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ABSTRACT

Given a graph G, a set is A convex if there is no vertex u € V(G) \ S that forms a triangle with
two vertices of S. The A-convex hull of S is the minimum A-convex set containing S. This article
is an attempt to discuss the Carathéodory number and exchange number on various graph families
and standard graph products namely Cartesian, strong and lexicographic products of graphs.
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1. Introduction

Like many fundamental concepts in mathematics, convexity permeates various disciplines in mathe-
matics like geometry, optimization, economics, and functional analysis. For more see [5, 24]. Van
de Vel |28], developed a comprehensive axiomatic structure for convexity theory that later became a
building stone for many researchers to study convexity and its parameters in a large way. A convexity
on a set is a family of subsets stable for intersection and nested unions.

It can be seen that many notions of convexity have been introduced and studied in the cases of
graphs also. The pioneers like Degreef, Doignon et al., Jamison, Reay, Sierksma, and van de Vel
studied exchange properites of convex sets in axiomatic convexity, see [12, 13, 20, 23, 26, 28]. The
invariant exchange number was introduced and studied by Sierksma in 1975 [25]. Similarly, the
exchange number and Carathéodory number when the geodesic convexity is considered on graphs
have been studied in [4]. The relationship between the exchange number and classical convexity
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invariants like the Carathéodory, Helly and Radon numbers has been studied by the above authors.
It is worth to mention the remark by van de Vel [28] that the exchange number is the only invariant
that exactly determines the dimension of convexity spaces and plays an essential role in proving the
equivalence of classical Helly’s and Carathéodory’s theorems.

In continuation to these studies, various authors studied different type of convexities on graphs,
see |14, 19, 22] where the convexity under consideration is the geodesic convexity; see [9, 18, 21]
when the monophonic convexity is considered, see [6, 7] for the case of Ps;-convexity and see |10,
16] when the triangle path convexity is under consideration. Among the studied problems are the
counterparts of the classical parameters Carathéodory, Helly, and Radon numbers. These parameters
have been studied in the monophonic convexity in [17], in the triangle path convexity in |8] and in
the Ps-convexity in [11, 15]. For invariants and related structures see |2, 27]. For a more general
source see [28]. Another convexity that is studied very recently is the A-convexity. In [3], authors
studied the A-number and A-convexity number and in particular, the exact value for the convexity
number of block graphs with diameter < 3 and on graph products namely strong and lexicographic
product of two graphs. In [1], authors prove that computing the A-convex hull of a general graph is
NP-complete and also discussed various polynomial type algorithms for some special graph families.

Throughout this article, we consider finite, simple, and undirected graphs G = (V(G), E(G)),
where V(G) is the vertex set and E(G) is the edge set of the graph G. If there is no confusion we use
V, E for vertex set and edge set of G. A graph H is said to be a subgraph of G if V(H) C V(G) and
E(H) C E(G). A subgraph H of G is an induced subgraph of G if for u,v € V(H) and uv € E(G)
implies uwv € E(H). By a chordal graph we mean a graph in which all cycles of four or more vertices
have a chord. A graph G is said to be complete, if every vertex is adjacent to every other vertex. A
complete graph on n vertices is denoted by K,,. A graph G is said to be H-free if G does not contain
H as an induced subgraph. For example, G is said to be triangle-free, if G does not contain K3 as an
induced subgraph. A block in a graph G is a maximal connected subgraph of G' that does not have
a cut vertex. A graph G is said to be a block graph if every block is complete. A chain of blocks is a
sequence of blocks in a graph such that each consecutive pair of blocks shares a common cut vertex.
For further reading, refer [29].

Given a graph G and a set S C V(G), the A-interval of S, [S]a, is the set formed by the vertices
of S and every w € V(@) such that w forms a triangle with two vertices of S. Sometimes it will be
useful to write [u, v]a standing for [{u,v}]a. If [S]a =S, then S is A-convezr of G. A finite convezity
space is a pair (X,C) where X is a finite set and C is a collection of subsets of X such that; §, X € C
and C is closed under intersections. The sets in C are considered the convex sets. The convex hull of
a subset S of X is the intersection of all convex sets containing S, denoted by (S). Equivalently, it
is the smallest superset of S in C.

Let S C X be a nonempty finite set. The set S is Carathéodory dependent (or,C-dependent)
provided (S) C U(S \ {a}), and it is Carathéodory independent (or, C-independent) otherwise.

acsS
That is, a subset S of X is said to be C-independent, if there is p € (S) \ U (S'\ {a}). The set S is
acsS
called ezchange dependent(or, E-dependent), provided for each p € S, (S'\ {p}) C U (S\ {a}),

a€S\{p}
and it is called exchange independent (or, E-independent) otherwise. That is, S is said to be E-

independent, if |S|=1 or there is a p € S such that p’ € (S\ {p}) \ U (S'\ {a}). In this case, we
aeS\{p}
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say that p is a pivot of S. The set S is Helly dependent (or, H-dependent) provided m (S\{a}) #0,

a€sS
and it is Helly independent (or, H-independent) otherwise.

A convex structure X gives rise to the following numbers ¢(X), e(X),h(X) € {0,1,2,3,...,00}
determined by the following prescription. For each n with 0 < n < oo, ¢(X) < n if and only if
each finite set S C X with |S|> n is C-dependent; e(X) < n if and only if each finite set S C X
with |S|> n is E-dependent; h(X) < n if and only if each finite set S C X with |S|> n is H-
dependent; where ¢(X) is the Carathéodory number of X, e(X) is the ezchange number of X and
h(X) is the Helly number of X. That is, ¢(X) is the maximum cardinality of a C-independent set,
e(X) is the maximum cardinality of a E-independent set and h(X) is the maximum cardinality of a
H-independent set.

In A-convexity, the parameters Carathéodory, exchange and Helly are respectively denoted as
ea(X), ea(X) and ha(X) or simply ¢, e, h if there is no confusion.

A property 7 is hereditary if every subset of a set with property m also has property 7. It is known
that Radon and Helly independence are hereditary properties while Carathéodory and exchange
independence are not hereditary in general, see [28].

For all three products of (simple) graphs, G and H the vertex set of the product is V/(G) x V(H).
Their edge sets are defined as follows. In the Cartesian product GLJH two vertices are adjacent if
they are adjacent in one coordinate and equal in the other. Two vertices (g1, h1) and (go, ho) in the
strong product of G and H, G X H are adjacent if one of the following holds: i) g1go € E(G) and
hy = hg, ii) g1 = g2 and hihy € E(H), or iii) g1g2 € F(G) and hihy € E(H).

