Aar — Aas] (95 +921) [ A1 = A +3A6 = Ag = Ao+ Ao+ A1 — g+ A+
Aa—A 15— A16FA 17— A1g+3 20— Aoa— Aas+ Ao — Ao —A30—Ag2+ Az — Azg— Azg — Ay +Aao+ a3 — Agg + A5+
A6 — A7 —Aag) (g6 +920) [ A1 = A +3A7—=Ag—Ag = Ao = A1 F A2+ A3 F A s+ A5+ A — Air — Aig +3A 19—
A2a—Ag5 — Ag6+Aa7 — As1 — Asg+Ass — Ags — Agz 4 Aa1 +Aaa + Az +Aaa— Aas — Aag— Aar — Aag) (g7 4+910) + [ Ao+
A3+ A= A5 = A —A7+3 A8 = A10—A1a— A5 — A1g— Ao — Aa1 +Aoa+ Aoz +Aos — Aag+ A9+ A30— Az1 — Azp+ Az +
A35—A36— A3+ Azs+A39— a0 — A1 — sz —Aa+3Aas) (gs+gas) [ A2+ A3+ A= As = A —Ar+3Xg— A1 —Aia—
A13—A19—A20 = A1+ Ao+ Ao3+Aos+Aag — Aog— Az0+Az1+ A2 — Az3— Az5+Az6+A37 — Asg — Azg+Aso— Ayz —
Aa—Aa5+3Ma7)(Go+ga7) [ A2 = A3 = A+ As+ X6 — A7 = As+3 10— A s — A5 = Aig+Aao+Aa1 —Asa—Aog+Aos+
A28 — 29— A30— Ag1FA32 A3z +Ass 436 — Agr — Ass — Azg Ao — Aa1 — A2 +3 46— Aag] (910 +9u6) +[Aa— Az —
AsF A5+ A6 —A7—Ag+3A11 — A2 — A1z — A+ Ao+ Aot — Aoa — Aoz + Aoy — Aog + Azg +Azp+A3p — Ago — Azg —
A35 = A36 T A7+ Asg +A39 — Aao — Az — Aag +3 A5 — Aar] (911 +9us) +[— A2 = Az + A+ A5 = A+ A7 —Ag— A1 +
3A12 = A13+A19 — Ao+ Aot + Ao — Aoz — Aoy — Aag + Aog — Ao — Azt + Aza + Azz+ Az5 + A3g — Azr — Asg + Azg —
A0 = Aa3 34— Aas — Aar| (912 Gaa) + = A2 F A3 = Ay = A5+ A6 A7 —Ag— A1t — A2 +3A 13+ A9+ A0 — A1 —
A22FA23—AagFAag — A2g+A30 — Azt — Ao+ Asz+As5 — A3 — Agr+A3s— Ao+ Aao T3 A3 — Aaa— Aas — Aar (913 +
G13) F[= Ao F A3 = A= A5+ A6+ A7 = As = Ao +3A 10— A5+ Mg+ A0 — Aot — Ao+ Aoz — Aos — Aas+Aag — Ago+
A31+A32—Ag3 = A35+Ag6+ A7 — Ass+Ag9 — Aag— a1 +3 a2 — A — Aas| (G1a+Ga2) +[— Ao — AsF Aa+ A5 — A6+
A7—=Ag=A10—A1a+3A 15+ A9 — Ao+ Ao1 +Aaa — Aoz — Aoy +Aog — Aog +A30+Az1 — Aza — Azz— Azs — Age+ Az7+
Asg —Ag9FAa0 31 — A2 — Mg — Aas) (15 + 1)+ [— A+ A=Az = A= A5 = Xs+ A7 +3X 16— Az — Mg+ Aig—
20— A21—A22— Ag3+As — Aos — Agg+3 A7+ Aog +Aog+A30 — Az1 + A3 = A3z — Az — Az +A36— Azr+Azg+ Az +
Mol (g16+927) H =M= A= Ag+ A= A5+ A6 — A7 = Aig+3 17— Ais — Mg+ A0 — A1+ A2 — Aoz — Aas — Aos +
326 — A7+ Aos+A20— N30+ A31 — Ao+ A33 = Aga+A35— A3+ Ag7— Asg+A39+Aao] (917+926 ) +[— A1 — Ao+ A3 —
At A5 = A6 —Ar—A16— A17+3A18— A1g— Ao+ Ao1 — Aoa+ Aoz — Aoy +3Aa5 — Aag — Aoz — Aag — Aog+Azo+Az1 +
A324A33— Asg A5+ Ass +As7+ Az — Az9— Ao (g18+925) +[= A1 = Az = As = Ag+ Ao+ A0 — A1 — Adra+ Az —
