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abstract

Graph Theory was started by Euler after solving the famous Konigsberg bridge problem. The Graph

Coloring is among one of the famous topic for research since it has many beautiful theorems on

optimization and its applications in numerous �elds of science. The Pi coloring is the coloring of

graph parts without a recurring pattern. As a result, it is de�ned as a function from a set of graph

elements with similar properties to the power set of colors, so that each set receives a di�erent color

set from the power set. In consequence, Incident Vertex Pi coloring of a graph is de�ned as the

coloring of incident vertices for every single edge with Pi coloring. Incident Vertex Pi coloring of the

complete graph is n, wheel graph, star graph and double star graph is n + 1, diamond, friendship

graphs is ∆ + 1, and double fan graph is ∆ + 2. In this research, we derived the Incident Vertex

PI coloring of Star and Double Star graph's Middle graph, Total graph, Line graph, and Splitting

graph.

Keywords: pi coloring, incident vertex pi coloring, middle graph, total graph, line graph, splitting

graph, star and double star graph

1. Introduction

Graph coloring is the most signi�cant topic, and this was started with the famous Four Color Problem

in Graph Theory. Let G be a simple graph, with its vertex and edge sets are V (G) and E(G)

respectively. The vertex coloring is a function from a set of vertices V (G) to the color set C that

satis�es the condition that no two adjacent vertices receive the same color [6, 19, 4, 11, 15]. Similarly,
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edge coloring is a function from a set of edges E(G) to the color set C that satis�es the condition

that no two contiguous edges receive the same color [7, 11, 20]. In 1965, Behzad [2, 3, 1] introduced

the Total coloring of a graph, in which color is applied to both vertices and edges together such that

two neighboring elements are colored di�erently. There are various coloring methods introduced by

many mathematicians. Bhapkar and Bhange [5] introduced the Perfect coloring of a graph, which is

the proper coloring of vertices, edges, and regions of a graph altogether. There are many applications

of graphs and its coloring methods. For details of the survey please refer [7, 11, 20]. Thakare and

Bhapkar [17] introduced the π-Coloring, Incident Vertex π-Coloring of Graphs. The least number of

colors required for π-Coloring, Incident Vertex π-Coloring are called the Pi Chromatic number and

Incident Vertex Pi Chromatic number respectively. This coloring function is de�ned from a set of

elements of a graph having some common properties to the power set of colors such that every subset

is colored di�erently.

The vertex coloring of families S1,n and S1,n,n is 2 [11]. The edge coloring of family S1,n and S1,n,n

is n [11]. The Total coloring of families S1,n and S1,n,n is n+1 [3] [1]. The Incident Vertex PI coloring

of the star (S1,n) and Double Star (S1,n,n) graph is n+1 [17]. The vertex coloring of Complete graph

(Kn) is n, the edge coloring of a Complete graph (Kn) is n, if n is odd and n− 1, if n is even. Total

coloring of Complete graph (Kn) is n, if n is an odd number, and n+ 1, if n is an even number [1].

The Incident Vertex PI coloring of a complete graph (Kn) is n [17].

2. Preliminaries

In the paper, we have considered a star graph S1,n with a vertex set is {u, u1, u2, ...un} and an

edge set is {(u, u1), (u, u2), (u, u3), ...(u, un)}. Similarly, a double star graph S1,n,n with a vertex set

is {u, u1, u2, u3, ..., un, v1, v2, v3, ...vn} and an edge set is {(u, u1), (u, u2), (u, u3), ...(u, un), (u1, v1),

(u2, v2), (u3, v3), ...(un, vn)}.

De�nition 2.1. (Complete Graph). This is the graph with n vertices such that each vertex is

adjacent to all the remaining vertices. It is symbolized by Kn. There are n(n− 1)/2 edges [19].

De�nition 2.2. (Star graph). This is the graph on n+1 vertices such that one vertex joins the rest

of all n vertices. It is symbolized by S1,n. The common adjacent vertex is called the central vertex,

and there are n pendant vertices. It has n edges [19].

