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ABSTRACT

Let G = (V,E) be a graph with minimum degree at least one. The general inverse degree of G

is defined as ) d%(v), where « is a real number with o > 0. In this paper, we present sufficient
veV
conditions involving the general inverse degree with o > 1 for some Hamiltonian properties of graphs

and upper bounds for the general inverse degree with o > 1.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Notation and terminology
not defined here follow those in [2]. Let G = (V(G), E(G)) be a graph with n vertices and e edges,
the degree of a vertex v is denoted by dg(v). We use 6 and A to denote the minimum degree and
maximum degree of GG, respectively. A set of vertices in a graph G is independent if the vertices in
the set are pairwise nonadjacent. A maximum independent set in a graph G is an independent set
of largest possible size. The independence number, denoted 5(G), of a graph G is the cardinality of
a maximum independent set in G. For disjoint vertex subsets X and Y of V(G), we use Eg(X,Y)
to denote the set of all the edges in F(G) such that one end vertex of each edge is in X and another
end vertex of the edge is in Y. Namely, Fq(X,Y) :={f:f=zye E,x € X,y € Y }. A cycle C in
a graph G is called a Hamiltonian cycle of G if C' contains all the vertices of G. A graph G is called
Hamiltonian if G has a Hamiltonian cycle. A path P in a graph G is called a Hamiltonian path of
G if P contains all the vertices of G. A graph G is called traceable if G has a Hamiltonian path.

™ Corresponding author.
E-mail address: raol@Qusca.edu (R. Li).

Received 29 August 2024; Accepted 12 January 2025; Published Online 16 March 2025.

DOI: 10.61091/jcmcc124-06
(© 2025 The Author(s). Published by Combinatorial Press. This is an open access article under the CC BY license
(https://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.61091/jcmcc124-06
https://www.combinatorialpress.com/jcmcc
mailto:raol@usca.edu
https://doi.org/10.61091/jcmcc124-06
https://creativecommons.org/licenses/by/4.0/

88 R. LI

The first Zagreb index was introduced by Gutman and Trinajsti¢ in [5]. For a graph G, its first

Zagreb index is defined as  >_  d%(v). The concept of the first Zagreb index of a graph was further
veV(G)
extended by Li and Zheng in [13]. They introduced the concept of the general first Zagreb index of a

graph. The general first Zagreb index of a graph G is defined as Y dl;(v), where y is a real number

veV (G
such that p # 0 and g # 1. When p < 0, the general first Zagreb(iridex of a graph G with 6 > 1 is
also called the general inverse degree of GG. Formally, the general inverse degree, denoted GID,(G),
of G with § > 1 is defined as 2%/ Kl(v)’ where « is a real number with o > 0. Notice that GID;(G)
is called the inverse degree of UCE} The survey paper |1] and references therein are good resources for
the results on the general first Zagreb index of a graph. In recent years, sufficient conditions based
on the first Zagreb index or the variants of the first Zagreb index for the Hamiltonian properties
of graphs have been obtained. Some of them can be found in [12], [8], [14], [7], [9], [L1], and [LO].
Using the general inverse degree with o > 1, we in this paper present sufficient conditions for the
Hamiltonian and traceable graphs and upper bounds for the general inverse degree with o« > 1. The
main results are as follows.

Theorem 1.1. Let G be a k-connected (k > 2) graph with n > 3 vertices, e edges, and the indepen-
dence number 3. Assume « is a real number with o > 1.

@

a. Let Al = (n—ke—m' [f

B, (074 A%)(n —k — 1))

>
GIDa(G) 2 o« 4A,09A ’

then G is Hamiltonian.
b. L@t AQ = (k’ + 1)50{ + W. If

(n(0” + A%))*

ID,(G) >
GIDa(G) 2 = sna

then G is Hamiltonian.

Theorem 1.2. Let G be a k-connected (k > 1) with n > 9 vertices, e edges, and the independence
number B. Assume « is a real number with o > 1.

