ON SOME IDENTITIES AND GENERATING FUNCTIONS FOR K-PELL
SEQUENCES AND CHEBYSHEV POLYNOMIALS

ALI BOUSSAYOUD AND SOUHILA BOUGHABA

ABSTRACT. In this paper, we introduce a new operator in order to derive some properties
of homogeneous symmetric functions. By making use of the proposed operator, we give
some new generating functions for k-Fibonacci numbers, k-Pell numbers and product of
sequences and Chebyshev polynomials of second kind.

1. Introduction and Notations

There are a lot of integer sequences such as Fibonacci, Pell, Lucas, etc. Pell and
Pell-Lucas numbers are used by scientists for basic theories and their applications. For
interest application of these numbers in science and nature [26], one can see [20, 21, 15,
23]. For instance, in science, authors gave sums of the generalized Pell numbers could
be derived directly using a new matrix representation [28]. In [19], Horadam showed
that some properties involving Pell numbers and gave the formula

Pyi1Pyq — P;% - (_1)11/
for the Pell numbers. Also Ercolano [18], found the matrix A for generating the Pell

sequence as follows
21
(2 1),

In [21], Horadam and Mahon obtained Simpson formula for the Pell-Lucas numbers
as follows
Qu1Qu-1 — Q = 8(—1)"*1.
For the rest of this paper, for n > 2 the well known Pell (P,),>2 and Pell-Lucas
numbers (Q),>2 are defined by

Py =2P, 1+ Py2and Q, =2Q, 1+ Qun-2,

with initial conditions given by Py = 0, P; = 1 and Qp = Q; = 2, respectively.

In [1, 3], Horadam gave some equations related to Pell numbers and generating
functions for powers of a certain generalized sequences of numbers. Falcon, in [25],
introduced the k-Lucas sequences by using a special sequence of squares of k-Fibonacci
numbers. Recently, Catarino and Vasco have considered the k-Pell numbers, k-Pell
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Lucas numbers and have presented some properties involving these number sequences
[16, 17].

In this contribution, we shall define a new useful operator denoted by (5;2 \p, for which
we can formulate, extend and prove new results based on our previous ones [6, 7, 12], in
order to determine generating functions of the product of k-Fibonacci numbers, k-Pell
numbers, and Chebyshev polynomials of second kind.

In order to render the work self-contained we give the necessary preliminaries. We
recall some definitions and results.

Definition 1.1. [10] Let B = {by, by, ...} and P = {p1, p2, ... }be any two alphabets. We define
Sn(B — P) by the following form

Mep(1—pt) &
peP p . . n
yep(1—bt) 2 Sn(B—P)t*,

n=0
with the condition S,(B — P) = 0 for n < 0.

(1.1)

Equation (1.1) can be rewritten in the following form

i S.(B — P)t" = (i Sn(B)t”) x <i Sn(—P)t”) ,
n=0 n=0 n=0
where
(1.2) S,(B—P) = f Su—j(—P)S;(B).
j=0

We know that the polynomial whose roots are P is written as
n
Su(x—P) =) S, j(—P)x", with card(P) = n.
j=0

On the other hand, if B has cardinality equal to 1, i.e., B = {x}, then (1.1) can be
rewritten as follows [12]:

o0 plelp(l_p 2 Su(x — D)
n __ _ . n—1 n\A n
320; Su(x — P)t" = T 1+4---4S,_1(x—DP)t M e

where S, (x — P) = xkS,,(x — P) for all k > 0.
The summation is actually limited to a finite number of terms since S_(-) = 0 for
all k > 0. In particular, we have
[T(x=p)=Su(x—P) =So(—P)x" +S1(—P)x" "'+ S(—P)x" 2+,
peP
where Si(—B) are the coefficients of the polynomials S, (x — P) for 0 < k < n. These
coefficients are zero for k > n.
For example, if all p € P are equal, i.e., P = np, then we have S,(x —np) = (x — p)".
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By choosing p =1, ie, P = {&1, 1} , wWe obtain

n

(13) Se(—n) = (—1)’<(Z> and Si(n) = (" “; - 1).

