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ABSTRACT. We prove some combinatorial identities by an analytic method. We use the
property that singular integrals of particular functions include binomial coefficients.
In this paper, we prove combinatorial identities from the fact that two results of the
particular function calculated as two ways using the residue theorem in the complex
function theory are the same. These combinatorial identities are the generalization of a
combinatorial identity that has been already obtained

1. INTRODUCTION

Gould [5] gave the following combinatorial identities ( (3.63) and (3.117) in [5])
5]
k(X (2x =2k _ [(x),,
2 L) Ga) - )

15]
2 k(1 2n — 2k )
2) k;o(—l) (k)< , ) =2",

and, then Sprugnoli [14] proved (1) and (2) using Riodan arrays. (2) follows from (1)
for x = n . And, as Riordan [13] showed that two-term sequence

K
B k(M (2m —2k Ry r
) f’””_,;o( Y (k)(p—zk)’K_mm{m'LzJ}
satisfies the recurrence relation

fm,;? = fm—l,p + 2fm—1,p—1

and the solution of this recurrence relation is fy,, = 2”(’;;), he proved the following
combinatorial identity equals to (1)

() (o 2 =2 (1) = min 2]}
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and, setting m = p in above identity, the following combinatorial identity equals to (2)

is derived.
P
_kp—k 2p—2k_p _|P
s ) () == (5]

The main proof methods used widely in the derivation of new combinatorial identi-
ties are the combinatorial proof, Riordan array proof, generating function proof, bijec-
tive proof, and so on [2, 3, 4, 6, 7, 8§, 10, 11, 12, 15].

In this paper, by using the analytic method, that is, the calculation of singular inte-
grals by the residue theorem in the complex function theory, we derive following two
combinatorial identities

L5 1
2m+2\ &, afm+1 m+1 2m 42  komtt
(4) (m+1)l§( 1) (21+1)(l+k+1><21+2k+2) = (=1)"2"",

© (if) ,%,(_1)1(;) (kil> (21?%) - (-1)"2"

Setting k = 0 in (4) and (5), we obtain (2)
2. SOME COMBINATORIAL IDENTITIES

First, we denote some functions and symbols as follows.

fx): = (@2+1)7Y,
o (_1)m+1m! 1 1
gme(x): = T {(x —ZHi)mtl (x—C— l’)m—i—l] ,
1 1 1
hpe(x): = 3 {(x—§+i)r’ - (x—é—i)”]'
+o0
AL = [ g (x-0ya
=
B = [ fhe) - 0

Lemma 2.1. For any non-negative integers m,n (with n < m + 1), the following relation
holds.

o _ (O min [ (= (<i— )"
© S e
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Proof.

—+00
AN = [ FEgme(0(x — ¢)dx

oo _1\m+1
= [y g e i e e CSONES
@) . .
T _ x—¢&)" - _ x — &))"
G )21. _/ (Z+1)7" (xfgfi))mﬂdx —_/ (x*+1)7"- (xfg_gi))mﬂdx

First of all, we will notice the first singular integral in the bracket of (7). For the
complex function

MQZQZZ“Mﬁery;g;W

the degree of the polynomial Q(z) = (z2 +1)(z — & +i)"*! in the denominator of R(z)
is m + 3 and that of the polynomial P(z) = (z — ¢)" in the numerator is n. Furthermore,
(m+3) —n > 2 by the assumptions on m and 7, so by the Residue Theorem of Complex
Analysis [1], the following equation holds.

—+o0

_ (x—é)” . . -1 (Z_C)n -7
/(x2+1) 1, (x_€+i>m+ldx_2mRes ((22+1) ! et i ),

—00

where z = i represents the simple pole of R(z) in the upper half-plane. Thus,

ZNiReS((ZZH)‘l- o) i) —~ 2ni~lim((z—i)(zz+1)_1' =8 )

(z—C+ i)m+1; z—i (z =g+t
= 2mi-lim ((z g —(Zé‘_fi))’““)
— 2 ((i +i)" (i —(Zc_fi))m“)
I Ul Pl
(2 — g)m+1

Next, we will estimate the second singular integral in the bracket of (7). Similar to
the calculation of the first singular integral, z = —i is the simple pole of the complex
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function
2 -1 (z—9)"
(Z +1) ) (Z_g_i)m+1
in the lower half-plane, so the following equations hold by the Residue Theorem.
—+00
2 -1 (x—2)" o 2 -1 (z=8)" .
/(x +1) - (x—(f—i)m“dx = 27TiRes ((z +1)" - (Z—C:—i)erll_l

_ (<2m)- m <(z+i)(22+1)1' (z—2Q)" )

am (Z _ é( _ i)m+1
= (—2rmi) .zli>n—1i <(Z - i)il ‘ (z _(Zg__él‘))m+1)

. . —i—¢)" —i—¢)"
Therefore, the lemma is true.

