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ABSTRACT

The article investigates the domination polynomial of generalized friendship graphs. The domination
polynomial captures the number of dominating sets of each cardinality in a graph and is known to be
NP-complete to compute for general graphs. We establish the log-concave and unimodal properties
of these polynomials, and determine their peaks. Furthermore, we analyze the distribution of the
zeros of aforesaid polynomial and identify their region in the complex plane. Several open problems
are proposed for future exploration.
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1. Introduction

We consider finite, simple, and undirected graphs. A graph is denoted by G = G(V, E) with vertex
set V and edge set E. The order of G is n = |V/|, and the size is m = |E|. An edge between vertices
u and v is denoted by wv. The degree of a vertex v; in G, denoted d,,(G) (or simply d; when the
context is clear), is the number of vertices adjacent to v;. A complete graph is denoted by K, and
its complement by K,. The union of two graphs G; = G1(V4, E1) and Gy = Go(Va, E,) is denoted
G1 UG, and has vertex set V] U V5 and edge set £1 U Ey. The join of G and Gs, denoted G + G,
is the graph with vertex set V3 U V5 and edge set

E1UE2U{UU|U€‘/1,'U€‘/2}.

A nonempty subset S C V(G) is called a dominating set of G, if every vertex in V(G) \ S is
adjacent to at least one vertex in S. The minimum cardinality among all dominating sets of G is
the domination number of G, denoted (G). For an overview of domination in graphs, see [14].
Domination sets are useful in network monitoring, when sensors or guards are stationed to view each
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node. They are also important in social network analysis, which involves simulating the diffusion of
influence through key persons.

Let D(G, k) denote the number of dominating sets of size k in a graph G. The domination
polynomial of G, denoted D(G, x), is defined as

D(G,x)= Y D(G k)a*.
k=7(G)

This polynomial serves as a generating function for the number of dominating sets of each size.
A root of D(G,z) = 0 is called a domination root of G. In general, computing the domination
polynomial is difficult, as the smallest nonzero term occurs at the domination number v(G), and
determining whether v(G) < k is NP-complete [11], where k is a positive integer. We note that the
degree of the polynomial D(G, ) is order n, which is same as |V (G)|. As all coefficients of D(G, x) are
positive, then all the real zeros of D(G, x) are non-positive. Furthermore, for every graph G, it is clear
that 0 is always root of D(G, x) = 0. The roots of graph polynomials provide useful information about
graph structure. Brown and Tufts |7] investigated the roots of domination polynomials in several
graph families. A conjecture suggests that the set of integer domination roots in any graph is a subset
of {—2,0}, (see [3]). The domination polynomial of the friendship and book graphs were studied
in [5], along with their zeros and their limiting curves. Graphs characterized by their domination
polynomials are of particular interest. For instance, complete multipartite graphs are determined by
their domination polynomials [6]. For further developments on domination polynomials, see |5, 1, 4,
3]. The other types of graphs like independence, independence domination, matching polynomials
can be seen in [15, 20, 8, 9, 12, 2, 21, 17, 16, 19, 18]. Motivated by these properties of D(G, x), we
carry forward the study of the domination polynomial of friendship graphs and their generalizations.
We discuss their log-concave, unimodal properties along with peaks and investigate their zeros.

2. Domination polynomial friendship graph

A sequence S = {sg, $1,...,5,} of real numbers is called unimodal if there exists an index t with
0 <t < n, referred to as the peak (or mode) of S, such that

S0<s1<...<s and s3> 841> ... > Sp.

A polynomial p(z) = > oz’ is said to be unimodal if the sequence of its coefficients 11 =
i=0

{ag, a1, ..., a,} is unimodal. In particular, if ¢ = 0, then II is decreasing, and if ¢ = n, then II
is increasing.

A polynomial p(z) is called symmetric (or self-reciprocal) if a; = a,—; for all 0 < ¢ < bJ The
coefficients of a binomial series are symmetric. Moreover, p(x) is said to be log-concave if it satisfies

oz? > 1041, foralll<i<n-—1.

For example, the polynomial 1 + 4z + 522 + 5122 4+ 172* + 132° is unimodal, whereas 41 + 6x +
1922 + 623 + 22 is not.
The following classical theorem is very useful in finding the bounds for the zeros of a polynomial.

n

Theorem 2.1 (Enestrom-Kakeya Theorem [13]). Let f(z) = > a;z" be a polynomial with all coef-
i=0
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ficients a; > 0. Then all the zeros of f(x) lie in the annular region defined by
r<|z|[< R,

where

a; Q;

Qi1 Ai+1

:Ogign—l}.

r—min{

The friendship (or Dutch-Windmill) graph F% is a graph obtained by joining vertex of K; with
each vertex of n copies of Kj. Its order is N = 1 + 2n. The Friendship theorem, (see, Erdos, Rényi,

:Ogign—l}, R—max{

and Sos [10]) characterizes graphs in which every pair of distinct vertices has precisely one common
neighbor, that is, the only graphs satisfying this condition are the friendship graphs. The domination
polynomial satisfies the following properties:

2) D(UL Girw) = [Tiz, DIGi, ).

b) D(G1 + Ga,2) = (1 +2)™ = (1 +2)™ — 1) + D(Gy, x) + D(G2, ).

