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ABSTRACT. In this paper, we introduce the concept block matrix (B-matrix) of a graph
G, and obtain some coefficients of the characteristic polynomial ¢(G, i) of the B-matrix
of G. The block energy Eg(G) is established. Further upper and lower bounds for
Eg(G) are obtained. In addition, we define a uni-block graph. Some properties and new
bounds for the block energy of the uni-block graph are presented.
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1. Introduction

In this paper, all graphs are assumed to be finite connected simple graphs. A graph
G = (V,E) is a simple graph, that is, having no loops, no multiple and directed edges.
As usual, we denote 7 to be the order and m to be the size of the graph G. For a vertex
v € V, the open neighborhood of v in a graph G, denoted N(v), is the set of all vertices
that are adjacent to v and the closed neighborhood of v is N[v] = N(v) U {v}. The
degree of a vertex v in G is d(v) = |[N(v)|. A graph G is said to be k-regular graph if
d(v) = k for every v € V(G). The distance d(u, v) between any two vertices u and v
in a graph G is the length of the shortest path connecting them. A vertex v of a graph
G is a cut vertex of G if the graph G — v consists of a greater number of components
than G. A block of a graph G is a maximal connected subgraph with no cut vertex -
(A subgraph with as many edges as possible and no cut vertex). The complement of
a graph G is a graph G has V(G) as its vertex set, but two vertices adjacent in G if
and only if they are not adjacent in G. All the definitions and terminologies about the
graph in this paragraph available in [8].

The concept energy of a graph introduced by I. Gutman [6], in (1978). Let G be a
graph with n vertices and m edges and let A(G) = (a;j) be the adjacency matrix of G,
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where

- 1, if (414 € E,
771 0, otherwise.

The eigenvalues A1, Ay, ..., A, of a matrix A(G), assumed in non-increasing order, are
the eigenvalues of the graph G [11]. Let Ay > A; > ... > A, for s < n be the
distinct eigenvalues of G with multiplicities my, my, ..., ms, respectively. The multiset
of eigenvalues of A(G) is called the spectrum of G and denoted by

A A /\S]

SP(G): |:77’11 my ... Mg

As A is real symmetric with zero trace, the eigenvalues of G are real with sum equal to
zero [14]. The energy E(G) of a graph G is defined to be the sum of the absolute values
of the eigenvalues of G [6], i.e.,

E(G) = iw.

Adiga et al. [1], introduced the concept of color energy of a graph E.(G) and
computed the color energy E,(G) of few families of graphs with minimum number of
colors. It depends on the underlying graph and colors on its vertices. They established
an upper bound and a lower bound for color energy. Also, they introduced the concept
of complement of a colored graph and computed energies of complement of colored
graphs of few families of graphs.

Sharada et al. [17], introduced the Laplacian sum-eccentricity matrix LS,(G) of a
graph G. They obtained the Laplacian sum-eccentricity energy LS.E(G) of a graph
G. Upper bounds for LS.E(G) are established. They defined the Laplacian sum-
eccentricity equienergetic graph, and discussed some graphs which are Laplacian sum-
eccentricity equienergetic.

Sowaity et al. [18], introduced the eccentricity extended matrix Aeex(G), so that its
(ij)-entry is equal to %(g—; + %) for v;v; € E and 0 otherwise. Some properties of the
eccentricity extended spectral radius are obtained. The eccentricity extended energy
Ecex(G) of G is defined. Upper and lower bounds for E,..(G) are established.

For more details on the mathematical aspects of the theory of graph energy we refer to
[3, 5,11, 12, 19] and the references therein.

Motivated by these works we introduce the concept of block matrix (B-matrix) of a
graph G, and obtain some coefficients of the characteristic polynomial of the B-matrix
of G. The block energy Ep(G) is established. Upper and lower bounds for Eg(G) are
obtained. We define a uni-block graph. Some properties and new bounds for the block
energy of the uni-block graph are presented.
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2. The B-matrix of graphs

If a graph G contains t blocks, By, By, , ..., By, then we call B, the i block of G. If
two vertices v; and v; lies in the same block, we call v;vj € By.

