NUMBER OF SINGLETONS IN INVOLUTIONS OF LARGE SIZE: A CENTRAL
RANGE AND A LARGE DEVIATION ANALYSIS

GUY LOUCHARD

ABSTRACT. In this paper, we analyze the asymptotic number I(m,n) of involutions of
large size n with m singletons. We consider a central region and a non-central region. In
the range m = n —n*,0 < a < 1, we analyze the dependence of I(m,n) on «. This paper
fits within the framework of Analytic Combinatorics.

1. INTRODUCTION

During the last few years, we have been interested in asymptotic properties of some
permutation parameters. For instance, we analyzed the number of inversions in [9] (in
cooperation with Prodinger), of cycles (related to the Stirling numbers of the first kind)
in [7], of rises (related to Eulerian numbers) in [8]. We extended the Gaussian approx-
imation with more terms and we also considered some large deviation expansions. In
this paper, we turn to another property: the number of singletons in involutions, an in-
volution is a permutation ¢ such that 0 is the identity permutation. This corresponds
to cycles of size 1 and 2, see Béna [1] for details. We will use the saddle point method:
see Flajolet and Sedgewick [2, ch. VIII] for a nice introduction.

We denote by I, the total number of involutions of size n and by I(m, n) the number
of all involutions of size n with m singletons. We define a random variable J, by the
relation
I(m,n)

I,

This corresponds to the number of singletons in an involution chosen (uniformly) at
random among all involutions of size n. In [2, ch. VIII, p.560], using the saddle point
technique, Flajolet and Sedgewick give the first terms of the asymptotic expansion of
I,, also obtained by Knuth [6] (see also Moser and Wyman [10]). In Section 2, we
provide a more detailed expansion of I,,. In [2, ch. VIII, p.692], the authors provide the
tirst terms of the mean and variance of J,. In Section 2, we consider a detailed analysis
of all moments of [,. In [2, ch. VIII, p.692], the authors prove the dominant Gaussian
asymptotic of J, by using together the saddle point technique and a generalized quasi-
powers technique (see Sachkov [11], Hwang [4], [5]). In Section 3, we give a detailed

P(J, =m) =
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analysis of the asymptotic distribution of J,. In Section 4, we consider a large deviation
range: m = n—n*,0 < a < 1. In this section, we will use multiseries expansions:
multiseries are in effect power series (in which the powers may be non-integral but
must tend to infinity) and the variables are elements of a scale. The scale is a set
of variables of increasing order. The series is computed in terms of the variable of
maximum order, the coefficients of which are given in terms of the next-to-maximum
order, etc. This is more precise than mixing different terms.

Note finally that our approach can be used in generalizations of the involution: we
can deal with cycles of any chosen size and deal with singletons or other specific cycles.

2. THE MOMENTS

We will prove the following theorem:

Theorem 2.1. The asymptotic expansion of the factorial moments of |, is given by

(L) = nt/2 |1 - ¢ _K(f—4)+€(7—18£+5€2)+0(1>].

2/n 8n 4813/2 n?

We have the classical (exponential) generating functions of I, and I(m, n):

[ee]

— z+z2/2

=

z"
Iy
[ee] [ee]
>: 5t Z = 07,
(o]
f3 m Z

:

From f3 ,,(z), we have
X I(m,n) 1
1) nt 200m/2((n—m)/2)tm!

We define mt : H o (m — j) as the ¢-th falling factorial of m.
We have

= S
n) = Z mtP (], = m) = I_@/
m=0 n

00 ¢
= Y mtl(m,n) = n![z"] a_gf2(Z,]/) = n! [2"]20e* 22 = i)t /2,
m=0 ay _
y=1

n! I,
EUn) = 1 0= o

Now we turn to an asymptotic expansion of I,.
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Let Q) denote the circle pei’. By Cauchy’s theorem, it follows that (integral performed
counter-clockwise)

In/n!:L fl(z)dz

27 Jo z" 1

i0 : BT
”27(/ fi(pe')e™™dp  using z = pel

= li/ exp (In(f1(pe'®)) — nid) do
p" 27T J—m
@) S / exp |ix10 — i — 2xp8? — Lxa 4| do
where
al

K = o In(fy oe"))] -

Now we have x; = p + p? and we set x; — n = 0 such that the saddle point is the root
(of smallest modulus) of p> + p —n = 0. (From now on, we only provide a few terms
in our expansions, but of course we use more terms in our computations). A direct
computation gives

