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abstract

Given a graph G, a set is ∆ convex if there is no vertex u ∈ V (G) \ S that forms a triangle with

two vertices of S. The ∆-convex hull of S is the minimum ∆-convex set containing S. This article

is an attempt to discuss the Carathéodory number and exchange number on various graph families

and standard graph products namely Cartesian, strong and lexicographic products of graphs.
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1. Introduction

Like many fundamental concepts in mathematics, convexity permeates various disciplines in mathe-

matics like geometry, optimization, economics, and functional analysis. For more see [5, 24]. Van

de Vel [28], developed a comprehensive axiomatic structure for convexity theory that later became a

building stone for many researchers to study convexity and its parameters in a large way. A convexity

on a set is a family of subsets stable for intersection and nested unions.

It can be seen that many notions of convexity have been introduced and studied in the cases of

graphs also. The pioneers like Degreef, Doignon et al., Jamison, Reay, Sierksma, and van de Vel

studied exchange properites of convex sets in axiomatic convexity, see [12, 13, 20, 23, 26, 28]. The

invariant exchange number was introduced and studied by Sierksma in 1975 [25]. Similarly, the

exchange number and Carathéodory number when the geodesic convexity is considered on graphs

have been studied in [4]. The relationship between the exchange number and classical convexity
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invariants like the Carathéodory, Helly and Radon numbers has been studied by the above authors.

It is worth to mention the remark by van de Vel [28] that the exchange number is the only invariant

that exactly determines the dimension of convexity spaces and plays an essential role in proving the

equivalence of classical Helly's and Carathéodory's theorems.

In continuation to these studies, various authors studied di�erent type of convexities on graphs,

see [14, 19, 22] where the convexity under consideration is the geodesic convexity; see [9, 18, 21]

when the monophonic convexity is considered, see [6, 7] for the case of P3-convexity and see [10,

16] when the triangle path convexity is under consideration. Among the studied problems are the

counterparts of the classical parameters Carathéodory, Helly, and Radon numbers. These parameters

have been studied in the monophonic convexity in [17], in the triangle path convexity in [8] and in

the P3-convexity in [11, 15]. For invariants and related structures see [2, 27]. For a more general

source see [28]. Another convexity that is studied very recently is the ∆-convexity. In [3], authors

studied the ∆-number and ∆-convexity number and in particular, the exact value for the convexity

number of block graphs with diameter ≤ 3 and on graph products namely strong and lexicographic

product of two graphs. In [1], authors prove that computing the ∆-convex hull of a general graph is

NP-complete and also discussed various polynomial type algorithms for some special graph families.

Throughout this article, we consider �nite, simple, and undirected graphs G = (V (G), E(G)),

where V (G) is the vertex set and E(G) is the edge set of the graph G. If there is no confusion we use

V,E for vertex set and edge set of G. A graph H is said to be a subgraph of G if V (H) ⊆ V (G) and

E(H) ⊆ E(G). A subgraph H of G is an induced subgraph of G if for u, v ∈ V (H) and uv ∈ E(G)

implies uv ∈ E(H). By a chordal graph we mean a graph in which all cycles of four or more vertices

have a chord. A graph G is said to be complete, if every vertex is adjacent to every other vertex. A

complete graph on n vertices is denoted by Kn. A graph G is said to be H-free if G does not contain

H as an induced subgraph. For example, G is said to be triangle-free, if G does not contain K3 as an

induced subgraph. A block in a graph G is a maximal connected subgraph of G that does not have

a cut vertex. A graph G is said to be a block graph if every block is complete. A chain of blocks is a

sequence of blocks in a graph such that each consecutive pair of blocks shares a common cut vertex.

For further reading, refer [29].

Given a graph G and a set S ⊆ V (G), the ∆-interval of S, [S]∆, is the set formed by the vertices

of S and every w ∈ V (G) such that w forms a triangle with two vertices of S. Sometimes it will be

useful to write [u, v]∆ standing for [{u, v}]∆. If [S]∆ = S, then S is ∆-convex of G. A �nite convexity

space is a pair (X, C) where X is a �nite set and C is a collection of subsets of X such that; ∅, X ∈ C
and C is closed under intersections. The sets in C are considered the convex sets. The convex hull of

a subset S of X is the intersection of all convex sets containing S, denoted by ⟨S⟩. Equivalently, it
is the smallest superset of S in C.
Let S ⊆ X be a nonempty �nite set. The set S is Carathéodory dependent (or,C-dependent)

provided ⟨S⟩ ⊆
⋃
a∈S

⟨S \ {a}⟩, and it is Carathéodory independent (or, C-independent) otherwise.

That is, a subset S of X is said to be C-independent, if there is p ∈ ⟨S⟩ \
⋃
a∈S

⟨S \ {a}⟩. The set S is

called exchange dependent(or, E-dependent), provided for each p ∈ S, ⟨S \ {p}⟩ ⊆
⋃

a∈S\{p}

⟨S \ {a}⟩,

and it is called exchange independent (or, E-independent) otherwise. That is, S is said to be E-

independent, if |S|= 1 or there is a p ∈ S such that p′ ∈ ⟨S \ {p}⟩ \
⋃

a∈S\{p}

⟨S \ {a}⟩. In this case, we
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say that p is a pivot of S. The set S is Helly dependent (or, H-dependent) provided
⋂
a∈S

⟨S \{a}⟩ ≠ ∅,

and it is Helly independent (or, H-independent) otherwise.

A convex structure X gives rise to the following numbers c(X), e(X), h(X) ∈ {0, 1, 2, 3, . . . ,∞}
determined by the following prescription. For each n with 0 ≤ n < ∞, c(X) ≤ n if and only if

each �nite set S ⊆ X with |S|> n is C-dependent; e(X) ≤ n if and only if each �nite set S ⊆ X

with |S|> n is E-dependent; h(X) ≤ n if and only if each �nite set S ⊆ X with |S|> n is H-

dependent; where c(X) is the Carathéodory number of X, e(X) is the exchange number of X and

h(X) is the Helly number of X. That is, c(X) is the maximum cardinality of a C-independent set,

e(X) is the maximum cardinality of a E-independent set and h(X) is the maximum cardinality of a

H-independent set.

In ∆-convexity, the parameters Carathéodory, exchange and Helly are respectively denoted as

c∆(X), e∆(X) and h∆(X) or simply c, e, h if there is no confusion.

A property π is hereditary if every subset of a set with property π also has property π. It is known

that Radon and Helly independence are hereditary properties while Carathéodory and exchange

independence are not hereditary in general, see [28].

For all three products of (simple) graphs, G and H the vertex set of the product is V (G)× V (H).

Their edge sets are de�ned as follows. In the Cartesian product G□H two vertices are adjacent if

they are adjacent in one coordinate and equal in the other. Two vertices (g1, h1) and (g2, h2) in the

strong product of G and H, G ⊠ H are adjacent if one of the following holds: i) g1g2 ∈ E(G) and

h1 = h2, ii) g1 = g2 and h1h2 ∈ E(H), or iii) g1g2 ∈ E(G) and h1h2 ∈ E(H).

Finally, two vertices (g, h) and (g′, h′) are adjacent in lexicographic product G ◦ H (also G[H]) if

gg′ ∈ E(G) or if g = g′ and hh′ ∈ E(H). For ∗ ∈ {□,⊠, ◦} we call the product G ∗ H nontrivial,

if both G and H have at least two vertices. For h ∈ V (H), g ∈ V (G), and ∗ ∈ {□,⊠, ◦}, call
Gh = {(g, h) ∈ G∗H : g ∈ V (G)} a G layer in G∗H, and call gH = {(g, h) ∈ G∗H : h ∈ V (H)} an
H layer in G∗H. Note that the subgraph of G∗H induced on Gh is isomorphic to G and the subgraph

of G ∗ H induced on gH is isomorphic to H for ∗ ∈ {□,⊠, ◦}. The map pG : V (G ∗ H) → V (G)

de�ned with pG((g, h)) = g is called a projection map onto G for ∗ ∈ {□,⊠, ◦}. Similarly, we can

de�ne the projection map onto H. Let S ⊂ V (G). With ⟨S⟩ we denote the subgraph of G induced

by S.

Theorem 1.1 (Sierksma Inequalities [28]). For all convex structures, e − 1 ≤ c ≤ max{h, e − 1},
where e is the exchange number, h is the Helly number, and c is the Carathéodory number.

We organize the rest of the sections as follows. In Section 2, we establish an upper bound for

the Carathéodory number and determine its exact values for block graphs. In Section 3, we address

the exchange number in ∆-convexity by providing an upper bound for the exchange number and

its exact values for block graphs. Finally in Section 4, we present sharp lower bound for exchange

number and Carathéodory number for ∆-convexity in Cartesian product of graphs and the precise

values for the strong and the lexicographic product of graphs.