The domination polynomial of friendship graph F?2 is given in the following result.

Lemma 2.2. [5| The domination polynomial of F? is

D(F?,x) = (22 + 2*)" + z(1 + z)*".

Alikhani, Brown and Jahari |5 proved the following facts about the domination polynomial of F2.

a) It is proved that for odd n, the polynomial D(F?, z) has no real non-zero zero for odd n.

b) The limit of domination roots of the friendship graphs is —1 together with the hyperbola.

¢) The friendship F? and the book graph B,, share the same domination polynomial for some
vertex deletion of B,,.

The following problems were asked in [5].

Problem 2.3. For F? and B,, we have the following questions.
a) For n even, does F? have exactly three real roots?
b) What is a good upper bound on the modulus of the roots of I}, ?
¢) What can be said about the domination roots of book graphs?

Another problem of interest for the domination polynomial of F? and B, is given as:

Problem 2.4. For F? and B,, we have the following questions.
a) Are D(F?,z) and D(B,,x) unimodal and log-concave polynomial?
b) How about the bounds of the zeros of D(F?,z) and D(B,,)?

We consider these problems for friendship and book graphs, and discuss their possible answers.
From Lemma 2.2, we have

D(F? z) =2z + 2*)" + 2(1 + z)*"
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+ $2n(1 + 2”) + x2n+1.
Let a;’s be the coefficients of the above polynomial. Then from the above expression and by the

binomial coefficient behaviour, it is clear that
) < ag < -+ < Qpt1 > Apya > Apy3 > 00 > Aop—1 > Qon.

Thus, D(F? x) is unimodal with peak n + 1. Again by the binomial behaviour of coefficients
D(F?, z), the log-concave property follows. Thus, we have the following proposition.

S

Fig. 1. Zeros of D(FZ,, ) in plane and D(Bs, x).

Proposition 2.5. Let D(F?, x) be the domination polynomial of F?. Then D(F?, x) is unimodal and
log-concave.

= 1+ 2n. Thus by Enestréom-

Kakeya Theorem, we have the following consequence.

Proposition 2.6. The zeros of D(F?,x) lie in the annulus
0<|Z|< 14 2n.
We illustrate Proposition 2.5 and 2.6 by the following example: For n = 12, the domination
polynomial of F?% is

D(F}, x) =z + 24x* + 2762° + 20242 + 106262° + 425042° + 1345962" + 3461042°



ON DOMINATION POLYNOMIALS OF SOME GRAPHS 283

+7354712° + 130750420 + 19612562 + 2500240212 + 2728732413
+ 25637282 + 20738962 % + 143422426 + 83684727 4+ 40524028
+ 1599402 + 504242%° + 1238622 + 2288222 + 300x* + 252 + 2%,

Clearly, D(F}%, z) is log-concave and unimodal with peak value n + 1 = 124+ 1 = 13. Also, the
zeros of D(F3,,z) lie in 0 < |Z|< 13 and their zoomed view is depicted in Figure 1 (left).

For even n, the domination polynomial of F? has exactly three zeros, we are not able to prove,
though we verified it computationally for 1 < n < 100.

From [5], the domination polynomial of book graphs is given in the following result.

Proposition 2.7 ([5]). The domination polynomial of book graph is given as
D(B,,r) = 2z + 2*)"(1 + 22) + 2*(1 + z)*" — 22™.

Writing D(B,, x) in expanded form, we have

n

o /9
D(B,,x) = Z (ZL) 2" (2 + 1) + a:2 ( n)x —2z"

i=0
+2
— ( )2” z( n+z+1 n—i—z 4 ( )(L’ —QIn
2 2 on 2
s (2 (D) +( ot (o (1)
1 n—2
2
4 gl [gntl 4opon—t T n o2 | n
n—l 2 n
NI L L L2t (o 4 2n 4 g2t
2n—2 on —1 ’

