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abstract

Let p > 5 be a prime positive integer, m and s be positive integers. We classify the negacyclic codes

of length 5ps over R = Fpm + uFpm , with u2 = 0 using the factorisation of cyclotomic polynomials,

and we investigate their Hamming distances.
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1. Introduction

The classi�cation of error-correcting codes is an important task in the algebraic coding theory. Many

kinds of error-correcting codes have been classi�ed for example Ghose and Dey [14] classi�ed [5, 3]

error-correcting codes over GF (5). In particular, for any positive integer n, negacyclic codes of length

n are the codes C such that: (c0, ..., cn) is a codeword in C implies that (−cn, c0, c1, ..., cn−1) is a

codeword in C . Therefore, the negacyclic codes of length n over a given �eld K are the ideals of the

ring K[X]/⟨Xn + 1⟩ [13].
Let p be a prime integer, m and s be two positive integers. Then, negacyclic codes of length ps

over Fpm was completely classi�ed, see [5, 10, 11, 12]. Then, they have been generalized over �nite

rings instead of �elds only, due to their successful application in combined coding and modulation

[7]. In 2010, Dinh [9] classi�ed λ-constacyclic codes of length ps over Fpm + uFpm , where λ is a unit.

In particular, if λ = −1, then we get negacyclic codes of length ps over Fpm + uFpm . In 2014, Liu

and Xu [19] classi�ed cyclic and negacyclic codes of length 2ps over Fpm + uFpm . In 2020, Phuto

and Klin-Eam [21] classi�ed cyclic and negacyclic codes of length 3ps over Fpm + uFpm . Afterward,

Laaouine et al. [17] classi�ed constacyclic codes of length ps over Fpm +uFpm +u2Fpm . Then, in 2022

Boudine et al. classi�ed cyclic codes of length 3ps over Fpm + uFpm + u2Fpm [3], negacyclic codes of
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length 3ps over Fpm + uFpm + u2Fpm [4], and cyclic codes of length 5ps over Fpm + uFpm [2].

Recall that for any codeword x = (x0, x1, ..., xn−1) ∈ Rn, the number of nonzero components of

x is called the Hamming weight of x, denoted by wtH(x). Then, the Hamming distance dH(x, y) of

two codewords x and y is the number of components in which they di�er; namely, it is the Hamming

weight wtH(x− y) of x− y. Let C be a nonzero linear code, the Hamming weight wtH(C ) and the

Hamming distance dH(C ) are the same and de�ned to be the smallest Hamming weight of nonzero

codewords of C ; formally, dH(C ) = min{wtH(x) | 0 ̸= x ∈ C }, and the zero code is conventionally

said to have Hamming distance 0. The Hamming distance is an important tool in the algebraic coding

theory. It allows to compute how many errors could be corrected by the code, and it is used also to

construct new quantum codes. In 2021, Laaouine and Charkani [18] completed the determination of

Hamming distance of constacyclic codes of length 2ps over Fps +uFps , and Dinh et al. [16] computed

Hamming distance of constacyclic codes of length ps over Fps + uFps + u2Fps .

In this paper, we give a complete classi�cation of negacyclic codes of length 5ps over R = Fpm +

uFpm , and we give their Hamming distances in terms of the Hamming distances of codes of the

form ⟨f(x)q⟩ for a given monic polynomial f(x) and an integer q. Our classi�cation method is

based on the valuation ideas used in number theory over �elds (see [20]), and we use cyclotomic

polynomials and their factorizations. This gives the opportunity to simplify proofs and transforms

the codes classi�cation problem to the polynomials factorization problem. Furthermore, we compute

an important parameter L which allows to avoid the repetition of codes in di�erent given types, and

it will be crucial to determine Hamming distances.

We show that negacyclic codes of length 5ps could be written as a direct sum of n−cyclotomic

codes. So we recall some generalities of n−cyclotomic codes. Then, the factorization of the cyclotomic

polynomial Φ10(X) yields a decomposition of our negacyclic code according to the Φ10(X) irreducible

factors. Therefore, we distinguish 3 cases for q = pm:

Case 1: when q ≡ 3 (mod 10) or q ≡ 7 (mod 10).