2. Carathéodory number

In this section, �rst we establish an upper bound for the Carathéodory number in the context of

∆-convexity and then we provide an example that achieves this bound. Furthermore, we demonstrate
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that for any natural number n, there exist a graph in which the Carathéodory number is equal to n.

Finally, we determine the Carathéodory number for block graphs. We start the with following two

observations which follow immediately from the de�nition of ∆-convexity.

Observation 2.1. If G is a triangle-free graph, then the Carathéodory number c∆(G) = 1.

Observation 2.2. If G is a complete graph Kn for n > 2, then c∆(Kn) = 2.

Theorem 2.3. If G is a graph with k triangles, then the Carathéodory number c∆(G) ≤ k + 1.

Proof. Let S ⊆ V (G) such that |S|> 1.

If S contains a vertex v not lying on any triangle, then ⟨S⟩ = ⟨S \ {v}⟩ ∪ {v}. Hence, ⟨S⟩ =

⟨S\{v}⟩∪⟨S\{u}⟩, where u ̸= v. This implies that S is a C-dependent set. That is, a C-independent

set contains only the vertices of triangles in G.

If S contains all vertices {u, v, w} of a triangle, then ⟨S⟩ = ⟨S \{u}⟩ = ⟨S \{v}⟩ = ⟨S \{w}⟩. This
implies that S is a C-dependent set. That is, a C-independent set does not contain all the vertices

of a triangle in G.

Now, we aim to prove that for any S ⊆ V (G) with |S|> k + 1, it is C-dependent.

Assume that there exists a Carathéodory independent set S ′ with |S ′|≥ k + 2. Since there are

only k triangles in G, S ′ contains two vertices from some triangles T1, T2, T3, . . . , Tj, where j ≥ 2.

Let ui, vi ∈ S ′ and ui, vi ∈ Ti for i ∈ {1, 2, . . . , j}. Then ⟨S ′⟩ =
j⋃

i=1

(⟨S ′ \ {ui}⟩ ∪ ⟨S ′ \ {vi}⟩) implies

that S ′ is C-dependent. Thus, for any S ⊆ V (G) with |S|> k + 1, it is C-dependent. Therefore, the

Carathéodory number of G, c∆ ≤ k + 1.

If k = 1, then G contains only one triangle. In this case, the Carathéodory number, c∆(G) = 2.

Fig. 1. Graph G with with c∆(G) = e∆(G) = n.

Proposition 2.4. For any natural number n, there exists a graph G with c∆(G) = n.

Proof. For n = 1, consider any triangle-free graph G. In this case, c∆(G) = 1.

For n = 2, consider any complete graph G. Here, c∆(G) = 2.

For n ≥ 3, consider the graph G depicted in Figure 1. Let S = {a1, a2, a3, . . . , an}. Then

⟨S⟩ = V (G), ⟨S \ {a1}⟩ = {a2, a3, a4, . . . , an}, ⟨S \ {a2}⟩ = {a1, a3, a4, . . . , an}, ⟨S \ {ai}⟩ =

{a1, a2, b1, a3, b2, a4, . . . , ai−1, bi−2, ai+1, ai+2, . . . , an} for i ∈ {3, 4, 5, . . . , n − 1} and ⟨S \ {an}⟩ =

{a1, a2, b1, a3, b2, a4, . . . , bn−3, an−1, bn−2}. However, b /∈
⋃
ai∈S

⟨S\{ai}⟩. Therefore, S is a Carathéodory

independent set, and |S|= n. Since there are n− 1 triangles in G, by Theorem 2.3, c∆(G) = n.
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Remark 2.5. There exists a graph G with k triangles that have Carathéodory number of k+1. For

example, in Figure 1, G is a graph with n− 1 triangles and the Carathéodory number is n.

In the next result, we present some properties of the Carathéodory independent set of a general

graph, which will be used in subsequent results.

Lemma 2.6. If S is a Carathéodory independent set of G and |S|≥ 2, then S has the following

properties.

(i) the elements of S are part of some triangles in G.

(ii) the induced subgraph of S contains at least one edge.

(iii) for any u, v ∈ S, ⟨S \ {u, v}⟩ ∩ ⟨u, v⟩ = ∅.

Proof. (i) If S contains a vertex v not lying on any triangle, then ⟨S⟩ = ⟨S \ {v}⟩ ∪ {v}. Hence,

⟨S⟩ = ⟨S \ {v}⟩ ∪ ⟨S \ {u}⟩, where u ̸= v. This implies that S is a Carathéodory dependent set.

(ii) Let S be a C-independent set. Assume that the induced subgraph of S does not contain any

edges; that is, S contains pairwise non-adjacent vertices. Hence, ⟨S⟩ = S, and for any u ∈ S, we

have ⟨S \ {u}⟩ = S \ {u}. This implies that S is a C-dependent set, a contradiction. Therefore, the

induced subgraph of S must contain at least one edge.

(iii) Let u, v ∈ S and assume that uv ∈ E(G). By property (ii), since S contains only one edge,

the induced subgraph of S \ {u, v} will not contain an edge. Therefore, ⟨S \ {u, v}⟩ = S \ {u, v}.
Now, since uv ∈ E(G) and by property (i) there exists at least one vertex w ∈ V (G) \ S,w ̸= u, v

such that w ∈ ⟨u, v⟩. Without loss of generality, we assume that ⟨S \ {u, v}⟩ ∩ ⟨u, v⟩ ̸= ∅ and

let w ∈ ⟨S \ {u, v}⟩ ∩ ⟨u, v⟩. But this is not possible, since w ∈ V (G) \ S,w ̸= u, v we have

w /∈ ⟨S \ {u, v}⟩ = S \ {u, v}.
It remains to prove it for u, v ∈ S where uv /∈ E(G). Since uv /∈ E(G) we have ⟨u, v⟩ = {u, v}.

If ⟨S \ {u, v}⟩ ∩ ⟨u, v⟩ ≠ ∅ implies that either u ∈ ⟨S \ {u, v}⟩ or v ∈ ⟨S \ {u, v}⟩. However, both

conditions cannot be true because if S a Carathéodory independent set then for any vertex u ∈ S,

u /∈ ⟨S \ {u}⟩.

To prove that the Carathéodory number of a 2-connected chordal graph is two, we need the

following result.

Lemma 2.7. [1] If G is a 2-connected chordal graph, then every pair of adjacent vertices form a hull

set of G.

Theorem 2.8. If G is a 2-connected chordal graph, then c∆(G) = 2.

Proof. Let S = {u, v} ⊆ V (G) with uv ∈ E(G). By Lemma 2.7, we have ⟨S⟩ = V (G). Since

⟨S⟩ ̸⊆ ⟨S \ u⟩
⋃
⟨S \ v⟩, S is C-independent. Now, we need to prove that any subset S ′ ⊆ V (G) with

|S ′|≥ 3 is C-dependent. There are two cases to consider:

Case 1. S ′ consists of pairwise non-adjacent vertices. By Lemma 2.6 (ii), S ′ is C-dependent.

Case 2. S ′ contains at least two vertices, say u, v, such that uv ∈ E(G). By Lemma 2.7, ⟨u, v⟩ =
V (G). Consequently, for any w ∈ S ′ \ {u, v}, we have ⟨S ′ \ {w}⟩ = V (G). This implies S ′ is

C-dependent.

Since every subset of size at least 3 is C-dependent, we conclude that c∆(G) = 2, completing the

proof.
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We conclude this section by presenting the exact value for the Carathéodory number of block

graphs. For the following result, we de�ne a block of a graph G as a maximal 2-connected subgraph.

Theorem 2.9. Let G be a block graph with ℓ number of blocks.

(i) If G contains no blocks isomorphic to the complete graph K2 and all blocks lie in a single chain,

then c∆(G) = ℓ+ 1.

(ii) If G contains no blocks isomorphic to the complete graph K2, and the blocks are on di�erent

chains with k being the number of blocks in the longest chain, then c∆(G) = k + 1.

(iii) If G contains blocks isomorphic to the complete graph K2 and k is the maximum number

of consecutive blocks which does not contains K2 as a block among the chains of blocks in G, then

c∆(G) = k + 1.