By combining (1.2) and (1.3), we obtain the following expression

Sn(B —nx) = Su(B) — (’;) Sp_1(B)x + (’;) Sp_a(B)x2 — -+ (=1)" (Z) X",

Definition 1.2. [9] Given a function f on R", the divided difference operator is defined as

follows
] _ f(Pll s PirPitls p”l) _f(Plr ©Pi—1, Pit+1,Pis Pi+2 pn)
PiPi+1 (f) - — )
Pi — Pi+1
Definition 1.3. The symmetrizing operator (551 ¢, 18 defined by
k k
1.5 5k _ r18(p1) — p38(p2) or all k € N.
(1.5) Puh(g) p1— P2 f

k
p1p2

S5p:8(P1) = Skca(p1+ p2)8(p1) + P39pipag (1), forall k € N.
Proposition 1.5. [6] The relations
DF, ., = (=1)""F,,
)P, = (=1)""P,

Proposition 1.4. [11] Let P = {p1, po} an alphabet, we define the operator &y, ,, as follows

hold for all n > 0.
2. The k-Pell Numbers and Properties

The k-Pell numbers have been defined in [16] for any number k as follows.

Definition 2.1. [16] For any positive real number k, the k-Pell numbers, say {Py , }neN is
defined recurrently by

(2.1) P i1 = 2Py + kPy 1 forn > 1,
with initial conditions Py = 1; P = 1.

e If k = 1, the classical Pell numbers is obtained:

Py=0,Pp=1and P,;1 =2P,+ P, 1 forn>1:

{P.}pen = {0,1,2,5,8,21,...}

The well-known Binet’s formula in the Pell numbers theory [17] allows us to express
the k-Pell number in function of the roots 71 and r; of the characteristic equation, asso-
ciated to the recurrence relation (2.1):

(2.2) r> =2r+k.

Online Journal of Analytic Combinatorics, Issue 14 (2019), #03
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Proposition 2.2. (Binet’s formula) The nth k-Pell number is given by

n_ .n
P — n—-n
k,?l - ’
rn—-rn

where rq, 1y are the roots of the characteristic equation (2.2) and r1 > r».

Proof. The roots of the characteristic equation (2.2) arer; =1+ +v1+kandrp =1 —

v1+k.
Note that, since k > 0, the
rp <0< rpand || < |r],

r1+1ry=2and r.r, = —k,
1’1—1”2:2\/1—{—](. ]

If o denotes the positive root of the characteristic equation, the general term may be
written in the form [16]

ot —og "
c+o 1’

Pk,n —

and the limit of the quotient of two terms is

S
lim —kntl

n—oo Pk n

3. On the Generating Functions

In our main result, we will combine all these results in a unified way such that they
can be considered as a special case of the following Theorem.

Theorem 3.1. Given two alphabets P = {py, p2} and B = {by, by, ..., by} , we have

(o]

- L Su(=B)opupa (P)E"
(3.1) Y Su(B)oy p, (p1)t" = —
n=0

(Escome)(,

| 018

sn<—B>p3t")
0
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(ee]

Proof. By applying the operator ¢y, ,, to the series g(p1t) = Y. Su(B)pjt", we have

n=

Spp8(p1t) = m(ZSn P1tn>

pL L Su(B)PSH" — p2 ¥ Su(B)pAr"
n=0 n=0

P1—p2
%) n+1 n+1
= L 5u®) AR A 2
=0 p1—p2

- Z S Plpz ) .

Which is the left-hand side of (3.1). On the other part, setting

1
Y. Su(—B)pjt"
n=0
we have
pr 11 (1— bpa)t — p2 I (1—bpit)
5P1P28(P1t) = .
(1= p2) ( £ 5u(-) "tn) (z Su(~B)pgr )
Using the fact that 2 Su(—B)pit" =T [(1 — bpat), then
beB
\ P1P3—P2pi in
X Su(=B)Tpp
5P1P2g(p1t) = oo )
(£ su-ppier) (£ su-Bppar)
;OSn(—B)‘Smpz(Pg)t”
(£ su-mwter) ( £ su(-ppar)
This completes the proof. u

We now derive new generating functions of the products of some well-known poly-
nomials. Indeed, we consider Theorem 1 in order to derive Fibonacci numbers and
Chebychev polynomials of second kind and the symmetric functions.

