THE POLYGONAL CYLINDER AND ITS HOSOYA POLYNOMIAL
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ABsTRACT. We introduce a polygonal cylinder Cy; ,;, using the Cartesian product of paths
Py, and P, and using topological identification of vertices and edges of two opposite
sides of Py x P,, and give its Hosoya polynomial, which, depending on odd and even
m, is covered in seven separate cases.
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1. INTRODUCTION

The Hosoya (or Wiener) polynomial was introduced by Hosoya in 1988 to count the
number of paths of different lengths in G [7]. The most interesting application of the
Hosoya polynomial is that almost all distance-based graph invariants, which are used
to predict physical, chemical and pharmacological properties of organic molecules, can
be recovered from it.

Hosoya polynomial has been computed for several classes of graphs. In 2002 Diudea
computed the Hosoya polynomial of several classes of toroidal nets and recovered their
Wiener indices [2]. In 2011 Ali found the Hosoya polynomial of concatenated pentag-
onal rings [1]. In 2012 Kishori gave a recursive method for calculating the Hosoya
polynomial of Hanoi graphs, and computed some of their distance-based invariants
[8]. In 2013 Farahani computed the Hosoya polynomial of polycyclic aromatic hydro-
carbons [3]. To learn more about Hosoya polynomial see [4, 5, 6, 9, 10, 11, 12, 13, 14].

This paper is organized as follows: The basic definitions are given in Section 2, main
results are presented in Section 3, and conclusive remarks are given in Section 4.

2. PRELIMINARY NOTES

A graph G is a pair (V, E), where V is the set of vertices and E the set of edges. The
edge e between two vertices 1 and v is denoted by e = (u,v). A path from a vertex v
to a vertex w is a sequence of vertices and edges that starts from v and stops at w. The
number of edges in a path is the length of that path. The distance between two vertices u
and v, denoted by d(u,v), is the length of the shortest path between them. The diameter
of G, denoted by d(G), is the longest distance in G. A graph is said to be connected if
there is a path between any two of its vertices.
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Definition 2.1. A function I which assigns to every connected graph G a unique num-
ber I(G) is called a graph invariant. Instead of the function I it is custom to say the
number I(G) as the invariant.

Definition 2.2. [7] The Hosoya polynomial of a connected graph G is defined as

d(G)
H(G,x)= Y x) =Y 4(G k).
{vu}ev k=1

where d(u,v) is the distance between u and v and d(G, k) is the number of pairs of
vertices of G laying at distance k from each other.

Definition 2.3. Consider the Cartesian product P, x P, of paths Py, m > 4, and P, n >

2, with vertices uy, uy, ..., Uy and vq, vy, . . ., Uy, respectively. Identify the vertices (u1,v1),
(u1,v2),...,(u1,v,) with the vertices (up, v1), (Um,v2), ..., (Um, vn), respectively, and

identify the edge ((u1,v;), (11,vi+1)) with the edge ((um,v;), (m,viz1)), where 1 <

i < n—1. What we receive is the polygonal Cy, ,,;; we may call it (m-1)-gonal cylinder.

You can see Cs 4 along with its grid form in the figure:

(U1:V1) (US:V)

(U, vy) (Ubvvz)

(Y. Vs) (us ,vg)

A (U5 +v,)
P5 X P4
For brevity we shall use the symbol v; ; (v;; or simply ij) to represent the vertex (u;,v;)
of Cy,n. In the following you can see the grid form of Cs4 along with simple labels.

u 21 31 41 51

13 23 3 43 53
14 24 34 a4 54
Grid form of Cs 4

The polygonal cylinder obtained from P5 x Py is:
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11=51
p 41

21 31

e

22 32
13=53 P - 43
23 33
14=54 ¢ I 44
24 34
Cs4

3. MAIN RESULTS

Here we give the Hosoya polynomial of the polygonal cylinder and give closed for-
mulas of all seven possible cases depending on odd and even m.