For n = 2, we have

l\D@

Il
I\

D(B,,z) = 32 + 162° + 152* 4 62° + 2,

which is log-concave and unimodal with peak at 3. For n > 3, we have following observation:
By the binomial coefficients property, the coefficients of polynomial D(B,, z) satisfies

ay < ax < ... <y < apr1 S Apio 2 Apg3 2 .0 2 A2 2 Aopg1 = A2py2,

with peak value at n + 2, for 3 < n < 7. While for n = 8,9 the peak of (2z + z%)"(1 + 2z) is n + 3
and for 2%(1 + z)?", the peak value is n + 2. Thus, it follows that

a1 < ax << ap S pg1 S Ay S Apg3 2 Apypg = .00 2 A2y 2 A2pg1 = A2p42-

While for n > 10, the peak value is n + 2, and the polynomial D(B,,z) is unimodal. Also, with

2n+1
i } of the

the binomial coefficient behaviour, D(B,,z) is log-concave. The maximum of {a_+1
i=0

coefficients of h(z) is 2n — 1, where D(B,,z) = x*h(z) and a;’s are the coefficients of h(x). The

2n+1
minimum of {aa+1 } is strictly greater than zero. Thus, we have the following results.
=0
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Proposition 2.8. The domination polynomial D(B,,x) of book graph is unimodal and log-concave.

Proposition 2.9. The zeros of D(B,,x) lie in the annulus

0<|Z|I<2n+2.
For n = 8, the domination polynomial of By is

D(Bg,z) =22 + 162° 4 1202 + 5602° + 18202° + 43682" + 82622 4 129762° 4+ 167102
+ 168162 + 1271222 + 705623 + 2828z + 800x® + 1532 + 18217 + 218,

which is unimodal, log-concave and its zeros are represented in Figure 1 (right side).

Also, the limit of the zeros of D(B,,, ) is 0, —1/2, the hyperbola 2a*+ 4a — 2b*> +1 = 0 with center
at (—1,0), where a and b are real and imaginary parts of x. The other limiting curve of D(B,, x) is
at + 4a® + 2a%0? + 5a® + 4a + b* — 20 + 1 = 0. The pictorial representation of zeros of D(B,,) is
shown in Figure 2.

Fig. 2. Zeros of D(B,,z) for n € {10, 15, 20}.

Now, we give the domination polynomial of generalized friendship graphs. If K5 is replaced by
K, in F?, then we obtain general friendship graph F¢ = K; + (nK,) of order N = n™ + 1. If
K is replaced by K, in F}, then we obtain a generalized friendship graph G, = K, + (nK,) of
order N = n" +n. The following result gives the domination polynomial these generalized friendship
graphs.

Theorem 2.10. The domination polynomial of F)' is
D(F}, ) =z(1+2)" + ((1+2)" = 1)"

Proof. Since D(G; U Ga,z) = D(Gy,2)D(Ge, ), so applying this concept repeatedly to nk, =
\KnUKnU...UK@, we have

n

D(nKy;z) = ((1+2z)" —1)".
Now, for K7 + (nk,), we have

DF'z) =04z —-DY1+2)" =) +z+(1+2z)"—1)"
= (14 2)" + (1 +2)" = 1)™
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Similarly, for G,, & K,, + (nk,,), we have the following result.

Theorem 2.11. The domination polynomial of F)" is

D(Gnz)=((1+2)"—1)((1+2)" =)+ (1+2)" =1+ (1+2)" = 1"

From Theorem 2.10, we have
D(F},x) =2(1+2)" + (1 +2)" = 1)

+2)"™ 4+ ((1+ 1)
= () (5 (0))

(2 K3

n
The polynomial (";)x”l is unimodal and log-concave due the binomial coefficient sequence. The
i=0
n

peak is either ["—;—‘ or [ —‘ +1, when n is odd, while peak is & —|— 1, for even n. Also, (Z (7;) xl> is a
i=1

unimodal and log-concave polynomial with peak at %, for even n and for odd n, peak is % —|— 1. The
polynomial D(G,, ) is log-concave and unimodal Wlth peak at - + 1. Thus, we have the following
result.

Proposition 2.12. The domination polynomial of F)' is unimodal and log-concave.

Proposition 2.13. The zeros of D(F, x) lie in the annulus

0<|Z|<n?+1.

Similarly, due to symmetry of the binomial coefficients of expressions in G,,, we have the following
results.

Proposition 2.14. The domination polynomial of G,, log-concave and is unimodal with peak ™ n+1)

Proposition 2.15. The zeros of D(G,,x) lie in the annulus

0<[Z|< n(n+1).

The limit of zeros of D(F"

n?

x) and D(G,, z) represents beautiful curves (see Figure 3). It is indeed
interesting to study theses curves.
If G = Kn1 + (Kp, U ... U K,,), with different n;’s, then G is a friendship type graph with

order n = Z n;. We denote this graph by G(ny,...,n;). The following result gives the domination

polynomlal of G(ny,...,ny).
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(=]
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Fig. 3. Zeros of D(F3;,x) and D(G5,x) in plane.