De�nition 2.3. The double star graph S1,n,n is constructed from the star graph S1,n by adding new

n pendant vertices to each existing pendant vertex of the star graph. It has 2n + 1 vertices and 2n

edges [19].

De�nition 2.4. The middle graph for a simple graph is G represented as M(G); it a graph on the

vertex set V (M(G)) = V (G)∪E(G). The vertices u, v from the vertex set V (M(G)) are adjacent in

M(G) if one of the following conditions is met.

(i) If u, v ∈ E(G), and u, v are adjacent in G.

(ii) If u ∈ V (G) and v ∈ E(G) and u, v are incident in G [9, 14, 10, 8].

De�nition 2.5. The total graph for a simple graph G is represented as T (G); it is a graph on the

vertex set V (T (G)) = V (G) ∪ E(G). The vertices u, v from the vertex set V (T (G)) are adjacent in
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T (G) if one of the following conditions is met.

(i) If u, v ∈ E(G), and u, v are adjacent in G.

(ii) If u, v ∈ V (G), and u, v are adjacent in G.

(iii) If u ∈ V (G) and v ∈ E(G), and u, v are incident in G [9, 14, 10, 8].

De�nition 2.6. The line graph for a simple graph G is represented as L(G); it is the graph with

its vertex set as the edges of G and there is an edge between two vertices of L(G) if and only if the

respective edges of G are adjacent [19, 14].

De�nition 2.7. The splitting graph S(G) is constructed from the graph G by adding a new vertex

v for each vertex u ∈ V (G) such that the neighborhood of u and v is the same [13, 18, 12].

De�nition 2.8. (Pi Coloring). Let G = (V,E) be a simple connected graph where V is a vertex

set, E is an edge set, and X is a collection of subsets of elements of graph G having some common

properties. If there exists a function f : X −→ P (C), where C is a set of colors and P (C) is its

power set, ensures h that f(Xp) ̸= f(Xq), for all p ̸= q, then it is called Pi coloring of a graph G [17].

De�nition 2.9. (Incident Vertex Pi Coloring). Let G = (V,E) be a simple connected graph where

V is a vertex set, E is an edge set, and X is a collection of ordered pairs of incident vertices of every

single edge e in E(G). De�ne a function f : X −→ P (C), where C is a set of colors and P (C) is

its power set, ensures that f(Xp) ̸= f(Xq), for all p ̸= q, it is called Incident Vertex Pi Coloring of

graph G [15, 16, 17].

3. Main results

In this paper, we derived the Incident Vertex Pi coloring of the Middle graph, Total graph, Line

graph, and Splitting graph for the Star graph S1,n and Double Star graph S1,n,n families.

3.1. Middle graph of star and double star graph and its incident vertex pi coloring

Theorem 3.1. If M(S1,n) is the middle graph of Star graph S1,n, then

IV PI(M(S1,n)) = n+ 2.

Proof. Consider S1,n be a Star graph with the vertex set V = {u, u1, u2, u3, ...un} and an edge set is

E = {e1 = (u, u1), e2 = (u, u2), e3 = (u, u3), ...en = (u, un)}. Then, by de�nition of the middle graph,

we have a graph M(S1,n) with its vertex set is V (M(S1,n)) = {u, u1, u2, u3...un, e1, e2, e3...en}. We

observe that in this graph, there is a clique on the vertices {u, e1, e2, e3...en}. Therefore, its edge set
consists of edges of a complete subgraph on n + 1 vertices, namely, {u, e1, e2, e3...en} and the edges

with n pendant vertices {u1, u2, u3...un} namely {(e1, u1), (e2, u2), ...(en, un)}.
Thus, E(M(S1,n)) = {(u, e1), (u, e2), ...(u, en); (ei, ej), for i ̸= j = 1, 2, ...n and (e1, u1), (e2, u2), ... ,

(en, un)}.
Consider Incident Vertex Pi coloring for vertices of the Middle graph of the star graph as follows:

{u → 1, e1 → 2, e2 → 3, ...en → n+ 1;u1 → n+ 2, u2 → n+ 2, ...un → n+ 2}.
Thus we have a function f : X −→ P (C), where X is a set of elements as edges of a graph with

incident vertices of an edge as an ordered pair and a color set C = {1, 2, ...n+ 2} with its power set
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P (C). We notice that this coloring assigns distinct colors to every edge that is incident at its two

end vertices, as below.

f(Xp) = {(i, j), for i = 1, 2, ...n and j = i+ 1, i+ 2, ...n+ 1; (i, n+ 2) for i = 2, 3...n+ 1}.