1
p:——+2\/4n+

2
11 1 1 5 1
=Vn—g+ 8n 128n3/2 T 0 n572 ~ 307680772 T © (n9/2> ’
In(p) = () 1 .1 3 5 3 (1
O Ty T o a8/ T 12801572 T 14336 17/2 589824 1972 ns )

See Good [3] for a neat description of this technique.
The dominant part of (2) gives

f—l(,f) = exp(Ey),
P
o
Ei:==p+ %5 —nln(p) =

+
_ (1=In(n))n 1
R

~ nin(p)

NIS

+ NI

11 Lo 1
24\/n  640n3/2 nz)’
with the substitution p> = n — p. (This substitution will be frequently used in the

sequel.)
Now we turn to the integral. We have

Ky = —p+2n,
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and more generally
Ki=—2 1 =1)p+2""n

We choose a splitting value 6y such that k03 — oo, and %365 — 0, as n — oo. If
we choose 0y = nP, we must have n?f*1 — oo, n3*!1 — 0. For instance, we can use
0o = n~5/12. We must prove that the integral

271’—90 .
K, = /9 exp (In(f1(pe')) — ni@) do
0

is such that |K;| is exponentially small (tail pruning). This is done in [2, ch. VIIL, p.559].
Now we use the classical trick of setting

3 K;(i0)//jt = % [(n —p) (e —1— 2i9)} +p(e? =1 —i0) = —u¥/2.
j=2

Computing 6 as a series in u, this gives, by Lagrange inversion,

0 uz’
3) 0 = Z ﬂim/
i=1
with, for instance (we use more coefficients in our computations),

V2 V2 V2 3V2 11ﬁ+0(1>,

T T 8/n 6dn 256132 ' 409612 7572

PR UL S R S 0 )
2T 6 24yn  48n  192n3/2 192m2 ns/2 )

This expansion is valid in the dominant integration domain

|u‘ < @ -0 (n1/12) )

Setting d6 = Z—Zdu, we integrate on u = [—00, 0]:
1 o 7u2/2 de
— —du.
27 /—oo ‘ "

The extension of the range (tail completion) is justified in [2, ch. VIII, p.560]. The same
justification is applicable in the next sections. The integration gives

1
— — _F, with
2/m/n Wi
1 19 13 1
Fi=1 - o).
VST A T %0 3sand (nZ)

This leads to the proposition
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Proposition 2.2.
I, 1
[IENENG
_ 1 [1+ 1 19 13 +O(l)]x
2/ \/n 4/n 96n 384n3/2 n?
1—In(n))n 1 1 1 1
P [#hﬁ_ 1" 2aym o O (ﬁ)} ’

which extends previous results.
Now we turn to % We successively have, for £ = O(1),

Fiexp(Ep)

-
oc+or—n+L=0,
07 =n —{ — py is used as a next substitution,
1 (1-46) (=1+40% (-1+40)

pr=vin—g+ 8/n 128132 10241572

5(-1+40)° o]
32768n7/2 nd/2 )’

In(n) 1 ¢ 1-12¢ (* 3-400+42400> PP

1 = _ _
nipe) == 2v/n 2n ' 48n3/27  an? 12801572 611
 —5+844-560(*+22400°>  (*
14336n7/2 8n4
35 — 720 ¢ + 6048 £2 — 26880 ¢3 + 80640 ¢* 1
_ + O _5 ,
58982419/2 n
filbo) _ e (Ery),
Py
n V4
Eip:= 5 + % 5~ (n—£)In(py),

kg =—2" =)o+ 27 (n—10),
6 is again given by (3),
2 2 2(-1+16¢ 2(32¢-3 1
V2 V2 V2(-1+4160) V2 )+O<_),

W=t 64n 25613/2 n2
1 —19+48¢ 96(—13 1

F,:=1 —

VS T T 9en T g (nz)'

| 1
~ F Ei¢).
Note that setting ¢/ = 0, we recover of course I,. The detailed expansions of p, and
In(p;) are used in E; and E ;.
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We are now ready to compute E(J5) = ?—f We derive
exp(Eyy — E1) = n'/?Ty,
1 2 i(5L=1)(L—1) (-4+240+0)