Online Journal of Analytic Combinatorics, Issue 14 (2019), #03
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Theorem 3.2. [8] Given two alphabets P = {p1, p2} and B = {b1, by, b3}, we have
_ So(=B) = p1p252(—=B)t* — p1p2S3(—B) (p1 + p2) £

(32) Z S P1P2 ) ” - 0 00
(£ si-wter) (£ su(-mopgrr)

Case 1: For py = b; =1, bp = y and p, = x, b3 = a in Theorem 2, we propose the
following new generating function

1—x(y+a+ay)t? — xya(l + x)t3
2 S @)Sn )t = G T A =8 (1= ) (1= ad) (L —axd)’

Remark 3.1. For & = 0, we obtain the following identity of Ramanujan [12, 13]

1 — xyt?
Z(s SO = G A=A -y A=)

Case 2: Replacing py by (—p2) and assuming that p1p» =1, p; — p2 = k in Theorem
2, we derive a new generating function of both k-Fibonacci numbers and symmetric
functions in several variables as follows

& 1—S,(—B)t?> — kS3(—B)#
3.3 Su(B)E ,t" = .

Replacing t by (—t) in (3.3), we have the following corollary.

Corollary 3.2. [5] We have the following generating function of both k-Fibonacci numbers at
negative indices and symmetric functions in several variables as

—1+ So(—B)t2 — kS5(—B)#
Y. Su(B)F, ut" = . 2(7B) 32( - )
= [T (1+ kbt —b?t2)

e Put k =1 in the relationship (3.3) we have
- 1 2 3
$ Su(B)E, " — L (Brbatbabs + baba) B bubabsl”,

3
[T (1— bt — b?2)
i=1

representing a generating function of Fibonacci numbers and symmetric
functions in several variables [8].
Setting b3 = 0 and replacing b, by (—by) in (3.3), and assuming by — by = k; b1b, = 1;
we deduce the following corollary.

Corollary 3.3. [9] For n € IN, the generating function of the product of k-Fibonacci numbers
is given by
2 1—#
> Foat" = 2 2 2 _ 213 L 44
=k 1— k2t —2(k2 +1)2 — k3 + t
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Case 3: Replacing p» by (—p2) and assuming that pyp» =k, p; — p2 = 2 in Theorem
2, we derive a new generating function of both k-Pell numbers and symmetric functions
in several variables as follows

— kS»(—B)t3 — 2kS3(—B)t*
n?zl (1 —2b;t — kb?t2)

(3.4) i B) Py pt" =

Replacing t by (—t) in (3.4) , we have the following corollary.

Corollary 3.4. We have the following a new generating function of both k-Pell numbers at
negative indices and symmetric functions in several variables as

i B)P, ¢ _ t—kSy(—B)# +2kS3(—B)t4
- k-t T2, (1—2bt —kb212)

e Put k = 1 in the relationship (3.4) we have

i B)P, " — t — Sy(—B)t> — 2S5(—B)t*
-t " 5., (1-2b;t — b212)

7

which representing a new generating function of Pell numbers and symmetric
functions in several variables.

Setting b3 = 0 and replacing b, by (—by) in (3.4), and assuming by — by = 2; biby = k;
we deduce the following corollary.
Corollary 3.5. For n € IN, the generating function of the product of k-Pell numbers is given
by

y P2 g — t— Kk
kT T — A — (22 + 8k) 12 — 4K2H3 + KA

We have the following theorems.
Theorem 3.3. For n € IN, The new generating function of the product of k-Lucas numbers is

given by

4 -3k — A(K> + 1)1 — K28
1—k2t—2(k2+1)12 — k23 + 4

(3.9) Y LE =
n=0
Proof. We have

Online Journal of Analytic Combinatorics, Issue 14 (2019), #03
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Y Lia " = Z [(2+K2)S(er + [—e]) — kSpia(er + [—e2])]
= =0

[(2+k) n(a1 + [—az]) — kSpy1(ar + [—az])]t"

= (2+K)? ZS e1+ [—e2])Sn(ar + [—a2])t" —
k(24 K2) i Sui1(er + [—e2])Su(ar + [—ax])t"
n=0
k(2 +k?) i Spi1(ap + [—a2])Su(er + [—ex] )t" +
n=0

i ca(er+ [ea])Suia(an + [~

= (24+K*)? ZFknt” k(24 K?)