Finally, two vertices (g, h) and (¢, h’) are adjacent in lezicographic product G o H (also G[H]) if
g9’ € E(G) orif g = ¢ and hh' € E(H). For x € {{0,K, 0} we call the product G * H nontrivial,
if both G and H have at least two vertices. For h € V(H), g € V(G), and * € {0,X, o}, call
Gh"={(g,h) e GxH: g€ V(G)} a G layer in GxH, and call YH = {(g,h) € GxH : h € V(H)} an
H layerin GxH. Note that the subgraph of G*H induced on G" is isomorphic to G and the subgraph
of G * H induced on 9H is isomorphic to H for x € {{J,X,0}. The map pg : V(G * H) — V(G)
defined with pg((g,h)) = g is called a projection map onto G for x € {{0,X, o}. Similarly, we can
define the projection map onto H. Let S C V(G). With (S) we denote the subgraph of G induced
by S.

Theorem 1.1 (Sierksma Inequalities [28]). For all convez structures, e —1 < ¢ < max{h,e — 1},
where e is the exchange number, h is the Helly number, and c is the Carathéodory number.

We organize the rest of the sections as follows. In Section 2, we establish an upper bound for
the Carathéodory number and determine its exact values for block graphs. In Section 3, we address
the exchange number in A-convexity by providing an upper bound for the exchange number and
its exact values for block graphs. Finally in Section 4, we present sharp lower bound for exchange
number and Carathéodory number for A-convexity in Cartesian product of graphs and the precise
values for the strong and the lexicographic product of graphs.

2. Carathéodory number

In this section, first we establish an upper bound for the Carathéodory number in the context of
A-convexity and then we provide an example that achieves this bound. Furthermore, we demonstrate
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that for any natural number n, there exist a graph in which the Carathéodory number is equal to n.
Finally, we determine the Carathéodory number for block graphs. We start the with following two
observations which follow immediately from the definition of A-convexity.

Observation 2.1. If G is a triangle-free graph, then the Carathéodory number ca(G) = 1.
Observation 2.2. If G is a complete graph K,, for n > 2, then ca(K,) = 2.
Theorem 2.3. If G is a graph with k triangles, then the Carathéodory number ca(G) < k + 1.

Proof. Let S C V(G) such that |S|> 1.

If S contains a vertex v not lying on any triangle, then (S) = (S \ {v}) U {v}. Hence, (S) =
(S\{v})U(S\{u}), where u # v. This implies that S is a C-dependent set. That is, a C-independent
set contains only the vertices of triangles in G.

If S contains all vertices {u, v, w} of a triangle, then (S) = (S\ {u}) = (S\{v}) = (S\{w}). This
implies that S is a C-dependent set. That is, a C-independent set does not contain all the vertices
of a triangle in G.

Now, we aim to prove that for any S C V(G) with |S|> k + 1, it is C-dependent.

Assume that there exists a Carathéodory independent set S’ with |S'|> k + 2. Since there are

only k triangles in G, S’ contains two vertices from some triangles 77,75, T5, ..., T}, where j > 2.
J

Let u;,v; € S" and w;,v; € T; for i € {1,2,...,5}. Then (S') = U ((S"\ {w;}) U (S"\ {v;})) implies

=1
that S’ is C-dependent. Thus, for any S C V(G) with |S|> k + 1, it is C-dependent. Therefore, the
Carathéodory number of G, cp < k + 1. O

If £ =1, then G contains only one triangle. In this case, the Carathéodory number, ca(G) = 2.

a2 as Q4 as an—1 Qn
Fig. 1. Graph G with with ca(G) = ea(G) = n.

Proposition 2.4. For any natural number n, there exists a graph G with ca(G) = n.

Proof. For n = 1, consider any triangle-free graph G. In this case, ca(G) = 1.

For n = 2, consider any complete graph G. Here, ca(G) = 2.

For n > 3, consider the graph G depicted in Figure 1. Let S = {ay,as,as,...,a,}. Then
(S) = V(G), (S\{ar}) = {as as.an.an}, (S o)) = {onsasean,....anb, (5 {a}) —
{a1,a2,b1,a3,b3, a4, ...,0;-1,b;_9,0;11,Giro,...,an} for i € {3,4,5,...,n — 1} and (S \ {a,}) =
{a1,as2,b1,a3,by,a4,...,by_3,an_1,b,_o}. However, b ¢ U (S\{a;}). Therefore, S is a Carathéodory

a; €S
independent set, and |S|= n. Since there are n — 1 triangles in G, by Theorem 2.3, cA(G) =n. O
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Remark 2.5. There exists a graph GG with k triangles that have Carathéodory number of k+ 1. For
example, in Figure 1, G is a graph with n — 1 triangles and the Carathéodory number is n.

In the next result, we present some properties of the Carathéodory independent set of a general
graph, which will be used in subsequent results.

Lemma 2.6. If S is a Carathéodory independent set of G and |S|> 2, then S has the following
properties.

(1) the elements of S are part of some triangles in G.

(ii) the induced subgraph of S contains at least one edge.

(iii) for any u,v € S, (S\ {u,v}) N (u,v) = 0.

Proof. (i) If S contains a vertex v not lying on any triangle, then (S) = (S \ {v}) U {v}. Hence,
(S) = (S\ {v})U(S\ {u}), where u # v. This implies that S is a Carathéodory dependent set.

(ii) Let S be a C-independent set. Assume that the induced subgraph of S does not contain any
edges; that is, S contains pairwise non-adjacent vertices. Hence, (S) = S, and for any u € S, we
have (S'\ {u}) = S\ {u}. This implies that S is a C-dependent set, a contradiction. Therefore, the
induced subgraph of S must contain at least one edge.

(iii) Let u,v € S and assume that wv € E(G). By property (ii), since S contains only one edge,
the induced subgraph of S\ {u,v} will not contain an edge. Therefore, (S \ {u,v}) = S\ {u,v}.
Now, since uv € E(G) and by property (i) there exists at least one vertex w € V(G) \ S,w # u,v
such that w € (u,v). Without loss of generality, we assume that (S \ {u,v}) N (u,v) # 0 and
let w € (S\ {u,v}) N (u,v). But this is not possible, since w € V(G) \ S,w # u,v we have
w ¢ (S\{u,v}) =S5\ {u,v}.