«a

a. Let Bl = (n—ke—W' [f

k42 (07 4+ A% —k—2))
5o 4B 00 Ao :

GID.(G) >

then G is traceable.
b. Let By := (k +2)0° + gZga=r- If

(n(0* + A%))

1D.(G) >
GIDa(G) 2 =5 e

then G is traceable.

Theorem 1.3. Let G be a graph with n vertices, e edges, the independence number [, and the
minimum degree 0 > 1. Assume « is a real number with o > 1.
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a. Let C = Then

g

B (8 + A% (n - B))?
GID,(G) < 5o + 10,0970
with equality if and only if G is a regular balanced bipartite graph or G is a bipartite graph with
partition sets of I and V — I, 5 < A, |V —1I|=n—p is even, d( ) = 0 for each vertex u € I,
|{m:m€V—Id()—5}|— E{z:zeV—1dx)=A}="L, anda = 1.
b. Let Cy := 6% +1 Then

ﬁ)a (n—_pg)a—T1-

(n(0° + A%))?
40559 A

with equality if and only if G is a reqular balanced bipartite graph.

GID.(G) <

2. Lemma

We will use the following results as our lemmas. The first two are from [3].

Lemma 2.1. [3]|. Let G be a k-connected graph of order n > 3 with the independence number (. If
B <k, then G s Hamiltonian.

Lemma 2.2. [3|. Let G be a k-connected graph of order n with the independence number (. If
B < k+1, then G s traceable.

Lemma 2.3 is the well-known Hélder’s inequality.

Lemma 2.3. Let a1, as, ..., Gy; b1, by, ..., b, be positive real numbers and p, ¢ > 1 be such that
% + % = 1. Then

S5 (£9)

=1
. . P o »
Equality holds if and only if & = ¢ = -+ = 3.
1 2 m

Lemma 2.4 is Corollary 4 on Page 67 in [4]. See also [16].

Lemma 2.4. [1]. Let the real numbers v (k=1,2,---,n) satisfy 0 <m < v, < M. Then

+ M)?
;’}/k Z anz

If M > m, then the equality sign holds in above inequality if and only if n is an even number; while,
at the same time, for n/2 values of k one has v, = m and for the remaining n/2 values of k one has
e = M. If M = m, the equality always holds in the above inequality.

Lemma 2.5 below is from [15].

Lemma 2.5. [15|. Let G be a balanced bipartite graph of order 2n with bipartition (A, B).
d(x)+d(y) >n+1 for any x € A and any y € B with vy & E, then G is Hamiltonian.
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Lemma 2.6 below is from [6].

Lemma 2.6. [6]. Let G be a 2-connected bipartite graph with bipartition (A, B), where |A|> |B|. If
each vertex in A has degree at least s and each vertex in B has degree at least t, then G contains a
cycle of length at least 2min(|B|, s +t — 1,2s — 2).

3. Proofs

Proof of Theorem 1.1. Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges.
Assume « is a real number with o > 1. Suppose G is not Hamiltonian. Then Lemma 1 implies that
f > k+ 1. Also, we have that n > 20 + 1 > 2k + 1 otherwise 6 > k > n/2 and G is Hamiltonian.
Let I := {uy,us,...,us } be a maximum independent set in G. Then I := {uy,us,...,up41 } is an
independent set in G. Let V — I = { vy, vs, ..., Up—(g41) }. Clearly,

> d(u) =|Ec(I,V =D)<Y d(v).

uel veV -1

Since Y d(u)+ >, d(v) = 2e, we have that

uel veV -1

uel veV—I
Applying Lemma 3 with m =n — (k+ 1), a; = d( v;)) withi =1,2,...,(n — (k+ 1)), b; = 1 with
i=12...(n—(k+1),p=a>1, andq-il: =25, we have
n—(k+1) é n—(k+1)

(n— (k+1)% Z )| > Y dw).

