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ABSTRACT. A graph G(R) is said to be a zero divisor graph of commutative ring R with
identity if x1,x, € V(G(R)) and (x1,x2) € E(G(R)) if and only if x;.x; = 0. The vertex-
degree based eccentric topological indices of zero divisor graphs of commutative rings

Z,» X Zp are studied in this paper, with p and ¢ are primes.

1. INTRODUCTION

A single number that can be utilized to depict a few properties of the graph of
a molecule is known as a topological descriptor for that graph. There are different
topological descriptors that have found a number of applications in theoretical science.
Topological descriptors are numerical parameters of a graph which characterize its
topology and are usually graph invariant. Topological descriptors are utilized within
the improvement of quantitative structure-activity connections (QSARs) and quantita-
tive structure-property connections (QSPR) in which the organic movement or other
properties of atoms are connected with their chemical structure [11, 12].

Algebraic structures have been studied for their close affiliation with representation
theory and number theory, and they have been extensively studied in combinatorics
[2, 13]. In addition to the extensive theoretical research in these areas, finite rings and
tields have received attention for their applications to cryptography and coding theory.

A foundational role of molecular descriptors is to consider molecules as real bod-
ies and transform them into numbers, which enables mathematics to play a key role
in chemistry, pharmaceutical sciences, environmental protection, quality control and
health research [24]. These molecular descriptors are graph invariants and are usually
known as topological indices. In graph theory, by using topological indices we cor-
relate various characteristics of a chemical structure in order to characterize it. These
days there is an area of research devoted to computing topological indices for various
structures.

These days, there exist a variety of topological descriptors that found a few appli-
cations in chemistry, physics, robotics, statistics, computer networks, etc. They can
be classified based on the structural properties of graphs utilized for their calculation.
The topological descriptors deals with the distance among the vertices in a graph are
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“distance based topological indices." Other topological descriptors that deals with the
degree of vertices in graph are “degree based topological indices." The Wiener index
is the first distance based topological index and it has eminent applications in chem-
istry. Wiener index is based on topological distance of vertices within the individual
graph, the Hosoya index is calculated by checking of non-incident edges in a graph,
the energy and the Estrada index are based on the range of the graph, the Randic
connectivity index is calculated utilizing the degrees of vertices, etc. Zagreb indices,
atom-bond connectivity, geometric-arithmetic index, for detail see [1, 9, 10, 21, 26].

2. DEFINITIONS AND NOTATIONS

If G is a connected graph with vertex and edge sets V(G) and E(G), respectively.
A numerical quantity related to a graph that is invariant under graph automorphisms
is topological index or topological descriptor. For a graph G, the degree of a vertex v
is the number of edges incident with v and denoted by d(v). The maximum degree
of a graph G, denoted by A(G), and the minimum degree of a graph, denoted by
0(G), are the maximum and minimum degree of its vertices. The sum of degree of all
vertices u which are adjacent to vertex v is denoted by S(v). The distance between the
vertices u and v of G is denoted by d(u,v) and it is defined as the number of edges
in a minimal path connecting them. Connectivity descriptors are important among
topological descriptors and used in various fields like chemistry, physics and statistics.
We are defining eccentricity of a vertex as opposed to the eccentric connectivity index.

(2.1) e(u) = max{d(u,v) :VveV(G)}

In 1997 eccentric connectivity index was introduced by Sharma [27]. By using eccentric
connectivity index, the mathematical modeling of biological activities of diverse nature
is done. The general formula of eccentric connectivity index is defined:

(2.2) Z(G)= ), d(e(v)

veV(G)

where ¢(v) is the eccentricity of vertex v in G. Some applications and mathematical
properties of eccentric connectivity index can be found in [23, 28]. The total eccentricity
index is the sum of eccentricity of the all the vertex v in G. Total eccentricity index is
introduced by Farooq and Malik [19], which is defined as:

(2.3) 7(G)= ), e(v

veV(G)

The first Zagreb index of a graph G is studied in [25] based on degree and the new
version of the first Zagreb index based on eccentricity was introduced by Ghorbani and
Hosseinzadeh [20], as follows:
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(2.4) Mi*(G) = ) e(v)’
veV(G)