Atat A5+ A6+ A7 — A1g — Ao1 — Aag — Ao+ Aag+ Aoz +3 A28 — Aag — Azs — Azg +3 A0+ Ag1 — Asa+ a3 — Ay —
A5+ Aa6+Aar— Aas] (928 +940) F = A1 = A3 = A5+ As = Ag— Ao+ A1 F A2 — Mg+ Au— A5+ A+ Air—Ais —
21— A2z — Aas + Aag 4 Aoz — Aag +3A29 — Asa 330 — Aao — A1+ Aaz — Aag +Aaa + Aas — Aag — Aaz 4 Aag ] (g0 +
G39) H[= A= A= X6+ As—Ag— Ao+ A1 = A2+ A3 = Aia+ A5+ A6 — A+ Ais— Aoo— Moo+ Aas — Agg+- A7+
3A30—A32—Aga— A3 +F3 A3+ A1 — Ao+ Auz— Aaa+Aas — Mg — Aar+ s (9301 938) +H[— A1 —Ae = Az = Ag+ g —
Ao+ A1 — A2 — A3+ A+ A5 — Arg A7+ Ais — Ao — Apa+Aas +Aog — Aoz +3A31 — Azg — Agg — Azs +3A37 +
A1+ A2 — Az — Mg+ A — A+ Aar— Aag) (931 +937) + [ = A1 = A= Ag— A+ A9+ A 10— A1 F A2 — A+ Ay —
A5+ 16— A7+ A1s — A0 — Ao+ Aos — Ao+ A2r — Azo+3A32 — Asa+3A36 — Ags — A1 + Ao — Aas+Aaa — Aas +
Ao+ A7 — Mg (9324 936) F[— A1 = Ao = A7+ As = Ao+ Ao — A1+ A2 F A3 = Aa— A5 = AigF A7+ Ais — Ao —
A2a+ A5 4 Ags — Aar — Az1 +3 X33 — Aga +3A35 — Ag7 — a1 — Ao+ Mg+ Aaa — Aas 4 Aag — Aar 4 Aas (933 + 935).-

wg = 75[BM—A2—A3— A —As—As— A7+ A6+ A7+ A+ A9 A0+ Aot +Aaa+Aog+Aos — Aos — Aog— Aar —
Aag —A29— A30—A31 — A32 — A33 —3A34+ X35+ Ag6+As7+Ass +Asg+Aao] g1 +H[— A1 +3Aa— Az —As —Ag— Ao —
A1+ A2+ A3 F AL A F A 6= A 17— Aig A 10 —=3A2sFAos +Aag — A7+ 31+ X33+ N30 — Ags — Agr—Agp — A\go —
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Az —Aaa+ s+ Mg+ Az +Aag] g+ = A1 +3A3 = A5 = As — Ao+ Ao+ A1+ A — Ais— Aa+ A5 — Ag— A+
A1g+A21 =323 — Aas +Aag + Aar+Aas Ao+ Asa — Asg — Ay — A1 + Ao+ Az — Aas — Aas — A+ Az +Aaslgs +
[ A H3A= A6 = As—AgF A0+ A1 = Ao+ A3+ Aia—Ais = g A7 — Ais+FA20—=3 Ao+ Aas — Ags+ Aoz +Az0+
As2+A3s — A36— Ags+Aa1 — A2 — Aag+Aas — Aas — Mg+ Aar+Aas]ga+ [ = A = Ag+3 X5+ As+ Ao — Ao — Ai1 —
A2t A3+ A 14— A5 — A1 — A7+ A1 —3Aa1 + Aoz — Ao+ Ao+ Aoz +Aag + Ao+ A3 — Azg— Ay +Aa1 — Aya — Mgz +
Aaa+ A5+ Mg — A7 — Aas| g5+ [— M — A +3X6+ A+ g — Ao — A1+ A — Az — Aa+ A5 — Mg+ Air — A —
320+ A22+Aa5— Aag+Ao7+A30+As2+Asa — Ags— Asg — Au1 + Ao+ Aag— Mg+ A5+ Mg — Aar — Aag| ge+-[— A1 —
Ao +3A7+Ag+ A9+ A0+ A1 —Ara — Az —Ars— A5+ A6 — Arr— A =3 A 19+ Aag + Aas + Aog — Aoz + Az +Azz +
Asa—A35— A7+ Aa1 F Ao+ A+ Aaa—Aas = Aag— Az — Aas| g7+ [— Ao = As = A+ A5+ A6+ A7 43X — Ao — s —