Case 2: when q ≡ 1 (mod 10).

Case 3: when q ≡ 9 (mod 10).

For each case, we get a di�erent factorization of Φ10(X) and then a di�erent structure for the

negacyclic code. So we give the Hamming distances for each case.

2. Preliminaries

Let p > 5 be a prime number, m and s be positive integers and R = Fpm + uFpm with u2 = 0. For

each element x of R there are x1, x2 ∈ Fpm such that x = x0 + ux1. Let ν(x) = min{i ∈ {0, 1} |
xi ̸= 0}. For each ideal I of R we set ν(I) = max{i ∈ {0, 1} | I ⊆ uiR}. Also in R[X], for each

polynomial f(X), there are f0(X), f1(X) ∈ Fpm [X] such that f(X) = f0(X) + uf1(X). So we set

ν(f) = min{i ∈ {0, 1} | fi ̸= 0}, and ν(I) = max{i ∈ {0, 1} | I ⊆ uiR[X]} for each ideal I in R[X].

Negacyclic codes of length k over R are the ideals of the ring R[X]/⟨Xk + 1⟩ [13]. In order to

factorize the polynomial Xk + 1 we may need cyclotomic polynomials denoted by Φn(X), they are

de�ned as special divisors of polynomials of the form Xn − 1. When n is prime [1]

Φn(X) = Xn−1 +Xn−2 + ...+X + 1.

For the negacyclic codes of length 5ps over R, we should factorize the polynomial X5ps + 1. Since

Fpm is a �eld of characteristic p,

(X5ps + 1) = (X5)p
s

+ 1p
s

= (X5 + 1)p
s

= (X + 1)p
s × Φ10(X)p

s

.
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Lemma 2.1. With the above notations. If C is a negacyclic code of length 5ps over Fpm then:

C = C1 ⊕ C ′,

with C1 is a negacyclic code of length ps over R and C ′ is an ideal of R[X]/⟨Φ10(X)p
s⟩.

Proof. We know that C is an ideal of R[X]/⟨(X5 + 1)p
s⟩. Since X5 + 1 = (X + 1)Φ10(X) with

(X + 1) and Φ10(X) are coprime, the Chinese remainder theorem proves that

Fpm [X]/⟨(X5 + 1)p
s⟩ = Fpm [X]/⟨(X + 1)p

s⟩ ⊕ Fpm [X]/⟨Φ10(X)p
s⟩.

Thus C is a direct sum of an ideal of R[X]/⟨(X + 1)p
s⟩ (which is a negacyclic code of length ps)

and an ideal of R[X]/⟨Φ10(X)p
s⟩.

Negacyclic codes of length ps over R was already classi�ed by Dinh [9], so we should classify the

ideals of R[X]/⟨Φ10(X)p
s⟩.

Let q = pm, since p is a prime and p ≥ 7, q does not divide neither 2 nor 5. Then, q ≡ 1 (mod 10),

q ≡ 3 (mod 10), q ≡ 7 (mod 10) or q ≡ 9 (mod 10).

3. Classi�cation of the ideals of R[X]/(Φ10(X))p
s

when q ≡ 3 (mod 10) or

q ≡ 7 (mod 10)

Lemma 3.1. [23] Φn(X) is irreducible in Fq[X] if and only if q is a primitive root modulo n and n

is equal to 2, 4, rk or 2rk where r is an odd prime and k is a positive integer.

Corollary 3.2. Φ10(X) is irreducible in Fq[X] if and only if q ≡ 3 (mod 10) or q ≡ 7 (mod 10).

Proof. Indeed, ⟨3⟩ = ⟨7⟩ = {1, 3, 9, 7} = U(Z/10Z) is the group of units of Z/10Z. However,

⟨9⟩ = {1, 9} ≠ U(Z/10Z).