Lemma 2.2. For any non-negative integers p,n(n < p), the following relation holds.

m_ [ =" (=i=g)"
®) Bo =5 [(21‘— or (—2:'—5)?] |

Proof.

+o00
BYY = [ Fhyg(x) (x - 0"

400
11 1 1 )
— _[o(xz—l—l) 1.5 l(x—{f—i—i)p—i_(x—é‘—i)lﬂ} (x — &)"dx,
+o00 . Lo .

First, we will compute the first singular integral in the bracket of (9). Let the complex
function R(z) be

P(z x—¢)"
R0~ i e

Similar to Lemma 2.1, the degree of the polynomial Q(z) = (z2 +1)(z — & +i)? in
the denominator of R(z) is p + 2 and that of the polynomial P(z) = (z — ¢)" in the

= (x*+1)7 L.
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numerator is n. Moreover, (p +2) —n > 2 by the assumptions on p and 1, and z =i is
the simple pole of R(z) in the upper half-plane. So by the Residue Theorem, we have

—+o00

[o e e = 2mikes (2 1) 5 i)
= 27i-lim ((z —i)(22+1)7 %)
- i (0 5 )
— omi- ((i+i)‘1-&—?;) :”'%
And, z = —i is the simple pole of the complex function
(z24+1)7L- %

in the lower half-plane. So by the Residue Theorem, the second singular integral of (9)
is computed as follows.

“+o00
2 . (x=9)" Y = iRes [ (22 —Lﬂ-_i
[T T s = iR (@40 g5 )

= (=2mi)- lim ((z +i)(z2+ 1)t ﬂ)

z—r—1 (Z_g_i)p
= (—27i) -lim ((z -7t %)

R (PP B Gl el 7 A WO Gl el 9
= (2] (( ) (—i—g—i)m+1> (=2 —¢&)r

Therefore, the lemma is true.

Theorem 2.3. For any integer m and k (with 0 < k < [5]), the following combinatorial
identity holds.

L) -1
2m+2 Z(_l)l m+1 m+1 2m +2 — (—1)kpmL,
m+1) = 204+1)\I+k+1)\21 +2k+2
Here, |m| means the largest integer less than or equal to m .
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Proof. For ¢ = 0, by the binomial formula, g, #(x) can be expanded as follows.

(x) = (—=1)"™+m! 1 1
&m0 = o (x +i)mH (x —i)m+
B (—1)m+1m! ( Z)m—H (x—i—l)m"H
- 2 (xz )m+1
L 1 oy
B ) e v o G G e o G
2{ (x2+1)m+1

0 (= S (MDA (=) - ]
( ) - 2i ) (x2+1)m+1

Since i? = (—i)?, in the numerator of (10), the terms with j being even, that is,
j = 21, are omitted. On the other hand, ?*! = (—1)" - i, (—i)?*1 = (=1)"- (i), s0, in

the numerator of (10), the terms with j being odd, that is, j = 2] 4- 1, are as follows.

(_1)m+1m! . ZZILZOJ (g;jj)xm—Zl(_i)l—Hi

gmo(x) = 2 (x2 4 1)m+
2
_ m+l,, —m—1 m+1N\ o, a1
= (-1) (x> +1) Z(Zl+1) (—1)
m 2 m 1L%J ) m+1 m—21
= (= ! —m— — -
(1 1) () (2l+1)x |
Hence
“+oo
A ™ = [ F)gmolx)am

o 1)
— / (x> +1)7! {(Umml(xz +1)7" Yy (—1) (Z j: 1) mel] x" 2Ky

+o00 A7
= Y (1 (] /—xzm "
Nar+1) ) Gerym2
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Now we will calculate the singular integral
o am—21-2k

| G

—00

Using the notations

B 1.3..... (26— 1) B+1\ [28+2\ "
() = GprDEp 1) (2F - 22 1 3) ( a >< 2 ) ’

forp=1,a = oo, (1) in [9, p. 575] implies
—+o00

X% B 1-3----- (2a — 1) 1
/(x2+1)‘3+2dx — (2‘B+1)(2‘B_1) ..... (2ﬁ_2a+3)_[0 (x2+1)/3+2dx

—00

+00

+oo
1

= Ipi() / mdx,

and (2) in [9, p. 576] implies

—+o00

1 gy T (2+2)! m [(2B+2
/(x2+1)ﬁ+2 x_22ﬁ+2[(,3+1)!]2_22ﬁ+2</3+1)’

—00

where « is a positive integer, B is a nonnegative integer and & < B+ 2.

+oo (2m—21-2k

Therefore, the singular integral f de is as follows.