It remains to prove it for u,v € S where uwv ¢ E(G). Since uv ¢ E(G) we have (u,v) = {u,v}.
If (S\ {u,v}) N {(u,v) # 0 implies that either u € (S\ {u,v}) or v € (S\ {u,v}). However, both
conditions cannot be true because if S a Carathéodory independent set then for any vertex u € .S,

wé (S\ {u}), 0

To prove that the Carathéodory number of a 2-connected chordal graph is two, we need the
following result.

Lemma 2.7. [I| If G is a 2-connected chordal graph, then every pair of adjacent vertices form a hull
set of G.

Theorem 2.8. If G is a 2-connected chordal graph, then ca(G) = 2.

Proof. Let S = {u,v} C V(G) with uwv € E(G). By Lemma 2.7, we have (S) = V(G). Since
(S) Z (S\u)J(S\ v), Sis C-independent. Now, we need to prove that any subset 5" C V(&) with
|S’|> 3 is C-dependent. There are two cases to consider:

Case 1. S’ consists of pairwise non-adjacent vertices. By Lemma 2.6 (ii), S’ is C-dependent.

Case 2. S’ contains at least two vertices, say u, v, such that uv € F(G). By Lemma 2.7, (u,v) =
V(G). Consequently, for any w € 5"\ {u,v}, we have (S’ \ {w}) = V(G). This implies S’ is
C-dependent.

Since every subset of size at least 3 is C-dependent, we conclude that ca(G) = 2, completing the
proof. O
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We conclude this section by presenting the exact value for the Carathéodory number of block
graphs. For the following result, we define a block of a graph G as a maximal 2-connected subgraph.

Theorem 2.9. Let G be a block graph with ¢ number of blocks.

(i) If G contains no blocks isomorphic to the complete graph Ko and all blocks lie in a single chain,
then ca(G) =+ 1.

(ii) If G contains no blocks isomorphic to the complete graph Ks, and the blocks are on different
chains with k being the number of blocks in the longest chain, then ca(G) =k + 1.

(iii) If G contains blocks isomorphic to the complete graph Ky and k is the mazimum number
of consecutive blocks which does not contains Ky as a block among the chains of blocks in G, then

CA(G) =k4+1.

Proof. (i) Let G be a block graph with ¢ blocks, where no blocks are isomorphic to K5 and all blocks
lie in a single chain. Let By, Bs, Bs, ..., By be the blocks of G with B, and By being the pendant blocks
and let S be a C-independent set of G. By Lemma 2.6, S contains two vertices from at least one block
and not more than two vertices from a single block. Without loss of generality we may assume that S
contains two vertices from B; and one vertex from all other blocks. Let S = {uy, uy’, ug, us, ..., us},
where uy,uy" € By,u; € B; fori € {2,3,...,¢}, and there are no three vertices in S forming K3 in G
and the vertices are not cut vertices of G. By construction, (S) = V(G). Also, (S\{u1}) = S\ {u1},
(S\ A{u}}) =S\ {u}, (S\{w}) =V(B)U---UV(B;_1) U{us1, Uiyo,...,us} fori € {2,3,...,(}.
This implies that there exists at least one vertex v € V' (By) such that v € (S)\U,cs(5\ {a}). Thus,
S is a C-independent set of size £ + 1 elements.

Now, we need to prove that there is no C-independent set of size greater than £+ 1. Suppose there
is a C-independent set S” with |S’| > ¢ + 2. By Lemma 2.6, S’ contains two vertices from at least
one block and not more than two vertices from a single block. Consider the possible cases:

Case 1. " contains at least one vertex from each block.

Since |S’| > £+ 2,5 contains at least two vertices each from two blocks, say B; and B; with
i,j € {1,2,3,...,0}. Let u,v/,v,0" € S, where u,u’ € V(B;) and v,v" € V(B;). Then (S \ {u}) =
(S\ {v}) = V(G), making S" a C-dependent set.

Case 2. S’ does not contain vertices from some blocks.

That is, S’ contains two vertices from at least three blocks. There exists a sequence of blocks
B;, Bit1, ..., Bj such that S’ contains at least one vertex from each of these blocks and two vertices
from at least two blocks, say B, and B, with z,y € {i,i +1,...,5}. Let u,v/,v,v" € §', where
u, v € V(B,) and v,v" € V(By). Then (S\ {u}) = (S\ {v}) = (5’), making S" a C-dependent set.

Thus, there is no C-independent set of size greater than ¢ + 1. Hence, the Carathéodory number
CA(G) =/+1.

(ii) Let G be a block graph containing no blocks isomorphic to the complete graph K5, and let the
blocks be on different chains with k being the number of blocks in the longest chain. Then, from (i),
there is a C-independent set of size k 4 1 in the longest chain, denoted as S. Now, we need to prove
that there is no C-independent set of size greater than k + 1. Suppose there is a C-independent set
S" with |S'| > k4 2. By Lemma 2.6, S’ contains two vertices from at least one block and not more
than two vertices from a single block. From (i), it is not possible to get a C-independent set of size
greater than k£ + 1 from one single chain of blocks. So, it is clear that S’ contains vertices from at
least two distinct chains of blocks.

Consider the possible cases:
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Case 1. S’ contains only elements from two distinct chains of blocks.

Let the chains of blocks be C} and Cy with u € V(Cy) NS yw € V(Cy) NS and u ¢ V(Cy) NS w ¢
V(Cy) NS". Since |S'|> k + 2, in (5" \ {u}) contain all elements of (S’) except some elements of
(S"YNV(Cy). Similarly, (S"\ {w}) contain all elements of (S’) except some elements of (S") NV (Cy).
Then (S"\ {u}) U (S"\ {w}) = (S"). Thus S’ is a C-dependent set.

Case 2. S’ contains elements from more than two distinct longest chains of blocks.

Let C;, Cy,...,C, be the least possible number of distinct longest chains of blocks with u; €
V(C;) N'S" and u; not in any other chains Cj, j # i for i € {1,2,...,n}. In (5" \ {w;}) contains
all elements of (S') except some elements of (S") NV(C;) for i € {1,2,...,n}. Since |S'|> k + 2,

n

ﬂ (SYNV(Cy)) C U (S"\{u;}). That is, (S") = U (S"\{u;}). This implies S’ is an C-dependent

m=1 m=1 m=1
set. Thus, there is no C-independent set of size greater than £+ 1. Hence, the Carathéodory number
CA (G) =k+1.