" k+ (a1 —ay)t
1— k(a1 — ax)t — [(a1 — a2)? + 2a1a; + K2ayay)t? — k(ay — ap)ayaxt® + atajt*
k —ey)t
—k(2+#) ta o) ;
1—k(er —ex)t — [(e1 — €2)2 + 2eq1ep + k2eyea]t2 — k(e — ep)erent® + e3est?
iy k(ay — a2) + [(a1 — a2)* + a1an + KPayaa]t + kayap (ay — ax)t? — a2a3t®
1— k(a1 — ax)t — [(a1 — a2)2 + 2a1az + K2aya,)t2 — k(ay — ap)ayaxt® + atadt*
Since
i 2o 1—#2
kT K2 —2(k2 4+ 1) 2+ k23 4 14
Therefore
N 4 -3kt — A(K> + 1)1 — K28
kT T K2 —2(k2 + 1)12 — k283 4+ 14
This completes the proof. u

Theorem 3.4. For n € IN, The new generating function of the product of k-Pell Lucas numbers
is given by

4 — 12t — 4(4k + K*)2 — 4K
1 il = :
(310 L Q' = g 2k 4 ke — 40 £
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Proof. We have

(o]

i‘bQ%'ntn = ;)[Sn—&—l (61 + [—62]) — (k + 2)Sn_1(61 -+ [—62])]

X [Spia(m + [—az]) — (k+2)Sp-1(a1 + [—az])]t"

=

= < Y Snii(er + [—e2])Snra(ar + [—az])t" — (k+2)> X
n=0

(i Sut1(er+[—ea])Su-a(ar + [—az])tn>
n=0

(k+2) Y Suea(ar + [—a2)) S 1 (en + [ea]) '+
n=0

(k + 2)2 Z Sn,l(el + [—62])5,1*1(111 + [—llz])tn
n=0
2(a1 — ap) + [k(ay — a)* + kayap + 4ayaz] t + 2kayaz(ay — ap)t? — k2a?a3t
1—2(ay — ap)t — [k(ay — a2)? + 2kayay + 4aqap) 12 — 2k(aq — ap)ayaxt3 + k2atajt*

—(k+2) (k + 4)t + 2k(a;_a)t?> — k*ajapt®
1—2(ay — )t — [k(a1 — a2)? + 2(k + 2)ara2] £ — 2k(a1 — ap)araot® + k2afaztt
—(k+2) (k +4)t + 2k(ey_eo)t* — kerept®
1—-2(e; —e)t — [k(e1 — e2)? +2(k + 2)erea] 12 — 2k(e1 — e2)ereat’ + kZefest!
+(k+2)> Y Pt
n=0
Since
i p2 t— K23
Tkt T — At — 2(4k + K2) 2 — 4K2E3 + KAt
Therefore
i o g A2t 4k K2)£2 — 423
n=0 Bt T — 4t — 2(4k + K2)12 — 4K213 + kAd
This completes the proof. =

Case 4: Replacing p1 by 2p; and p, by (—2p;), and assuming that 4p1p, = —1 in
Theorem 2 allows us to deduce the Chebyshev polynomials of second kind and the
symmetric functions in several variables, as follows for y = p; — pa,

a , 1— Sy(—B)t> — S3(—B)#?
3.5 Sn B Un t - .
5.3) n;) (B)Un(y) (1 —2byyt — b32) (1 — 2byyt — b3t2) (1 — 2bgyt — b3t2)

Online Journal of Analytic Combinatorics, Issue 14 (2019), #03
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Theorem 3.5. The new generating function of the product of Chebyshev polynomials of first
kind and the symmetric functions in several variables as

(3.6)
c o 1= ySi(=B)t +Sa(~B)(2y* — ) + Sa(~B)(y — 4y — )
Z Su(B)Tu(y)t" = 2 2 2
= (1 —2byyt — b3t2) (1 — 2byyt — b3t2) (1 — 2bzyt — b312)
Proof. We have