Lemma 3.3. q = pm ≡ 3 (mod 10) if and only if one of the following cases holds:

(a) p ≡ 3 (mod 10) and m ≡ 1 (mod 4).

(b) p ≡ 7 (mod 10) and m ≡ 3 (mod 4).

Proof. If p ≡ 1 (mod 10) it is impossible to get pm ≡ 3 (mod 10).

If p ≡ 3 (mod 10) we get p2 ≡ 9 (mod 10), p3 ≡ 7 (mod 10), p4 ≡ 1 (mod 10) and p5 ≡ 3

(mod 10) again. Then, pm ≡ 3 (mod 10) if and only if m ≡ 1 (mod 4).

If p ≡ 7 (mod 10) we get p2 ≡ 9 (mod 10), p3 ≡ 3 (mod 10). Then pm ≡ 3 (mod 10) if and only

if m ≡ 3 (mod 4).

If p ≡ 9 (mod 10) we have p2 ≡ 1 (mod 10) then it is impossible to get pm ≡ 3 (mod 10).

Lemma 3.4. q = pm ≡ 7 (mod 10) if and only if one of the following cases holds:

(a) p ≡ 3 (mod 10) and m ≡ 3 (mod 4).

(b) p ≡ 7 (mod 10) and m ≡ 1 (mod 4).

Proof. Similar to the proof of Lemma 3.3.
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Theorem 3.5. If p and m are as in Lemma 3.4 or in Lemma 3.3, then the ideals of R[X]/⟨Φps

10⟩
are:

(a) Type 1: C1, trivial ideals:

⟨0⟩ ; ⟨1⟩.

(b) Type 2: C2(τ), principal ideals in ⟨u⟩:

⟨uΦ10(x)
τ ⟩; where 0 ≤ τ ≤ ps − 1.

(c) Type 3: C3(δ, t, h(x)), principal ideals which are not in ⟨u⟩:

⟨Φ10(x)
δ + uΦ10(x)

th(x)⟩;

where δ > t, h(x) is either 0 or a unit in R[X]/⟨Φ10(X)p
s⟩ of the form

L−t−1∑
i=0

hiΦ10(x)
i with deg(hi) ≤

1, h0 ̸= 0, and L is the smallest integer which satis�es uΦ10(x)
L ∈ C3(δ, t, h(x)).

(d) Type 4: C4(δ, t, h(x), ω), non principal ideals:

⟨Φ10(x)
δ + uΦ10(x)

th(x), uΦ10(x)
ω⟩;

where ps > δ ≥ L > ω > t ≥ 0, h(x) is either 0 or a unit in R[X]/⟨Φ10(X)p
s⟩, and L is the smallest

integer verifying uΦ10(x)
L ∈ C3(δ, t, h(x)).

Proof. Notice �rst that Φ10(X) is irreducible. Let A = R[X]/⟨Φ10(X)p
s⟩, I be an ideal of A, and

I = (I + uA)/uA be its image in A/uA. Since A/uA ∼ Fpm [X]/⟨Φ10(X)p
s⟩ is a principal ideal ring,

there exists a1 ∈ I such that I = a1A/uA; namely, for each x ∈ I, we have x = a1.b, where b ∈ A.

Then x = a1.b + uc for some c ∈ A. As well uc = x − a1.b ∈ I, and c ∈ J1 = {r ∈ A | ur ∈ I}.
Therefore I = a1.A + uJ1. By the same method applied on J1 we get that J1 = a2.A + u.J2 for

a2 ∈ I, and J2 = {r ∈ A | ur ∈ J1} = {r ∈ A | u2r ∈ I}. Hence I = a1.A + ua2.A. Let

i ∈ {1, 2}. Since R is a special principal ideal ring [6], there exists a monic polynomial g(x) such that

aiA = ⟨uµg(x)⟩ where µ = ν(aiA) [see [8]]. Let g0, g1 ∈ Fpm [X]/⟨Φ10(X)p
s⟩ such that g = g0 + ug1,