The eccentric connectivity polynomial is the polynomial version of the eccentric-
connectivity index which was proposed by Alaeiyan, Mojarad and Asadpour [4] and
some graph operations can be found in [8]. The eccentric connectivity polynomial of a
graph G is defined as:

(2.5) ECP(G,x)= ) d(v
veV(G)

Gupta, Singh and Madan [22] defined the augmented eccentric connectivity index of
a graph G as follows:

(2.6) cecy =y, MO

vevic) €(©) ,

where M(v) denotes the product of degrees of all vertices u which are adjacent to vertex
v. Some interesting results on augmented eccentric connectivity index are discussed
in [14, 16]. Another very relevant and special eccentricity based topological index
is connective eccentric index. The connective eccentric index was defined by Gupta,
Singh and Madan [22] defined as: follows :

(2.7) CC(G) = Z %
veV(G)

Ediz [17, 18] introduced the Ediz eccentric connectivity index and reverse eccentric
connectivity index of graph G, which is used in various branches of sciences, molecu-
lar science and chemistry etc. Ediz eccentric connectivity index and reverse eccentric
connectivity index defined as

_ y 50
(28) E¢(G) = UEVZ(G) (o)
2.9 Reg(G) = elo)
( ) g( ) UGVZ(G) S(U)

Let R be a commutative ring with identity and Z(R) is the set of all zero divisors
of R. G(R) is said to be a zero divisor graph if x,y € V(G(R)) = Z(R) and (x,y) €
E(G(R)) if and only if x.y = 0. Beck [13] introduced the notion of zero divisor graph.
Anderson and Livingston [7] proved that G(R) is always connected if R is commutative.
Anderson and Badawi [5] introduced the total graph of R as: there is an edge between
any two distinct vertices u,v € R if and only if u +v € Z(R). For a graph G, the

Online Journal of Analytic Combinatorics, Issue 15(2020), #12



4 ALI AHMAD

concept of graph parameters have always a high interest. Numerous authors briefly
studied the zero-divisor and total graphs from commutative rings [3, 6].

Let p and g are prime numbers and G(Z,» x Z) be zero divisor graph of the com-
mutative rings Z,,, X Z ;. In this paper, we investigate the eccentric topological descrip-
tors namely, eccentric connectivity index, total eccentric index, first Zagreb eccentricity
index, augmented eccentric connectivity index, connective eccentric index, Ediz eccen-
tric index, of zero divisor graphs G(Z,» x Z ).

3. REsurTts AND Di1scussioNs

For any two prime numbers p and g, we consider the ring R = Z,» x Z, with
usual addition and multiplication. The zero divisor graph G(sz X Zqz) associated
with ring R is defined as: Any (x,y) € V(G(Z,. x Z;)) if and only if the elements
xe{0,p,2p,...,(p—1)p}ory €{0,9,2q,...,(qg —1)q} with (x,y) # (0,0). Therefore,
a non zero element (x,y) is not a zero divisor in the ring Z, x Zgp if and only if x is
not a multiple of p and y is not a multiple of 4. As the number of elements in Z, which

are not a multiple of p are p?> — p and the number of elements in Zp which are not a
multiple of g are g*> — g. Also, the element (0, 0) is not a zero divisor in Z,, x Zp. Thus

the total number of non zero divisor in the ring Z,, x Z» are (p?> — p)(g*> —q) + 1. This
implies,

V(G(Zp2 x Zp))| = 10 = (P = P) (@~ ) +1) = PP+ pi® — pg — 1.

In order to discuss the degree of each vertex (x,y) € V(G(Z,2 X Z)), we have to see
four different cases.

Case 1: If x = 0 and y is not a multiple of g, then each such vertex (0, y) is only adjacent
to the vertices (x',0) for every x’ € Z,» \ {0}. Hence the degree of each vertex (0, y) is

p?> — 1. By symmetry the degree of each vertex (x,0) such that x is not a multiple of p
is g% — 1.

Case 2: If x = 0and y € {g,29,...,(q — 1)gq}, then each such vertex (0,y) is only
adjacent to the vertices (x',y) for every x’ € Z» and y' € {0,4,2q,..., (9 — 1)q} with
(x",y") € {(0,0),(0,y)}. Hence the degree of each vertex (0,y) is p?>q — 2. By symmetry
the degree of each vertex (x,0) such that x € {p,2p,..., (p —1)p} is pg*> — 2.