Namely,

n—(k+1) @
n—(k+1) = d(v;) "
d*(v;) > > A
ZZ; e (n=(k+1) T =7 (n—(k+ 1))
Notice that the above inequality is also true when a = 1.
a. Now a > 1. Obviously, 0 < 0* < d*(vs) < A%, where s = 1,2,...,(n — (k+ 1)). Applying
Lemma 2.4, we have that

1 1 ((0% + A%)(n — k — 1))?
A » < d“(vs) - < — .
s=1 d <US) 521 szl d (Us) 469N\
Thus
n—f—l) 1 _ <<5a + Aa)(n _k— 1))2
s=1 da(vs> - 4A1(SO‘AO‘ ’
Therefore
E+1  ((60*+ A% (n—k—1))>
< =
oe " 4Al&lAa _GIDQ(G) uel da veV — [do‘

<k+1+((5°‘+A°‘)(n—k—1)) |
="ga 4A 00 A
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n—(k+1) k+1
Hence d(u;) = d(ug) = -+ - = d(ugs1) =0, >, d(v;) = e which implies _ d(u;) = e and G is a
= =1

1
bipartite graph with partition sets of I and V' — I, and

—(k+1) —(k+1)

X (0 + A% (n — k — 1))
Z 4*(v,) Z da - 450 Ae ‘

Next, we will consider two cases.

Case 1. § = A.

In this case, we have ¢ |I|= |Eq(I,V —I)|= 6|V — I| and thereby |I|= |V — I|= k+ 1. By Lemma
2.5, we have that GG is Hamiltonian, a contradiction.

Case 2. § < A.

In this case, we, from Lemma 2.1, have that |V —I|=n—(k+1)iseven,p:= |[{z: 2 € V—-I,d(x) =
0 =" "and g = |{z:2 € V—1I,d(z) = A}|=""EU Thus §|I|= |Eq(I,V —I)|= pd+qA >
(p+q)d = (n —(k+1))6. Hence n < 2k + 2. Recall that n > 2k + 1, we have that n = 2k + 1. Thus
G is K k1.

If G is K k41, then 6 = k and A = k + 1. Notice that

e (0A)

A = = = §A“.
P (n—k— 1ot et g
Since
A )
ja + Ao =GID,(G),
k+1 N (60 + A% (n —k—1))?
e 4A 6 A ’

A (s Ay
C6e T ASANGeA
we have (A® — §)? = 0. Thus § = A, a contradiction.

This completes the proofs of a in Theorem 1.1.
b. Now o > 1. Recall that

Thus s
d*(x) = d®(u) + d*(v) > Ag == (k+1)0“ +
2 M= 2 = )
We, from Lemma 2.1, have that
( (5(1 + Aa 5a _|_ Aa))
> ) <4, <
4604Aoz Z da - Z xezv da - 4504Aa
n—(k+1) k+1
Hence d(uy) = d(ug) = -+ = d(ugy1) =90, >, d(v;) = e which implies Z d(u;) =eand G is a

=

1
bipartite graph with partition sets of I and V' — I, and

o _ (n(0* + A%))?
2 4 Zda O 40eAe

zeV zeV

i=
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Next, we will consider two cases.

Case 1. 6 = A.

In this case, we have § |I|= |Eg(I,V — I)|= 0|V — I| and thereby |I|= |V — I|= k+ 1. By Lemma
2.5, we have that G is Hamiltonian, a contradiction.

Case 2. § < A.

In this case, we, from Lemma 2.4, have that n is even, either d(v) = 0 or d(v) = A where v
is any vertex in G, the size of P := {x : v € V, d(z) = ¢} is §, and the size of Q := {z : x €
V,d(x) = A}is §. Clearly, I € P. If I = P, then n = 2k + 2 and Lemma 2.5 implies G is
Hamiltonian, a contradiction. If I is a proper subset of P. Set P, .= {x: 2 €V —1I,d(x) =0}
and Q; == {xz:2 €V —1,dx) = A}. Obviously, V.- = PLUQ; and PN Q; = 0. Thus
S|=|Eq(L,V = I)|=|P1|6 + |Q1]A > (|P1]|+]|@1])d = (n — (k+1))d. Hence n < 2k + 2. Recall that
n > 2k + 1, we have that n = 2k + 1 and thereby n is odd, a contradiction.