T am-21-2k T (2m 4D
/ (x2+1)m+2dx = 22m+2(m+1

o [2m+2\( m+1 2m42 \ !
o22mt2\ 41 )\ I+ k+1)\21+2k+2)
Thus,
(m—2k) 1 m+1 T (2m—+2
Am,O - (_1)m m!<21—{—1) {22m+2(m_+_1 'Im—l—l(M—l—k)

_nm(_l)mﬂm,z—m—z m+1\ (2m+2\ [ m+1 2m+2 \ 7!
A ' 214+1)\m+1)\I+k+1)\214+2k+2)
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And, by (6) of Lemma 2.1,

Alm=2k)  _ ()"t | i (=i
m,0 o 2i (2i)m+1 (—21')””‘1
() it 2 (<24t (i) ()m]
B 2i (2i)m+1 . (=2{)m+1
—1)m—k+1  om+2
(12) = (=)™ i (1) = ﬂ(—l)m*k cm127m L

(_1)m_22m+3
Comparing (11) and (12),
5] -1
m+1 = 20+1 )\l +k+1)\2l +2k+2
The theorem is true.

Theorem 2.4. For any non-negative integer p and k (with 0 < k < |5|), the following
combinatorial identity holds.

(275) l%i(—l)l (Z) (141:1{) (213:?2;() h = (—1)k2r.

Proof. For ¢ = 0, by the binomial formula, /1, z(x) can be expanded as follows.

hpo(x) = l{uii)ﬁ(x—li)’”}

2
1 (x— )P+ (x4 i)
— 2 (x2+1)P
_ 1 Sl IAV SR Y AW
= Ery [2, (a1 (7) “]]
1 P PN RN
(13) T -Jg (’]’) xP [(—z)f + z]} :

Unlike Theorem 2.3, in (13), the terms with j being odd are omitted and those with j
even are the only remaining, so

hmo(x) = m : 22~ (—1)Z<Z)xp_21

I=
15
— ; - (_1\! p p—21
= (—1) <2l>x .
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Thus,
+00
BY Y = [ fhpe(aer
T 2 1 1 (P 21 2%
— -1 -y p— p—
_[o (x*+1) (x2+1)pl:0( 1) <21)x xP~dx
+0o0 m
— /(x2+1)—p—1‘ LZZJ(_l)I P x2p—21—2kdx
- 1=0 21
5] p too
= Y (-1 (21) / (x2 4 1) 7P Iy =22k gy
1=0 -

Similarly to Theorem 2.3, we will calculate the singular integral

—+o00
/(x2+1)p1x2p212kdx.

—00

+oo -
/ P i, _ (20N (P (2 )
(x2 4+ 1)PH1 227\ p J\k+1)\2k+21)

Therefore, B ;?szk) is as follows.

L5)
(p—2k) _ L (P (%P2
Brfo =2, (=1 ”(2l> ( )2 Plo(p-1-k)

1=0 p
(14) B (2;9) %(_1)171(19)22;1,( p )( 2p >—1
\pr/ 5 21 I+k)\2I + 2k

On the other hand, by (8) of Lemma 2.2,

(p-2) _ | P (i)
Bo " = E[(zgp* (i)
o PR (20)P 4 (=) (20)P
T2 (2i)P - (—2i)P
T 2.i2p72k.(_1)p.210 B
(5 T2 (—yp = (=127
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Comparing (14) and (15),

]

(25 ) zzo(_l)l”@)fzp' (z fk) (ZIifgzk) = ey,
(ZID g(_l)l (Z) (z f k) (21 2+p2k> © -

Hence, the theorem is proved.
The combinatorial identity from the following Corollary 2.5 (2) is known already and

—

is a special case of (4) and (5).
Corollary 2.5. For any non-negative integers m, the following combinatorial identity holds.

L3 _ _
Z(—l)l(zm 2l> (m l) _om.
i= m—1 [

Proof. If we set k = 0 in (4) , then the left-hand side is

[a—

(1! m+1\ [ m+1 2m4+2 \
204+1) \I+k+1)\21 + 2k +2

_ (A2 5 gy (mA L) (m 1) (2m 2 -
- \m+1) & 2l +1)\1+1 )\ 21+2

ErC)

1=0

<2m + 2) 3]
m+1/) =

And, the right-hand side is 2"+, so the corollary is true.
Setting k = 0 in (5), we also obtain (2).
Corollary 2.6. For any non-negative integer n, the following combinatorial identity holds.

L] )
o (2nF1N\ (2n 2042\ L o

Proof. Setting p = 2n,k = nin (4), (16) follows immediately from (4).

Corollary 2.7. For any non-negative integer n the following combinatorial identity holds.

(_1)z<221121> <Z‘l’;) — (—1)n. 22,

7]

(17)
1=0
Proof. Setting p = 2n,k = nin (5), (17) follows immediately from (5).
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3. CONCLUSION

In (4) and (5), by appropriately changing parameters k, m, and p, different combinato-
rial identities are obtained. Also, if we properly choose such functions as f(x), g Iy,

AT(:)@, and B;ng, we can obtain better combinatorial identities.
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