and vk = max{i ∈ {0, ..., ps} | Φ10(X)i divides gk}, for each k ∈ {0, 1}. Then gk = Φ10(X)vkq

where q ∈ Fpm [X]/⟨Φ10(X)p
s⟩. Since Φ10(X) is irreducible and does not divide q, the Bezout identity

proves that q is a unit in Fpm [X]/⟨Φ10(X)p
s⟩. Then we can take g(x) = Φ10(x)

a + uΦ10(x)
bh(x),

where a and b are two integers, and h(x) is a unit in Fpm [X]/⟨Φ10(X)p
s⟩. Suppose that a ≤ b, then

g = Φa
10(1 + uΦb−a

10 ) where 1 + uΦb−a
10 h(x) is a unit since uΦ10(x)

a−bh(x) is nilpotent. Hence, we

have two possibilities: either aiA = Φa
10A or aiA = (Φa

10 + uΦb
10h(x))A with a > b. Therefore we

distinguish four di�erent cases:

(a) If either I = (0) or I = A, then we obtain an ideal of the type 1.

(b) If I is a principal ideal with ν(I) = 1, then we get I = uΦτ
10A, and we obtain an ideal of the

type 2.

(c) If I is a principal ideal with ν(I) = 0, then we get I = (Φδ
10 + uΦt

10h(x))A where δ > t and

h(x) is either a unit or zero. Then we obtain an ideal of type 3.

(d) If I is not a principal ideal, then I = a1A + ua2A. Since a1A is a principal ideal, we get

a1A = (Φδ
10 + uΦt

10h(x))A, where δ > t and h(x) is either a unit or zero. Therefore I = (Φδ
10 +

uΦt
10h(x))A + uΦω

10A. Furthermore, we know that uΦδ
10 ∈ ⟨Φδ

10 + uΦt
10h⟩. It follows that: if ω ≥ δ,

then I = (Φδ
10 + uΦt

10h(x))A + uΦω
10A = (Φδ

10 + uΦt
10h(x))A, which is a principal ideal. It follows
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that ω < δ. And if t ≥ ω, then the ideal I will be of the form I = Φδ
10A + uΦω

10A. Then we obtain

an ideal of the type 4 where h = 0.

Let us compute the parameter L.

Proposition 3.6. As above notations, for L = min{k ∈ Nδ | Φk
10 ∈ ⟨Φδ

10 + uΦt
10h(x)⟩} we have:

L =

{
δ if h = 0,

min(δ, ps − δ + t) if h ̸= 0.

Proof. Suppose that uΦω
10 = (Φδ

10 + uΦt
10h)(g

′
0Φ

g0
10 + ug′1Φ

g1
10), where g′i is either a unit or zero and

g0 > g1. Then we obtain the equations:{
g′0Φ

g0+δ
10 = 0,

g′1Φ
δ+g1
10 + g′0hΦ

g0+t
10 = Φω

10.

Then g0 + δ ≥ ps. Set k0 = g0 + δ − ps. It follows that

g′1Φ
δ+g1
10 + g′0hΦ

ps−δ+k0+t
10 = Φω

10.

We know that δ + g1 > ω. If h = 0, then the equation has no solution. Else, we get ν(g′1Φ
δ+g1
10 +

g′0hΦ
ps−δ+k0+t
10 ) = ps − δ + k0 + t = ω. Therefore ω ≥ ps − δ + t, since h ̸= 0.

Theorem 3.7. Let us keeping the same notations as in Theorem 3.5. Then:
dH(C2(τ)) = dH(⟨Φ10(x)

τ ⟩),
dH(C3(δ, t, h(x))) = dH(⟨Φ10(x)

L⟩),
dH(C4(δ, t, h(x), ω)) = dH(⟨Φ10(x)

ω⟩).

Proof. • If we multiply the codewords of ⟨Φ10(x)
τ ⟩, then we get all the codewords of C2(τ). Therefore,

dH(C2(τ)) = dH(⟨Φ10(x)
τ ⟩).

• Let us compute dH(C3(δ, t, h(x))). Suppose that c(x) is a nonzero element of C3(δ, t, h(x)).