Proof. (i) Let G be a block graph with ℓ blocks, where no blocks are isomorphic to K2 and all blocks

lie in a single chain. Let B1, B2, B3, . . . , Bℓ be the blocks ofG withB1 andBℓ being the pendant blocks

and let S be a C-independent set of G. By Lemma 2.6, S contains two vertices from at least one block

and not more than two vertices from a single block. Without loss of generality we may assume that S

contains two vertices from B1 and one vertex from all other blocks. Let S = {u1, u1
′, u2, u3, . . . , uℓ},

where u1, u1
′ ∈ B1, ui ∈ Bi for i ∈ {2, 3, . . . , ℓ}, and there are no three vertices in S forming K3 in G

and the vertices are not cut vertices of G. By construction, ⟨S⟩ = V (G). Also, ⟨S \{u1}⟩ = S \{u1},
⟨S \ {u′

1}⟩ = S \ {u′
1}, ⟨S \ {ui}⟩ = V (B1) ∪ · · · ∪ V (Bi−1) ∪ {ui+1, ui+2, . . . , uℓ} for i ∈ {2, 3, . . . , ℓ}.

This implies that there exists at least one vertex v ∈ V (Bℓ) such that v ∈ ⟨S⟩\
⋃

a∈S⟨S \{a}⟩. Thus,
S is a C-independent set of size ℓ+ 1 elements.

Now, we need to prove that there is no C-independent set of size greater than ℓ+1. Suppose there

is a C-independent set S ′ with |S ′| ≥ ℓ + 2. By Lemma 2.6, S ′ contains two vertices from at least

one block and not more than two vertices from a single block. Consider the possible cases:

Case 1. S ′ contains at least one vertex from each block.

Since |S ′| ≥ ℓ + 2, S ′ contains at least two vertices each from two blocks, say Bi and Bj with

i, j ∈ {1, 2, 3, . . . , ℓ}. Let u, u′, v, v′ ∈ S ′, where u, u′ ∈ V (Bi) and v, v′ ∈ V (Bj). Then ⟨S \ {u}⟩ =
⟨S \ {v}⟩ = V (G), making S ′ a C-dependent set.

Case 2. S ′ does not contain vertices from some blocks.

That is, S ′ contains two vertices from at least three blocks. There exists a sequence of blocks

Bi, Bi+1, . . . , Bj such that S ′ contains at least one vertex from each of these blocks and two vertices

from at least two blocks, say Bx and By with x, y ∈ {i, i + 1, . . . , j}. Let u, u′, v, v′ ∈ S ′, where

u, u′ ∈ V (Bx) and v, v′ ∈ V (By). Then ⟨S \ {u}⟩ = ⟨S \ {v}⟩ = ⟨S ′⟩, making S ′ a C-dependent set.

Thus, there is no C-independent set of size greater than ℓ + 1. Hence, the Carathéodory number

c∆(G) = ℓ+ 1.

(ii) Let G be a block graph containing no blocks isomorphic to the complete graph K2, and let the

blocks be on di�erent chains with k being the number of blocks in the longest chain. Then, from (i),

there is a C-independent set of size k + 1 in the longest chain, denoted as S. Now, we need to prove

that there is no C-independent set of size greater than k + 1. Suppose there is a C-independent set

S ′ with |S ′| ≥ k + 2. By Lemma 2.6, S ′ contains two vertices from at least one block and not more

than two vertices from a single block. From (i), it is not possible to get a C-independent set of size

greater than k + 1 from one single chain of blocks. So, it is clear that S ′ contains vertices from at

least two distinct chains of blocks.

Consider the possible cases:
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Case 1. S ′ contains only elements from two distinct chains of blocks.

Let the chains of blocks be C1 and C2 with u ∈ V (C1)∩S ′,w ∈ V (C2)∩S ′ and u /∈ V (C2)∩S ′,w /∈
V (C1) ∩ S ′. Since |S ′|≥ k + 2, in ⟨S ′ \ {u}⟩ contain all elements of ⟨S ′⟩ except some elements of

⟨S ′⟩∩V (C1). Similarly, ⟨S ′ \ {w}⟩ contain all elements of ⟨S ′⟩ except some elements of ⟨S ′⟩∩V (C2).

Then ⟨S ′ \ {u}⟩ ∪ ⟨S ′ \ {w}⟩ = ⟨S ′⟩. Thus S ′ is a C-dependent set.

Case 2. S ′ contains elements from more than two distinct longest chains of blocks.

Let C1, C2,. . . ,Cn be the least possible number of distinct longest chains of blocks with ui ∈
V (Ci) ∩ S ′ and ui not in any other chains Cj, j ̸= i for i ∈ {1, 2, . . . , n}. In ⟨S ′ \ {ui}⟩ contains

all elements of ⟨S ′⟩ except some elements of ⟨S ′⟩ ∩ V (Ci) for i ∈ {1, 2, . . . , n}. Since |S ′|≥ k + 2,
n⋂

m=1

(⟨S ′⟩ ∩ V (Ci)) ⊆
n⋃

m=1

⟨S ′\{ui}⟩. That is, ⟨S ′⟩ =
n⋃

m=1

⟨S ′\{ui}⟩. This implies S ′ is an C-dependent

set. Thus, there is no C-independent set of size greater than k+1. Hence, the Carathéodory number

c∆(G) = k + 1.

(iii) Let G be a block graph containing blocks isomorphic to the complete graph K2, and let k be

the maximum number of consecutive blocks that does not contain K2 as a block among the chains

of blocks in G. From (i), there is a C-independent set of size k + 1 from these consecutive blocks.

Now, we need to prove that there is no C-independent set of size greater than k+1. Suppose there

is a C-independent set S ′ with |S ′| ≥ k + 2. By Lemma 2.6, S ′ contains two vertices from at least

one block and no more than two vertices from a single block. Since it is not possible to obtain an

C-independent set of size k + 2 from consecutive blocks of a single chain, S ′ contains at most k + 1

elements from consecutive blocks of a single chain.

So S ′ contains elements from non-consecutive blocks. From Lemma 2.6 (ii), there exist at least

two vertices say, u, v ∈ S ′ with uv ∈ E(G), let C be the consecutive block of chain containing u and

v. Let w be in S ′ but not in C. Then, both ⟨S \{u}⟩ and ⟨S \{v}⟩ contain all elements of ⟨S ′⟩ except
some elements of V (C) ∩ ⟨S ′⟩. Also, ⟨S \ {w}⟩ contain all the elements in V (C) ∩ ⟨S ′⟩. Therefore,
⟨S ′ \ {u}⟩ ∪ ⟨S ′ \ {v}⟩ ∪ ⟨S ′ \ {w}⟩ = ⟨S ′⟩. This implies, S ′ is an C-dependent set.

Thus, there is no C-independent set of size greater than k + 1. Hence, the Carathéodory number

c∆(G) = k + 1.

3. Exchange number

In this section, we deal with the exchange number in the context of ∆-convexity. The following

lemma discuss some necessary conditions for a set to be an E-independent set.

Lemma 3.1. If S is an E-independent set of G and |S|≥ 3, then the following holds

(i) induced subgraph of S contains at least one edge of G.

(ii) no three vertices of S form a K3 in G.

(iii) there is at most one vertex in S that is not part of a K3 in G.

Proof. (i) Let S be an E-independent set. Assume that the induced subgraph of S does not contain

an edge. Since S is an E-independent set, there exists p ∈ S such that there is p′ ∈ ⟨S \ {p}⟩ \⋃
a∈S\{p}

⟨S \ {a}⟩. If there is no u, v ∈ S such that uv ∈ E(G), then ⟨S \ {p}⟩ = S \ {p} and

⟨S \{a}⟩ = S \{a}. This implies
⋃

a∈S\{p}

⟨S \{a}⟩ = S, a contradiction. Hence, the induced subgraph
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of S contains an edge of G.

(ii) Let S be an E-independent set. Assume there exists u, v, w ∈ S such that u, v, w form K3 in

G. Since S is an E-independent set, there exists p ∈ S with p′ ∈ ⟨S \ {p}⟩ \
⋃

a∈S\{p}

⟨S \ {a}⟩, for some

p′ ∈ S.

Since u, v, w formK3, ⟨S\{u}⟩ = ⟨S\{v}⟩ = ⟨S\{w}⟩ = ⟨S⟩, which implies that
⋃

a∈S\{p}

⟨S\{a}⟩ =

⟨S⟩. So ⟨S \ {p}⟩ ⊆
⋃

a∈S\{p}

⟨S \ {a}⟩, leading to a contradiction, since S is an E-independent set.

Therefore, there does not exist three vertices u, v, w ∈ S such that u, v, w form a K3 in G.

(iii) Let S be an E-independent set. Suppose, for contradiction, that S contains two vertices u and

v such that neither is part of a K3 in G. Then, we have ⟨S\{u}⟩ = ⟨S⟩\{u} and ⟨S\{v}⟩ = ⟨S⟩\{v}.
Since |S|≥ 3, we consider two cases:

Case 1. |S|= 3.