Thus, we observe that f(Xp) ̸= f(Xq), for all p ̸= q. Therefore, IV PI(M(S1,n)) = n + 2. Hence

the proof.

Fig. 1. Incident vertex pi coloring of middle graph M(S1,n)

The incident vertex pi coloring of the middle graph M(S1,4) is shown in Figure 1.

Theorem 3.2. If M(S1,n,n) is the middle graph of Double Star graph S1,n,n, then

IV PI(M(S1,n,n)) = 2n+ 2.

Proof. Consider S1,n,n be a Double Star graph with the vertex set V = {u, u1, u2, ...un, v1, v2, v3, ...vn}
and an edge set is E = {a1 = (u, u1), a2 = (u, u2), a3 = (u, u3), ...an = (u, un), b1 = (u1, v1), b2 =

(u2, v2), b3 = (u3, v3), ...bn = (un, vn)}. By de�nition of the Middle graph, we have a graph M(S1,n,n)

with its vertex set is V (M(S1,n,n)) = {u, u1, u2, ...un, v1, v2, ...vn, a1, a2, ...an, b1, b2, ...bn}. We ob-

serve that in this graph, there is a clique on the vertices {u, a1, a2, a3...an}. Therefore, its edge set

E(M(S1,n,n)) consists of the edges of a complete subgraph on n+1 vertices, namely {u, a1, a2, a3...an}.
Also, there are 3n edges with n triangles ai − ui − bi − ai for i = 1, 2, ...n. and n pendant edges

{b1v1, b2v2, ...bnvn}.
Thus, E(M(S1,n,n)) = {(u, a1), (u, a2), ...(u, an); (ai, aj), for i ̸= j = 1, 2...n; (b1, v1), (b2, v2), ...(bn, vn)

and (aiui, uibi, biai), for i = 1, 2, ...n}.
Consider Incident Vertex Pi coloring for vertices of the Middle graph of the double star graph

M(S1,n,n) as follows:

{u → 1, a1 → 2, a2 → 3, ...an → n + 1;u1 → n + 2, u2 → n + 2, ...un → n + 2; b1 → n + 3, b2 →
n+ 4, ...bn → 2n+ 2; v1 → 1, v2 → 1, ...vn → 1}.
Thus, there is a function f : X −→ P (C), where X is a set of elements as edges of a graph with

incident vertices of an edge as an ordered pair and a color set C = {1, 2, ...2n+2} with its power set
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P (C). This coloring assigns distinct colors to every edge that is incident at its two end vertices, as

below.

f(Xp) = {(i, j), for i = 1, 2...n and j = i+1, i+2, ...n+1; (i, n+2), (n+2, n+2+ j), (n+2+ j, i),

for i = 2, 3...n+1, j = 1, 2...n; (1, n+2+ j), for j = 1, 2...n}. Thus, we observe that f(Xp) ̸= f(Xq),

for all p ̸= q. Therefore, IV PI(M(S1,n,n)) = 2n+ 2. Hence the proof.

Fig. 2. Incident vertex pi coloring of middle graph M(S1,n,n)

The Incident Vertex Pi coloring of the middle graph M(S1,4,4) is shown in Figure 2.

3.2. Total graph of star and double star graph and its incident vertex pi coloring

Theorem 3.3. If T (S1,n) is Total graph of Star graph S1,n, then

IV PI(T (S1,n)) = 2n+ 1 = ∆+ 1.