(iii) Let G be a block graph containing blocks isomorphic to the complete graph K5, and let k be
the maximum number of consecutive blocks that does not contain K5 as a block among the chains
of blocks in G. From (i), there is a C-independent set of size k + 1 from these consecutive blocks.

Now, we need to prove that there is no C-independent set of size greater than k+ 1. Suppose there
is a C-independent set S” with |S’| > k + 2. By Lemma 2.6, S” contains two vertices from at least
one block and no more than two vertices from a single block. Since it is not possible to obtain an
C-independent set of size k + 2 from consecutive blocks of a single chain, S’ contains at most k + 1
elements from consecutive blocks of a single chain.

So S’ contains elements from non-consecutive blocks. From Lemma 2.6 (i), there exist at least
two vertices say, u,v € S’ with uv € E(G), let C be the consecutive block of chain containing u and
v. Let w be in S’ but not in C. Then, both (S\ {u}) and (S\ {v}) contain all elements of (S’) except
some elements of V(C') N (S’). Also, (S \ {w}) contain all the elements in V(C) N (S’). Therefore,
(S"\ {up) U (S"\{v}) U (S"\ {w}) = (). This implies, S’ is an C-dependent set.

Thus, there is no C-independent set of size greater than k + 1. Hence, the Carathéodory number
CA(G) =k + 1. ]

3. Exchange number

In this section, we deal with the exchange number in the context of A-convexity. The following
lemma discuss some necessary conditions for a set to be an E-independent set.

Lemma 3.1. If S is an E-independent set of G and |S|> 3, then the following holds
(i) induced subgraph of S contains at least one edge of G.
(i) no three vertices of S form a Kj in G.
(iii) there is at most one vertex in S that is not part of a Ks in G.

Proof. (i) Let S be an E-independent set. Assume that the induced subgraph of S does not contain
an edge. Since S is an E-independent set, there exists p € S such that there is p’ € (S \ {p}) \
U (S'\ {a}). If there is no u,v € S such that uv € E(G), then (S \ {p}) = S\ {p} and
aeS\{p}
(S\{a}) = S\ {a}. This implies U (S\{a}) = S, a contradiction. Hence, the induced subgraph
acS\{p}
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of S contains an edge of G.
(ii) Let S be an E-independent set. Assume there exists u,v,w € S such that u, v, w form Kj in
G. Since S is an E-independent set, there exists p € S with p’ € (S\ {p}) \ U (S\ {a}), for some

aeS\{p}
peSs.
Since u, v, w form K3, (S\{u}) = (S\{v}) = (S\{w}) = (S), which implies that U (S\{a}) =
aeS\{p}
(S). So (S\{p}) < U (S'\ {a}), leading to a contradiction, since S is an E-independent set.

aeS\{p}
Therefore, there does not exist three vertices u, v, w € S such that u,v,w form a K3 in G.

(iii) Let S be an E-independent set. Suppose, for contradiction, that S contains two vertices u and
v such that neither is part of a K3 in G. Then, we have (S\{u}) = (S)\{u} and (S\{v}) = (S)\{v}.

Since |S|> 3, we consider two cases:

Case 1. |S|= 3.

There exists w € S such that u,v € (S \ {w}). Then, we obtain (S \ {u}) U (S \ {w}) =
(S\ {v}H) U S\ {w}) = (S\{u}) U (S\ {v}) = (9), contradicting the assumption that S is an
E-independent.

Case 2. |S|> 3.

There exist w,w’ € S such that u,v € (S\ {w}) and w,v € (S\ {w'}). This implies, (S \ {u}) U
(S\A{w}) = (S\{oh) U S\ {w}) = (S\ {up) U S\ {w'}) = (S\{v}) U{S\ {w'}) = (5), again

contradicting the E-independence of S. Thus, at most one vertex in .S is not part of a Kj. n

Proposition 3.2. IfS C V(G) and u,v,w € S such that (S\{u})U(S\{v}) = (S\{u})U(S\{w}) =
(S\{v}H) U (S\{w}) =(S), then S is an E-dependent set.

Proof. For any = ¢ {u,v,w}, we have (S\{z}) C (S\{u})U(S\{v}) = (S). Now for z € {u,v,w},
for instance take x = u. Then (S'\ {z}) C (S\ {v}) U (S \ {w}) = (S). That is, for any p € 5,

(S\ {p}) < U (S'\ {a}). Hence, S is an E-dependent set. O
aeS\{p}

Using a similar argument, we get the following remark.

Remark 3.3. Let S C V(G) and u, v, w,z € S such that (S\{u})U(S\{v}) = (S\{w})U(S\{z}) =
(S), then S is an E-dependent set.

Now we have the following two observations which follow immediately from the definition of A-
convexity.

Observation 3.4. If G is a triangle-free graph, then ea(G) = 2.
Observation 3.5. If G is a complete graph K, for n > 2, then ex(K,) = 2.

From Sierksma’s inequalities (Theorem 1.1) and Theorem 2.3, we can deduce the following lemma.
Lemma 3.6. If G is a graph with k triangles, then the exchange number ea is bounded by k + 2.

This lemma establishes an upper bound on the exchange number based on the number of triangles
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present in the graph. It is worth noting that there exist graphs that attain the bounds in Lemma
3.0, as stated in the following remark.

Remark 3.7. There exists a graph G with £k triangles that has an exchange number of k£ + 2. For
example, in Figure 2, GG is a graph with k triangles, and the exchange number is k£ + 2. Here,
S ={a,ay,a9,as,...,ap11} is the E-independent set. Since b, € (S \ {a}) but b ¢ U (S\ {b}).

beS\{a}
G bl b2 b3 b4 bk—2 bk—l bk
a a; T, T T T, Ty Ty
az as ay as ag ap41

Fig. 2. Graph G with k triangles and ea(G) = k + 2.

Furthermore, the exchange number can be arbitrarily large in the sense that, for any natural
number n, we can construct a graph G with ex(G) = n, as stated in the following proposition.

Proposition 3.8. For any natural number n > 1, there exists a graph G with ea(G) = n.