This completes the proofs of b. in Theorem 1.1. O

The proofs of Theorem 1.2 are similar to ones of Theorem 1.1. For the sake of completeness, we
still present the proofs of Theorem 1.2 below.
Proof of Theorem 1.2. Let G be a k-connected (k > 1) graph with n > 9 vertices and e edges.
Assume « is a real number with o« > 1. Suppose G is not traceable. Then Lemma 2 implies that
f >k + 2. Also, we have that n > 2§ + 2 > 2k + 2 otherwise 06 > k > (n — 1)/2 and G is traceable.
Let Iy := {uy,us,...,us } be a maximum independent set in G. Then I := {uy,ug, ..., ug2 } is an
independent set in G. Let V' — I = {v1,va, ..., Vp_(k12) }. Clearly,

Y dw) = |Ee(I,V =D)<Y d(v).

uel veV-I
Since Y d(u)+ >, d(v) = 2e, we have that
uel veV—I
ddu)<e< Y d(v)
uel veV—I
Applying Lemma 3 with m =n — (k4 2), a; = d(v;) with i = 1,2, ..., (n — (k + 2)), b; = 1 with

i=12..(n—(k+2),p=a>1, andq—L—ﬁ,wehave

(n— (k+2)" Z () | = ) dw).

Namely,

2 P2 2 P T G

Notice that the above inequality is also true when o = 1.
a. Now a > 1. Obviously, 0 < 0% < d*(vs) < A%, where s = 1,2,...,(n — (k + 2)). Applying
Lemma 2.4, we have that

n—(k+2) . n_fZ) o *f” L _ (" + A% (n—k—2))
da s da(vs) - 46 A '

s=1
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Thus
”(f? < (6% + A%)(n — k — 2))?
d*(vs) — 4B 6 A '
Therefore
E+2  ((60*+ A% (n—k—2))?
< GID =
o B < GID.(G)
k +2 (60 + A% (n—k—2))>
Z da Z doz Je + 4B150¢Aa :
veV-T
n—(k+2) k42
Hence d(uy) = d(ug) = -+ - = d(ugs2) =0, >, d(v;) = e which implies > d(u;) = e and G is a

= =1

1
bipartite graph with partition sets of I and V — I, and

n—(k+2) n—(k+2)

(574 A (n — k — 2))?
2, @) Z da - 460 Ao '

s=1

Next, we will consider two cases.

Case 1. 6 = A.

In this case, we have 0 |I|= |Eg({,V — I)|= 6|V — I| and thereby |I|= |V — I|= k + 2. Since
n=2k+42>9, k>3. By Lemma 2.5, we have that GG is Hamiltonian and thereby it is traceable, a
contradiction.

Case 2. 0 < A.

In this case, we, from Lemma 2.4, have that |V —I|=n—(k+2)iseven,p:= |[{z: 2 € V—-I,d(x) =
5} =" and g = |{z:2 € V—1I,d(x)=A}=""E2 Thus §|I|= |Eg(I,V —I)|= pd+qA >
(p+q) = (n — (k+2))0. Hence n < 2k + 4. Recall that n > 2k + 2, we have that n = 2k + 3 or
n=2k+2. If n =2k+ 3, then kK > 3 since n > 9. Thus Lemma 6 implies that G has a cycle of
length at least 2k + 2 = n — 1 and thereby G is traceable, a contradiction. If n = 2k 4 2, then G is

K kta-

If G is Kj k42, then 6 = k and A = k + 2. Notice that

e (0A)™
B = _ — 5AC.
P (n—k—2)t T gt g
Simce A S E+2 (0% + A% (n—k—2))2
+ “+ A%)(n—k—
go t Aa = GIDa(G) = ==+ VRN

A (@ A
C0e T AdANGe A
we have (A% — §)? = 0. Thus § = A, a contradiction.

This completes the proofs of a. in Theorem 1.2.
b. Now o > 1. Recall that

n—(k+2) @
n—(k+2) > d(v)

=1 e

2, )2 - (Ekr2) T~ (n=(kr2)?