Proof. Consider S1,n be a Star graph with the vertex set V = {u, u1, u2, u3, ...un} and edge set is

E = {e1 = (u, u1), e2 = (u, u2), e3 = (u, u3), ...en = (u, un)}. Then, by de�nition of the Total graph,

we have a graph T (S1,n) with its vertex set is V (T (S1,n)) = {u, u1, u2, u3...un, e1, e2, e3...en}. We

observe that in this graph, there is a clique on the vertices {u, e1, e2, e3...en}. Therefore, its edge

set consists of edges of a complete subgraph on n + 1 vertices, namely {u, e1, e2, e3...en}. Also, we

observe that the vertex u is the central vertex of a Star graph. Hence, in the Total graph of a Star

graph, there are edges between a vertex u and {u1, u2, u3...un} and each ei is incident at ui, so there

are edges {(e1, u1), (e2, u2), ...(en, un)}.
Hence, E(T (S1,n)) = {(u, e1), (u, e2), ...(u, en); (ei, ej), for i = 1, 2, ...n− 1, j = i+ 1, 2, ...n; (u, u1),

(u, u2), ...(u, un); and (e1, u1), (e2, u2), ...(en, un)}. The maximum degree of a vertex u is ∆ = 2n.

As a vertex u adjacent to all 2n vertices of T (S1,n), hence by de�nition of Incident Vertex PI

coloring, we needed 2n+1 colors for Incident Vertex Pi coloring [17]. So, Incident Vertex Pi coloring

for vertices of the Total graph of the Star graph is as follows:

{u → 1, e1 → 2, e2 → 3, ...en → n+ 1;u1 → n+ 2, u2 → n+ 3, ...un → 2n+ 1}.
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So, we have a function f : X −→ P (C), where X is a set of elements as edges of a graph with

incident vertices of an edge as an ordered pair and a color set C = {1, 2, ...2n+1} with its power set

P (C). This coloring assigns distinct colors to every edge that is incident at its two end vertices, as

below.

f(Xp) = {(i, j), for i = 1, 2, ...n and j = i + 1, i + 2, ...n + 1; (1, j), for j = n + 2, n + 3, ...2n + 1;

(i+ 1, n+ i+ 1), for i = 1, 2, ...n}.
Thus, we observe that f(Xp) ̸= f(Xq), for all p ̸= q. Therefore, IV PI(T (S1,n)) = 2n+1 = ∆+1.

Hence the proof.

Fig. 3. Incident vertex pi coloring of total graph T (S1,n)

The incident vertex pi coloring of the total graph T (S1,4) is shown in Figure 3.

Theorem 3.4. If T (S1,n,n) is Total graph of Double Star graph S1,n,n, then

IV PI(T (S1,n,n)) = 3n+ 1 = (3/2)∆ + 1.

Proof. Consider S1,n,n be a Double Star graph with the vertex set V = {u, u1, u2, ...un, v1, v2, v3, ...vn}
and edge set is E = {a1 = (u, u1), a2 = (u, u2), a3 = (u, u3), ...an = (u, un), b1 = (u1, v1), b2 =

(u2, v2), b3 = (u3, v3), ...bn = (un, vn)}. By de�nition of Total graph, we have a graph T (S1,n,n)

with its vertex set is V (T (S1,n,n)) = {u, u1, u2, u3...un, v1, v2, v3...vn, a1, a2, a3...an, b1, b2, b3...bn}. We

observe that in this graph, there is a clique on the vertices {u, a1, a2, a3...an}. Therefore, its edge set
E(T (S1,n,n)) consists of the edges of a complete subgraph on n+1 vertices, namely {u, a1, a2, a3...an}.
We notice that the vertex u is adjacent to vertices {u1, u2, ...un}. Hence, in the total graph of the

double star graph, there are edges between vertex u with vertices {u1, u2, ...un}, and there are also

edges of two types of triangular subgraphs ai−ui−bi−ai, and ui−bi−vi−ui, for i = 1, 2, ...n. Hence

we have 5n edges (ui, bi) that are common edges between these two triangles for these 2n triangular

subgraphs. The maximum degree of vertex u is ∆ = 2n.