Proof. For n = 2, consider any complete graph or triangle-free graph G. In this case, ea(G) = 2.
For n > 3, consider the graph G depicted in Figure 1. Let S = {aj,as,as,...,a,}. Then
<S> = V<G)= <S \ {a’l}> = {a27a37a47"'7an}7 <S \ {a2}> = {a17a3’a47"'7an}7 <S \ {al}> =
{ay,a9,b1,a3,ba,a4,...,a;-1,b;_9,a;41,Gi12,...,a,} for 1 € {3,4,5,...,n — 1} and (S \ {a,}) =
{a1,a2,b1,a3,by, ;... by—s, an1, boo}. Since by € (S\ {an}) but byo ¢ | J (S\{a}), S

acS\{an}
is E-independent.

Now, if we add any element « € {by, b, b3, ..., b,—2,b} to S, then (S\ {a1}) = (5\ {z}) = V(G).
That is, S becomes E-dependent.

Next, we need to prove that there is no E-independent set of size greater than n. Suppose there is
an E-independent set S’ with |S’|> n + 1. Consider the possible cases

(a) S’ contains all vertices of a triangle, say {a, b, c}. Then (S"\{a}) = (S"\{b}) = (S"\{c}) = (5'),
impliying S’ is E-dependent.

(b) S’ contains one vertex from each triangle. G' contains only n — 1 triangles. So S’ contains two
vertices from two triangles, say 7; and 7. Let a;,b;,a;,0; € S', where a;,b; € T; and a;,b; € T}.
Then (5" \ a;) = (5" \ bi) = (5" \ a;) = (5" \ b;) = V(G). This implies S’ is E-dependent.

(c) S’ does not contain vertices from some triangles. That is, S’ contains two vertices from at
least three triangles. So there exists a sequence of triangles T}, Tj11,..., Ty, (i € {1,2,...,k} and
i+ 1 < k) such that S’ contains at least one vertex from each of these triangles and two vertices
from at least two triangles, say T, and T}, z,y € {¢,i+1,...,i+7r}. Let a,, b, € T, and a,,b, € T,.
Then (5" \ a;) = (5" \ by) = (S"\ a,) = (5" \ by) = (S’). This implies S is E-dependent.

Hence for the graph in Figure 1, ea(G) = n. O

Lemma 3.9. If G is a 2-connected chordal graph, then the exchange number ea(G) is either 2 or 3.

Proof. Let G be a 2-connected chordal graph and S C V(G) is an E-independent set with |S|> 1.
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By Lemma 3.1, there exist a,b € S such that ab € E(G).

Case 1. Every vertex of (G is adjacent to either a or b or both. In this case, there is no E-
independent set of size greater than 2. Assume that there exist an E-independent set containing
a vertex ¢ adjacent to either a or b or both. Without loss of generality, we may assume that c is
adjacent to b. Then by Lemma 2.7, (a,b) = (b,c) = V(G), implies that the set is E-dependent.
Therefore the exchange number is 2.

Case 2. There exist vertices not adjacent to a and b. Let ¢ be such a vertex. Consider S = {a, b, c}.
Then (S") = V(G), (S"\ {a}) = {b,c}, (S"\ {b}) = {a,c}, and (S"\ {c}) = V(G). Clearly, S’ is
E-independent.

Now, we need to prove that there is no E-independent set of size greater than 3. Assume that
there is an E-independent set S” with |S”|> 3. By Lemma 3.1, there exist u,v € S” with uv € E(G).
Since |S”|> 3, there exist x,y € S” other than v and v. By Lemma 2.7, (u,v) = V(G). This implies
(S"\{z}) = (8" \ {y}) = V(G), making S” E-dependent. Hence ex(G) = 3. O

For block graphs, the exchange number depends on the number of blocks in the graph. We present
the following results for block graphs:

Theorem 3.10. Let G be a block graph with € blocks. Then the following statements hold:

(i) If G contains no blocks isomorphic to the complete graph Ko and all the blocks lie in a single
chain, then ea(G) = €+ 1.

(ii) If G contains no blocks isomorphic to the complete graph Ko and the blocks lie in more than
one chain, and k is the number of blocks in the longest chain in G, then ea(G) =k + 2.

(iii) If G contains blocks isomorphic to the complete graph Ko and k is the mazimum number of
consecutive non-Ky blocks in a chain, then ea(G) = k + 2.

Proof. (i) Let G be a block graph with ¢ number of blocks and no blocks isomorphic to K5 and all
blocks lie in a single chain. Let By, By, Bs, ..., By be the blocks of G and let S be an E-independent
set of G. By Lemma 3.1 (i) and (ii), S contains two vertices from at least one block and not more
than two vertices from a single block. Without loss of generality, we may assume that S contains
two vertices from B; and one vertex each from other blocks. Let S = {uy, uy’, ug, us, ..., us}, where
uy,uy” € By, u; € By for i € {2,3,...,¢}, and there are no three vertices in S forming K3 in G and
the vertices are not cut vertices of G. Then we have (S\ {u1}) = {S\ w1}, (S\{w'}) = {5\ w'},
(S\{w;}) =V(B1) UV (Bg) U---UV(Bi_1) U{Vis1,Viz2,..., v} for i € {2,3,...,¢}. This implies
that there exists v € V(By) such that v € (S\ {us}) \ U (S'\ {a}). Thus S is an E-independent

a€S\{ue}
set of size ¢ + 1 elements.

Now we have to prove that there is no E-independent set of size greater than ¢+ 1. Suppose there
is an E-independent set S” with |S’|> ¢+ 2. By Lemma 3.1 (i) and (ii), S” contains two vertices from
at least one block and not more than two vertices from a single block.

Consider the following two possible cases:

Case 1. S’ contains at least one vertex from each block.

Since |S'|> ¢+ 2, we have SN V(B;) = 2 and S’ NV(B;) = 2 for at least two blocks B; and
B; with 4,5 € {1,2,3,...,0}. Let u,u/,v,0v" € §', where u,v’ € V(B;) and v,v" € V(B;). Then
(S"\ {u}) = (5"\ {v}) = V(G), making S" an E-dependent set.

Case 2. S" does not contain vertices from some blocks.

Here, S” must contain two vertices, each from at least three blocks. Let S’ contain two vertices each
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of the blocks B,, By, and B,. Then we can see that (S"\ {u})U(S"\{v}) = (S'\{u}) U(S"\{w}) =
(S"\{v}H) U (S \{w}) = (5") foru e S'NV(B,),v e S NV(B,) and w € S’ NV (B,). This implies
S’ an E-dependent set.

Thus there is no E-independent set of size greater than /+ 1. Hence the exchange number ex(G) =
¢+ 1.

