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ABSTRACT. We prove that if A ⊂ Zq \{0}, A 6= 〈
p

〉
, q = p`, ` ≥ 2 with |A| > C

3p
`2q

(
1− 1

4`

)
,

then |P (A) ·P (A)| ≥C ′q3 where

P (A) =
{(

a11 a12

a21 a22

)
∈ SL2(Zq ) : a11 ∈ A∩Z×

q , a12, a21 ∈ A

}
.

The proof relies on a result in [4] previously established by D. Covert, A. Iosevich and J.

Pakianathan which implies that if |A| is much larger than
p
` q

(
1− 1

4`

)
, then

|{(a11, a12, a21, a22) ∈ A× A× A× A : a11a22 +a12a21 = t }| = |A|4 q−1 +R(t )

where |R(t )| ≤ ` |A|2 q
(
1− 1

2`

)
.

1. INTRODUCTION

In this paper we generalize a result found in [3] established by A. Iosevich and the first

listed author. In [3], it is proven that if A ⊂ Fq \{0} with |A| > C q
5
6 , then the product set

R(A) ·R(A) contains a positive proportion of all the elements of SL2(Fq ), where

R(A) =
{(

a11 a12

a21 a22

)
∈ SL2(Fq ) : a11, a12, a21 ∈ A

}
.

Let SL2(Zq ) denote the set of two by two matrices with determinant one over Zq where
q = p`, p prime, and ` > 0. We begin with a definition similar to that of R(A) mentioned
above.

Definition 1.1. Given A ⊂Zq , A 6= 〈
p

〉
let

P (A) =
{(

a11 a12

a21 a22

)
∈ SL2(Zq ) : a11 ∈ A∩Z×

q , a12, a21 ∈ A

}
.

Observe that the size of P (A) is less than |A|3. Our goal is to determine how large A
needs to be to ensure that the product set P (A) ·P (A) = {M ·M ′ : M , M ′ ∈ P (A)} contains a
positive proportion of all the elements of SL2(Zq ).

Our work is partly motivated by a result due to H. A. Helfgott who proved in [9] that
multiplication by sets in the group SL2(Zp ) expands rapidly across the group.

Theorem 1.2. (Helfgott, [9]) Let p be a prime. Let E be a subset of SL2(Zp ) not contained in
any proper subgroup.
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• Assume that |E | < p3−δ for some fixed δ> 0. Then

|E ·E ·E | > c|E |1+ε,
where c > 0 and ε> 0 depend only on δ.

• Assume that |E | > pδ for some fixed δ> 0. Then there is an integer k > 0, depending
only on δ, such that every element of SL2(Zp ) can be expressed as a product of at
most k elements of E ∪E−1.

See also [6], [10] and [7] for other generalizations and improvements of Helfgott’s result.
Expansion of finite groups have been studied in recent years and many of the best ex-
panders are linked to the group of invertible matrices of determinant 1. Several papers are
devoted to the study of this problem, however among them two breakthrough solutions
were obtained in SLd (Z/pnZ) by J. Bourgain and A. Gamburd ([1]) and in SLd (Z/qZ) by
Bourgain and P. Varjú ([2]) for arbitrary q . Moreover, it is important to mention that sum
- product estimates have applications to the incidence problem for lines. On this matter,
H.A Helfgott and M. Rudnev prove in [11] an incidence Theorem in Zp .

What we prove in this paper is slightly different. We provide an estimate for the size
of a subset A in Z/p`Z to get a product estimate in SL2(Z/p`Z). Our main result is the
following.

Theorem 1.3. Let A ⊂ Zq \{0}, A 6= 〈
p

〉
, q = p`, and ` ≥ 2 with |A| ≥ C

3p
`2q

(
1− 1

4`

)
. Then

there exists C ′ > 0 such that

(1) |P (A) ·P (A)| ≥C ′|SL2(Zq )| ≥C ′′q3.

Remark 1.4. If `= 1, that is q = p, thenZq
∼= Fq and we obtain the result in [3]. Also, observe

that if A = 〈
p

〉
, then P (A) is the empty set and we see that the threshold assumption on the

size of A in Theorem 1.3 cannot be improved beyond |A| ≥ q1− 1
` .

We shall make use of the following result due to D. Covert, A. Iosevich and J. Pakianathan
([4]).

Theorem 1.5. Let E ⊂Zd
q , where q = p` and define

ν(t ) = |{(x, y) ∈ E ×E : x · y ≡ x1 y1 +·· ·+xd yd = t }|.
Then ν(t ) = |E |2q−1 +R(t ) where for every t ∈ Z×

q , |R(t )| < `|E |q d−1
2

(
2− 1

`

)
. In particular,

we have that ν(t ) > 0 whenever |E | >> `q

(
2`−1

2`

)
d+ 1

2` .