A15—A19—A20 — A1+ Aoa+ Aoz +Aos — Ao+ Aog +A30 = Azt — Asa +A33— Azs + Az +Asr — Azg — Azg + Ay +Aa1 +
A2+ A6 —3Aasg]gs+[— Ao = A3 = Au+ A5+ A6+ A7 +3 g — A1 — A2 — A3 — Ao — Aop— Ao + Ao+ Ao+ Aos +
A2g = A29— A0+ A31+A32 — Az +As5 — Az — Azr Az + A9 — g0+ Aaz+Aag+Aas — 37| go+[— Ao+ A3+ Ay —
A5 — A6+ A7—Ag+3A10— A1a— A15 — At +A20 + A21 — Aoo — Aoz + Ao+ Aog — Aag — Ago — Azt +Aza +Azg — 35 —
As6+As7+F Azs+ X390 — Aao+ A1+ A2 —3 X+ Aas] 1o+ [— A2+ A3+ A —As = A6 F Az — Ao +3A11 — Ao — iz —
A19+A20+Ao1 — Ao — Aoz +Aog — Aog+ A9+ A30+A31 — Azo — Azg +Az5+A36 — Azr — Azsg — Azg+ Ao+ A+ Ags —
35+ Aaz]gr1H[ A2+ A3 = A= A5+ A6 = A7 —Ag— A1 3 12— A3+ A9 — Ao+ A1+ Ao — Aag — Aog — Aag+Aag —
A30 = As1 +As2 + A3z — X35 — Mg+ Az 4+ Ags — Azg + Aao+ Az — 3Aaa + a5+ Aar]gra+ Ao — A3+ Ay 4+ A5 — Xg —
A7—=Ag—A11 = A12+3A13+ A1+ Aog — Aa1 — Aoz + Aoz — Aoy +Aog — Aag +A30 — Azt — Asa+ A3z — Azs + Ag6+ 37—
A3+ A39—Aa0—3Aa3+Aaa+Aas+Aar] g3+ [ Ao = As+ A+ A5 = A6 — A7 = As—= Ao +3A1a— A5+ A9+ Ao — Aoy —
Ag2FA23—A2s — Aog+A29— A3+ A1+ A32— Az -+ 35— Aze — Ag7+A3g — Asg+Aao+Aa1 —3Aa2+ Mg+ g gr1a+
[AoFA3—= A= A5+ A6 —A7=As—A10—=Aia+3A 15+ A 19— Moo+ Aa1 F 22— Aag = Aos+Aag — Ao+ A30+ A3 — Asa —
A33+A35+A36 — A3z — Azg+A39 = Aao—3Aa1 +Aa2 +Aag+Aus] 915 [ A1+ Ae = Az = Ay = A5 = As+A7+3A 16— A7 —
A1g — A1g+ Ao+ Az1 + Ao + Aoz — Aog + Aas + Aog — 3Aa7 — Aog — Aag — Ag0 +A31 — Az2 + A3z — Azg — Ags + Aze —
A7+ A3+ A39+Aa0] 16+ (A1 — A2 = A3+ A= A5+ X6 — A= A6 +3A 17— s+ A9 — Aao+Aa1 — Aaa+ Aoz +Aoa+
Ag5 =326+ A2 — Aag — Aag+A30 — Az1 +A32— As3 — Asa+Ass — Ase +Ag7— Ags + Az + Ao gr7 A1 = Ag+ A3 —
At A5 = A6 —A7—=A16— A17+3A 18+ A1g+A20 — Ao1 +Aaa — Aoz + Aoy — 3 a5+ Aag + Aozt Aag +Aog — Azp— Az —
A32 — A3z — A4+ X35+ A6+ A3z Asg — Azg — Aso] g1s + [ A1+ A2 =37 = Ag — Ag = Ao — Ain F A e F A s+ A+
A1s = A16+ A7+ A8 +3A19 — Aoy — Aos — Ao+ Aoz — Azt — A3 — Aza +Azs +Azr — Aur — Adao — Aaz — Agg +Ags +
Aae+ A7+ Mgl g10+ M+ A —=3X6 —Ag = Ag+ A0 F A1 — g+ A3+ s — A5+ A1 — Az + A g +3X20 — Mg —
A25+ g6 — Aoz — A3 — As2 — Aga+ Mg+ Ags - Aa1 — A2 — Aaz+Aag — Aas — Mg+ Aaz + Aagl goo + [ A1+ A3 =35 —
Ag— A9+ A 10+ A1+ A2 — A3 = A+ A5+ A+ A 17— A1g+3A21 — Aoz +Aas — Aog— Aoy — Aag — Aog — Azg+Azg +
A0 — Aa1 4 A2+ A — Aag — Aas — Mg + Az + Aas] 921 +[ A1 =3 A+ A+ As+Ag— Ao — Aii + A2 — Ais— Ag +