There exists w ∈ S such that u, v ∈ ⟨S \ {w}⟩. Then, we obtain ⟨S \ {u}⟩ ∪ ⟨S \ {w}⟩ =

⟨S \ {v}⟩ ∪ ⟨S \ {w}⟩ = ⟨S \ {u}⟩ ∪ ⟨S \ {v}⟩ = ⟨S⟩, contradicting the assumption that S is an

E-independent.

Case 2. |S|> 3.

There exist w,w′ ∈ S such that u, v ∈ ⟨S \ {w}⟩ and u, v ∈ ⟨S \ {w′}⟩. This implies, ⟨S \ {u}⟩ ∪
⟨S \ {w}⟩ = ⟨S \ {v}⟩ ∪ ⟨S \ {w}⟩ = ⟨S \ {u}⟩ ∪ ⟨S \ {w′}⟩ = ⟨S \ {v}⟩ ∪ ⟨S \ {w′}⟩ = ⟨S⟩, again
contradicting the E-independence of S. Thus, at most one vertex in S is not part of a K3.

Proposition 3.2. If S ⊆ V (G) and u, v, w ∈ S such that ⟨S\{u}⟩∪⟨S\{v}⟩ = ⟨S\{u}⟩∪⟨S\{w}⟩ =
⟨S \ {v}⟩ ∪ ⟨S \ {w}⟩ = ⟨S⟩, then S is an E-dependent set.

Proof. For any x /∈ {u, v, w}, we have ⟨S \{x}⟩ ⊆ ⟨S \{u}⟩∪⟨S \{v}⟩ = ⟨S⟩. Now for x ∈ {u, v, w},
for instance take x = u. Then ⟨S \ {x}⟩ ⊆ ⟨S \ {v}⟩ ∪ ⟨S \ {w}⟩ = ⟨S⟩. That is, for any p ∈ S,

⟨S \ {p}⟩ ⊆
⋃

a∈S\{p}

⟨S \ {a}⟩. Hence, S is an E-dependent set.

Using a similar argument, we get the following remark.

Remark 3.3. Let S ⊆ V (G) and u, v, w, x ∈ S such that ⟨S\{u}⟩∪⟨S\{v}⟩ = ⟨S\{w}⟩∪⟨S\{x}⟩ =
⟨S⟩, then S is an E-dependent set.

Now we have the following two observations which follow immediately from the de�nition of ∆-

convexity.

Observation 3.4. If G is a triangle-free graph, then e∆(G) = 2.

Observation 3.5. If G is a complete graph Kn for n > 2, then e∆(Kn) = 2.

From Sierksma's inequalities (Theorem 1.1) and Theorem 2.3, we can deduce the following lemma.

Lemma 3.6. If G is a graph with k triangles, then the exchange number e∆ is bounded by k + 2.

This lemma establishes an upper bound on the exchange number based on the number of triangles
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present in the graph. It is worth noting that there exist graphs that attain the bounds in Lemma

3.6, as stated in the following remark.

Remark 3.7. There exists a graph G with k triangles that has an exchange number of k + 2. For

example, in Figure 2, G is a graph with k triangles, and the exchange number is k + 2. Here,

S = {a, a1, a2, a3, . . . , ak+1} is the E-independent set. Since bk ∈ ⟨S \ {a}⟩ but bk /∈
⋃

b∈S\{a}

⟨S \ {b}⟩.

Fig. 2. Graph G with k triangles and e∆(G) = k + 2.

Furthermore, the exchange number can be arbitrarily large in the sense that, for any natural

number n, we can construct a graph G with e∆(G) = n, as stated in the following proposition.

Proposition 3.8. For any natural number n > 1, there exists a graph G with e∆(G) = n.

Proof. For n = 2, consider any complete graph or triangle-free graph G. In this case, e∆(G) = 2.

For n ≥ 3, consider the graph G depicted in Figure 1. Let S = {a1, a2, a3, . . . , an}. Then

⟨S⟩ = V (G), ⟨S \ {a1}⟩ = {a2, a3, a4, . . . , an}, ⟨S \ {a2}⟩ = {a1, a3, a4, . . . , an}, ⟨S \ {ai}⟩ =

{a1, a2, b1, a3, b2, a4, . . . , ai−1, bi−2, ai+1, ai+2, . . . , an} for i ∈ {3, 4, 5, . . . , n − 1} and ⟨S \ {an}⟩ =

{a1, a2, b1, a3, b2, a4, . . . , bn−3, an−1, bn−2}. Since bn−2 ∈ ⟨S \ {an}⟩ but bn−2 /∈
⋃

a∈S\{an}

⟨S \ {a}⟩, S

is E-independent.

Now, if we add any element x ∈ {b1, b2, b3, . . . , bn−2, b} to S, then ⟨S \ {a1}⟩ = ⟨S \ {x}⟩ = V (G).

That is, S becomes E-dependent.

Next, we need to prove that there is no E-independent set of size greater than n. Suppose there is

an E-independent set S ′ with |S ′|≥ n+ 1. Consider the possible cases

(a) S ′ contains all vertices of a triangle, say {a, b, c}. Then ⟨S ′\{a}⟩ = ⟨S ′\{b}⟩ = ⟨S ′\{c}⟩ = ⟨S ′⟩,
impliying S ′ is E-dependent.

(b) S ′ contains one vertex from each triangle. G contains only n− 1 triangles. So S ′ contains two

vertices from two triangles, say Ti and Tj. Let ai, bi, aj, bj ∈ S ′, where ai, bi ∈ Ti and aj, bj ∈ Tj.

Then ⟨S ′ \ ai⟩ = ⟨S ′ \ bi⟩ = ⟨S ′ \ aj⟩ = ⟨S ′ \ bj⟩ = V (G). This implies S ′ is E-dependent.

(c) S ′ does not contain vertices from some triangles. That is, S ′ contains two vertices from at

least three triangles. So there exists a sequence of triangles Ti, Ti+1, . . . , Ti+r (i ∈ {1, 2, . . . , k} and

i + r ≤ k) such that S ′ contains at least one vertex from each of these triangles and two vertices

from at least two triangles, say Tx and Ty, x, y ∈ {i, i+ 1, . . . , i+ r}. Let ax, bx ∈ Tx and ay, by ∈ Ty.

Then ⟨S ′ \ ax⟩ = ⟨S ′ \ bx⟩ = ⟨S ′ \ ay⟩ = ⟨S ′ \ by⟩ = ⟨S ′⟩. This implies S ′ is E-dependent.

Hence for the graph in Figure 1, e∆(G) = n.

Lemma 3.9. If G is a 2-connected chordal graph, then the exchange number e∆(G) is either 2 or 3.

Proof. Let G be a 2-connected chordal graph and S ⊆ V (G) is an E-independent set with |S|> 1.
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By Lemma 3.1, there exist a, b ∈ S such that ab ∈ E(G).

Case 1. Every vertex of G is adjacent to either a or b or both. In this case, there is no E-

independent set of size greater than 2. Assume that there exist an E-independent set containing

a vertex c adjacent to either a or b or both. Without loss of generality, we may assume that c is

adjacent to b. Then by Lemma 2.7, ⟨a, b⟩ = ⟨b, c⟩ = V (G), implies that the set is E-dependent.

Therefore the exchange number is 2.

Case 2. There exist vertices not adjacent to a and b. Let c be such a vertex. Consider S ′ = {a, b, c}.
Then ⟨S ′⟩ = V (G), ⟨S ′ \ {a}⟩ = {b, c}, ⟨S ′ \ {b}⟩ = {a, c}, and ⟨S ′ \ {c}⟩ = V (G). Clearly, S ′ is

E-independent.

Now, we need to prove that there is no E-independent set of size greater than 3. Assume that

there is an E-independent set S ′′ with |S ′′|> 3. By Lemma 3.1, there exist u, v ∈ S ′′ with uv ∈ E(G).

Since |S ′′|> 3, there exist x, y ∈ S ′′ other than u and v. By Lemma 2.7, ⟨u, v⟩ = V (G). This implies

⟨S ′′ \ {x}⟩ = ⟨S ′′ \ {y}⟩ = V (G), making S ′′ E-dependent. Hence e∆(G) = 3.

For block graphs, the exchange number depends on the number of blocks in the graph. We present

the following results for block graphs:

Theorem 3.10. Let G be a block graph with ℓ blocks. Then the following statements hold:

(i) If G contains no blocks isomorphic to the complete graph K2 and all the blocks lie in a single

chain, then e∆(G) = ℓ+ 1.

(ii) If G contains no blocks isomorphic to the complete graph K2 and the blocks lie in more than

one chain, and k is the number of blocks in the longest chain in G, then e∆(G) = k + 2.