(ii) Let G be a block graph containing no blocks isomorphic to the complete graph Ky and let the
blocks lie in more than one chain with £ being the number of blocks in the longest chain. Then from
(i), there is an E-independent set of size k£ + 1 in the longest chain, let it be Sy, and there exists a
vertex v/ with v € (Si\{u,})\ U (Sk\{a}), for some u,, € Sy. Let S = SyU{v}, where v is any

a€Sk\{un}
vertex in G not in the longest chain of blocks. Also the same vertex v' € (S'\ {v})\ U (S\A{a}).

acS\{v}
Thus S is an E-independent set of size k + 2.

Now we have to prove there is no E-independent set of size greater than k + 2. Suppose there is
an E-independent set S with |S’|> k + 3. By Lemma 3.1 (i) and (ii), S’ contains two vertices from
at least one block and not more than two vertices from any blocks. From (i), it is not possible to
get an E-independent set of size greater than k& + 1 from one single chain of blocks. Then S’ must
contain vertices from at least two chains of blocks.

Consider the possible cases:

Case 1. S’ contains only elements from two distinct chains of blocks.

Let the chains of blocks be C; and Cy (clearly, |[V(Cy) N S'|> 2 and |V(Cy) N S'|> 2 ) with
ue V(C)NS and w,w’ € V(Cy) NS". In (S"\ {u}) contain all elements of (S’) except some
elements of (S’) N V(Cy). Similarly, (S"\ {w}) and (5" \ {w'}) contain all elements of (S’) except
some elements of (S") NV(Cy). Then (S \ {u}) U(S"\ {w}) = (S"\ {«'}) U (S"\ {w'}) = (S"). Then
by Remark 3.3, S’ is an E-dependent set.

Case 2. S’ contains elements from more than two distinct chains of blocks.

Let C1, Cy and C3 be any three distinct chains of blocks with v € V(C) NS’ w € V(Cy)NS” and
w' e V(Cs)N S In (S \ {u}), contains all elements of (S’) except some elements of (S") NV(C).
Similarly, (S”\ {w}) contains all elements of (S’) except some elements of (S") NV (Cy), and (S"\{w'})
contains all elements of (S’) except some or all elements of (S"YNV (C3). Then (S"\ {u})U(S"\{w}) =
(S"\{uP)U(S"\{w'}) = (S"\{w}HU(S"\{w'}) = (S’). Then by Proposition 3.2, 5" is an E-dependent
set.

Thus, there is no E-independent set of size greater than k& + 2. Hence, the exchange number
€A(G) =k+2

(iii) Let G be a block graph containing blocks isomorphic to the complete graph K5, and let k be
the maximum number of consecutive blocks that does not contain K5 as a block among the chains of
blocks in G. Then from (i), there is an E-independent set of size k+ 1 from these consecutive blocks,
say Sg. Then, there exists v/ with v € (Si\ {u,})\ U (Sk\{a}). Now, let S = S,U{v} where v

a€Si\{un}
is any vertex in G not in the consecutive blocks. Also, the same vertex v € (S\{v})\ U (S\{a}).

aceS\{v}
Thus, S is an E-independent set of size k + 2.

Now, we need to prove that there is no E-independent set of size greater than k+ 2. Suppose there
is an E-independent set S’ with |S'|> k 4+ 3. By Lemma 3.1 (i) and (ii), S” contains two vertices
from at least one block and not more than two vertices from any blocks. Since it is not possible to
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obtain an E-independent set of size k + 3 from consecutive blocks of a single chain, S’ contains at
most k + 1 elements from consecutive blocks of a single chain.

So S’ contains elements from non-consecutive blocks. From Lemma 3.1 (i), there exist at least
two vertices say, u,v € S’ with uv € F(G), let C' be the consecutive block of chain containing u and
v. Let w and x be in S” but not in C. Then, both (S \ {u}) and (S \ {v}) contain all elements of
(S") except some elements of V(C) N (S"). Also, (S'\ {w}) and (S'\ {z}) contain all the elements in
V(C)N(S"). Therefore, (S"\ {u}) U (S"\ {w}) = (S"\ {v}) U(S"\ {z}) = (S"). Then by Remark 3.3,
S’ is an E-dependent set.

Thus, there is no E-independent set of size greater than k + 2. Hence, the exchange number
eA(G) =k + 2. ]

4. The Carathéodory and exchange number in graph products

In this section, we give a lower bound for exchange number and Carathéodory number for A-convexity
in Cartesian product and exact value for strong and lexicographic product of graphs.

4.1.  Ezxchange number

If a graph contains no triangles, then the only E-independent sets are the two element sets. In this
case exchange number is 2. If G and H does not contain K3, then by the definition of the Cartesian
product of graphs GLIH, will not contains K3 and the E-independent sets in GLIH are two-element
sets. Therefore ex(GOH) = 2.

Theorem 4.1. Let G and H be two nontrivial connected graphs with ex(G),ea(H) > 2, then

ea(GOH) > (ea(G) — 1)(ea(H) — 1) + 1.

Proof. Let S; and S> be E-independent sets in G and H respectively with |Si|= ea(G) and |Ss|=
ea(H). Let g and h be the pivots of S; and Sy respectively. Then there exists some x € (51 \ {g}),
but ¢ ) (S1\{a}) andsomey € (Sy\{h}), buty ¢ (] (S2\{b}). Let S =(Si\{g}) x
aeSi\{g} beSs\{h}

(52 \ {n}) U {(g, )} Then |S|= (|Si[=1)(|S2[=1) + 1 = (ea(G) — D)(ea(H) = 1) + L.

Claim 1. (g, h) is the pivot of S.

Since z € (S1\ {g}, for any b’ € Sy \ {h}, (z, ') € ((S1\{g}) x I). Therefore {z} x (S2\ {h}) C
(S \ {g}) * (52 \ {A}) € (5).

Since y € (52 \ {h}), (w,y) € ({z} x (S2\ {h})) C (5). Let (a,b) € (5\ {(g,h)}). Then
(a,y) & ({a} x (S2\ {b})) or (z,0) & ((51\ {a}) x {b}) or both. Then (xz,y) ¢ {5\ {(a,0)}). ie.,
(x,y) ¢ U (S\ {(a,b)}). Therefore S is an E-independent set in GOH having cardinality

(ab)eS\{(g.)}
(ea(G) —1)(ea(H) = 1) + 1. 0

The following theorem gives the sharpness of the lower bound of exchange number in GUH.