Th=1——%
! 2 /n  8n 481372 38412
(10 — 60 £ 4 41 2) ol
384015/2 n)’
F,
F_l T2/
¢ l 1
T2—1+ %‘i‘ W—i_O(E)’
¢ L(t—4) ((7-180+5/(?) 1
'T,=1- — — .
152 2\ /n gn 48n3/2 +0 (nz)
This leads to Theorem 2.1.
The first moments of [, are now immediate:
51 1 3 1 1
ey ]E = — = _— = —_— -
M=E(l) = 7= Vii- 3+ 5= 8n+o(n3/2),
S
E(Ja(ln = 1) = 7
n
S 5 1
2 2 2
=—=+M-M = -1+ —+01(-),
7T, * V-1 8v/n i (n)

c=+v/n L 5 +O(l).

C2¥n T 16378 n
All moments can be similarly mechanically obtained.
3. DISTRIBUTION OF [,

We consider the central range M — 20 < m < M + 2¢. The distribution of |, is given
by the following theorem:

Theorem 3.1. The asymptotic distribution of |, in the central range is given by the local limit
theorem:

1 2 x(x*=3)  30+27x*—12x* 40 1
P(J,=m)=2————e /% |1 —
(Jn = m) 27_”11/43 + 6/n + 7 n
x (810 — 2115 x2 + 999 x* — 135 x° + 548 1
@ EL ) o(L
64801374

We have m = M + xo, x = O(1). We first analyze L")

n!
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3.1. Approach 1: Asymptotic expansion of I(rZ!’”) using the saddle point technique.

We derive
o' u
K; = ﬁ 1n(f3,m(.0€ ))’u:O’
Kl — p2 + m/

0> = n —m (we use that as a substitution in the sequel),

K= (n—m)21,
1 x 1 1+ 2 X 1
- _ _ O ,
p=vn—j 20 8/n 8n 3w (nm)
In(n) 1 x x  5+12x2 3« 1
In(p) = - — - - B n2)"

The dominant part of (2) gives

(5) 1[3:)1—”('0) = exp(Ey),

2
E; := % +mln(p) — In(m!) —nln(p),

due to Stirling’s formula we know that

In(27¢) , 1 +0(1),

N = — = el
6) In(e!) {4+ 0In(0) + > 157 7

hence

_ (1=In(n))n 1 2 In(n) In(2 In(n)  x(x*-3)
k2= 2 v 4 2 4 2 2 6:/n

5_62 4 —10 —15x2 +3x*
B X2 +2x +x( X%+ x)+(9(1).
24/n 60n3/4 n

Let us mention that in the expansion of E; we uncovered the —xz—z exponent of the

density of a normal distribution appearing in the local law.
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Now we turn to the integral. Proceeding as previously, we have

1 2i0 U

E(n m)(e 1-2i0) = X

6 is again given by (3),

\/— LV2 VA V2 vk
4/n  4nd/4  16n = 4nd/4

+\/§(1+3x) 7/ 2x O(%)

a1 =

16n3/2 64n7/4
RS SRS S - IS S _i(8x*+3)  17ix Lo(l
2776 6y 6em3/h 12n 4nS/A T 48,32 96n7/A n2
This integration gives
1
— P,
2/ 2
1 x 1 X —1 + 32 X 1
F:=1 — — o=,
2 PN T YT 2n5/4 g 307/t + (n2>
I(m,n) 1
~— =2 |——F E —— _F E
7l Zﬁ\/ﬁ zexp( 2) \/—\/— zexp( 2)

Note carefully the factor 2 in front of our expression: the tail pruning for the Gaussian
asymptotics leads to consider

R[I( f3,(0e®)) — nif] = R[p%e*? /2 4+ mif — nif + mIn(p) — In(m!)]

