ON SOME IDENTITIES AND GENERATING FUNCTIONS FOR PELL-LUCAS
NUMBERS

ALI BOUSSAYOUD

ABSTRACT. Generating functions for Pell and Pell-Lucas numbers are obtained. Appli-
cations are given for some results recently obtained by Mansour [12]; by using an alter-
native approach that considers the action of operator (5k , to the series 7%, a](elz)]

1. Introduction and the Main Result

Let us specify a second-order linear recurrence sequence (U, (a, b; p, q))n>0, or briefly
(Un)n=0 by

Uy = PunJrl + qun//
with Uy = a,U; = b and n > 0 (see [6, 11]) for example. This sequence was introduced
in 1965 by Horadam [6, 7], which were generalized innumerable sequences, mostly
depending on p,q,a and b (see [8]). Some examples of such sequences are the Pell
number (P,),>o and Pell-Lucas number sequences (Qy),>0; when one has p = 2,4 =
b=1a=0and p =b =a = 2,q = 1 respectively. In this paper we give some new
generating functions for Pell and Pell-Lucas numbers.

In this contribution, we shall define a new useful operator denoted by &% e, for which
we can formulate, extend, and prove new results based on our previous ones [2, 3, 4].
In order to determine generating functions for Pell and Pell-Lucas numbers and Cheby-
chev polynomials of second kind, we combine between our indicated past techniques
and these presented polishing approaches.

In order to render the work self-contained, we give the necessary preliminary tools;
we recall some definitions and results.

Definition 1.1. [1] Let A and B be any two alphabets, then we give S;(A — B) by the following
form:

HbeB .
< Si(A—B)z
HaeA( Z

with the condition S;{(A — B) = 0 for j < 0.
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Corollary 1.2. Taking A = 0 in (1.1) gives
[](1—2zb) Z S:i(
beB

Definition 1.3. [3] Given a function g on RR", the divided difference operator is defined as
follows

gxy, -+, xj, Xigq, - xn) — (X1, - - Xi—1, Xi41,Xi, Xi42 " ° Xn)
Xi — Xit1

axixi+1 (g) =
Definition 1.4. [4] Given an alphabet E = {eq, es}, the symmetrizing operator 55162 is defined
by
eif(er) — é5f(e)

€1 — €

(1.1) O o, (f) = forall j € N.

If f(e1) = ey, the operator (1.1) gives us
55162 (f) - Sk(el + 32) = a3132( II+1)
Proposition 1.5. [5] Let E = {ey,es}, we define the operator 5k e, 48 follows:
5§1er (e1) = Sk_1(e1+e2)f (e1) + e'éaglezf (e1), forall k € N.

Proposition 1.6. [10] The relations

1) P_]' = (—1)j+1pj/

2)Q-; = (-1)Q;
hold for all j > 0.

In this paper, we shall combine all these above tools in a unified way. Then it seems
that all our results can be treated as special cases of the following theorem.

Theorem 1.7. Given an alphabet E = {e1, e}, two sequences ;" a;z!, Y. "5 bzl such that
(Z;;OS ﬂjZ]> (Z;;C’S bjzf> =1, then

k-1 . it
L by(102)dees ()2 — (e1022)F ¥ bjps19en(ef )2

k—l— j=0 j=0
(1.2) Za] eer (e )2 =

(§ bje]izj> (E bjeézj>
=0 =0

The paper is organized as follows. In Section 2 we give the proof our main Theorem.
In Section 3 we give some applications for this Theorem.
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2. Proof of main result

In this section, we present a proof of Theorem 1.6.