Then c(x) = (g0(x) + ug1(x))(f(x)
δ + uf(x)th(x)), where g0(x), g1(x) ∈ Fpm [x]. It follows that

uc(x) = ug0(x)Φ10(x)
δ. Thus, we get:

wtH(c(x)) ≥ wtH(uc(x))

= wtH(ug0(x)Φ10(x)
δ)

≥ dH(⟨uΦ10(x)
δ⟩)

= dH(C2(δ)).

Furthermore, we know that L is the smallest integer which satis�es ⟨uΦ10(x)
L⟩ ⊆ ⟨Φ10(x)

δ +

uΦ10(x)
th(x)⟩ and ⟨uΦ10(x)

δ⟩ ⊆ ⟨Φ10(x)
δ + uΦ10(x)

th(x)⟩, then L ≤ δ and ⟨uΦ10(x)
δ⟩ ⊆ ⟨uΦ10(x)

L⟩.
So we get that dH(⟨uΦ10(x)

δ⟩) ≥ dH(⟨uΦ10(x)
L⟩). Therefore wtH(c(x)) ≥ dH(⟨uΦ10(x)

L⟩), for each
nonzero element c(x) of C3(δ, t, h(x)); namely, dH(C3(δ, t, h(x))) ≥ dH(⟨Φ10(x)

L⟩). Finally, we have
⟨Φ10(x)

L⟩ ⊆ C3(δ, t, h(x)), then we obtain that dH(⟨Φ10(x)
L⟩) = dH(C3(δ, t, h(x))).
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• Let us compute dH(C4(δ, t, h(x), ω)). Suppose that c
′(x) is a nonzero element in C4(δ, t, h(x), ω).

Then, we get

wtH(c
′(x)) ≥ min(dH(C3(δ, t, h(x)), dH(⟨Φ10(x)

ω⟩)
= min(dH(⟨Φ10(x)

L⟩), dH(⟨Φ10(x)
ω⟩)

= dH(⟨Φ10(x)
ω⟩) since L > ω.

Furthermore, we have

⟨Φ10(x)
ω⟩ ⊆ C4(δ, t, h(x), ω),

which yields that dH(C4(δ, t, h(x), ω)) = dH(⟨Φ10(x)
ω⟩).

4. Classi�cation of the ideals of R[X]/⟨Φ10(X)p
s⟩ when q ≡ 1 (mod 10)

Lemma 4.1 (Theorem 3.1 and Theorem 3.2, [22]). If q ≡ 1 (mod 10), then

Φ10(X) = (X + ω1)(X + ω2)(X + ω3)(X + ω4),

where ωk are di�erent primitive roots modulo 5.

Lemma 4.2. q = pm ≡ 1 (mod 10) if and only if one of the following cases holds:

(a) p ≡ 1 (mod 10).

(b) p ≡ 3 (mod 10) and m ≡ 0 (mod 4).

(c) p ≡ 7 (mod 10) and m ≡ 0 (mod 4).

(d) p ≡ 9 (mod 10) and m is even.

Proof. If p ≡ 1 (mod 10), then it is obvious that pm ≡ 1 (mod 10). If p ≡ 3 (mod 10), then we

get p2 ≡ 9 (mod 10), p3 ≡ 7 (mod 10), and p4 ≡ 1 (mod 10). Then pm ≡ 1 (mod 10) if and only

if m ≡ 0 (mod 4). Likewise, if p ≡ 7 (mod 10), then we get pm ≡ 1 (mod 10) if and only if m ≡ 0

(mod 4). If p ≡ 9 (mod 10), then we get p2 ≡ 1 (mod 10), then pm ≡ 1 (mod 10) if and only if m

is even.

Theorem 4.3. If p and m are as in the Lemma 4.2, then the ideals of R[X]/⟨Φ10(X)p
s⟩ are of the

form

C = C1 ⊕ C2 ⊕ C3 ⊕ C4,

such that, for each k ∈ {1, 2, 3, 4}, Ck is a −ωps

k -constacyclic code of length ps over R, and ωk are

some di�erent primitive roots modulo 5.