Theorem 4.2. Let G be a nontrivial connected graph having ea(G) > 3 and P, be a path of order
n, then ea(GOP,) = ea(G).

Proof. By Theorem 1.1, ea(GOP,) > (ea(G)—1)(ea(Pn)—1)+1 = (ea(G)—1)(2—1)+1 = ea(G).
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Let S C V(GOP,) with |S|= ea(G) + 1. Here arise the following possibilities.
Case 1. S C V(G") for some h € V(P,).
Since S has cardinality ea(G) + 1 and S C V(G"), |pc(S)|= ea(G) + 1 and is an E-dependent
set in G. i.e., (pg(9)\ {a}) C U (pc(S) \ {z}) for any a € pg(S). Then by the definition of
zepa(S)\{a}
Cartesian product of graphs, (S'\ {(a,b)}) C U (S\{(z,y)}) for any (a,b) € S. Therefore

(zy)€S\{(a,b)}
S is an E-dependent set in GLIP,.

Case 2. S intersects at least two G layers.

Assume S intersects with V(G™), V(Gh2), V(G"), ..., V(G"), for some hy, ha, hs, ..., h, € V(P,).
Since P, does not contains K3, any U C P,, (U) = U. Then (S) = (SN V(GM)) U (SNV(G"))uU
(SNV(GR)yu...u(SNV(G")).

Let (g,h;) € S, i € {1,2,...,r}. For j # i (j = 1,2,...,r) there is some ¢ € V(G) with
(¢'.h;) € S. Then (S\ {(¢'.h))}) = (J(SNG™) U(SNV(G")\ {(g,h)}). Since ex(G) >3, S

k#j
contains at least four vertices. So we can find some (¢’, h') € S different from (g, h;) and (¢', h;).

Subcase 1. r = 2.

In this case S intersects with only two G layers. If S contains at least two vertices each from the
intersecting two G layers, then (S \ {(¢/,R)}) contains (S N V(G")). If one intersecting G layer
contains only one vertex of S, then the other G layer contains ea(G) number of vertices. Now also
(S\ {(¢',h)}) contains (S NV (G")).

Subcase 2. r > 2.

In this case we can find some (¢/, ') € S with &’ # h;. Then (S\ {(¢, #')}) contains (SNV (G")).

From the above cases, we can conclude that for any h; € V/(P,),i € {1,2,...,7}, (S\ {(g,h:)}) C

U (S\ {(a,b)}). Therefore, S is an E-dependent set in GOP,. Hence ex(GOPR,) = ea(G).
(a,0)eS\{(g,h)}

U

Theorem 4.3. Let G and H be two nontrivial connected graphs with at least one of them has
diameter greater than two, then e(GX H) = 3.

Proof. Assume that G has diameter greater than or equal to two. Then there exist an induced path
919293 in G. Let hihy be any edge in H. Our aim is to prove the set S = {(g1, k1), (g1, h2), (93, h1) }
is E-independent in G X H.

Claim 1. (g3, h1) is the pivot of S.

(S'\ (g3,h1)) = {(g1,h1), (g1, h2)}) = V(G K H). Because the first iteration contains Ng(g1) X
{h1,ho} and {g1} x (Ng(h1) N Ng(hs)). In the second iteration contains Ng[g1] X (Ng(h2) \ {h1})
and Ng[g1] X (Ng(h1)\ {h2}). Continue this process until it cover all the vertices of GX H. Since g,
and g3 are not adjacent in G and the definition of strong product of graphs, (g1, h1) and (g3, hq)
are not adjacent in G X H. Similarly (g1,hs) and (g3, h1) are not adjacent in G X H. Then
({(91, M), (g3, h1)}) = {(91, 1), (g3, 1)} and ({(g1,h2), (g3, h1)}) = {(g1,h2), (g3, h1)}. Therefore
(g3, h1) is the pivot of S. Hence S is E-independent. So e(G X H) > 3.

Now we have to prove for any four element subset of V(GXH ) is E-dependent. Let {(g1, h1), (g2, ha2),
(93, h3), (ga,he)} C V(G X H). If all the four vertices are not mutually adjacent, then it is E-
dependent. Assume (g1, h1)(g2, h2) € E(G X H). From the above case, we can say that the convex
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hull ({(g1,h1), (92, h2), (g5, hs)}) = V(G KR H), and ({(g1, h1), (g2, h2), (94, ha)}) = V(G W H). Hence
{(g1, M), (92, ha), (g3, h3), (g, ha) }, is E-dependant. Therefore e(G X H) = 3. O

Definition 4.4. A graph G is said to have the edge-vertex property if there exists an edge uv in
E(G) and a vertex = € V(G), such that d(u,z) > 2 and d(v,z) > 2

Theorem 4.5. Let G and H be two nontrivial connected graphs. Then

3, if G has diameter at least two or H has the edge-vertex property;
€A<G O H) = .
2, otherwise.

Proof. Assume G and H be two nontrivial connected graphs G has diameter less than two and H
does not have the edge-vertex property. Then we have to prove that for any 3 element subset of
V(G o H) is E-dependent. Let {(g1, k1), (g2, h2), (93, h3)} C V(G o H).

Case 1. g1, go, g3 are pairwise distinct vertices.

In this case the vertices (g1, h1), (g2, he) and (g3, hs) are in the different H-layers. If G has diameter
less than 2, then G is a complete graph. Then the induced subgraph of {(g1, h1), (92, h2), (g3, hs)} is
K3. Then <({(91, hl)? (927 h2)’ (937 h3)})\{<gza hl)}> = V(GOH>7 fori=1,2,3, hence {(917 hl)? (92, hQ)v
(g3, h3)}, is an E-dependent set.

Case 2. g1 = g2 # gs.

Let g1 = g2 = ¢. {{(9,h1),(g,ha)}) = V(G o H), since the vertices in Ng(g) x V(H) are adjacent
to both (g,h1) and (g, h2). Then Ng(g) x V(H) C ({(g,h1),(g,h2)}). Now we can do the same
process for Ng(g) vertices and continue this process to get all the vertices of G o H. Therefore
({(g,h1),(g,h2)}) = V(G o H). Since G is complete, in the first iteration of the convex hull of
{(g,h1), (g3, h3)} contains V(G)\{g,93} x V(H) and {g, g3} x V(H). Therefore ({(g, h1), (g3, h3)}) =
V(G o H). Similarly we get ({(g, ha), (g3, h3)}) = V(G o H). Hence {(g,h1), (g, h2), (g3, h3)} is E-
dependent.