The edge set is, E(T (S1,n,n)) = {(u, a1), (u, a2), ...(u, an); (ai, aj), for i = 1, 2...n− 1, j = i+ 1, ...n;

(u, u1), (u, u2), ...(u, un); and (ai, ui), (ui, bi), (bi, ai), (bi, vi), (vi, ui), for i = 1, 2, ...n}.
Consider Incident Vertex Pi coloring for vertices of the Total graph of the double star graph

T (S1,n,n) as follows:
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{u → 1, a1 → 2, a2 → 3, ...an → n + 1;u1 → n + 2, u2 → n + 3, ...un → 2n + 1; b1 → n + 3, b2 →
n+ 4, ...bn−1 → 2n+ 1, bn → n+ 2; v1 → 2n+ 2, v2 → 2n+ 3, ...vn → 3n+ 1}.
Thus, there is a function f : X −→ P (C), where X is a set of elements as edges of a graph with

incident vertices of an edge as an ordered pair and a color set C = {1, 2, ...3n+1} with its power set

P (C). This coloring assigns distinct colors to every edge that is incident at its two end vertices, as

below.

f(Xp) = {(i, j), for i = 1, 2...n and j = i + 1, i + 2, ...n + 1; (1, n + 1 + j), for j = 1, 2...n;

(i+1, n+1+ i), (n+1+ i, n+2+ i), (n+2+ i, i+1), (n+2+ i, 2n+1+ i), (2n+1+ i, n+1+ i), for

i = 1, 2, 3...n− 1; and (n+ 1, 2n+ 1), (2n+ 1, n+ 2), (n+ 2, n+ 1), (n+ 2, 3n+ 1), (2n+ 1, 3n+ 1)}.
As a result, we observe that f(Xp) ̸= f(Xq), for all p ̸= q. Therefore, IV PI(T (S1,n,n)) = 3n + 1 =

(3/2)∆ + 1. Hence the proof.

Fig. 4. Incident vertex pi coloring of total graph T (S1,n,n)

The incident vertex pi coloring of middle graph T (S1,4,4) is shown in Figure 4.

3.3. Line graph of star and double star graph and its incident vertex pi coloring

Theorem 3.5. If L(S1,n) is a Line graph of Star graph S1,n, then

IV PI(L(S1,n)) = n = ∆+ 1.

Proof. Consider S1,n be a Star graph with the vertex set V = {u, u1, u2, u3, ...un} and edge set is

E = {e1 = (u, u1), e2 = (u, u2), e3 = (u, u3), ...en = (u, un)}. Its Line graph is a graph L(S1,n) with

a vertex set is V (T (S1,n)) = {e1, e2, e3...en}. As all the edges of the Star graph are adjacent to each

other, so L(S1,n) is a complete graph on these n vertices. Thus,

E(L(S1,n)) = {(ei, ej), for i = 1, 2, ...n− 1, j = i+ 1, i+ 2, ...n}.

The maximum degree of each vertex is ∆ = n − 1. Hence, by de�nition of Incident Vertex Pi

coloring of a complete graph [17], we required n distinct colors as follows:
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{e1 → 1, e2 → 2, e3 → 3, ...en → n}.

Therefore, we have an Incident Vertex Pi coloring function f : X −→ P (C), where X is a set

of elements as edges of a graph with incident vertices of an edge as an ordered pair and color set

C = {1, 2, ...n} with its power set P (C) such that

f(Xp) = {(i, j), for i = 1, 2, ...n− 1 and j = i+ 1, i+ 2, ...n}.

As a result, f(Xp) ̸= f(Xq), for all p ̸= q. Therefore, IV PI(L(S1,n)) = n = ∆ + 1. Hence the

proof.

Fig. 5. Incident vertex pi coloring of total graph L(S1,n)

The incident vertex pi coloring of the total graph L(S1,6) is shown in Figure 5.

Theorem 3.6. If L(S1,n,n) is a Line graph of Double Star graph S1,n,n, then

IV PI(L(S1,n,n)) = n+ 1 = ∆+ 1.