Let Y a]-zf and ) bjzj be two sequences such that (Z;;"g a]-zf ) (Z;F:"g bjzf> =1.
j=0 j=0

(] . .
In the first instance, since f(e;) = ¥ aje}z/, we have
j=0

o0
k k [
5elezf (61) = 56162 (Zajejlzj>
j=0
> k+jy_i
= )4 deer(e) )7,
j=0

which is the left-hand side of (1.2). On the other hand, since

1
fler) = .
Y bjeyz
j=0
we have
1 1 1
aelezf(el) = o1 — e o T -
VT2 Lz Y beyz
j=0 j=0
Y bield — E biel 2/
- 1 ) i2 ) i“1
a €1 —ér 00 . 00 .
L bzl | | L bjeyz
j=0 j=0
ren

(i bje]izf> (020‘, bjeézf>
j=0 j=0

[ee]

) bij(el + €2)Zj
j=0

< y bje{zf> (g bjeézf>
j=0 j=0
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By Proposition 1.5, it follows that
Serf (e1) = Skoa(er+e2)f (e1) + e50eyer f (1)

y b;Si_1(eq +er)z
Sk—1(e1 +e2) =0

S o o\ [
]Eob]elzf <j§0bje]12]> (j;objeé21>

‘20 b [eéSk_l(el +e2) — elzcsjfl(el + 62)} 2
]:
(§ b]'e]izf) (i bjejézf)
j=0 j=0

k=l ) ,
L b [ezsk—1(€1 +e2) —e;Sj-1(e1 + ez)} z/

j=0
55162]( (el) = o0 ) o )
j=0 j=0

Yy bj [eésk,l(el +ep) — e’ﬁS]'_1(€1 + 62)] v

j=k+1
<'oo bje{zf> (E bjeézf)
j=0 j=0

k—1 . k—] . k
'Zo bi(e1e2)/0ese, (€7 )7 — (e1€22)
]:

which can also be cast in the form

_|_

. Obj+k+1aelez(€/1 )2 "
]:

(. bje{zf) (.Z bjeézf)
j=0 j=0

3. On the Generating Functions of Some Numbers and Polynomials

This completes the proof.

In this part, we derive several new generating functions of some known numbers
and polynomials. Indeed, we consider our previous Theorem in order to derive Pell,
Pell-Lucas numbers and Chebychev polynomials of the second kind.

Lemma 3.1. Given an alphabet E = {e1,e,}, we have

(3.1) Jerer (3]1#1)2]' = !
j=0

11— (e1 +e2)z +erepz?’
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Proof. Let Y2 e]izf and (1 —e;z) be two sequences such that Y2, e]izf = 171?, the
left-hand side of the formula (3.1) can be written as:
%) ] ] o} ] ]
o . e1Y oqez —ex Y 2 ez
5618226]12] = = =1
j=0 €1 — €
0o 11 j+1
ey —e ;
=y A
0 fa—e
0 TR
= ey (3]1 )2
j=0
while the right-hand side can be expressed as
5 1 _ €1 1—1612 —e 1—1622
e 1-— €12 €1 — €
_er(1—exz) —ex(1 —e12)
(e1 —e2) (1 —e12)(1 — erz)
. €1 — €
(e1 —ex)(1— (e1 + )z + e1e22?)
_ 1
11— (eg +e2)z+erepz?’
This completes the proof. U
Lemma 3.2. Given an alphabet E = {e1,e,}, we have
> i ; e1+ep —ejerz
3.2 Derer (€] )2l = .
(3-2) ];) GG 1— (e1 +e2)z + egepz2
Proof. Let 3% e{zj and (1 —e1z) be two sequences such that Y2 e{zf = 13?’ the

left-hand side of the formula (3.2), can be written as

2y i 2y g
s & eakinge? —e)il e
6o, Y 007 =
ez 1
j=0

€1 — €
5 .
oo e]1+ —62]+2 )

-
e1 — e

Derer (¢2)7.

e 10

0

]
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while the right-hand side can be expressed as

(53 . ( 1 ) _ e%l—lelz - e%l—lezz
12\1—ez e1— e

(1 —epz) —e3(1—e12)

(e —e2)(1—e1z)(1 —epz2)
(ey —e2)(e1 + ex — ere0z)