Definition 2.1. Let G be a graph with n vertices. Then the block matrix (B-matrix) of a graph
G denoted by B(G), is defined as B(G) = (b;;), where

1, ifvjv; & E and v;vj € By,

2, z'fv,-v]- € E and v;v; € By,
bij =
0, otherwise.

The characteristic polynomial of B(G) is defined by

¢(G, p) = det(ul — B(G)),

where [ is the unit matrix of order n. The eigenvalues of B(G) are the roots of the
characteristic polynomial ¢(G, pt).

Since B(G) is real symmetric with zero trace, it follows that its eigenvalues must be real
with sum equal to zero, i.e., trace(B(G)) = 0. We label the eigenvalues y1, ya, ..., pn in
a non-increasing manner yj > pp > ... > . The block energy of a graph G is denoted
by Ep(G) and is defined as the summation of the absolute values of the eigenvalues

Es(G) = éw.

The following examples explain the concept.

Example 2.2. Let Gy be the graph as in Figure 1.

7
Figure 1: Graph Gy with 3 blocks
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Then the B-matrix of Gy is

!

—~

0

—

N

I
SO OO DNNDNO
SO OO NODN
S OO NODNdDN
N~ DNODNOO
—NODNOOO
NODNFOOO
SN PF—,DNOOO

The characteristic polynomial of B(Gy) is

¢(G1, 1) = [uln — B(G1)|
= 1/ — 34p° — 48u* + 2533 + 704u> + 548y + 112.

The block eigenvalues of Gy are
1 = 5.386, 1y = 3.889, uz = —0.3202, uy = —1, us = =2, yg = —2.2582, uy; = —3.6966.
Therefore the block energy of Gy is

Ep(Gp) = 18.55.
Example 2.3. Let Gy be the Ky graph.

Then the B-matrix of G is

0222
202 2
B(GZ):zzoz
2220

The characteristic polynomial of B(Gy) is
-2 -2 -2

2 4 2 2
(P(sz.u)_ -2 _9 u )
-2 -2 =2 U

= u* — 244 — 64p — 48
= (1+2)°(n—6).
The block eigenvalues of Gy are yy =6, pp = =2, iz = —2, pg = —2.
Therefore the block enerqy of Gp is  Ep(Gp) = 12.
3. Block energy for some standard graphs

In this section we present and derive the block energy Eg(G), for some well-known
graphs. We need the following Lemma to proof our main result.
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Lemma 3.1. [11] The energy of the path P,, n > 2, is given by

2
Sin(Z(nTLl)
(3.1) E(P,) = 2COS(W
Sin(2(n+1)
Theorem 3.2.

if n= 0(mod2),

if n= 1(mod2).

(1) The block eigenvalues of a complete graph Ky, are —2 and 2(n — 1), with

multiplicities (n — 1) and 1 respectively, and the block energy for K,, is
Eg(Ky) = 4(n — 1) = 2E(K,).

(2) The block energy for The star Ky ,_1, is
Eg(kin-1) =4vn—1.

(3)  The block energy of a path P,, n > 3 is given by

(3.2) Ep(Pn) =

sin(

4

2(n+1)
4cos(2(n—”+1))

sin(

7T

2(n+1)

)

ifn= 0(mod2),

—4, ifn= 1(mod2).

Proof. The proof of parts (1) and (2) are similar to the proof of Theorem 4.2 in [19] and
Theorem 2.6 in [16], respectively.
To show (3), we will start the proof by comparing the matrices B(P,) and A(P,). For

the path P,, we have

B(Pn) =

the wanted result.

0
2
0

0
0

e}

0
0

N O

0
0

@)

0
0

)

0

0
0
0

2

.. 20
Hence, y; = 2A;, for 1 <i < n. Therefore Eg(P,) = 2E(P,). Using Lemma 3.1, we get

= 2A(P,).

O

4. Bounds for the block energy

We now give the explicit expression for the coefficient ¢; of "~ (i = 0,1,2, and n)

in the characteristic polynomial of the B(G).

Theorem 4.1. Let G be a graph with n vertices, t > 1, blocks and let
¢(G, ) = cop" + 1" o E+ o F o,

be the characteristic polynomial of the B-matrix of G. Then
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(1) Cop = 1.
(2) 1 = O
t
(3) cp = —(4dm+ Y m,),

r=1
where m, = number of edges in the complement of B,.