Theorem 3.1. Let m > 2n +1 be odd, and n > 3. Then the Hosoya polynomial of the polygonal
cylinder Cy, 5, is

m—1

—1
n—1 t==1-n
HCoa) = ekt L eyt b eapat’™
k=1 k=0

n—1 m1

;Jr

+ Zc—mgl+kx S
k=1

where ¢ = (m —1)(2kn — k), cpppx = (m — 1)n2,cmT_1 = (m—1)(n*—1%), and Cotyy =
(m—1)(n— k)%

Proof. We prove it using the distance matrix D corresponding to the polygonal cylinder
Cm,n, which is symmetric and have order (m — 1)n x (m — 1)n. Each row of D repre-
sents the distances from a vertex v;; to the vertices v11, v1,...,01,0, V2,1, V22,---,V2,n,
e Om—11, Um—-12,---,Ym—1,n, respectively. Since we need distinct paths, we shall con-
sider only its upper triangular part. For this we represent the upper-triangular part
by submatrices. There are ’"TH distinct submatrices Ay, A1, Az, A3, ..., A -3, and A i
All these submatrices are symmetric, each having order n x n. Each A; appears m — 1
times except A =i, which appears 2! times. Aj appears only on the main diagonal of

D. A;,1<i< mT_S, appears m — (i + 1) times in ith secondary diagonal and i times in
(m — (i — 1))th secondary diagonal. A,_1 appears only in “—1th secondary diagonal.
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Thus, the general form of the distance matrix D is:

Ay A1 Az A% Amz—l AmT—S A s Ay Aq
Ay Ay - A% AL;-’* Amzi A 3 A3 Ay
Ag Awsz Aws Aws An
2 2 2

Ay AL Ay As

Now we give the entries of the submatrices. Since Ay lies on the main diagonal of D,

only its upper triangular part contributes towards counting the distinct paths. So, Ag
is

012 3 n—2 n—1

01 2 n—3 n—2

0 1 n—4 n—3

Ap = : :
0 1 2

0 1

0

However, although all the entries of A;,1 <i < mT_l, contribute towards counting the
distinct paths, we give only entries of its upper triangular part as it is symmetric.

i i+1 i+2 i+3 -+ i+(n—-2) i+(n-1)
i i+1 i4+2 -+ i+n-=3) i+(n-2)
i i+1 - i+(n—4) i+ (n—-23)
A = ' : : E
i i+1 i+2
i i+1

1

Now we give ¢;s,1 <i < mT’l +n — 1, which is the number of paths of length i.

cx = (no. of kin Ap) x (no. of Aps) + (no. of k in A1) x (no. of Ays) + (no. of k

in (Az) X (no. )of Aps) + -+ -+ (no. of kin Ag_1) X (no. of Ag_15) + (no. of k in Ay)

X (no. of Ags
=mn—-k)(m-1)+2n—(k=1))(m—-1)+2(n—(k=2))(m—=1)+---+2(n—1)(m —
1) +n(m—1)
=(m—-1)(n—k+2(n—(k—1)+2(n—(k—=2))+2(n—(k—3))+---+2(n—1) +n)
=m-1)n—k+2n—2k—1)+2n—2(k—2)+2n—2(k—3) +---+2n—2(1) +
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n)(m—1)(2kn—2(1+2+3+---+k—1) —k)
= (m—1)(2kn — (k—1)(k) — k) = (m — 1)(2kn — k?)

Now we go for ¢, x:

Cpik = (no. of n+kin Ag 1) X (no. of Agy 1)+ (no. of n+kin Ay p) x (no. of Agyp)+
(no. of n+kin Ag,3) X (no. of Ag3)+ -+ (no. of n+k in

Agin_1) X (no. of Ag ;1) + (no. of n+kin Agy,) X (no. of Axyy)
=2(m—1)+22)(m—1)+23)(m—1)+---+2(n—-1)(m—1) +n(m—1)
=(m-1)2(1+24+3+-+n—-1)+n]=(m—1)[(n—-1)n+n] = (m—1)n?