(iii) If G contains blocks isomorphic to the complete graph K2 and k is the maximum number of

consecutive non-K2 blocks in a chain, then e∆(G) = k + 2.

Proof. (i) Let G be a block graph with ℓ number of blocks and no blocks isomorphic to K2 and all

blocks lie in a single chain. Let B1, B2, B3, . . . , Bℓ be the blocks of G and let S be an E-independent

set of G. By Lemma 3.1 (i) and (ii), S contains two vertices from at least one block and not more

than two vertices from a single block. Without loss of generality, we may assume that S contains

two vertices from B1 and one vertex each from other blocks. Let S = {u1, u1
′, u2, u3, . . . , uℓ}, where

u1, u1
′ ∈ B1, ui ∈ Bi for i ∈ {2, 3, . . . , ℓ}, and there are no three vertices in S forming K3 in G and

the vertices are not cut vertices of G. Then we have ⟨S \ {u1}⟩ = {S \ u1}, ⟨S \ {u1
′}⟩ = {S \ u1

′},
⟨S \ {ui}⟩ = V (B1) ∪ V (B2) ∪ · · · ∪ V (Bi−1) ∪ {vi+1, vi+2, . . . , vℓ} for i ∈ {2, 3, . . . , ℓ}. This implies

that there exists v ∈ V (Bℓ) such that v ∈ ⟨S \ {uℓ}⟩ \
⋃

a∈S\{uℓ}

⟨S \ {a}⟩. Thus S is an E-independent

set of size ℓ+ 1 elements.

Now we have to prove that there is no E-independent set of size greater than ℓ+1. Suppose there

is an E-independent set S ′ with |S ′|≥ ℓ+2. By Lemma 3.1 (i) and (ii), S ′ contains two vertices from

at least one block and not more than two vertices from a single block.

Consider the following two possible cases:

Case 1. S ′ contains at least one vertex from each block.

Since |S ′|≥ ℓ + 2, we have S ′ ∩ V (Bi) = 2 and S ′ ∩ V (Bj) = 2 for at least two blocks Bi and

Bj with i, j ∈ {1, 2, 3, . . . , ℓ}. Let u, u′, v, v′ ∈ S ′, where u, u′ ∈ V (Bi) and v, v′ ∈ V (Bj). Then

⟨S ′ \ {u}⟩ = ⟨S ′ \ {v}⟩ = V (G), making S ′ an E-dependent set.

Case 2. S ′ does not contain vertices from some blocks.

Here, S ′ must contain two vertices, each from at least three blocks. Let S ′ contain two vertices each
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of the blocks Bx, By, and Bz. Then we can see that ⟨S ′ \ {u}⟩∪ ⟨S ′ \ {v}⟩ = ⟨S ′ \ {u}⟩∪ ⟨S ′ \ {w}⟩ =
⟨S ′ \ {v}⟩ ∪ ⟨S ′ \ {w}⟩ = ⟨S ′⟩ for u ∈ S ′ ∩ V (Bx), v ∈ S ′ ∩ V (By) and w ∈ S ′ ∩ V (Bz). This implies

S ′ an E-dependent set.

Thus there is no E-independent set of size greater than ℓ+1. Hence the exchange number e∆(G) =

ℓ+ 1.

(ii) Let G be a block graph containing no blocks isomorphic to the complete graph K2 and let the

blocks lie in more than one chain with k being the number of blocks in the longest chain. Then from

(i), there is an E-independent set of size k + 1 in the longest chain, let it be Sk, and there exists a

vertex v′ with v′ ∈ ⟨Sk\{un}⟩\
⋃

a∈Sk\{un}

⟨Sk\{a}⟩, for some un ∈ Sk. Let S = Sk∪{v}, where v is any

vertex in G not in the longest chain of blocks. Also the same vertex v′ ∈ ⟨S \ {v}⟩ \
⋃

a∈S\{v}

⟨S \ {a}⟩.

Thus S is an E-independent set of size k + 2.

Now we have to prove there is no E-independent set of size greater than k + 2. Suppose there is

an E-independent set S ′ with |S ′|≥ k + 3. By Lemma 3.1 (i) and (ii), S ′ contains two vertices from

at least one block and not more than two vertices from any blocks. From (i), it is not possible to

get an E-independent set of size greater than k + 1 from one single chain of blocks. Then S ′ must

contain vertices from at least two chains of blocks.

Consider the possible cases:

Case 1. S ′ contains only elements from two distinct chains of blocks.

Let the chains of blocks be C1 and C2 (clearly, |V (C1) ∩ S ′|≥ 2 and |V (C2) ∩ S ′|≥ 2 ) with

u ∈ V (C1) ∩ S ′ and w,w′ ∈ V (C2) ∩ S ′. In ⟨S ′ \ {u}⟩ contain all elements of ⟨S ′⟩ except some

elements of ⟨S ′⟩ ∩ V (C1). Similarly, ⟨S ′ \ {w}⟩ and ⟨S ′ \ {w′}⟩ contain all elements of ⟨S ′⟩ except
some elements of ⟨S ′⟩ ∩ V (C2). Then ⟨S ′ \ {u}⟩ ∪ ⟨S ′ \ {w}⟩ = ⟨S ′ \ {u′}⟩ ∪ ⟨S ′ \ {w′}⟩ = ⟨S ′⟩. Then
by Remark 3.3, S ′ is an E-dependent set.

Case 2. S ′ contains elements from more than two distinct chains of blocks.

Let C1, C2 and C3 be any three distinct chains of blocks with u ∈ V (C1)∩S ′, w ∈ V (C2)∩S ′ and

w′ ∈ V (C3) ∩ S ′. In ⟨S ′ \ {u}⟩, contains all elements of ⟨S ′⟩ except some elements of ⟨S ′⟩ ∩ V (C1).

Similarly, ⟨S ′\{w}⟩ contains all elements of ⟨S ′⟩ except some elements of ⟨S ′⟩∩V (C2), and ⟨S ′\{w′}⟩
contains all elements of ⟨S ′⟩ except some or all elements of ⟨S ′⟩∩V (C3). Then ⟨S ′\{u}⟩∪⟨S ′\{w}⟩ =
⟨S ′\{u}⟩∪⟨S ′\{w′}⟩ = ⟨S ′\{w}⟩∪⟨S ′\{w′}⟩ = ⟨S ′⟩. Then by Proposition 3.2, S ′ is an E-dependent

set.

Thus, there is no E-independent set of size greater than k + 2. Hence, the exchange number

e∆(G) = k + 2.

(iii) Let G be a block graph containing blocks isomorphic to the complete graph K2, and let k be

the maximum number of consecutive blocks that does not contain K2 as a block among the chains of

blocks in G. Then from (i), there is an E-independent set of size k+1 from these consecutive blocks,

say Sk. Then, there exists v
′ with v′ ∈ ⟨Sk \{un}⟩\

⋃
a∈Sk\{un}

⟨Sk \{a}⟩. Now, let S = Sk∪{v} where v

is any vertex in G not in the consecutive blocks. Also, the same vertex v′ ∈ ⟨S\{v}⟩\
⋃

a∈S\{v}

⟨S\{a}⟩.

Thus, S is an E-independent set of size k + 2.

Now, we need to prove that there is no E-independent set of size greater than k+2. Suppose there

is an E-independent set S ′ with |S ′|≥ k + 3. By Lemma 3.1 (i) and (ii), S ′ contains two vertices

from at least one block and not more than two vertices from any blocks. Since it is not possible to
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obtain an E-independent set of size k + 3 from consecutive blocks of a single chain, S ′ contains at

most k + 1 elements from consecutive blocks of a single chain.

So S ′ contains elements from non-consecutive blocks. From Lemma 3.1 (i), there exist at least

two vertices say, u, v ∈ S ′ with uv ∈ E(G), let C be the consecutive block of chain containing u and

v. Let w and x be in S ′ but not in C. Then, both ⟨S \ {u}⟩ and ⟨S \ {v}⟩ contain all elements of

⟨S ′⟩ except some elements of V (C) ∩ ⟨S ′⟩. Also, ⟨S \ {w}⟩ and ⟨S \ {x}⟩ contain all the elements in

V (C)∩ ⟨S ′⟩. Therefore, ⟨S ′ \ {u}⟩∪ ⟨S ′ \ {w}⟩ = ⟨S ′ \ {v}⟩∪ ⟨S ′ \ {x}⟩ = ⟨S ′⟩. Then by Remark 3.3,

S ′ is an E-dependent set.

Thus, there is no E-independent set of size greater than k + 2. Hence, the exchange number

e∆(G) = k + 2.