(e1 —e2)(1 — (e1 +e2)z + e16222)

e1+exy —erez

T 1o (e1 + e2)z + eqep22

This completes the proof. u

This case consists of two related parts. Firstly, by replacing e; by (—e;) in (3.1) and
(3.2), we obtain

(3.3) ;a el ) = 1o (er —e;)z — 7
o0 Bt =
Choosing e; and e; such that { elel—ezezzzlz and substituting in (3.3) and (3.4), we
obtain
(3.5) g Bey ez () )7 = 1_21?
(3.6) éael[—ez] (ef%)7 = 1_22%

Multiplying the equation (3.5) by (—2) and added to (3.6), we have

(37) Z PZ ﬁ with P = a (€]+2) [ ]( ]1+1),

where (3.7) estabhshes the generating function for Pell numbers [12].
Multiplying (3.5) by (6) and adding to (3.6) multiplied by (—2), gives the following
generating function

> ; 2-2z _ ~
(3.8) Z(:) QjZ] T 1 _0,_2 with Q; = 6ae1 [—er] (e]H) [—ez] (‘3]1+2),
]:

Replacing z by (—z) in (3.7) and (3.8), we have the following theorems.
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Theorem 3.3. For j € IN, the generating function of the Pell numbers is given by

[0,] . z
| 27—
= S W P

Proof. The ordinary generating function associated is defined by
G(P2) = ) P,
j=0
using the initial conditions, we have

Y Pz = Py+Piz+) P2
j=0 j=2

= z+ ZZPj,lzj -+ Z ijzzj.
j=2 j=2
If we consider the case when n = j — 2 and p = j — 1, the right-hand side expand as

= z+4+22) P]-zj + 22 Pj_zzj_z
=1 =2

= z+22) P2+ z2 Pyz?,
n=0 p=0

which is equivalent to

(1—2z—2%) Zszj = z
=0

Pe = — 2
]._Zé i 1—2z— 72

Replacing z by (—z), we have

ad —z
—1)/ Pz =
Jg( ) Pz 142z — 22’
therefore
yHpgf =2
];)( ) = + 27— 22

Pa=—
].;;) i 1+2z— 272

This completes the proof.
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Theorem 3.4. For j € IN, the generating function of the Pell-Lucas numbers is given by

ad ' 2+2z
e
JgQ_]Z 142z — 22

Proof. The ordinary generating function associated is defined by
00 .
G(Qjz) =), Q7.
j=0
Following the same procedure and using the initial conditions, we can write

Y Q7 = Q+Qiz+ ) Q7
j:O j:z

= 24224 )Y 2Q;47 + Y Qi 07,
j=2 j=2

If we take n = j —2 and p = j — 1. The right-hand side can be expanded as

= 2+42z42z2) Qi +22) Qj 72
i=1 P

= 2+2z+2z (Z Quz" — Q()) + 22 Z Qpz?,
n=0 p=0

which is equivalent to

(1-2z-2%)Y Q7 = 2-22
j=0

ad , 2 -2z
L - 2T
];)Q]Z 1—2z— 27?2

Replacing z by (—z), we have

= L 242z
1O = ST
];)( VQyz 1+2z—22
therefore
= - 242z
o = T
];)Q_]z 142z — 22
This completes the proof. 4

Lastly, replacing e; by 2e1 and e; by (—2e;) in (3.3) and (3.4), and under the condition
4e1ep = —1, we obtain, for x = e; — ey,
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ad ; 1 +1
;) U]-(x)Z] = m, such that UJ(X) = 8261[_262] (6]1 )
]:
—+o0
j+2, i 2x—z
(3.9) ];) azel[—Zez] (e )7 = 1T 2xz 1 22/

which represents a generating function for Chebychev polynomials of second kind,[2]
such that g, 5, (¢] ") = (2x — 2)Uj(e1 — e2).
Moreover, we deduce from (3.9), the following generating function:

oo . ‘
j+2 +1,] . 2x—(x+1)z
Jg [8261[7262} (e7) = X02¢ [—20y] (7 )| 7 = 1 _2xz 122"
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