_ p?cos(29)

5 + mln(p) — In(m!)

which has two dominant peaks at 0 and 77. So we must be more precise and analyze
these two peaks: we have, with n — m even,

R e1/2p2e2i9+i(m—n)9 — el/Zchos(ZG) cos (1/2p2 sin (2 9) ) (m _ n)) ,

and, indeed, if we set 8§ = 7 + J, we recover the same expression. The two peaks are
equivalent. Hence a factor 2. The choice of 6 is the same as for I,.
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3.2. Approach 2: Asymptotic expansion of (m,n) using its explicit expression. We

use again In(¢!) as given by (6). We successwely obtain

1 X 3 3x 1
— 4/~ —
m=+/n+xvn 5 2%+8ﬁ+16n3/4+0<n),

n vn o ox¥n 1 x 3 3x 1
Cm)y2=R oM AV - _ o(=),
(n=m)/2=75-" > T4V iyn T leyn o T (n)

n(n xIn(n)¥n  x* In n(m
In(m!) = (—1+#) \/ﬁ+#+?+ 1 2(2) . é )
x(x*+3/2In(n))  —1-12x>42x*+9/2In(n)
B 6:/n * 24\/n
x (100 — 12 x* 4 45/2 In (1) + 60 x> 1
( 240n3/4 ) +0 (_>
In(((11 — m)/2)1) = -1- ln(i) +In(n) n (In(2) —;n(n))\/ﬁ N x(In(2) —Zln(n)){*/ﬁ
1 In(2) 3In(n) In((r) x(In(2)—In(n)—-2) 1
A S T 4/n +O(ﬁ>'

This leads to

) _ g [0 41/2) -1 2

n! 2 2 4 2
31n (n) x (=3 +x?%) 1
T—ln(ﬂ)—#w—i—o (—n>] .

This fits with the result of Approach 1 but more initial asymptotic precision is needed
in Approach 2 in order to obtain the same final precision in the coefficient (O < 5 /4))

as in Approach 1. We only obtain a O ( i /4> precision. This is due to the fact that we
use two In(¢!) asymptotics in Approach 2 instead of one in Approach 1.
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3.3. Distribution of J,. So, finally

I(";’”) =25, /F exp(E, — Ey),
n
1 2
eXp(Ez — El) = We x°/2 3,
2 2 4 46
3 _
F3::1+x(x ) 12427x% —12x* + x

o 7o/

x (—1620 — 2385 x% + 999 x* — 135x° + 5x?) 1

+ +0 ,
648013/

I(m,n) 2 )
= F4,
Lo vamiA©

X
F4 = Fz/Fng, =1+ (

x2—3) 30+27x%—12x4 +x° 1

o 72 7
x (810 — 2115 x% + 999 x* — 135x° + 5 x%) 1
+ +0 (- ].
6480m3/4

This leads to the local limit theorem 3.1
Of course more terms can be mechanically computed, but the expressions become
much more intricate.
To check the quality of our asymptotics, we have chosen n = 2000. This gives M =
44.22968229 ..., 0 = 6.613262555. . ., and a range m € [30,58].
efx2/2

Figure 1 shows I(m,n)/I, (circle), a first-order asymptotic 2 S (line) and the as-

ymptotic of Equ. (4) (dashed line). This fit is better. Note that m and n do have the

same parity: n —m is even. I(m,n) = 0 for m odd in our example.

2
Figure 2 gives the quotient of I(m,n)/I, and the asymptotic 2¢ /2 (box) as well as
& & q ymp N

the quotient of I(m,n)/I, and the asymptotic Equ. (4) (circle). This last asymptotic is
of course more precise than the first one.

4. LARGEDEVIATION m =n—n%, 0<a <1

The multiseries’ scaleis here n > n®* > 1/c¢ifa >1/2andn > 1/e > n*ifa < 1/2.
It appears that the exact expression (1) is suitable in this case. We have the following
theorem:
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30 35 40 45 50 55

and
2
Ficure 1. I(m,n)/ I, (circle), a first-order asymptotic 26\/2—7;; (line) and the

asymptotic of Equ. (4) (dashed line)

Theorem 4.1. The asymptotic expression of the I(m,n) for large deviation m = n —n®, 0 <
a < 1is given, with e := n*~1, by

I(m, n) 1 1 1 1
— 1— - o=
n! e ( 6ns 7o T <n3”‘>) %

SRR S ! + ! +O(l) X
27n(1 —¢) 12(1—¢g)n  288(1—¢)*n2 n3

X exp Kl _ &ln(m) +1n(n)) n*+ (—In(n)+1)n

2 2
nZa—l n3IX—2 n4o¢—3 n54x—4 6
@ _2_6_12_4+O<” )}
We set
m=n(l—e),
nOL
(n—m)/2= EX
In (27t¢) 1 1 1
N — S\t s -
In(¢!) (+lIn (¢) + >t o 360€3+O(€4>'
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1.06 o
a
a
1.04 o
a
1.02] °
a
. -
(e} o o o (e} (e} (e} (e} o [e] [e] o o o (e}
0.981 o
a
a
0.961 °
o a
0.941
0.921
094o ‘
30 35 40 45 50 55
m

efx2/2

FIGURE 2. Quotient of I(m, n)/I, and the asymptotic 2 oo (box) as well

as the quotient of I(m,n) /I, and the asymptotic Equ. (4) (circle)