4. The Carathéodory and exchange number in graph products

In this section, we give a lower bound for exchange number and Carathéodory number for∆-convexity

in Cartesian product and exact value for strong and lexicographic product of graphs.

4.1. Exchange number

If a graph contains no triangles, then the only E-independent sets are the two element sets. In this

case exchange number is 2. If G and H does not contain K3, then by the de�nition of the Cartesian

product of graphs G□H, will not contains K3 and the E-independent sets in G□H are two-element

sets. Therefore e∆(G□H) = 2.

Theorem 4.1. Let G and H be two nontrivial connected graphs with e∆(G), e∆(H) > 2, then

e∆(G□H) ≥ (e∆(G)− 1)(e∆(H)− 1) + 1.

Proof. Let S1 and S2 be E-independent sets in G and H respectively with |S1|= e∆(G) and |S2|=
e∆(H). Let g and h be the pivots of S1 and S2 respectively. Then there exists some x ∈ ⟨S1 \ {g}⟩,
but x /∈

⋃
a∈S1\{g}

⟨S1 \ {a}⟩ and some y ∈ ⟨S2 \ {h}⟩, but y /∈
⋃

b∈S2\{h}

⟨S2 \ {b}⟩. Let S = (S1 \ {g})×

(S2 \ {h}) ∪ {(g, h)}. Then |S|= (|S1|−1)(|S2|−1) + 1 = (e∆(G)− 1)(e∆(H)− 1) + 1.

Claim 1. (g, h) is the pivot of S.

Since x ∈ ⟨S1 \ {g}, for any h′ ∈ S2 \ {h}, (x, h′) ∈ ⟨(S1 \ {g})× h′⟩. Therefore {x}× (S2 \ {h}) ⊆
⟨(S1 \ {g})× (S2 \ {h})⟩ ⊆ ⟨S⟩.
Since y ∈ ⟨S2 \ {h}⟩, (x, y) ∈ ⟨{x} × (S2 \ {h})⟩ ⊆ ⟨S⟩. Let (a, b) ∈ ⟨S \ {(g, h)}⟩. Then

(a, y) /∈ ⟨{a} × (S2 \ {b})⟩ or (x, b) /∈ ⟨(S1 \ {a}) × {b}⟩ or both. Then (x, y) /∈ ⟨S \ {(a, b)}⟩. i.e.,

(x, y) /∈
⋃

(a,b)∈S\{(g,h)}

⟨S \ {(a, b)}⟩. Therefore S is an E-independent set in G□H having cardinality

(e∆(G)− 1)(e∆(H)− 1) + 1.

The following theorem gives the sharpness of the lower bound of exchange number in G□H.

Theorem 4.2. Let G be a nontrivial connected graph having e∆(G) ≥ 3 and Pn be a path of order

n, then e∆(G□Pn) = e∆(G).

Proof. By Theorem 4.1, e∆(G□Pn) ≥ (e∆(G)−1)(e∆(Pn)−1)+1 = (e∆(G)−1)(2−1)+1 = e∆(G).
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Let S ⊂ V (G□Pn) with |S|= e∆(G) + 1. Here arise the following possibilities.

Case 1. S ⊆ V (Gh) for some h ∈ V (Pn).

Since S has cardinality e∆(G) + 1 and S ⊂ V (Gh), |pG(S)|= e∆(G) + 1 and is an E-dependent

set in G. i.e., ⟨pG(S) \ {a}⟩ ⊆
⋃

x∈pG(S)\{a}

⟨pG(S) \ {x}⟩ for any a ∈ pG(S). Then by the de�nition of

Cartesian product of graphs, ⟨S \ {(a, b)}⟩ ⊆
⋃

(x,y)∈S\{(a,b)}

⟨S \ {(x, y)}⟩ for any (a, b) ∈ S. Therefore

S is an E-dependent set in G□Pn.

Case 2. S intersects at least two G layers.

Assume S intersects with V (Gh1), V (Gh2), V (Gh3), . . . , V (Ghr), for some h1, h2, h3, . . . , hr ∈ V (Pn).

Since Pn does not contains K3, any U ⊆ Pn, ⟨U⟩ = U . Then ⟨S⟩ = ⟨S ∩ V (Gh1)⟩ ∪ ⟨S ∩ V (Gh2)⟩ ∪
⟨S ∩ V (Gh3)⟩ ∪ . . . ∪ ⟨S ∩ V (Ghr)⟩.
Let (g, hi) ∈ S, i ∈ {1, 2, . . . , r}. For j ̸= i (j = 1, 2, . . . , r) there is some g′ ∈ V (G) with

(g′, hj) ∈ S. Then ⟨S \ {(g′, hj)}⟩ =
⋃
k ̸=j

⟨S ∩ Ghk⟩ ∪ ⟨S ∩ V (Ghj) \ {(g′, hj)}⟩. Since e∆(G) ≥ 3, S

contains at least four vertices. So we can �nd some (g′, h′) ∈ S di�erent from (g, hi) and (g′, hj).

Subcase 1. r = 2.

In this case S intersects with only two G layers. If S contains at least two vertices each from the

intersecting two G layers, then ⟨S \ {(g′, h′)}⟩ contains ⟨S ∩ V (Ghj)⟩. If one intersecting G layer

contains only one vertex of S, then the other G layer contains e∆(G) number of vertices. Now also

⟨S \ {(g′, h′)}⟩ contains ⟨S ∩ V (Ghj)⟩.
Subcase 2. r ≥ 2.

In this case we can �nd some (g′, h′) ∈ S with h′ ̸= hj. Then ⟨S \{(g′, h′)}⟩ contains ⟨S∩V (Ghj)⟩.
From the above cases, we can conclude that for any hi ∈ V (Pn), i ∈ {1, 2, . . . , r}, ⟨S \ {(g, hi)}⟩ ⊆⋃

(a,b)∈S\{(g,h)}

⟨S \ {(a, b)}⟩. Therefore, S is an E-dependent set in G□Pn. Hence e∆(G□Pn) = e∆(G).

Theorem 4.3. Let G and H be two nontrivial connected graphs with at least one of them has

diameter greater than two, then e(G⊠H) = 3.

Proof. Assume that G has diameter greater than or equal to two. Then there exist an induced path

g1g2g3 in G. Let h1h2 be any edge in H. Our aim is to prove the set S = {(g1, h1), (g1, h2), (g3, h1)}
is E-independent in G⊠H.

Claim 1. (g3, h1) is the pivot of S.

⟨S \ (g3, h1)⟩ = ⟨{(g1, h1), (g1, h2)}⟩ = V (G ⊠ H). Because the �rst iteration contains NG(g1) ×
{h1, h2} and {g1} × (NH(h1) ∩ NH(h2)). In the second iteration contains NG[g1] × (NH(h2) \ {h1})
and NG[g1]× (NH(h1) \ {h2}). Continue this process until it cover all the vertices of G⊠H. Since g1
and g3 are not adjacent in G and the de�nition of strong product of graphs, (g1, h1) and (g3, h1)

are not adjacent in G ⊠ H. Similarly (g1, h2) and (g3, h1) are not adjacent in G ⊠ H. Then

⟨{(g1, h1), (g3, h1)}⟩ = {(g1, h1), (g3, h1)} and ⟨{(g1, h2), (g3, h1)}⟩ = {(g1, h2), (g3, h1)}. Therefore

(g3, h1) is the pivot of S. Hence S is E-independent. So e(G⊠H) ≥ 3.

Now we have to prove for any four element subset of V (G⊠H) is E-dependent. Let {(g1, h1), (g2, h2),

(g3, h3), (g4, h4)} ⊆ V (G ⊠ H). If all the four vertices are not mutually adjacent, then it is E-

dependent. Assume (g1, h1)(g2, h2) ∈ E(G ⊠ H). From the above case, we can say that the convex
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hull ⟨{(g1, h1), (g2, h2), (g3, h3)}⟩ = V (G⊠H), and ⟨{(g1, h1), (g2, h2), (g4, h4)}⟩ = V (G⊠H). Hence

{(g1, h1), (g2, h2), (g3, h3), (g4, h4)}, is E-dependant. Therefore e(G⊠H) = 3.

De�nition 4.4. A graph G is said to have the edge-vertex property if there exists an edge uv in

E(G) and a vertex x ∈ V (G), such that d(u, x) ≥ 2 and d(v, x) ≥ 2

Theorem 4.5. Let G and H be two nontrivial connected graphs. Then

e∆(G ◦H) =

{
3, if G has diameter at least two or H has the edge-vertex property;

2, otherwise.