Proof. Consider S1,n,n be a Double Star graph with the vertex set V = {v, v1, v2, ...vn, u1, u2, ...un}
and edge set is E = {a1 = (v, v1), a2 = (v, v2), ...an = (v, vn), b1 = (u1, v1), b2 = (u2, v2), ... bn =

(un, vn)}. Its Line graph is a graph L(S1,n,n) with a vertex set is V (T (S1,n,n)) = {a1, a2, a3...an, b1, b2,
b3...bn}. The edges {a1, a2, a3...an} of the Double Star graph are adjacent to each other, so in

L(S1,n,n) it forms a complete subgraph on these n vertices. Also, an edge ai is adjacent to bi for each

i = 1, 2, ...n, hence there are n pendant edges {(a1, b1), (a2, b2), ...(an, bn)} in S1,n,n.

So,

E(L(S1,n,n)) = {(ai, aj), for i = 1, 2, ...n− 1 and j = i+ 1, i+ 2, ...n;

(a1, b1), (a2, b2), ...(an, bn)}. The maximum degree of this graph is ∆ = n.

We required n distinct colors for Incident Vertex Pi coloring of complete subgraph [17] and we

needed one more color, n + 1 for all pendant vertices. Hence, its Incident Vertex Pi colors are as

follows:

{a1 → 1, a2 → 2, ...an → n; b1 → n+ 1, b2 → n+ 1, ...bn → n+ 1}.
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Thus, there is Incident Vertex Pi coloring function f : X −→ P (C), where X is a set of elements as

edges of a graph with incident vertices of an edge as an ordered pair and color set C = {1, 2, ...n+1}
with its power set P (C) such that

f(Xp) = {(i, j), for i = 1, 2...n− 1 and j = i+ 1, i+ 2, ...n; (i, n+ 1), for i = 1, 2...n}.

As a result, we observe that f(Xp) ̸= f(Xq), for all p ̸= q.

Therefore, IV PI(L(S1,n,n)) = n+ 1 = ∆+ 1. Hence the proof.

Fig. 6. Incident vertex pi coloring of line graph L(S1,n,n)

The incident vertex pi coloring of middle graph L(S1,6,6) is shown in Figure 6.

3.4. Incident vertex pi coloring of splitting graph for star and double star graph

Theorem 3.7. If S(S1,n) is Splitting graph of Star graph S1,n, then

IV PI(S(S1,n)) = 2n+ 2 = ∆+ 2.

Proof. Consider S1,n be a Star graph with the vertex set V = {u, u1, u2, u3, ...un} and edge set

is E = {a1 = (u, u1), a2 = (u, u2), a3 = (u, u3), ...an = (u, un)}. Its Splitting graph is a graph

S(S1,n) with its vertex set is V (S(S1,n)) = {u, u1, u2, ...un, v, v1, v2, ...vn} such that N(u) = N(v)

and N(ui) = N(vi) for i = 1, 2, ...n. The edge set of this graph is,

E(S(S1,n)) = {ai = (u, ui), bi = (v, ui), ci = (u, vi), di = (v, vi), for i = 1, 2, ...n}.

We observe that vertex u is adjacent to all vertices except v; vertex v is adjacent to all vertices

except u and d(u) = d(v) = 2n, which is the maximum degree (∆) of this graph. By the de�nition

of Incident Vertex Pi coloring, if we color every vertex with a distinct color, then every edge with its

incident vertex pair will get distinct colors. Thus, for Incident Vertex Pi coloring, we are required

2n+ 2 distinct colors. The Incident Vertex Pi coloring is given below:

{u → 1, v → 2, u1 → 3, u2 → 4, ...un → n+ 2; v1 → n+ 3, v2 → n+ 4, ...vn → 2n+ 2}.
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De�ne the Incident Vertex Pi coloring function f : X −→ P (C), where X is a set of elements as

edges of a graph with incident vertices of an edge as an ordered pair and a color set C = {1, 2, ...2n+2}
with its power set P (C) such that every single edge of this graph is colored as follows:

f(Xp) = {(1, i), (2, i) for i = 3, 4, ...2n+ 2}.