«
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Thus

«

2@ =2 )t 3 )2 By= b+ 90+ G

zeV uel veV—I
We, from Lemma 2.1, have that

(n(0” + A%)) o n(0® + A%))?
45 A <B22doz <Zd Zda S 45 A ’

zeV eV eV
n—(k+2) k+2
Hence d(uy) = d(ug) = -+ - = d(ugs2) =9, Z d(v;) = e which implies Z d(u;) =eand G is a

=1

bipartite graph with partition sets of I and V I and

o n(6* + A%))
2 4 Zda o 4deAe

zeV zeV

Next, we will consider two cases.

Case 1. 6 = A.

In this case, we have 0 |I|= |Eg(I,V — I)|= 6|V — I| and thereby |I|= |V — I|= k + 2. Since
n=2k+42>9, k>3 By Lemma 2.5, we have that G is Hamiltonian and thereby it is traceable, a
contradiction.

Case 2. 6 < A.

In this case, we, from Lemma 2.4, have that n is even, either d(v) = § or d(v) = A where v is any
vertex in G, the size of P:={z: 2 €V, d(z) =0} is 5, and the size of Q := {2z : 2 € V, d(z) = A}
is 2. Clearly, I C P. If I = P, then n = 2k + 4. Since n > 9, we have £ > 3. Thus Lemma 2.5

2
implies GG is Hamiltonian and thereby it is traceable, a contradiction. If [ is a proper subset of P. Set

P ={z:zeV—-Idz)=0}and Q1 :={z:x€V —1,dx)=A}. Obviously, V-1 =P, UQ,
and PrNQy = 0. Thus §|I|= |Eg(I,V —I)|=|P1|d 4+ |Q1|A > (|P1|+]Q1])0 = (n — (k+2))d. Hence
n < 2k + 4. Recall that n > 2k + 2, we have that n = 2k + 3 or n = 2k + 2. Since n is even, it
is not possible that n = 2k + 3. If n = 2k + 2, then £ > 4 since n > 9. Thus G is K} 2. Thus
P:={z:z eV, dx)=4¢}is "2, a contradiction.

This completes the proofs of b in Theorem 1.2. O]

Proof of Theorem 1.3. Let I := {uy,ug,...,us } be a maximum independent set in G. Set
V —I={v,vs,..,05_p}. Since 6 > 1, § < n. Clearly,

D d(u) =|Ec(I,V —D)|< Y d
uel veV—-I

Since > d(u)+ Y. d(v) = 2e, we have that

uel veV -1

Applying Lemma 3 with m = n — 8, a; = d(v;) with i« = 1,2,....(n — ), b; = 1 with ¢ =
L,2,..,(n=B),p=a>1,and ¢ = 25 = -2, we have
p

a—17

s : np
= (Z da(wi)) > Zd(vi).
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Namely,

Notice that the above inequality is also true when a = 1.
a. Now a > 1. Obviously, 0 < §* < d*(vs) < A%, where s = 1,2,...,(n — ). Applying Lemma
2.4, we have that

Clzda Zda Vs Zda

(5 + A%)(n — §))?

<
- 46> A«
Thus
Z S
do‘ - 4C1 6> A '
Therefore
GIDQKD::E:da da
uel veV -1
o o' 2
_B (A B
0 4C10* A~
If 1 1
1D =
GIDAC) = D iy * 2
uel veV—I
B (4 A - )
d 4C1 0 A ’
then we have that d(u;) = d(ug) = --- = d(ug) =0, Z d(v;) = e which implies Z d(u;) = e and G

=1
is a bipartite graph with partition sets of [ and V — I and

o ((0* + A%)(n — B))*
Zd Us Zda o 452 A :

Next, we will consider two cases.

Case 1. 6 = A.

In this case, we have ¢ |I|=|Eg(I,V — I)|= 6|V — I| and thereby |I|= |V — I|=k+ 1. Thus G is
a regular balanced bipartite graph with partition sets of [ and V' — 1.

Case 2. 0 < A.

In this case, we, from Lemma 2.4, have that |V —I|=n—fiseven, [{z:2x € V-I,d(z) =6 }|= 712;5,
and {z:2 eV —1,d(z)=A}= "2;5

Subcase 2.1 a > 1.