Cnt = (no. of "+ in AmT,lﬂ_n) X (no. of Amz;1+1_n) + (no. of 5= in
Awy_ ) X (no. of AmT_1+2_n) + (no. of mT_l in AmT_1+3_n
Ape meiiz ) T (no. of mT_l in AmT_1+47n) X (no. of AmT_lﬂfn) + -+ (no. of

”121 in Am 1 1) X (no. of AmTq_l) + (no. of mT_l in AmTq) X (no. of Am%l)
—2(m—1)—|—2(2)( —1)+23)(m—1)+ - +2(n—1)(m—1) +n(")
(m=1)2(1+243+...4+(n=1))+2(m—1) = (m—1)[Z=H0I) — (1 1) (n2 —

) X (no. of

I |
N—

Finally, cmT4+k,1 <k<n-1:

Coctyy = (no. of 1 + k in AmT*l—n+(k+1)) X (no. of AmT*l—n+(k+1)) + (no. of -1 +
k in AmTq_nJr(kH)) X (no. of AmT4_n+(k+2)) + (no. of "+ + kin AmT*l—n+(k+3))X

(no. of AmTq_njL(kng)) + -+ (no. of ’”T_l +kin AmT_1_1) X (no. of AmT_l_l) +

(no. of -1 + kin Am m-1) X (no. of AmT_l)
=2)m—1)+22)(m—1)+23)(m—1)+...+2(n— (k+1)) +2(n — k) (“51)

= (m 1)(2(1+2+3+ +n—(k+1)))+ (n—k)(m—1)
=(m—-1[n—(k+1)(n—k)+(n—k)]=(m—1)(n—k)? O
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Example. The Hossoya polynomial for Cyq3 is H(Cy13) = 50x + 80x% + 90x> + 90x* +
75x° + 40x® + 10x”. Here the distance matrix is

Ay A1 Ay Az Ay As Ay Az Ax Ay
Ay A1 Ay Az Ay As Ay Az Ap
Ay A1 Ay Az Ay As Ay Az

Ay A1 Ay Az Ay As Ay

D= Ay A; Ay As Ay |7
Ay A1 Ay Aj
Ay A1 Ap
Ay Ay
Ap
012 i i+1 i+2
Ag = 01 ]),andA;, =1 i+1 i i+1 ],1<i<5.
0 i+2 i+1 i
Theorem 3.2. Let m < 2n — 1 be odd, and n > 3. Then
melg o ol B
H(Cpnpn) = kzl ckx +cm1xT+ kzl cmT4+kxT+k

m—1
5——1

n+k
+ Z Cn+kX s
k=0

where ¢, = (m — 1)(2nk—k2),cmT,1 = Z(m—1)[m? — (4n +2)m + (6n + 1)), Cutyy =
=2 (m—1)[m? —2(2n — 2k + 1)m + (4n — 4k + 1)), and ¢, = T(m — 1)[m — 2k — 1]2.

Proof For D and its submatrices we refer to Theorem 3.1. Now we give ¢;s,1
i < 1 +n —1. The ¢, is same as is given in Theorem 3.1; we need to find Con

m—1 m
CmTq+k,1Skﬁn—l—T,andan(,OSkST—l.

Cm-1 = (no of =1 in Ag) x (no. of Ags) + (no of =1 in A7) x (no. of Ays) +

(ni) of "Lin Az) (no. of Ass) + (no. of "-Lin A3) (no. of Aszs) +---
+ (no. of -1 in AmTq_l) X (no. of A’“T*l—ls) + (no. of “=1 in Am%l) X (no. ofAmqu)
:(n—mT’l)(m—l)—i—Z(n—mTf—l—l)(m—l) (n—"L 4 2)(m—1) +
(n—mT_1+3)( D+ (n=22 4l ) (m—1) + n(2)
= (n—"71) +2[(3"7° 3)(2”—7_1)](m—1)+%(m—1)

[(3(3n m+1)+(m—3)("—mT1))](m— )
= L (m—1)[m? — (4n +2)m + (6n +1)].
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NOW,CmT4+k,1§k§n_1_m2—1:

Coct gy = (no. of ™+ +kin Ag) x (no. of Ags) + (no. of "1 + k in A7) x (no. of Ays)+
(no. of ™+ +k in Ap) x (no. of Azs) + (no. of 31 + kin A3) x (no. of Azs) + -+ +
(no. of "+ +kin AmTq_l) X (no. of AmTq_ls)ﬁ—(no. of -1 + kin An1£1) X (no. ofAmqu)
n—"A—fym—-1)+2n—"2 +1-k)(m—-1)+(n—-"2L+2-k)(m—-1)+
Ml 43— k)m—1) 4 (n =2 1) (m— 1) +2(n — k) ()

S (m—1)[m*—2(2n — 2k + 1)m + (4n — 4k + 1)].

=

Finally, c,;14,0 < k < ’"T_l —1:

Chik = (no. of n+kin Ay 1) X (no. of Agy1)+ (no. of n+kin Ay, p) x (no. of Agin)+
(no. of n +kin Ag,3) X (no. of Ag3) + -+ (no. of n+k in
A"’Tflfl) X (no. of A'"T*Ll) + (no. of n +k in AmTfl) X (no. of Am%l)

=2(m—1)4+22)(m—1)+2@)(m—1)+--- +2("51 —k—1)(m —1) +
2(7112—1 _k)(mz—l) — (mz—l _k)z. ]

Theorem 3.3. Let m =2n — 1 and n > 3. Then

mzilil k m—1 n-2 m—1 4k+1
H(Cun) = ), cx T Cmax 2+ Zc—m2‘1+k+1x : y
k=1 k=0

where ¢, = (m —1)(2nk — k?), Cu1 = F(m—1)[m* — (4n + 2)m + (6n + 1)), and
Cot g = Tm —1)[m — 2k — 1)2.

Proof. For ¢ and Cm_1 See the previous proofs. Since m = 2n — 1, Cod i gq becomes
Cn+k, Which is also proved in Theorem 3.2. [

Theorem 3.4. Let m = 2n +1 and n > 3. Then the Hosoya polynomial of the polygonal
cylinder Cy, p, 15

m—1

m1_g _

; k IS = el 4k+1
H(Cun) = ). ox teowax 2 + Zc%ﬂcﬂx 2 ,

k=1 k=0

where ¢y = (m —1)(2nk — k?),cna = (m —1)[n* — 3], and

2
Cond k1 = 1(m—1)[m —2k — 1.

Proof. For cx and ¢.u_1 see Theorem 3.1. Here c¢u_1 , becomes c;, 1, which is also proved
2 2
in Theorem 3.2. 0
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Theorem 3.5. Let m > 2n be even, and n > 3. Then the Hosoya polynomial of the polygonal
cylinder Cy, y, 15

T—n-1

2 n—2

k "k
R D DT E L
k=0

n—1 _
H(Cupn) = chxk+
k=1 k=0

where ¢y = (m —1)(2kn —k?), ¢ = (m — 1)n?, and cnyp = (m—=1)[(n— k)2 — (n—k)].

Proof. The distance matrix D is

Ay A1 Ay o Ag, Apy Agy Ay, Aps o A A
Ao A Ay s Aw, Apy Apy Ay, - A A
Ao Ay y Ay Aw, Ap, Ay, A A

Ao A A A Ay Agy Ay,

A A Ay As Ay o Ay,

Ao A Ay Awg Au,

Ao AL Ay As

A Ay Ay

Ag A

A

Each submatrix Ay, A1, Ay, As, .. .,A%,Z, and A%,l appears m — 1 times. Ag appears
only on the main diagonal of D. A;,1 <i < % — 1, appears m — (i+1) times in ith sec-
ondary diagonal and i times in [m — (i — 1)|th secondary diagonal. These submatrices
are same as are in Theorem 3.1. The proofs of ¢, and ¢k, are given in Theorem 3.1. We
need only ¢y .