This leads to
e & ¢ 5
In(m) —ln(n)—e—z—g—z—k(?(s ),
In((n —m)/2) = aln(n) —In(2),
n*  n* (aIn(n) —In(2)) 1 1 1
— N = _—— « — =
In(((n—m)/2)!) > T 5 +1In(7tn )+6n“ 15 +0 i
Now, we have
In (27tm) 1 1 1
N = — a — — il
In(m!) n+n"+n(l—e)ln(m) + > + o 360m3+0(m4>'

We use the substitution

ngj — nj’x_(j_l),
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we have
n2e—1 n3e—2 nie—3 pou—4
_ — oy 6a—5
n(l—¢)In(m) =nin(n) —n* —n®* In(n) + sttt O (n ) ,
201 3a-2  da-3  5n—4
1 = — —n% 6a—5
In(m!) n+nln(n) —n* In(n) + sttt O (n )
In(2mn(l—e)) 1 1 1
" 2 " 12n (1 —¢) 36On3(1—€)3+0 nt)’
This leads to
o
I(’Z;”) — exp [—%n(z) “in(m!) — In(((n — m)/z)!)]
_ n® In (2) . nth—l n3o¢—2 n4tx—3 n5rx—4
= exp {—T—Fn—nln(n)jtn In(n) — T T 13 T 1
_ In(27tn(1—¢)) 1 1 1
60—5) _ _ -
-|—O<n ) 2 12n(1—s)+260n3(1_€)3+0 n*
n*  n* (aIn(n) —In(2)) 1 1 1
o 1 L W . S —
2 2 () = G T e O
= exp(Eg)F5,

1 1 1 1
F5:= 1m— —
S ( on 72 T (n”)) )

X ! 1-— ! + ! +0 <l)
27tn(1 —¢) 12(1—¢)n  288(1—¢)*n? n3) |’

E;:= (% — %(n) + 1n(n)> n*+(—In(n)+1)n
n24x—1 n3zx—2 n44x—3 n5oc—4 Ch—
% s 1 1 t° (” > :

This leads to Theorem 4.1.

Note that we prefer to keep two separate factors in (7): one in powers of n* and one
in powers of n instead of mixing them.

Let us analyze the importance of the terms in E3. We have two sets: the set A of
dominant terms, which stay in the exponent and the set B of small terms, leading to a
coefficient of type (1 + A), with A small. The property of each term may depend on «.
In E3, each term #n/*~U~1) isin A if j> ﬁ and in B otherwise. We finally mention that
our non-central range is not sacred: other types of ranges can be analyzed with similar
methods.
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To check the quality of our asymptotics, we have first chosen n = 2000 and a range
a € (0.125,0.45). This corresponds to the range m € (1968,1998).

Figure 3 gives In(I(n,m)/n!) (circle) and In(Equ.(7))(line) with the substitutions n* =
n—me=(n—m)/n,a=In(n—m)/In(n),n** ' =mn-m)?/n,...

—13020 4

—13040

—13060 1

—13080 ¢

—13100

-13120 4

—13140 4

—-13160

—13180

1970 1975 1980 1985 1990 1995

FIGURE 3. n = 2000, In(I(n, m)/n!) (circle) and In(Equ.(7)) (line)

Figure 4 gives the quotient of In(I(n, m)/n!) and In(Equ.(7)) (circle).

Another way for checking the quality is to fix x. We choose « = 1/4 and n €
(1950, 2000). Of course, we must use an integer value for m: m = |n —n* + 1]. Hence,
in (7), we use « as the root of n — n* —m = 0.

Figure 5 gives In(I(n,m)/n!) (circle) and In(Equ.(7)) (line). The relative error is of
order 5.107%.

Figure 6 gives the quotient of In(I(n, m)/n!) and In(Equ.(7)) (circle).
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