Theorem 2.16. The domination polynomial of G = G(nq,...,n;) is

t

D(G,x) = (1 +2)" = 1)((L+2)"™ =)+ (L +2)" = 1) + [ [((1+2)" - 1).

=2

What can be said about the domination zeros and their limits, log-concave and unimodal property
of D(G,x)? This problem can be investigated in future.

The vertex connectivity of a graph G, denoted by x(G), is the minimum number of vertices of G
whose deletion disconnects G. Let F,, be the family of simple connected graphs on n vertices and let

V,’f:{Ge]-"n:n(G)gk},

that is, V¥ is the family of graphs with vertex connectivity at most k. The graphs in the family V*
are Ky + (K; U K,,_;_), for connectivity k = 1,2,...,n — 1 and ¢t < n — k — t, which implies that
t < L”T_kj . From Theorem 2.16, we have the following consequence.

Corollary 2.17. The domination polynomial of G € V¥ is
DG, x)=((1+2)" - D1 +2)" ")+ (Q+2)f =D+ (1 +2) —)((1+2)"F—1). (1)

It remains open to check the zeros, log-concave and unimodal properties of D(G, z) for G € V*.
Here n is fixed, k and t keeps varying. For n = 10, we have the following list of polynomials:
For k =1,t <4, and we have

x4 172% + 642 + 1402* + 1962° + 1822° + 11227 + 4428 + 102° + 21,
x4 232% + 8523 + 1752 + 2312° + 2032° + 11927 + 452° + 102° + 21,
x4+ 2722 4+ 9923 + 19521 + 2462° + 2092° + 12027 + 452° + 102° + 217,
x + 2927 + 1062° 4 2042* + 2512° + 2102° + 1202”7 + 452° + 1027 + 2'°.

For k =2,t < 4, and we have

21 + 242% + 8523 + 175z + 2312° + 2032° + 11927 + 452° + 102° + 2'°,
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22 + 2922 + 10023 4 1952* + 24625 + 2092° + 12027 + 452° + 1027 + 21°,
22 + 322% + 10923 4 2052 + 25125 + 2102° + 12027 + 452° + 1027 + 21°,
2 + 3322 4 1122°% + 208z + 2522° + 2102° 4+ 12027 + 452° + 102° + z1°.

For k = 3,t < 3, we have

3z + 3022 + 10023 4 1952* + 2462° + 2092° + 12027 + 452° + 102° + 21°,
3z + 342 4 11023 + 2052 + 2512° + 21025 + 12027 4 452° + 1027 + 2'°,
32 + 362 4 1152% + 2092 + 2522° + 21025 + 12027 + 452° + 1027 + 2'°.

For k =4,t < 3, we have

4a + 352% 4+ 11023 + 2052 4 2512° + 2102 + 12027 + 452° 4 1027 + 2,
Az + 3822 + 1162 + 209z* + 2522° + 21025 + 12027 + 452° + 102° + z1°,
Az + 3922 + 11823 4 2102 + 2522° + 2102° + 120" + 4528 + 102° + z1°.

For k =5,t < 2, we have

5z + 3922 + 11623 4 209z* + 25225 + 2102° + 12027 + 452° + 1027 + 21°,
52 + 412 4+ 1192% + 2102* + 2522° + 21025 + 12027 + 452° + 102”7 + 2.

For k£ =6,t < 2, we have

62 + 422% + 11923 4 2102* + 25225 + 2102° + 12027 + 452° + 1027 + 21°,
62 + 4322 + 1202° + 2102* + 2522° + 2102° + 12027 + 452° + 102° 4 2'°.

For £k =7,t <1, we have

T + 442% + 1202° + 2102* + 2522° + 2102° + 12027 + 452° + 102° 4 2'°.
For k =8,t <1, we have

8z 4 4527 + 1202 + 2102* 4 2522° + 2102 + 12027 + 452° 4+ 102° + 21°.

So, for n = 10, there are 20 domination polynomials corresponding to G where G is in V*. Clearly,
all these polynomials are log-concave and unimodal with peak 5. Is it true in general that polynomial
given in (1) is log-concave and unimodal with peak %7

3. Conclusion

The domination polynomial of friendship type graphs was reviewed, and findings pertaining to the
domination polynomial of their generalized forms were presented. We demonstrated that their domi-
nation polynomial is log-concave and unimodal (along their peak value identification). We presented
findings pertaining to their zeros, and identified their zero regions in plane. Further generalization
of the results to graphs G(ny,...,n;) = K,, + (K,,U...UK,,) is possible by substituting any graph
G, instead of K, . Future research can go in this direction and the open problems can be discussed
in more detail.
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