(4) for n > 2 we have ¢, = (—1)" det(B(G)).

Proof. We prove only the equality in part (3), the proofs of equalities in parts (1), (2)
and (4) are similar to the proof of Theorem 3.1 in [19].

3. Since
0 b
¢ = ‘ b o |= L 0—gbp)l=— 3}, b
]t 1<i<j<n 1<i<j<n
and since
2, if viv; € E and v;v; € By,
bij=1< 1, ifvjv; & E and v;v; € By,
0, otherwise.
Thus

t
¢ =—(4m+ ) _ ;).
r=1

0

Example 4.2. For the graph Gy in Figure 1, the coefficient co of u° in the characteristic poly-
nomial of B(Gy) is equal to

Cy = —(4771 + imr)

r=1
= —[4x8+0+0+2]
= —34.

Theorem 4.3. Let i1, 2, ..., fin, be the block eigenvalues of graph G. Then
n

t
Y ui=8m+2) .
i=1 r=1
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Proof The summation of squares of the eigenvalues of B(G) is just the trace of B%(G),

ie. Zyl trace(B*(G)). Hence

I
N
g
S
KadY S}
+
e}

1<i<j<n

t
=2(4m+ )_ ;)
r=1

t
=8m+2) .
r=1

Corollary 4.4. If p11, uo, ..., un, are the block eigenvalues of a graph G, then
n
Y i = —2c.
i=

Example 4.5. If G = K, n > 1, then c; = —2n(n —1).

Proof. Since c; = —(4m + Z i, ), for any graph G, and since for the complete graph

r=1

Ky, m = =——, and 2 m, = 0, it follows that
r=1

= —2n(n-—1).
O
Example 4.6. In the graph G, = Ky, the coefficient c; of u* in the characteristic polynomial of

B(Gy) is —2(4)(3) = —24.
Example 4.7. For the complete graph K,,, we have

i/\% =4n(n—1).

i=1

n
Theorem 4.8. Let G be a graph with n vertices, m edges and t > 1, blocks. If L = H i. Then
i=1

r=1 r=1

J24m—|—2mr —|—n(n—1)Ln<EB(G) J 4m+2mr
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Proof. We have

n
EZ(G) = (X |mil)?
i=1
= Z wil> + Z il [
i—1

i#j
Employing the inequality between the Arithmetic mean, Geometric mean and bring in
mind Theorem 4.3 we obtain

Ez(G) > J2(4m + im,) +n(n—1)L.

r=1

On the other hand, using the Cauchy Schwartz inequality

Yol < 40 (X uf)
i=1 =1

t
= | n(dm+ ) m,).
r=1

Hence

n(4m+ Y _ i),

V"

5. The uni-block graph

Fort > 1,if By, By, , ..., B; are the blocks of a graph G, then we define Gy, to be the
t

union of the blocks of G, i.e. G, = U B,, and n;, to be the number of vertices in Gy, i.e.
r=1

Eg(G)

IA

ny = [V(Gp)l.

Definition 5.1. A graph G with n vertices and m edges is a uni-block graph if G has no blocks
other than itself (or G, = G).

Remark 5.2. For any graph G, we have
(1) ny=n+t—1
(2) ny = n if and only if G is a uni-block graph.
(3) [E(Gp)| = [E(G)]-

In the following results, we present the relationship between the B-matrix B(G)
and the adjacency matrix of a graph A(G).
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Proposition 5.3. Let G be a uni-block graph with n vertices and m edges. Then
B(G) = A(G) + A(Ky)
=2A(G) + A(G).
Lemma 5.4. Let G be a graph with n vertices and let H be a proper subgraph of G. Then
Ez(H) < Ep(G).

Theorem 5.5. For a graph G with n vertices and t blocks. Then

Zt%EB(Br) < tEg(G).

r=

Proof. We know that each block of G is a subgraph with a smaller number of vertices.
Using Lemma 5.4, we get

hence

Y Ep(B,) < tEa(G).
r=1

The following fundamental results will be used to prove our main results.