Proof. Assume G and H be two nontrivial connected graphs G has diameter less than two and H

does not have the edge-vertex property. Then we have to prove that for any 3 element subset of

V (G ◦H) is E-dependent. Let {(g1, h1), (g2, h2), (g3, h3)} ⊆ V (G ◦H).

Case 1. g1, g2, g3 are pairwise distinct vertices.

In this case the vertices (g1, h1), (g2, h2) and (g3, h3) are in the di�erent H-layers. If G has diameter

less than 2, then G is a complete graph. Then the induced subgraph of {(g1, h1), (g2, h2), (g3, h3)} is

K3. Then ⟨({(g1, h1), (g2, h2), (g3, h3)})\{(gi, hi)}⟩ = V (G◦H), for i = 1, 2, 3, hence {(g1, h1), (g2, h2),

(g3, h3)}, is an E-dependent set.

Case 2. g1 = g2 ̸= g3.

Let g1 = g2 = g. ⟨{(g, h1), (g, h2)}⟩ = V (G ◦H), since the vertices in NG(g)× V (H) are adjacent

to both (g, h1) and (g, h2). Then NG(g) × V (H) ⊆ ⟨{(g, h1), (g, h2)}⟩. Now we can do the same

process for NG(g) vertices and continue this process to get all the vertices of G ◦ H. Therefore

⟨{(g, h1), (g, h2)}⟩ = V (G ◦ H). Since G is complete, in the �rst iteration of the convex hull of

{(g, h1), (g3, h3)} contains V (G)\{g, g3}×V (H) and {g, g3}×V (H). Therefore ⟨{(g, h1), (g3, h3)}⟩ =
V (G ◦ H). Similarly we get ⟨{(g, h2), (g3, h3)}⟩ = V (G ◦ H). Hence {(g, h1), (g, h2), (g3, h3)} is E-

dependent.

Case 3. g1 = g2 = g3.

If h1, h2, h3 are mutually non adjacent vertices, then {(g, h1), (g, h2), (g, h3)} is E-dependent. As-

sume h1h2 ∈ E(H), then either h3 is adjacent to h1 or h3 because H does not have the edge-vertex

property. Assume that h1h2h3 be a path in H. Then as in the Case 2 above ⟨{(g, h1), (g, h2), (g, h3)}\
{(g, hi)}⟩ = V (G ◦H), for i = 1, 2. Hence {(g, h1), (g, h2), (g, h3)} is E-dependent.

Hence e(G ◦ H) = 2, when G has diameter less than two and H does not have the edge-vertex

property.

Assume that G has diameter at least two or H has an edge-vertex property. If H has an edge-

vertex property. Then there exists an edge h1h2 ∈ E(H) and h3 ∈ V (H) such that d(h1, h3) ≥
2 and d(h2, h3) ≥ 2. Then for any g ∈ V (G), {(g, h1), (g, h2), (g, h3)} is E-independent. As in

the case2 above, ⟨{(g, h1), (g, h2)}⟩ = V (G ◦ H). But ⟨{(g, h1), (g, h3)}⟩ = {(g, h1), (g, h3)} and

⟨{(g, h2), (g, h3)}⟩ = {(g, h2), (g, h3)}. Hence {(g, h1), (g, h2), (g, h3)} is E-independent in G ◦H.

Suppose G has diameter at least two. If H has an edge-vertex property, then we can �nd a

3-element E-independent set. So assume H does not have the edge-vertex property. Since G

has diameter at least two, we can �nd a path g1g2g3 in G. Let h1h2 ∈ E(H). Consider the

set {(g1, h1)(g1, h2)(g3, h1)}. Then ⟨{(g1, h1), (g1, h2)}⟩ = V (G ◦ H), but ⟨{(g1, h1), (g3, h1)}⟩ =

{(g1, h1), (g3, h1)} and ⟨{(g1, h2), (g3, h1)}⟩ = {(g1, h2), (g3, h1)}. Hence S is E-independent.

We have to prove any four element set in G ◦H is E-dependent. Let S = {(g1, h1), (g2, h2),

(g3, h3), (g4, h4)} ⊆ V (G ◦ H). If gi ̸= gj and gigj /∈ E(G) for i,j=1,2,3,4, then S is E-dependent.
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Since G⊠H ⊆ G◦H, if gigj ∈ E(G), for i, j = 1, 2, 3, 4 or hihj ∈ E(H), then S is E-independent.

4.2. Carathéodory number

Theorem 4.6. Let G and H be two nontrivial connected graphs with c∆(G), c∆(H) > 2, then

c∆(G□H) ≥ c∆(G)c∆(H).

Proof.

Let S1 and S2 be C-independent sets in G and H respectively with |S1|= c∆(G) and |S2|= c∆(H).

Then there exists some x ∈ ⟨S1⟩, but x /∈
⋃
a∈S1

⟨S1 \ {a}⟩ and some y ∈ ⟨S2⟩, but y /∈
⋃
b∈S2

⟨S2 \ {b}⟩.

Let S = S1 × S2. Then |S|= c∆(G)c∆(H).

Claim 1. (x, y) ∈ ⟨S⟩, but (x, y) /∈
⋃

(a,b)∈S

⟨S \ {(a, b)}⟩.

Since x ∈ ⟨S1⟩, for any h ∈ S2, (x, h) ∈ ⟨S1 × h⟩. Therefore {x} × S2 ⊆ ⟨S1 × S2⟩ = ⟨S⟩. Since

y ∈ ⟨S2⟩, (x, y) ∈ ⟨{x} × S2⟩ ⊆ ⟨S⟩. Let (a, b) ∈ ⟨S⟩. Then (a, y) /∈ ⟨{a} × S2 \ {b}⟩ or (x, b) /∈
⟨S1\{a}×{b}×⟩ or both. Then (x, y) /∈ ⟨S\{(a, b)}⟩. i.e., (x, y) /∈

⋃
(a,b)∈S\{(g,h)}

⟨S\{(a, b)}⟩. Therefore

S is C-independent set in G□H having cardinality c∆(G)c∆(H). Hence c∆(G□H) ≥ c∆(G)c∆(H).

Hence c∆(G□Pn) = c∆(G).

The following theorem gives the sharpness of the lower bound of the Carathéodory number in

G□H.

Theorem 4.7. Let G be a nontrivial connected graph having c∆(G) ≥ 4 and Pn be a path of order

n, then c∆(G□Pn) = c∆(G).

Proof. By Theorem 4.6 c∆(G□Pn) ≥ c∆(G)c∆(Pn) = c∆(G). Let S ⊂ V (G□Pn) with |S|= c∆(G)+1.

Here arise the following possibilities.

Case 1. S ⊆ V (Gh) for some h ∈ V (Pn).

Since S has cardinality e∆(G) + 1 and S ⊂ V (Gh), |pG(S)|= c∆(G) + 1 and is an C-dependent

set in G. i.e., ⟨pG(S)⟩ ⊆
⋃

x∈pG(S)

⟨pG(S) \ {a}⟩. Again since S ⊆ V (Gh), ⟨S⟩ ⊆
⋃

(x,y)∈S

⟨S \ {(x, y)}⟩.

Therefore S is C-dependent in G□Pn.

Case 2. S intersects at least two G layers.

Assume S intersects with V (Gh1), V (Gh2), V (Gh3), . . . , V (Ghr), for some h1, h2, h3, . . . , hr ∈ V (Pn).

Since Pn does not contains K3, any U ⊆ Pn, ⟨U⟩ = U . Then ⟨S⟩ = ⟨S ∩ V (Gh1)⟩ ∪ ⟨S ∩ V (Gh2)⟩ ∪
⟨S ∩ V (Gh3)⟩ ∪ . . . ∪ ⟨S ∩ V (Ghr)⟩.
Let (g, hi) ∈ S, i ∈ {1, 2, . . . , r}. For j ̸= i (j = 1, 2, . . . , r) there is some g′ ∈ V (G) with

(g′, hj) ∈ S. Then ⟨S \ {(g′, hj)}⟩ =
⋃

k ̸=j⟨S ∩Ghk⟩ ∪ ⟨S ∩ V (Ghj) \ {(g′, hj)}⟩. Since c∆(G) ≥ 4, S

contains at least four vertices. So we can �nd some (g′, h′) ∈ S di�erent from (g, hi) and (g′, hj).

Subcase 1. r = 2.

In this case S intersects with only two G layers. If S contains at least two vertices each from the

intersecting two G layers, then ⟨S \ {(g′, h′)}⟩ contains ⟨S ∩ V (Ghj)⟩. If one intersecting G layer

contains only one vertex of S, then the other G layer contains c∆(G) number of vertices. Now also

⟨S \ {(g′, h′)}⟩ contains ⟨S ∩ V (Ghj)⟩.
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Subcase 2. r ≥ 2.