Case 3. g1 = g2 = gs3.

If hy, ho, hs are mutually non adjacent vertices, then {(g, h1), (g, h2), (g, h3)} is E-dependent. As-
sume hihy € E(H), then either hy is adjacent to hy or hs because H does not have the edge-vertex
property. Assume that hyhohs be a path in H. Then as in the Case 2 above ({(g, h1), (g, h2), (g, hs)}\
{(g,h:)}) =V (Go H), for i =1,2. Hence {(g, h1), (g, ha), (g, h3)} is E-dependent.

Hence e(G o H) = 2, when G has diameter less than two and H does not have the edge-vertex
property.

Assume that G has diameter at least two or H has an edge-vertex property. If H has an edge-
vertex property. Then there exists an edge hihy € E(H) and hy € V(H) such that d(hy, hs) >
2 and d(hg, hg) > 2. Then for any g € V(G), {(g9,h1),(g,h2),(g,hs)} is E-independent. As in
the case2 above, ({(g,1n), (g, h2)}) = V(G o H). But ({(g,h1), (9.hs)}) = {(g,h1), (g,h5)} and
({(g,h2),(g,h3)}) ={(g,h2), (g, hs)}. Hence {(g,h1), (g, h2),(g,hs)} is E-independent in G o H.

Suppose G has diameter at least two. If H has an edge-vertex property, then we can find a
3-element E-independent set. So assume H does not have the edge-vertex property. Since G
has diameter at least two, we can find a path gyg.95 in G. Let hihy € E(H). Consider the
set {(gl7h1)(glah2)(g3>hl)}' Then <{(91>h1)’ (91’h2)}> = V(G © H)7 but <{(glvh1)7 (937h1)}> =
{(g1,h1), (g3, h1)} and ({(g1, h2), (93, h1)}) = {(g1, h2), (g3, h1)}. Hence S is E-independent.

We have to prove any four element set in G o H is E-dependent. Let S = {(g1, h1), (g2, h2),

(93, h3), (g4, ha)} C V(G o H). If g; # g; and gig; ¢ E(G) for i,j=1,2,3,4, then S is E-dependent.
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Since GRH C GoH, if g;9; € E(G), fori,j =1,2,3,40r h;h; € E(H), then S is E-independent. [

4.2. Carathéodory number
Theorem 4.6. Let G and H be two nontrivial connected graphs with ca(G),ca(H) > 2, then

CA(GDH) > CA<G)CA(H).

Proof.
Let S; and Sy be C-independent sets in G and H respectively with |S1|= ca(G) and |Sa|= ca(H).
Then there exists some x € (S1), but = ¢ U (51 \ {a}) and some y € (Ss), but y ¢ U (S \ {b}).

a€s beSs

Let S = 51 x Ss. Then |S|= ca(G)ea(H).
Claim 1. (z,y) € (S), but (z,9) & [ (S\{(a,0)}).

(a,b)eS
Since z € (S1), for any h € Sy, (x,h) € (S; x h). Therefore {x} x Sy C (S} x Sy) = (S). Since

€ (%), (z,y) € ({a} x S2) € (5). Let (a,0) € (S). Then (a,y) & ({a} x S5\ {b}) or (z,b) ¢
(S1\{a}x{b}x) or both. Then (z,y) ¢ (S\{(a,b)}). ie., (z,y) ¢ U (S\{(a,b)}). Therefore

(a,b)eS\{(g,h)}
S is C-independent set in GOH having cardinality ca(G)ca(H). Hence ca(GOH) > ca(G)ea(H).

Hence ca(GOPR,) = ca(G). O

The following theorem gives the sharpness of the lower bound of the Carathéodory number in
GUH.

Theorem 4.7. Let G be a nontrivial connected graph having ca(G) > 4 and P, be a path of order
n, then ca(GOP,) = ca(G).

Proof. By Theorem 1.6 cA(GOP,) > ca(G)ea(P,) = ca(G). Let S € V(GOP,) with |S|= ca(G)+1.
Here arise the following possibilities.

Case 1. S C V(G") for some h € V(P,).

Since S has cardinality ex(G) + 1 and S C V(G"), |pc(S)|= ca(G) + 1 and is an C-dependent
set in G. ie., (pe(S) € |J (pe(S)\{a}). Again since S C V(G"), (S) € [ (S\ {(z, )}

z€pg(S) (w,y)€S

Therefore S is C-dependent in GOIP,.

Case 2. S intersects at least two G layers.

Assume S intersects with V (G™), V(G"2),V(G"), ..., V(G"), for some hy, ha, hs, ..., h, € V(P,).
Since P, does not contains K3, any U C P,, (U) = U. Then (S) = (SN V(G")) U (SNV(G"))U
(SNV(Gr))u...u(SNV(GM)).

Let (g,h;) € S, i € {1,2,...,r}. For j # i (j ,7) there is some ¢ € V(G) with
(9. hy) € S. Then (S\{(g', 1;)}) = Up (SN G") U <5ﬂ V(Gh JAA(g', hy)}). Since ea(G) = 4, 5
contains at least four vertices. So we can find some (¢’, h’) € S different from (g, ;) and (¢', h;).

Subcase 1. r = 2.

In this case S intersects with only two G layers. If S contains at least two vertices each from the
intersecting two G layers, then (S \ {(¢/,)}) contains (S NV (G")). If one intersecting G layer
contains only one vertex of S, then the other G layer contains ca(G) number of vertices. Now also
(S\ {(¢',1)}) contains (S NV (G")).
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Subcase 2. r > 2.
In this case we can find some (¢/, ') € S with &’ # h;. Then (S\ {(¢’,’)}) contains (S NV (G"))
From the above cases, we can conclude that for any h; € V(P,),i € {1,2,...,1}, (S) C U

(a,0)eS\{(g,h)}
(S\{(a,b)}). Therefore, S is an E-dependent set in GOP,.

Hence ca(GOP,) = ca(G). O

We conclude this article with the following remark.

Remark 4.8. Let G and H be two nontrivial connected graphs with xy € E(G* H), for * € {K, o},
then from the proofs of Theorem 4.3 and Theorem 4.5 we get ({z,y}) = V(G x H), for x € {K, o}.
Therefore ca(G * H) = 2, for x € {X, o}.
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