Proof. By Lemma 4.1, Φ10(X) = (X + ω1)(X + ω2)(X + ω3)(X + ω4). The Chinese remainder

theorem proves that

R[X]/⟨Φ10(X)p
s⟩ =

4⊕
k=1

R[X]/⟨(X + ωk)
ps⟩.

For any k ∈ {1, 2, 3, 4} we can see that the ideals of R[X]/⟨(X+ωk)
ps⟩ are −ωps

k -constacyclic codes

of length ps over R.

Constacyclic codes of length ps over R are already given by Dinh in [9], and their Hamming

distances had been computed by Dinh et al. [15].
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5. Classi�cation of the ideals of R[X]/⟨Φ10(X))p
s⟩ when q ≡ 9 (mod 10)

Lemma 5.1 (Theorem 3.4 and Theorem 3.5, [22]). If q ≡ 9 (mod 10) then

Φ10(X) = (X2 + (α + α−1)X + 1)(X2 + (α2 + (α2)−1)X + 1),

where α is a primitive root modulo 5.

Lemma 5.2. q = pm ≡ 9 (mod 10) if and only if one of the following cases holds:

(a) p ≡ 3 (mod 10) and m ≡ 2 (mod 10).

(b) p ≡ 7 (mod 10) and m ≡ 2 (mod 10).

(c) p ≡ 9 (mod 10) and m is odd.

Proof. The same proof given for Lemma 4.2.

Theorem 5.3. If p and m are as in Lemma 5.2, then the ideals of R[X]/⟨Φ10(X)p
s⟩ are of the form

C = C1 ⊕ C2,

with C1 is an ideal of R[X]/⟨(X2 + (α + α−1)X + 1)p
s⟩, and C2 is an ideal of R[X]/⟨(X2 + (α2 +

(α2)−1)X + 1)p
s⟩, where α is a primitive root modulo 5.

Proof. By Lemma 5.1, Φ10(X) = (X2 + (α + α−1)X + 1)(X2 + (α2 + (α2)−1)X + 1). Then the

Chinese remainder theorem proves that

R[X]/⟨Φ10(X)p
s⟩ = R[X]/⟨(X2 + (α + α−1)X + 1)p

s⟩ ⊕R[X]/⟨(X2 + (α2 + (α2)−1)X + 1)p
s⟩.

This gives the result.

It is enough now to show how the ideals of R[X]/⟨(X2 + (α + α−1)X + 1)p
s⟩ and R[X]/⟨(X2 +

(α2 + (α2)−1)X + 1)p
s⟩ are.

Theorem 5.4. If p and m are as in Lemma 5.2, then the ideals of R[X]/⟨(X2+(α+α−1)X +1)p
s⟩

are:

(a) Type 1: C1, trivial ideals:

⟨0⟩ ; ⟨1⟩.

(b) Type 2: C2(τ), principal ideals in ⟨u⟩:

⟨u(x2 + (α + α−1)x+ 1)τ ⟩; where 0 ≤ τ ≤ ps − 1.

(c) Type 3: C3(δ, t, h(x)), principal ideals which are not in ⟨u⟩:

⟨(x2 + (α + α−1)x+ 1)δ + u(x2 + (α + α−1)x+ 1)th(x)⟩;

where δ > t, h(x) is either 0 or a unit in R[X]/⟨X2 + (α + α−1)X + 1)p
s⟩ of the form

L−t−1∑
i=0

hi(x
2 +

(α+α−1)x+1)i, where deg(hi) ≤ 1, h0 ̸= 0, and L is the smallest integer which satis�es u(x2+(α+

α−1)x+ 1)L ∈ C3(δ, t, h(x)).
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(d) Type 4: C4(δ, t, h(x), ω), non principal ideals:

⟨(x2 + (α + α−1)x+ 1)δ + u(x2 + (α + α−1)x+ 1)th(x), u(x2 + (α + α−1)x+ 1)ω⟩,

where ps > δ ≥ L > ω > t ≥ 0, h(x) is either 0 or a unit in R[X]/⟨(X2 + (α+ α−1)X + 1)p
s⟩, where

L is the smallest integer verifying u(x2 + (α + α−1)x+ 1)L ∈ C3(δ, t, h(x)).