In this case we can �nd some (g′, h′) ∈ S with h′ ̸= hj. Then ⟨S \ {(g′, h′)}⟩ contains ⟨S ∩V (Ghj)⟩
From the above cases, we can conclude that for any hi ∈ V (Pn), i ∈ {1, 2, . . . , r}, ⟨S⟩ ⊆

⋃
(a,b)∈S\{(g,h)}

⟨S \ {(a, b)}⟩. Therefore, S is an E-dependent set in G□Pn.

Hence c∆(G□Pn) = c∆(G).

We conclude this article with the following remark.

Remark 4.8. Let G and H be two nontrivial connected graphs with xy ∈ E(G∗H), for ∗ ∈ {⊠, ◦},
then from the proofs of Theorem 4.3 and Theorem 4.5 we get ⟨{x, y}⟩ = V (G ∗H), for ∗ ∈ {⊠, ◦}.
Therefore c∆(G ∗H) = 2, for ∗ ∈ {⊠, ◦}.

Acknowledgment

Arun Anil acknowledges the �nancial support from the University of Kerala, for providing the Uni-

versity Post Doctoral Fellowship (Ac EVII 5911/2024/UOK dated 18/07/2024).

References

[1] B. S. Anand, A. Anil, M. Changat, M. C. Dourado, and S. S. Ramla. Computing the hull number in

∆-convexity. Theoretical Computer Science, 844:217�226, 2020. https://doi.org/10.1016/j.tcs.

2020.08.024.

[2] B. S. Anand, M. Changat, and P. G. Narasimha-Shenoi. Helly and exchange numbers of geodesic and

steiner convexities in lexicographic product of graphs. Discrete Mathematics, Algorithms and Applica-

tions, 7(04):1550049, 2015. https://doi.org/10.1142/S1793830915500494.

[3] B. S. Anand, P. G. Narasimha-Shenoi, and S. S. Ramla. ∆-convexity number and ∆-number of graphs

and graph products. In Conference on Algorithms and Discrete Applied Mathematics, pages 209�218.

Springer, 2020. https://doi.org/10.1007/978-3-030-39219-2_18.

[4] B. S. Anand, U. C. SV, M. Changat, M. C. Dourado, F. H. Nezhad, and P. G. Narasimha-Shenoi.

On the carathéodory and exchange numbers of geodetic convexity in graphs. Theoretical Computer

Science, 804:46�57, 2020. https://doi.org/10.1016/j.tcs.2019.10.041.

[5] S. P. Boyd and L. Vandenberghe. Convex Optimization. Cambridge university press, 2004.

[6] C. C. Centeno, M. C. Dourado, L. D. Penso, D. Rautenbach, and J. L. Szwarc�ter. Irreversible conver-

sion of graphs. Theoretical Computer Science, 412(29):3693�3700, 2011. https://doi.org/10.1016/

j.tcs.2011.03.029.

[7] C. C. Centeno, L. D. Penso, D. Rautenbach, and V. G. Pereira de Sa. Geodetic number versus hull

number in P3-convexity. SIAM Journal on Discrete Mathematics, 27(2):717�731, 2013. https://doi.

org/10.1137/110859014.

[8] M. Changat and J. Mathew. On triangle path convexity in graphs. Discrete Mathematics, 206(1-3):91�

95, 1999. https://doi.org/10.1016/S0012-365X(98)00394-X.

[9] M. Changat and J. Mathew. Induced path transit function, monotone and peano axioms. Discrete

Mathematics, 286(3):185�194, 2004. https://doi.org/10.1016/j.disc.2004.02.017.

[10] M. Changat, H. M. Mulder, and G. Sierksma. Convexities related to path properties on graphs. Discrete

Mathematics, 290(2-3):117�131, 2005. https://doi.org/10.1016/j.disc.2003.07.014.

https://doi.org/10.1016/j.tcs.2020.08.024
https://doi.org/10.1016/j.tcs.2020.08.024
https://doi.org/10.1142/S1793830915500494
https://doi.org/10.1007/978-3-030-39219-2_18
https://doi.org/10.1016/j.tcs.2019.10.041
https://doi.org/10.1016/j.tcs.2011.03.029
https://doi.org/10.1016/j.tcs.2011.03.029
https://doi.org/10.1137/110859014
https://doi.org/10.1137/110859014
https://doi.org/10.1016/S0012-365X(98)00394-X
https://doi.org/10.1016/j.disc.2004.02.017
https://doi.org/10.1016/j.disc.2003.07.014


carathéodory number and exchange number in ∆-convexity 27

[11] E. M. Coelho, M. C. Dourado, D. Rautenbach, and J. L. Szwarc�ter. The carathéodory number of the

P3 convexity of chordal graphs. Discrete Applied Mathematics, 172:104�108, 2014. https://doi.org/

10.1016/j.dam.2014.03.004.

[12] E. Degreef. The convex sum space and direct sum space, simon stevin. Quarterly Journal of Pure and

Applied Mathematics, 56:109�119, 1982.

[13] J.-P. Doignon, J. R. Reay, and G. Sierksma. A tverberg-type generalization of the helly number of a

convexity space. Journal of Geometry, 16:117�125, 1981. https://doi.org/10.1007/BF01917580.

[14] M. C. Dourado, L. D. Penso, and D. Rautenbach. On the geodetic hull number of Pk-free graphs.

Theoretical Computer Science, 640:52�60, 2016. https://doi.org/10.1016/j.tcs.2016.05.047.

[15] M. C. Dourado, D. Rautenbach, V. F. Dos Santos, P. M. Schäfer, J. L. Szwarc�ter, and A. Toman.

Algorithmic and structural aspects of the P3-radon number. Annals of Operations Research, 206:75�91,

2013. https://doi.org/10.1007/s10479-013-1320-9.

[16] M. C. Dourado and R. M. Sampaio. Complexity aspects of the triangle path convexity. Discrete Applied

Mathematics, 206:39�47, 2016. https://doi.org/10.1016/j.dam.2016.01.015.

[17] P. Duchet. Convexity in combinatorial structures. In Proceedings of the 14th Winter School on Abstract

Analysis, pages 261�293. Circolo Matematico di Palermo, 1987.

[18] P. Duchet. Convex sets in graphs, II. minimal path convexity. Journal of Combinatorial Theory, Series

B, 44(3):307�316, 1988. https://doi.org/10.1016/0095-8956(88)90039-1.

[19] M. Farber. Bridged graphs and geodesic convexity. Discrete Mathematics, 66(3):249�257, 1987. https:

//doi.org/10.1016/0012-365X(87)90100-2.

[20] R. E. Jamison. A General Theory of Convexity. University of Washington, 1974.

[21] M. A. Morgana and H. M. Mulder. The induced path convexity, betweenness, and svelte graphs.

Discrete Mathematics, 254(1-3):349�370, 2002. https://doi.org/10.1016/S0012-365X(01)00296-5.

[22] I. M. Pelayo. Geodesic Convexity in Graphs. Springer, 2013.

[23] J. R. Reay. Generalizations of a Theorem of Carathéodory, number 54. American Mathematical Soc.,

1965.

[24] R. Rockefellar. Convex Analysis. Princeton University Press, 1970.

[25] G. Sierksma. Carathéodory and helly-numbers of convex-product-structures. Paci�c Journal of Math-

ematics, 61(1):275�282, 1975. http://dx.doi.org/10.2140/pjm.1975.61.275.

[26] G. Sierksma. Relationships between Carathéodory, Helly, Radon and Exchange Numbers of Convexity

Spaces. Rijksuniversiteit, 1976.

[27] G. Sierksma. Convexity on unions of sets. Compositio Mathematica, 42(3):391�400, 1980.

[28] M. L. van De Vel. Theory of Convex Structures, volume 50. Elsevier, 1993.

[29] D. B. West. Introduction to Graph Theory, volume 2. Prentice hall Upper Saddle River, 2001.

https://doi.org/10.1016/j.dam.2014.03.004
https://doi.org/10.1016/j.dam.2014.03.004
https://doi.org/10.1007/BF01917580
https://doi.org/10.1016/j.tcs.2016.05.047
https://doi.org/10.1007/s10479-013-1320-9
https://doi.org/10.1016/j.dam.2016.01.015
https://doi.org/10.1016/0095-8956(88)90039-1
https://doi.org/10.1016/0012-365X(87)90100-2
https://doi.org/10.1016/0012-365X(87)90100-2
https://doi.org/10.1016/S0012-365X(01)00296-5
http://dx.doi.org/10.2140/pjm.1975.61.275

	Introduction
	 Carathéodory number
	Exchange number
	The Carathéodory and exchange number in graph products
	Exchange number
	 Carathéodory number