Remark 1.6. We shall use Theorem 1.5 with E = A × A and d = 2. More precisely, we shall

use the fact that if E = A× A and the size of A is much greater than
p
` q

(
1− 1

4`

)
, then

(2) |{(a11, a12, a21, a22) ∈ A× A× A× A : a11a22 +a12a21 = t }| = |A|4 q−1 +R(t )

where |R(t )| ≤ ` |A|2 q
(
1− 1

2`

)
.

It is worth mentioning that we have tried to generalize Theorem 1.3 to include a gen-
eral non-prime q to no avail. The exponential sums get quite complicated and have to be
estimated rather than directly evaluated. However, there has been progress in this direc-
tion. Recently, D. Covert obtained a distance result for all odd q ([5]). The authors plan to
investigate the general q problem more in the near future.
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1.1. Fourier analysis used in this paper. We shall make use of the following basic for-
mulas of Fourier analysis on Zd

q . Let f : Zd
q → C and let χ denote a non-trivial additive

character on Zq . Define

f̂ (m) = q−d
∑

x∈Zd
q

χ(−x ·m) f (x).

It is not difficult to check that

(Inver si on) f (x) = ∑
m∈Zd

q

χ(x ·m) f̂ (m)

and

(Pl ancher el )
∑

m∈Zd
q

| f̂ (m)|2 = q−d
∑

x∈Zd
q

| f (x)|2.

2. PROOF OF THEOREM 1.3 (ESTIMATE 1)

We are looking to solve the equation

(
a11 a12

a21
1+a12a21

a11

)
·
(

b11 b21

b12
1+b12b21

b11

)
=

(
t α

β
1+αβ

t

)
,

which leads to equations

(3) a11b11 +a12b12 = t ,
b21

b11
t + a12

b11
=α, and

a21

a11
t + b12

a11
=β.

Let D t (a11,b11, a12,b12) denote the characteristic function of the set

D t = {(a11,b11, a12,b12) ∈ A× A× A× A : a11b11 +a12b12 = t }

and let E = A×A. Then the number of six-tuplets satisfying the equations (3) is given by

ν(t ,α,β) = 1

q2

∑
u,v∈Zq

∑
a11,b11,a12∈Zq

b12,a21,b21∈Zq

D t (a11,b11, a12,b12)E(a21,b21)χ(u(b21t +a12 −αb11))χ(v(a21t +b12 −βa11)

= q−2|D t ||E |+q4
∑

Z2
q \{(0,0)}

D̂ t (βv,αu,−u,−v)Ê(t v, tu)

= ν0(t ,α,β)+νmai n(t ,α,β).

So we have ν0(t ,α,β) = |D t ||A|2
q2

.

Let t ∈Z×
q . We will now estimate |D t | using Theorem 1.5 and Remark 1.6 . By (2) we have

(4) |D t | = |A|4q−1 +R(t ) ≤ |A|4
q

+`|A|2q
(
1− 1

2`

)
.
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It follows that

ν0(t ,α,β) ≤ |A|4
q2

( |A|2
q

+`q
(
1− 1

2`

))
= |A|6

q3
+ |A|4

q

`

q
1

2`

.

Thus,
∑

t∈Z×
q

α,β∈Zq

ν2
0(t ,α,β) ≤ q3

(
|A|6
q3

+ |A|4
q

`

q
1

2`

)2

which implies that

(5)
∑

t∈Z×
q

α,β∈Zq

ν2
0(t ,α,β) ≤ |A|12

q3
+ 2` |A|10

q
(
1+ 1

2`

) + q`2 |A|8
q

1
`

.

We now estimate
∑

t∈Z×
q

α,β∈Zq

ν2
mai n(t ,α,β). By Cauchy-Schwartz and Plancherel we have

ν2
mai n(t ,α,β) ≤ q8

∑
u,v∈Zq

∣∣D̂ t (βv,αu,−u,−v)
∣∣2 · ∑

u,v∈Zq

∣∣Ê(t v, tu)
∣∣2

≤ |E |q6
∑

u,v∈Zq

∣∣D̂ t (βv,αu,−u,−v)
∣∣2

= |A|2q6
∑

u,v∈Zq

∣∣D̂ t (βv,αu,−u,−v)
∣∣2

.

It follows that

(6)
∑

α,β∈Zq

ν2
mai n(t ,α,β) ≤ |A|2q6

∑
α,β,
u,v∈Zq

∣∣D̂ t (βv,αu,−u,−v)
∣∣2

.

In order to apply Plancherel we need to perform a change of variables. Write

α= pγ1α0, β= pγ2β0, u = pγ3 u0, v = pγ4 v0

where γi ∈ {0,1,2, . . . ,`} , i ∈ {1, . . . ,4}, and u0, v0,α0,β0 ∈Z×
q .