In this case, we have
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Thus Lemma 3 implies that that d(v) = d(v2) = - - - = d(v,—p) := A. Notice that
et (=pA) e
N A O T B
e B n-p 5 (0" + A% B)?
n— @ “V(n —
go ¥ TRe T OIDa(0) =t T e A
_ B (0" +AY)(n—B))?
0 4(n— B)AcseAe
we have

n—p _ (8 +A%)(n = B))°
A 4(n — B)A*G*Ax

Therefore (A® — §%)? = 0 which implies that § = A, a contradiction.

Subcase 2.2 o = 1.

In this case, G is a bipartite graph with partition sets of I and V —1, |V —I|=n—[iseven, d(u) = §
for each vertex u € I, [{x:z € V —I,d(z) =6 }|= %, and {z:zx eV -1 d(z)= A}|— ng,

Next, we will show that the upper bound can be achieved by the special graphs.

If @ > 1 and G is a regular balanced bipartite graph, then GID,(G) = 55,6 = A,and f =n—f =
5. Notice that

e (mepay_w
T a2

Thus

B (6 +AY—p)* n n
— = — = GID,(G
50 1000 A0 25 T 5w = 5w (@).

If « =1 and G is a bipartite graph with partition sets of I and V — I, § < A, |V —I|=n — (3 is
even, d(u) = ¢ for each vertex u € I, {z:x €V —I,d(z) =0 }|= #, and {z:2x eV —1[,d(x)=

A}|= 132, we first notice that Cy := =Gz=r = ¢ = "3%(d + A). Then
B on=pF1 n=pF1 5 (=pH0+4)
GID(G) =S+ —F—s+—5—x =5+ A :

We also have

B E+Am=p)? B (n=p)0+A)
) 4C10A ) 20A '

fhe B (5 1 A%)n — B))°
GID(G) = 5 + = R

@

where o = 1 and C} := (n—eﬁﬁ
This completes the proofs of a. in Theorem 1.3.
b. Now o > 1. Recall that

n—g o
SF%W>%?§Q>m5%r

Thus
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We, from Lemma 2.4, have that

1 n(3* + A%))?
sz;da—(x)gz Zda <t 160ne

zeV
Thus (n(s A2
n « + «
ID <~ 77
GIDa(G) < 4C56* A~
! (n(5 + )"
n (e + [0
1D =
GIDa(G) 4C50A>
n—p
then we have that d(u;) = d(ug) = -+ = d(ug) = 0, Z d(v;) = e which implies Z d(u;) = e and G
is a bipartite graph with partition sets of [ and V — ] and -
o n(0* + A%))?
Z d Z da o 452 A )
zeV zeV

Next, we will consider two cases.

Case 1. 6 = A.

In this case, we have ¢ |I|= |Eg(I,V — I)|= 6|V — I] and thereby |I|= |V — I|= (. Thus G is a
regular balanced bipartite graphs with partition sets of I and V — I.

Case 2. § < A.

In this case, we, from Lemma 2.4, have that n is even, either d(v) = § or d(v) = A where v is any
vertex in G, the size of P:={z:x €V, d(x) =0} is 5, and the size of Q := {2z : 2 €V, d(z) = A}
is 5. Clearly, I C P. If I = P, thenn = 26, |I|= 8, and |V —I|= . Since I = P,V -1 = Q.
Thus 6|I|= |Eq(I,V — I)|= A|V — I]| and § = A, a contradiction. If I is a proper subset of P. Set
P ={z:zeV—-Idz)=0}and Q1 :={z:x€V —1,dx)=A}. Obviously, V-1 =P, UQ,
and Py N Qy = 0. Thus 0|I|= |Ec(I,V — I)|= |P1]0 + |Q1]A > (|P1]|+|Q1])0 = (n — 5)d. Hence
n < 2B. Thus |P|= |I|+|Pi|=  + |P1|> 3, a contradiction.

If « > 1 and G is a regular balanced bipartite graph, then GID,(G) =
5. Notice that

s 0=A7Aand3=n—-3=

o e e (M= B)A)Y 0 né
G e T et T Y T
Thus (n(6 A%))?
n Oé+ [0
FTaN I (@)
This completes the proofs of b in Theorem 1.3. m
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