Case 3: If x is not a multiple of p and y € {g,29,...,(q — 1)gq}, then each such vertex
(x,y) is only adjacent to the vertices (0,y’) for every y' € {g,24,...,(9 — 1)q}. Hence
the degree of each vertex (x,y) is g — 1. By symmetry the degree of each vertex (x,y) if
xe{p,2p,...,(p—1)p} and y is not a multiple of g is p — 1.

Case4: If x € {p,2p,...,(p—1)p}and y € {q,2q,...,(qg — 1)q}, then each such vertex
(x,y) is only adjacent to the vertices (x/,y’) for every x’ € {0,p,2p,...,(p —1)p} and
vy € {0,9,2q,...,(9 — 1)q} with («/,y") ¢ {(0,0),(0,y)}. Hence the degree of each
vertex (x,y) is pg — 2.
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Let us divide the vertices of G(Z,» x Z ) into seven sets corresponding to their degrees
Vi={ueV(G(Zyp xZp)):d(u) =i},

i=p*—1,4>—1,0’9—2,p9> —2,p — 1,9 — 1,pq — 2. So, V; contains the vertices of
degree i. Note that V(G(Z,2 X Zp)) = Vip 1 UV UV, ,UV, 0 UV, 1UV, 1 U
Vpg—2. We get

(3.1)
Vil = > =q, [Vl = P> = p Vg ol =41V ol = p =1L |V,al = q(p = 1)(g - 1)),
Vg1l = p(p =1)(q =1), [Vpg2| = (p =1)(g = 1)
For our convenience, we use the following notations throughout the paper:
o lfx=kp thenl <k<p-1
o Ifx#kp then0<k<p—1.
o lfy=tg, thenl <t <g-—1.
oIfy#tg then0 <t <g-1.
From the above discussion, we obtain the eccentricity of the vertices of G(sz X Zqz)
in the following lemma:

Lemma 3.1. Let p,q be prime numbers. If G(Z,» X Z ) be the zero divisor graph of the
ring Z,» X Z g, then the eccentricity of the vertices of G(Z,2 X Z ) are 2 or 3, in particular

;(szq—Z) =e(Vppa) = e(Vyg—2) =2and e(Vip_1) = e(Vo_q) = e(Vpo1) = e(Vg1) =

Proof. Let (x,y) € Z,» X Zp. By the definition of zero divisor graph and the above
discussion, we observe that the vertices of type (0,y),y # tq are adjacent with the
vertices of type (x,0),x # 0. The vertices of type (x,y), x = kp,y # tq are adjacent with
the vertices of type (x,0), x = kp. The vertices of type (x,y), x # kp,y = tq are adjacent
with the vertices of type (0,y),y = tq. The vertices of type (x,y),x = kp,y = tq are
adjacent with the vertices of type (x,0),x = kp; (0,y),y = tg and (x',y'),x' = kp,y' =
tg,x # x',y # y'. The vertices of type (x,0),x # kp, are adjacent with the vertices of
type (0,y),y # 0. The vertices of type (0,y),y = tq are adjacent with the vertices of
type (x,0),x # 0; (x,y),x =kp,y = tq; (x,y),x # kp,y = tqand (0,y'),y" = tq,y #y".
The vertices of type (x,0),x = kp are adjacent with the vertices of type (0,y),y # 0;
(x,y),x = kp,y # tq; (x,y),x # kp,y = tqg and (x',0),x" = kp,x # x'. It is easy to
see that the maximum distance of the vertices of the types (0,y),y # tg; (x,0),x # kp;
(x,y),x #kp,y = tq; (x,y),x = kp,y # tq in the zero divisor graph G(Z,> x Z ) of the
ring Z 2 X Zp is 3 and the maximum distance of remaining vertices of G(sz X Zqz)
is 2. This completes the proof.