Y Su(B)Tu(y)t" = ) Su(B)(Su((2p1) + (=2p2)) — ySu((2p1) + (—2p2))t"
n=0 n=0
= Y Su(B)Su((2p1) + (—2p2))t" —
n=0
y Y Su(B)Sn((2p1) + (—2p2)t"
n=0
= n y - n n n
= S,(BU,(y)t" — ————— S,(B)((2 — (=2 ",
T;) (B)Un(y) 2(P1+P2)n§ (B)((2p1)" — (=2p2)")
Since
o 1
Su(b by + )t = ———————,
L Sulba b2+ b0t = o
Therefore
3 Sy BT = 3 Su(B)Un(p)f" — - N
= = 2(p1+p2) [ITper(l —2p1bt)  Tlpep(1+2p2bt)
_ 1-ySi(=B)t +S(=B)(2y* —1)* + S3(~B)(y — 4> — 1)
(1 —2byyt — b32) (1 — 2byyt — b3t2) (1 — 2bzyt — b3t?)
This completes the proof. g

e Let b3 = 0, by making the following restrictions: p; — p2 = k, p1p2 = 1,
4b1by = —1, and by replacing (b; — b)) by 2(by — bp) in (3.2), we get a new
generating function, involving the product of k-Fibonacci numbers with Cheby-
shev polynomial of second kind as follows

(o]

5n(2b1 + [=2b2])Sn(p1 + [ p2])t"

n=0
_ 1412
1 —2k(by — bp)t — (4(by — b2)2 — (k2 +2))t2 + 2k(by — by 3 + t4°
Thus we conclude with the following corollary.
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Corollary 3.6. We have the following a new generating function of the product of k-Fibonacci
numbers and Chebyshev polynomials of second kind as

(3.7)
> 1+
F Uy (b1 —by)t" = .
,;, onln(br =b2)t" = 5 —2k(by — bo)t — (4(by — by)2 — (K2 + 2))£2 + 2k(by — by)£3 + t*
Put k = 2 in the relationship (3.7) we get
t+ 13

Paly—_1(by — bp)t" =
L Prllia(by = o)t 1—4(by — bo)t + (6 — 4(by — b2))t2 + 4(by — b2)#° + ¥

which represents a new generating function, involving the product of Pell numbers
with Chebyshev polynomials of second kind.

Theorem 3.6. For n € IN, The new generating of the product of k—Fibonacci numbers and
Chebyshev polynomials of first kind as

(3.8)
i FenTu(by — by)t" = — k(b1 — bo)t + (1 —2(by — bp)*)#?
2y S 0L 02 = o by — )t — (4(by — b)? — (2 +2))2 + 2k(by — bp)B + £

Proof. We have
Z FinTn b1 — bz Z Fkn 2b1 + [ 2192]) - (bl — bz)Sn_l(Zbl + [—sz]))tn

= Z Fk,nsn(Zbl + [—sz])tn — (b1 — bz) Z Fk,nsn—l(Zbl + [—2b2])tn

n=0 n=0
= i Fknun(bl — bz)f” (bl— i Fkn Zbl) — (—sz)n)tn
n=0 ' (bl + bz
Since
ad 1
F = —
EE) T 1—kt—#2
Therfore

il—" T (b1 — bp)t" = — k(b1 = bo)t + (1 —2(by — bp)*)#2
=0 kT 1 —2k(by — bp)t — (4(by — bp)2 — (K2 +2))t2 4 2k(by — by )3 + 4

This completes the proof. g

Online Journal of Analytic Combinatorics, Issue 14 (2019), #03
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Put k = 2 in the relationship (3.7) we get

S PyTys (b1 — bo)t" = t— k(b — bo)# + (1= 2(by — bo)*)°
= nin—1(01 = 02)1" =7 —4(by — b))t + (6 — 4(by — bp)2)t2 + 4(by — by)t3 + t4

which represents a new generating function, involving the product of Pell with
Chebyshev polynomial of first kind.

4. Conclusion

In this paper, a new theorem has been proposed in order to determine the generating
functions. The proposed theorem is based on the symmetric functions. The obtained
results agree with the results obtained in some previous works.

Acknowledgments. The authors would like to thank the anonymous referees for
reading carefully the paper and giving helpful comments and suggestions.
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