¢y = (no. of 7 +kin A%—n+(k+1)) X (no. of A%—n+(k+1)) + (no. of # +k in A%—n+(k+2)) X
(no. of Ap_, 4 (k12)) + (no. of F +kin Aw_, 13)) X (no. of Aw_,\ 1 ji3)) + -+

(no. of 3 +kin Aw_5) X (no. of Am_5) + (no. of 7 +kin Aw_;) x (no. of Aw_4)cm 4
=2(m—1)+2(2)(m—-1)+23)(m—-1)+---4+2(n—(k+2))(m—1)+
2(n—(k+1))(m—1)

=(m-1)20+2+34+---+n—(k+2))+(n—(k+1))]

= (m=1)[(n—(k+1))(n—k)] = (m—1)[(n —k)*> = (n —k)]. O
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Example. The Hossoya polynomial for Cig3 is H(Cyo3) = 45x + 72x% + 81x> + 54x* +
18x°. Its distance matrix is

Ag Ay Ay Ay Ay Ay A Ay A
Ag Ay Ay Ay Ay Ay A; A,
Ag Ay Ay A3 Ay Ay As

Ag Ay Ay A3 Ay Ay

D= Ay A1 Ay Az |7
Ay A1 Ap
Ay Aq
Ap
012 i i+1 i+2
where Ag = 01 Jand A;=| i+1 i i+1 |,1<i<A4.
0 i+2 i+1 i

Theorem 3.6. Let m < 2n be even, and n > 3. Then the Hosoya polynomial of the polygonal
cylinder Cy, , 15

m_q n—1_1 m_2
H(Cyn) Z crx + Z C”“rk"%k+ Z cpyix" T,
k=1 k=0

where ¢, = (m —1)(2kn —k?), NS S (m—1)[m?—4(n—k)m — (4k —4n)), and ¢, ., =
T(m—1)[m? —2(2k + 1)m + 4k(k + 1)].

Proof. Everything is same as is in Theorem 3.5. We need only ¢y and ¢y .

cmyy = (no. of F +kin Ag) x (no. of Aps) + (no. of J +k in Aq) x (no. of Ass) +

(no. of 7 +k in Az) x (no. of Ags) + -+ (no. of 3 +kin Aw 1) x (no. of An_;s)
:(n—k—%)( —1)+2(n—%—(k—l))(m—l)—i—Z(n—%—(k—2))(m—1)—|—---—|—
2n— 4~ (k=24 1)(m—1) = (m )k~ 4 (m—2)(n— %K)

m — 1)[m? 4(n—k)m—(4k—4n)]

Coyk = (no. of n+kin Ag 1) X (no. of Ag 1)+ (no. of n+kin Ay p) x (no. of Ariy)+
(no. of n +kin A 3) X (no. of Agy3) + -+
(no. of n +k inAm_l) (no. of Ap ) =2m=-1)+22)(m—1)+23)(m—1)+---+

2(%—k—1)(’”;1)_4( —1)[m? —2(2k + 1)m + 4k(k + 1)].
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Theorem 3.7. Let m = 2n and n > 3. Then
%*1 ' n—2 g
H(Cpp) = 1;1 CkX™ + kZ(:)CZ“rkaJr ,

where ¢ = (m —1)(2kn — k?), and Coyp = y(m —1)[m* — 2(2k + 1)m + 4k(k + 1)].

Proof. ci is given in Theorem 3.1. Here cu 4 becomes ¢y, which is proved in Theo-
rem 3.6. U

Remark 3.8. It is observed that if the Hosoya polynomial of the polygonal cylinder has
an inflection point then it does not has any extrema, and if it has an extrema then it
does not has any inflection point; you may see the situation in the following figures.
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H(Cyg5) H(Ci24)

4. CONCLUSIONS

In this paper we introduced a polygonal cylinder C, ,, using the Cartesian product of
paths Py, P, and using topological identification of vertices and edges of two opposite
sides of P, x P,. The parameter m made the base while the parameter n made the
length of Cy;,. Secondly, we gave general closed form of the Hosoya polynomial of
Ci,n, which, depending on odd and even m, is covered in seven separate cases. We
also gave two examples, one for odd m and one for even m. Moreover, we figured out
that if the polynomial has an inflection point then it does not has any extrema, and if a
polynomial has an extrema then it does not has any inflection point.
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