The Table 1 is the summary of the partition sets with their degree, eccentricity and
frequency. In the following theorem, we determine the eccentric connectivity index of
the graph G(Z,» x Zp).
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TaBLE 1. The partition sets of vertices, their degree, eccentricity and fre-
quency of the vertices in G(sz X Zqz)

Representation of

of vertices Degree Eccentricity Frequency
O,y),y # tq p>—1 3 7 —q
(x,0),x # kp > —1 3 p*—p
(0,y),y = tq p*q—2 2 q—1
(x,0),x =kp pq2—2 2 p—1
(xy),x=kpy#tqg p-1 3 qip—1)(g—-1)
(x,y),x#kpy=tq q-—1 3 p(p—1)(g—1)
(x,y),x=kpy=1tq pg—2 2 (p—1(@—-1)

Theorem 3.2. Let p,q be prime numbers. If G(sz X Zqz) be the zero divisor graph of the
commutative ring Z,» X Zp, then the eccentric connectivity index of G(sz X Zqz) is

$(G(Zyp xZp)) = (p—1)(q—1)(14pq —4) +2(2p*¢* — p*q — pg* — 2p — 29+ 4).
Proof. Using the values from Table 1 in the (2.2), we obtain

$(G(Zp xZp)) = ) d(v)e(v)
veV(G(ZpxZ,2))
=3(p* — (" —q) +3( = )(P* —p) +2(9 = 1) (P’ - 2)
+2(p = 1)(pg* —2) +3q(p = 1)*(g — 1) +3p(p — 1) (9 — 1)
+2(p —1)(q —1)(pq — 2)
After simplification, we get
8(G(Zp xZp) = (p—1)(qg—1)(14pq — 4) +2(2p*¢* — p*q — pq* — 2p — 29 + 4).
This completes the proof.
0

By using the Lemma 3.1 and Table 1 in (2.3) and equation (2.4), we obtain the total-
eccentricity index and first eccentricity Zagreb index for G(Z,> X Z ) in the following
corollaries.

Corollary 3.3. Let p,q be prime numbers. If G(Z,» x Z) be the zero divisor graph of the
commutative ring Z» X Zp, then the total-eccentricity index of G(Z,2 X Z ) is given by
((G(ZypxZp)=(p-1)@-1)Bp+37+2)+(p—1)Bp+2)+(q-1)(35+2).

Corollary 3.4. Let p,q be prime numbers. If G(Z,» x Zqz) be the zero divisor graph of the
commutative ring Z,» X Zp, then the first eccentricity Zagreb index of G(sz X Zqz) is given
by

MI(G(ZpxZp))=(p-1D@-1)0O%+9+4)+(p-1)9p+4)+(7-1)(9 +4).
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Theorem 3.5. Let p,q be prime numbers. If G(Z,» X Z ) be the zero divisor graph of the
commutative ring Z.,» X Zp, then the connective eccentric index of graph G(Z,» x Z2) is

3 2 2_2 2 ) 2 2 4 1 _1
E(G(Zp x Zp)) = 2T 20 pi+2 | 4pq(p 3)(!1 ).

Proof. By using the values of degrees and their eccentricity from Table 1 in the (2.7), we
obtain:

E(G(Zp x Zp)) = ) ——

VEV(G(Z,2xZ,2)) e(v)

_(p=)(ps*-2) L= 1)(p*q —2)

- 2 2 + 2
LPP=D@ - (=D —p)  plp-1(g-1)
3 3 3
—1)2%(g —
Lap =17 (g —1)
3
After simplification, we get ch(F(sz X Zq)) = 3p2q2—2p2q;2pq2—;7q+2 + 4pq(p_31)(q_1).
This completes the proof. O

Theorem 3.6. Let p,q be prime numbers. If G(sz X Z2) be the zero divisor graph of the
commutative ring Z » X Zp, then the augmented eccentric connectivity index of G (sz X Zqz)
is ¢"(G(Zp x Zp)) =

ad2BP2q PP (ay (p+1)™ (p—1)P T4 By(q+1)P (- 1)* T +ap(pg—p—q+1))
2
Bt (PP ) g - ) h T (2 - )P 4 p - 1)
3 7
where o = p*q —2,p = pg® — 2,7 = pq —2,0 = ¢* —qand A = p* — p.