Let Dp
t

(
y1, y2, y3, y4

)
denote the characteristic function of the set

Dp
t = {(pγ2+γ4 x1, pγ1+γ3 x2, pγ3 x3, pγ4 x4) : x = (x1, x2, x3, x4) ∈ D t }.

Note that if m = (m1,m2,m3,m4) and y = (y1, y2, y3, y4), then

D̂p
t (m) = q−4

∑
y∈Z4

q

χ
(−y ·m

)
Dp

t (y)

= q−4
∑

y∈D
p
t

χ
(−y ·m

)
.
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Now, observe that y ∈ Dp
t means that y = (pγ2+γ4 x1, pγ1+γ3 x2, pγ3 x3, pγ4 x4) with x ∈ D t .

Thus,

D̂p
t (m) = q−4

∑
y∈D

p
t

χ
(−y ·m

)
= q−4

∑
x∈D t

χ
(−pγ2+γ4 x1m1 −pγ1+γ3 x2m2 −pγ3 x3m3 −pγ4 x4m4

)
= q−4

∑
x∈Z4

q

χ
(−pγ2+γ4 x1m1 −pγ1+γ3 x2m2 −pγ3 x3m3 −pγ4 x4m4

)
D t (x)

= D̂ t
(
pγ2+γ4 m1, pγ1+γ3 m2, pγ3 m3, pγ4 m4

)
.

Hence, for any m ∈Z4
q we get the following relation:

D̂p
t (m1,m2,m3,m4) = D̂ t

(
pγ2+γ4 m1, pγ1+γ3 m2, pγ3 m3, pγ4 m4

)
.

Using this relation with the change of variables

α
′ =α0u0, u

′ =−u0

β
′ =β0v0, v =−v0

we have∑
α,β,
u,v∈Zq

∣∣D̂ t
(
βv,αu,−u,−v

)∣∣2 = ∑
γ1,γ2,
γ3,γ4∈{0,...,`−1}

∑
α0,β0,
u0,v0∈Z×

q

∣∣D̂ t
(
pγ2+γ4β0v0, pγ1+γ3α0u0, −pγ3 u0, −pγ4 v0

)∣∣2

= ∑
γ1,γ2,
γ3,γ4∈{0,...,`−1}

∑
α
′
,β

′
,

u
′
,v

′∈Z×
q

∣∣∣D̂ t

(
pγ2+γ4β

′
, pγ1+γ3α

′
, pγ3 u

′
, pγ4 v

′)∣∣∣2

≤ ∑
γ1,γ2,
γ3,γ4∈{0,...,`−1}

∑
α
′
,β

′
,

u
′
,v

′∈Z×
q

∣∣∣D̂p
t

(
β

′
,α

′
,u

′
, v

′)∣∣∣2

≤ `4
∑

α
′
,β

′
,

u
′
,v

′∈Zq

∣∣∣D̂p
t

(
β

′
,α

′
,u

′
, v

′)∣∣∣2

= q−4`4
∑

x1,x2,
x3,x4∈Zq

∣∣Dp
t (x1, x2, x3, x4)

∣∣2

= q−4`4
∣∣Dp

t

∣∣
≤ q−4`4 |D t |

since
∣∣Dp

t

∣∣≤ |D t |. By (4) it follows that

(7)
∑

α,β,
u,v∈Zq

∣∣D̂ t
(
βv,αu,−u,−v

)∣∣2 ≤ `4q−4
( |A|4

q
+` |A|2 q

(
1− 1

2`

))
.

Now, using (6) and (7) we have that
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∑
t∈Z×

q

α,β∈Zq

ν2
mai n(t ,α,β) ≤ `4|A|2q6qq−4

( |A|4
q

+` |A|2 q
(
1− 1

2`

))

That is,

(8)
∑

t∈Z×
q

α,β∈Zq

ν2
mai n(t ,α,β) ≤ `4 |A|6 q2 +`5 |A|4 q

(
4− 1

2`

)
.

Hence, in view of (8) and (5) we have that

(9)
∑

t∈Z×
q

α,β∈Zq

ν2(t ,α,β) ≤C

(
|A|12

q3
+ 2` |A|10

q
(
1+ 1

2`

) + q`2 |A|8
q

1
`

+`4 |A|6 q2 +`5 |A|4 q
(
4− 1

2`

))
.

Let Support
(
ν(t ,α,β)

)
be the characteristic function of the set

Support(ν) =
{

(t ,α,β) ∈Z3
q : ν(t ,α,β) 6= 0

}
.

Now, |P (A)|2 −
∑

t∈Zq \Z×
q

α,β∈Zq

ν(t ,α,β)


2

=

 ∑
t∈Z×

q

α,β∈Zq

ν(t ,α,β)Support
(
ν(t ,α,β)

)


2

.