A5+ A16— A7+ Aig — Aog +3A22 — Ao+ Aag — Aoz — Azo — Az2 — Aza + Aze + Azg — Aup +Aga +Aaz — Agg + Ay +
A6 — Mg — Aag) g2+ A1 —3A3+ A5+ Ag A9 — Ao — At = A+ A3+ A — A5+ A g+ A7 — Aig — Ao +3 g3+
A25— Aos — Aoz — Aag — A29 — Aga +Az9 + Aao + a1 — Adz — Mg+ Mg+ Aas + Mg — Az — Aasg] gaz + [ A =3+ A7+
AgtAg+ A0+ A1 —Ara— A3 —Aia—Ais—Aig A7 A1 — Ao +3A21 — Aas — Aog+ Aoy — Azt — Az — Agg+Azs +
Ag7 A1+ A2+ Aaz+ Mg — Aas — Mg — Aar — Aas|goa+ [ = A+ Ao = s+ A= A+ X6+ A7+ A+ A7 —3A s —
A1g — Aoo+ Aot — Aoz + Aoz — Aag +3A25 — Aag — Aoz — Aag — Aog + Az0 + Az1 +Aza + Az +Azg — Azs — Agg — Azr —
Asg +A39+Aa0) 925 H[— A1 F A2+ A3 = Ay A5 = Ag+ A7+ Aig —3A 17+ Mg — Ao+ Ao — Aa1 Aoz — Aag — Aoy —
A25+3A26— A2z Aog+A29— Azo+A31 — Az2+Asz 4 A4 — Ags -+ 36 — A3+ Azs— Azg — Aao] gag +[— A1 — Ao+ A3+
At A5+ A6 — A7 =3 16+ A17+A1g+A1g— Aog — Ao1 — Moo — Aoz +Aog — Ao — Aag +3Aa7+ Aag + Aag +Azp— Azy +
32— A33+ X34+ Ag5 — Age+ 37— Ags — Azg— Aag|gar+[— M+ A3+ A5 — As+ Ao+ Ao — A1 —Aa+ Az — Aa+
A5 — 16— A7+ A1g — Aot — Aag — Aas + Aag +Aa7 +3Aag — Aag +Aga +A39 — 30— Aar + Mgz — Mg+ Aag + s —
Aae — Aa7+Aag)gas + [ = A+ A3+ A5 FAs = Ag = Ao F A1 F A2 = A+ A — A5 — A — Arr+Aig — Aog — Aoz —
Ags+ Aag + Aa7 — Aag + 329+ A3s — 339+ Aao + A1 — Az + Az — Aaa — Aas 4+ A + Az — Aas)gao +[— M+ A+
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AstAs—Ag— Ao+ A1 — A2+ A13—Aa+ A5 — Aig T A7 — Aig — Ao — Aga+Aas — Aog+ Aoz +3A30 — Aza +Azg +
Az6 —3A38 — Aa1+ A2 — Az +Aag — Aas + Mg+ a7 — Mgl gz [ = A+ Ao+ A7 = Ag+Ag = Ao+ A —Aia—Ais+
Atat A5+ A 16— A7 — A — A1g — Aag + Aoz +Aag — o7 +3A31 — Asz+Asa+A35 —3A37 — Ayr — Ao+ Aaz + Ay —
A5+ Aag — Aar+Aas) gz =AM F A+ A6 = AsF Ao+ o= Aii+ A2 = AisFAu—Ais = A+ A7 — s — Ao —
A2+ g5 — Aag +Aor — Ag0+3A32 + X34 — 336+ Ags +Au1 — Ao+ Aaz — Aag+ A5 — Aag — Aar+ Mg gz +[— A+
Ao+ A7+ As —Ag+ Ao — A1+ A2+ A 13— Arg — Ais+A1e — A7 — A1g — Ao — Aoy + Aas + Aag — Aoz — Az +-3A33+
A34 =335+ A7+ a1+ Aa2 — Mgz — Aaa+ A5 — Mg+ Az — Mgl gas +[—3A1 F Ao+ A3+ A+ A5+ A6+ A7 — Mg —
A17—A18—A19—A20— Aa1 — A2 — Aoz — Aoa+Aas+Aos+ Aozt Aag +Aag +A30+A31 + As2 + A33+3A34 — Azs — Az —
37— A38—A39—Aao]g3a+ [ A = Aa = A= As+Xg— Ao+ A1 — Ao — Mg+ A s+ A5 — Mg+ Az F A g+ Ao+ Aos —