Proof. Let M(v) be the product of degrees of all vertices which are at distance one with
vertex v. By putting the values in (2.6), which are obtained from the proof of Lemma
3.1 and Table 1, we obtain

$"(G(Zp x Zp)) = )

VeV (G(Z,2xZ,0)) e(v)

_(p— D)2 1)T(p?q —2)1 (pg — 2)P~ DD (p — )11 (pg? — 2)P~2

2
L= - )PP (pg? —2)P~ (pg — 2) P~ D) (g — 1)P(P—Da-1) (p2g — 2)7-2
2
L(P=Da=1)(p = 2)" (pq — 2)(P=D=1)=1(pg2 — 2)p~1
2
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=) =P P =) (P p) (P -1 (P - 1)
3 3

Lalp =g - 1) (pg* —2)P ! L PP =g - 1)(p>q —2)1!
3 3

After simplification, we obtain {"(G(Z,. x Z)) =

a7 2BP 2P P (ay(p+1)2 (p—1)P Y4By (g4 1) (g—1)* " +aB(pg—p—q+1))

2
LA (P -1 g 1) 1687 (0~ D)+ p - 1)
3 ’
with w = p?q —2,8 =pg® — 2,7 =pg—2,6 =¢> —qgand A = p* — p.
This completes the proof. U]

Theorem 3.7. Let p,q be prime numbers. If G(sz X Zqz) be the zero divisor graph of the
commutative ring Z.,, X Zp, then the Ediz eccentric connectivity index of graph G(sz X Zqz)
is EQ(G(Zp X Zp)) =

3p3q3—2p3q—12p2q2+210r72q—2pq3+10mz—4 n (P—l)(q—l)(p3qz+;;3q+p243+m3—6pq).

Proof. S(v) is the sum of degrees of all vertices u which are adjacent to vertex v. Cal-
culate the values of S(v) with the help of Table 1. Also the eccentricity of each vertex
is given in the Table 1. Putting these values in (2.8), we obtain: E((G(Z,. x Z2)) =

5(v)
UGV(G(ZZ;Z XZ2)) ®
_ (p_l)(pz—l)(qz—q) +(r?1-2) (=1 +(p7=2) (p— 12)(q D+q(p=1) (p=1) (-1 +(p7*~2) (p—2)
+(g—-1)4 )+(pe*=2) (p=1)+(pg—2) (p— 12)(q D+p@-D(p-1) (- +(p*3-2)(9-2)
)=1)+(pg*=2)(p=1)

(
2 1)+ 2 1
+(p—-1)(q— )M )(q=D)+(pq=2)((p 2)(0/
+
20 —
Falp—1)(q - DEEBED 4y 1)1y Pa-eh

g — q)(Pq -2)(p— 1) +(*-1)(P*—p) T (2 - )(p q—Z)(q—l);r(pZ—l)(qz—q)
(

3.3 10,3, 2.2 2. 3 2_
After simplification we get E((G(Z,2 X Z2)) = Pq —2pq—12pg +210p 1-2pg +10pg %
(P—l)(q—l)(P3qz+r§q+r’2q3+w3—6pq)

. This completes the proof. O

Theorem 3.8. Let p,q be prime numbers. If G(sz X Zqz) be the zero divisor graph of the
commutative ring Z 2 X Zp, then the eccentric connectivity polynomial of G(sz X Zqz) is
ECP(G(ZPZ X Zqz),x) =
4(P*3* = PP — pa* + pg)° + Bp*g* — 2p° — 2pq* — pq +2)x°
Proof. By using the degree and their corresponding eccentricity from the Table 1 in the

(2.5), we obtain ECP(G(Z,2 x Z2),x) = Y d(v)xe©)
UGV(G(ZPZ XZqz))
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= (P = 1)(¢* — )X + (4> - )(P )x q(p—1)2(q -1 +p(p—1)(g—1)*x°
+(p—1D(pg* —2)x* + (g — 1) (p*q —2)x* + (p — 1) (g — 1) (pg — 2)x*

After simplification, we obtain
ECP(G(Z,x x Zp),x) = 4(P*4* — p*q — pg* + pq)x° + (3p°q” — 2p*q — 2pq* — pq +
2)x2. This completes the proof. U
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