In view of (9) and applying the Cauchy-Schwarz Inequality, we have

 ∑
t∈Z×

q

α,β∈Zq

ν(t ,α,β)Support
(
ν(t ,α,β)

)


2

≤

 ∑
t∈Z×

q

α,β∈Zq

ν2(t ,α,β)


 ∑

t∈Z×
q

α,β∈Zq

Support
(
ν(t ,α,β)

)


= ∣∣Support(ν)
∣∣ ∑

t∈Z×
q

α,β∈Zq

ν2(t ,α,β)

≤ ∣∣Support(ν)
∣∣C

(
|A|12

q3 + 2` |A|10

q
(
1+ 1

2`

) + q`2 |A|8
q

1
`

+`4 |A|6 q2 +`5 |A|4 q
(
4− 1

2`

))
.

Thus,

(10)|P (A)|2 −
∑

t∈Zq \Z×
q

α,β∈Zq

ν(t ,α,β)


2

≤C
∣∣Support(ν)

∣∣( |A|12

q3
+ 2` |A|10

q
(
1+ 1

2`

) + q`2 |A|8
q

1
`

+`4 |A|6 q2 +`5 |A|4 q
(
4− 1

2`

))
.
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We now turn our attention to
∑

t∈Zq \Z×
q

α,β∈Zq

ν(t ,α,β). Fixing a21 and b21 in A we have that

∑
t∈Zq \Z×

q

α,β∈Zq

ν(t ,α,β) ≤ |A|2 |{(a11,b11, a12,b12) : a11b11 +a12b12 = t }|

≤ |A|2 |A|3 |{a11 : a11b11 = t −a12b12}| .
By a known result in Congruence Theory, |{a11 : a11b11 = t −a12b12}| < p`−1.

Thus,
∑

t∈Zq \Z×
q

α,β∈Zq

ν(t ,α,β) ≤ |A|2 |A|3 p`−1 ≤C |A|6 if |A| ≥C
p
`q

(
1− 1

4`

)
, as desired.

That is,

(11)
∑

t∈Zq \Z×
q

α,β∈Zq

ν(t ,α,β) ≤C |A|6 .

On the other hand,

|P (A)| ≥
(
p`−p`−1

)3

= p3`−3p3`−1 +3p3`−2 −p3`−3

= q3
(

p3 −3p2 +3p −1

p3

)
= q3

(
p −1

p

)3

≥C |A|3 where C ∈ (0,1) if |A| ≥C
p
`q

(
1− 1

4`

)
as desired.

That is,

(12) |P (A)|& |A|3 .

So, (11) and (12) imply that

|P (A)|2 −
∑

t∈Zq \Z×
q

α,β∈Zq

ν(t ,α,β) ≥ (1−C ) |A|6 .

That is,

(13)

|P (A)|2 −
∑

t∈Zq \Z×
q

α,β∈Zq

ν(t ,α,β)


2

≥ (1−C )2 |A|12 .
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By (10) and (13) we have

∣∣Support(ν)
∣∣( |A|12

q3
+ 2` |A|10

q
(
1+ 1

2`

) + q`2 |A|8
q

1
`

+`4 |A|6 q2 +`5 |A|4 q
(
4− 1

2`

))
≥ (1−C )2 |A|12 .

This implies

(14)
∣∣Support(ν)

∣∣≥ (1−C )2 |A|12

|A|12

q3 + 2`|A|10

q

(
1+ 1

2`

) + q`2|A|8

q
1
`

+`4 |A|6 q2 +`5 |A|4 q
(
4− 1

2`

) .

To conclude the proof, we need to find the size of |A| such that the term |A|12

q3 in (14)

dominates all of the other terms in the denominator.

• |A|12

q3 & 2`|A|10

q

(
1+ 1

2`

) ⇐⇒ |A|2 & 2`q
(
2− 1

2`

)
⇐⇒ |A|&p

`q
(
1− 1

4`

)

• |A|12

q3 & q`2|A|8

q
1
`

⇐⇒ |A|4 & `2q
(
4− 1

`

)
⇐⇒ |A|&p

`q
(
1− 1

4`

)

• |A|12

q3 & `4 |A|6 q2 ⇐⇒ |A|6 & `4q5 ⇐⇒ |A|& 3p
`2q

5
6

• |A|12

q3 & `5 |A|4 q
(
4− 1

2`

)
⇐⇒ |A|8 & `5q

(
7− 1

2`

)
⇐⇒ |A|& 8p

`5q
( 7

8− 1
16`

)

Hence,
∣∣Support(ν)

∣∣& q3 if |A|& 3p
`2qmax

{
1− 1

4` , 5
6 , 7

8− 1
16`

}
. Now, noticing that

max
{
1− 1

4` , 5
6 , 7

8 − 1
16`

}= 1− 1
4` if `≥ 2, the proof is complete.
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