Lemma 5.6. (Weyl’s inequality)[13] Let A and B be hermitian n X n matrices, if 1 <i <n
and A(A), A(B), A(A + B) are the eigenvalues of A, B, A + B respectively. Then

Ai(A) + Au(B) < Ai(A+ B) < Ai(A) + A(B).
Lemma 5.7. [9] Let G be a connected graph of order n and size m. Then
M <V2m—n+1
with equality holding if and only if G = K, or G = Ky 1.

Lemma 5.8. [3] The graph G is bipartite if and only if its eigenvalues are symmetric with
respect to the origin.

Lemma 5.9. [15] Let A and B be two real square matrices of order n. Let C = A + B. Then
E(C) < E(A)+ E(B).

From Proposition 5.3, and bring in mind that E(G) < 2m, [11], since E(K;,) =
2(n — 1), we get the following result.

Theorem 5.10. Let G be a uni-block graph with n vertices and m edges. Then
Eg(G) <2(m+mn—1),
with equality holds if and only if G = K.

Online Journal of Analytic Combinatorics, Issue 14 (2019), #02
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Theorem 5.11. Let G be a uni-block graph with n vertices. Then

Ex(G) < 7+M _2.

Proof. Using Proposition 5.3, we have

Using Lemma 5.9, we get

Bringing in mind that E(G) < 5(v/n + 1), [11], we get

Es(G) < g(l +i) +2(n—1)

5n  ny/n
2"

- 2.

Theorem 5.12. Let G be a bipartite uni-block graph with n vertices and m edges. Then

Eg(G) <2(n—1)+nv2m—n+1.
Proof. We will start the proof from Proposition 5.3, which gives

B(G) = A(G) + A(Ky).

Let Ay > Ay > ... > Ay, be the eigenvalues of the adjacency matrix A(G). Using Lemma
5.6, we get

Ai(A(Kn)) +An(A(G)) < i < Ai(A(Kn)) + A (A(G))
For the bipartite graph, using Lemma 5.8, we have A1(A(G))
implies

= —A4(A(G)), which
Ai(A(Kn)) — M(A(G)) < i < Ai(A(Kn)) + M (A(G)).
Hence

il < max{|A;(A(Ky)) = A1 (A(G))], [Ai(A(Kn)) + A1 (A(G))]}
But A;(A(Ky)) = —1, n

1, with multiplicities n — 1, 1, respectively. So

max{ [} (A(K,)) ~ M(AG)], Ni(AK) + (Al = F O ) =

n—1.
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Hence
n n—1
; il = ; |pil + [pnl
S ni:l[(l —f—)\l(A(G))] +n— 1 +)L1(A(G))
i=1
=n—-1+n—-1)M(A(G))+n—-1+ 1 (A(G))
=2(n—1)4+nA(A(G)).
Hence

Ep(G) <2(n—1) +nA(A(G)).
Using Lemma 5.7, we get

Eg(G) <2(n—1)+nv2m—n+1.

Theorem 5.13. Let G be a bipartite uni-block graph of order n and size m. Then
Eg(G) <n(n—1+4++v2m—n+1).

Proof. Let G be a bipartite uni-block graph with n vertices and m edges, if we exchange
the matrices A(G) and A(K,) in Lemma 5.6, we get

Ai(A(G)) + Au(A(Kn)) < i < Ai(A(G)) + A(A(Kn)).
Using the eigenvalues A; = n — 1, —1,0f the complete graph, we get
Ai(A(G)) =1 < u; < M(A(G))+n—1.
Using Lemma 5.8, we get
“M(A(G)) = 1< s < M(A(G)) + 11— 1.
Hence
il < max{] =M (A(G)) =1, [M(A(G)) +n—1[}
= max{\(A(G)) +1, M(A(G)) +n—1}.
For n > 2, we get
il < M(A(G)) +n—1
<V2m—n+1+n-1,

by Lemma 5.7.

So .
Yo luil <n(n—14+vV2m—n+1).
i=1

Hence

Eg(G) <n(n—1+4++v2m—n+1).

Online Journal of Analytic Combinatorics, Issue 14 (2019), #02
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O

Clearly if we compare the bounds in Theorem 5.12, and Theorem 5.13, we can
easily get that the bound in Theorem 5.12 is more efficient and smaller than that in
Theorem 5.13.
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