Thus, we observe that f(Xp) ̸= f(Xq), for all p ̸= q. Therefore, IV PI(S(S1,n)) = 2n+ 2 = ∆+ 2.

Hence the proof.

Fig. 7. Incident vertex pi coloring of splitting graph S(S1,n)

The incident vertex pi coloring of the splitting graph S(S1,4) is shown in Figure 7.

Theorem 3.8. If S(S1,n,n) is a Splitting graph of Double Star graph S1,n,n, then

IV PI(S(S1,n,n)) = 2n+ 2 = ∆+ 2.

Proof. Consider S1,n,n be a Double Star graph with the vertex set V = {u, u1, u2, ...un, v1, v2, v3, ...vn}
and edge set is E = {(u, u1), (u, u2), (u, u3), ...(u, un), (u1, v1), (u2, v2), (u3, v3), ...(un, vn)}. Its Split-
ting graph is a graph S(S1,n,n) with vertex set is V (S(S1,n,n)) = {u, u1, u2, ...un, v1, v2, ...vn, p, p1,

p2, ...pn, q1, q2, ...qn}, such that N(u) = N(p), N(ui) = N(pi) and N(vi) = N(qi) for i = 1, 2, ...n.

The edge set of this graph is, E(S(S1,n,n)) = {(u, ui), (u, pi), (p, ui); (p, pi), for i = 1, 2...n; and

edges of cycle ui − qi − pi − vi − ui: (ui, qi), (qi, pi), (pi, vi), (vi, ui), for i = 1, 2...n}.
We observe that, N(u) = N(p) = {u1, u2, ...un, p, p1, p2, ...pn}. So d(u) = d(p) = 2n, this is the

maximum degree (∆) of S(S1,n,n). Hence, by de�nition of Incident Vertex Pi coloring, we are required

to have 2n+ 2 distinct colors as follows:

{u → 1, p → 2, u1 → 3, p1 → 4, u2 → 5; p2 → 6, ...un → 2n + 1; pn → 2n + 2; v1 → 5, q1 → 6, v2 →
7, q2 → 8, ...vn−1 → 2n+ 1, qn−1 → 2n+ 2, and vn → 3, qn → 4}.
De�ne the Incident Vertex Pi coloring function f : X −→ P (C), where X is a set of elements as

edges of a graph with incident vertices of an edge as an ordered pair and a color set C = {1, 2, ...2n+2}
with its power set P (C) such that every single edge of this graph is colored as follows:

f(Xp) = {(1, i), (2, i), for i = 3, 4, ...2n + 2; (i, i + 3), (i + 3, i + 1), (i + 1, i + 2), (i + 2, i) for

i = 3, 5...2n− 1; and (2n+ 1, 3), (3, 2n+ 2), (2n+ 2, 4), (4, 2n+ 1)}.
As a result, we observe that, f(Xp) ̸= f(Xq), for all p ̸= q.

Therefore, IV PI(S(S1,n,n)) = 2n+ 2 = ∆+ 2. Hence the proof.
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4. Conclusions

We investigated the Incident Vertex Pi coloring of the Middle graph, Total graph, Line graph, and

Splitting graph for the family of Star and Double Star graphs in this research. We determined the

precise optimum Incident Vertex Pi coloring numbers for these graph families based on the results.

When compared to the chromatic number of a graph, we observed that the Incident Vertex Pi coloring

number is distinct from the chromatic number.

Table 1. Comparison of chromatic number and incident vertex pi coloring

Graph Chromatic Number IVPI Coloring Number

S1,n 2 n+ 1

S1,n,n 2 n+ 1

M(S1,n) n+ 1 n+ 2

M(S1,n,n) n+ 1 2n+ 2

T (S1,n) n+ 1 2n+ 1

T (S1,n,n) n+ 1 3n+ 1

L(S1,n) n n

L(S1,n,n) n n+ 1

S(S1,n) n 2n+ 2

S(S1,n,n) n 2n+ 2
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