Proof. The same method of the proof given for Theorem 5.4, it su�ces to replace Φ10(X) by

X2 + (α + α−1)X + 1.

The parameter L is given by Proposition 3.6, and we can prove it using the same proof by replacing

Φ10(X) by X2 + (α + α−1)X + 1.

Theorem 5.5. Let us keeping the same notations as in Theorem 3.5. Then:
dH(C2(τ)) = dH(⟨(x2 + (α + α−1)x+ 1)τ ⟩),
dH(C3(δ, t, h(x))) = dH(⟨(x2 + (α + α−1)x+ 1)L⟩),
dH(C4(δ, t, h(x), ω)) = dH(⟨(x2 + (α + α−1)x+ 1)ω⟩).

Proof. The same method of the proof given for Theorem 3.7, it su�ces to replace Φ10(x) by x2 +

(α + α−1)x+ 1.

Theorem 5.6. If p and m are as in Lemma 5.2 then the ideals of R[X]/⟨(X2+(α2+(α2)−1)X+1)p
s⟩

are:

(a) Type 1: C1, trivial ideals:

⟨0⟩ ; ⟨1⟩.

(b) Type 2: C2(τ), principal ideals in ⟨u⟩:

⟨u(x2 + (α2 + (α2)−1)x+ 1)τ ⟩; where 0 ≤ τ ≤ ps − 1.

(c) Type 3: C3(δ, t, h(x)), principal ideals which are not in ⟨u⟩:

⟨(x2 + (α2 + (α2)−1)x+ 1)δ + u(x2 + (α2 + (α2)−1)x+ 1)th(x)⟩;

where δ > t, h(x) is either 0 or a unit in R[X]/⟨(X2+(α2+(α2)−1)X+1)p
s⟩ of the form

L−t−1∑
i=0

hi(x
2+

(α2 + (α2)−1)x + 1)i, where deg(hi) ≤ 1, h0 ̸= 0, and L is the smallest integer which satis�es

u(x2 + (α2 + (α2)−1)x+ 1)L ∈ C3(δ, t, h(x)).

(d) Type 4: C4(δ, t, h(x), ω), non principal ideals:

⟨(x2 + (α2 + (α2)−1)x+ 1)δ + u(x2 + (α2 + (α2)−1)x+ 1)th(x), u(x2 + (α2 + (α2)−1)x+ 1)ω⟩,

where ps > δ ≥ L > ω > t ≥ 0, h(x) is either 0 or a unit in R[X]/⟨(X2 + (α2 + (α2)−1)X + 1)p
s⟩,

where L is the smallest integer verifying u(x2 + (α2 + (α2)−1)x+ 1)L ∈ C3(δ, t, h(x)).

Proof. The same method of the proof given for Theorem 3.5, it su�ces to replace Φ10(X) by

X2 + (α2 + (α2)−1)X + 1.

The parameter L is given by Proposition 3.6, and we can prove it using the same proof by replacing

Φ10(X) by X2 + (α2 + (α2)−1)X + 1.
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Theorem 5.7. Let us keeping the same notations as in Theorem 5.6. Then:
dH(C2(τ)) = dH(⟨(x2 + (α2 + (α2)−1)x+ 1)τ ⟩),
dH(C3(δ, t, h(x))) = dH(⟨(x2 + (α2 + (α2)−1)x+ 1)L⟩),
dH(C4(δ, t, h(x), ω)) = dH(⟨(x2 + (α2 + (α2)−1)x+ 1)ω⟩).

Proof. The same method of the proof given for Theorem 3.7, it su�ces to replace Φ10(x) by x2 +

(α2 + (α2)−1)x+ 1.
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