Ag5—Ag6+Aa7+A31 —3A33 = Asg 335 — A3r — Ag1 — Aga+ Mg+ Aas — Aas + Mg — Az + g g3s + A1 — A —As+
Ag—=Ag—A1oFA11 = A2+ A13 = Aa+A 15+ A6 — A7+ A1g+ Aag+ Ao — Aas+Aas — Aoz +A30 =3 A32— Aza+3A36—
Asg —Ag1 A2 — Mg+ Aaa — Aas A+ A7 — Aas] 936+ [ A1 — Ao = A7+ Ag = Ao+ A 10— A1+ A e+ A is—Aia— A5 —
A6+ A17H A8+ Arg+Aog — Aos — Age + o7 —3A31 +A33 — Aza — Azs +3A37+Au1 + Aao — Aug — Aus+Aas — Ay +
A7 —Aas) g3+ A= A= As = As F Ao+ A 10— A1+ 2= Mg+ Aa— A5+ A6 — Az H s+ Ao+ Ao — Aos + Ao —
Ag7—3A30+ A2 — A3a — Ags+3 A3+ Aa1 — A2+ Aaz — Aga Az — Mg — Aar +Aag| g3+ (A1 — Az — A5 — Ag + Ao+
Ao —A11 — A2+ A3 = A+ A5+ A+ A7 — Mg+ Ao1 + Aoz + Aas — Aog — Aoz + Aag — 329 — Aza +3A39 — Ao —
A1+ Aa2 = Aag+HAaa+ s — Mg — Aar+Aaslg30 A1 —As—As+As = Ao — Ao+ A1 FAia— Az A —Ais+ A6+
A17— A8+ Ag1 + Aoz + A5 — Aog — A7 — 3Aag +Aog — Azg — Azg +3Ag0+Au1 — Aua+ Az — Ay — A5 + Agg + a7 —
Aag]gaoF+[—= A2 = A3 F A+ A5 = A6+ A7+ Ag+ A 10+ A4 —3A 15— A9+ A0 —Aa1 — Aoz FAag+Aoa— Aag+ A9 — Ago—
A1+ 32+ A33— 35— Az6+As7FA3s — A9+ Ao +3 A1 — Ao —Aag— Mg ga1 +[— Ao+ A3 = A= A5+ A6+ A7+ As+
A10—3A14+t A 15— A1g— Ao+ A21 + A2 — Aoz +Aas+Aag — Aog+A30— A3t — Asa+A33— A35+A36+Asr— Asg+Azg—
Ao — A1 32 — Mg — Mgl gao+[— Ao+ A3 = A= A5+ X6 F A7+ Ao+ A1+ A2 =3 A3 — Ao — Aao+ Ao + Ao —
A23+Aag — Ao+ Aag — Aso + A1+ As2 — Azz+Ass — Az — Asz+Azs — Azg + a0 +3 A3 — Aag — Aas — Aar)gas +[—
A2 = A3+ A+ A5 = Ag+ A7+ Ag+A11 —3A 12+ A3 — Ao+ Aop— Ao1 — Aga+ Aoz +Aos+Aag — Agg+Az0+ Az — Azp —
A334A35+A36 — A37 = Ags A3 — Aao— Az +3Aas — Aas — A7) gaa+[Aa = Az = Ay F A5+ A6 — A7+ Ag =311+ A2+
A13+A19—A20—A21F A2+ Aoz — Aos+ A — Aog — A0 —Az1 + Aza+A33— Az5 = Azg+ Azr+ Asg +A39— Ao — Auz —
AaF3A5 = Aa7] gas+[ Ao = A3 = Ay A5 +X6 = A7+ As =3 A0+ A s+ A5+ A9 — Aso— Aa1 + Ao+ Aag — Ags — Aog+
A29F+A30+A31 —Aga—As3+Ag5+ A6 — A3r — Ags— Azg+Aao— Aa1 — Aaa+3 A6 — Aas] gas+[ A2 F A3+ A —As = As —
A7=3Xg+A11+ A2+ A3+ A9+ Ao+ Aa1 — Ao — Aoz — Ags — Ao+ Aag +A30 — Azt — Ao+ A3z — Ags+Aze + A3y —
A3g = A39 A0 = Aa3— Aas— Aas+3M47] gar+[ Ao F A3+ A= As = A6 — A7 =3 A5+ A1+ A s+ A5+ Mg+ A0+ Ao —
A22 = A23— Mg+ Aos — Aag — Ao+ Az1 Az — Az3 35— Asg — Ag7+Asg +Az0 — Aao — A1 — Aaz — Mg +3Nus] gus.
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