A COMBINATORIAL CHARACTERIZATION
OF THE GENERALIZED EXPONENTIAL AND FUBINI POLYNOMIALS

EMANUELE MUNARINI

ABSTRACT. In this paper, we show that the generalized exponential polynomials and
the generalized Fubini polynomials satisfy certain binomial identities and that these
identities characterize the mentioned polynomials (up to an affine transformation of the
variable) among the class of the normalized Sheffer sequences.

1. INTRODUCTION

The generalized exponential polynomials Silv) (x) are defined by the exponential generat-

ing series

v t" vt _x(e'—
(1) S (x;t) = Y s )(x) —=e tor(el=1)

n>0
and can be written explicitly as
S(V) — . S(V) k
w () =) S
k=0
where the coefficients Silvlz are the generalized Stirling numbers of the second kind. For
v =r € IN, we have the r-exponential polynomials [7], whose coefficients are the r-Stirling
numbers of the second kind [2]. In particular, for v = 0, we have the ordinary exponential

polynomials S,(x) [15, p. 63]. From series (1), we have that the generalized exponen-
tial polynomials can be expressed in terms of the ordinary exponential polynomials,

namely
(v) (1 ak
Si’(x)=)_ )Y Sk(x).
k=0
The generalized Bell numbers b,(qv) are defined by setting x = 1 in the generalized expo-
nential polynomials, i.e. b,(;/) = Sﬁlv) (1) =Y¢ SS’/IE, and consequently have exponential
generating series

(2) be(l — =e"e
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For v = r € IN, we have the r-Bell numbers [7], and, in particular, for v = 0, we have
the ordinary Bell numbers b, [4, p. 210] [18, A000110]. Notice that the generalized Bell
numbers can be expressed in terms of the ordinary Bell numbers:

) =Y (Z) vk

k=0

The generalized Fubini polynomials F,S”)(x) are defined by the exponential generating

series
tn evt

3) FO(x6) = Y B (x) = =

=0 n' 1—x(ef—1)

and can be written explicitly as
n
EY (x) = Y. S,(qvlz k! K.
k=0

For v = r € IN, we have the r-Fubini polynomials [8, 9] and, in particular, for v = 0, we
have the ordinary Fubini polynomials F,(x) [19] (or ordered Bell polynomials, or De Morgan
polynomials [5, 11]). From series (3), we have that the generalized Fubini polynomials
can be expressed in terms of the ordinary Fubini polynomials, namely

FW (x) = 2 <Z) VK E(x).

k=0

The generalized Fubini numbers F,SV) are defined by setting x = 1 in the generalized Fu-

bini polynomials, i.e. FY = g (1) =Yr quv,z k!, and consequently have exponential

generating series

wt" e
(4) ZFn H—

ot
10 2—e

vt

For v = r € IN, we have the r-Fubini numbers [9], and, in particular, for v = 0, we have
the ordinary Fubini numbers F, [3] [4, p. 228] [6] [18, A000670], or ordered Bell numbers
[10]. Notice that the generalized Fubini numbers can be expressed in terms of the

ordinary Fubini numbers:
T /n
F,SU) = Z <k) Fn_kl/k .
k=0
A Sheffer sequence [1, 15, 16, 17] is a polynomial sequence {s,(x)},>o having expo-
nential generating series
tn
(5) Y sn(x) = g(t) el
S0 n!
where g(t) = ¥,>0 gn,% and f(t) = Y50 fn;—", are two exponential series with gy # 0,
fo=0and f; # 0. A normalized Sheffer sequence is a Sheffer sequence with gy = 1.



CHARACTERIZATION OF GENERALIZED EXPONENTIAL AND FUBINI POLYNOMIALS 3

A Sheffer matrix is an infinite lower triangular matrix S = [s,, x],, kx>0 whose k-th col-

umn has exponential generating series
N0

Sk — = 8(H) =7~
ng{ "l k!
where g(t) = ¥,>0 gnfl—n! and f(t) = Y50 fn;—n, are two exponential series with gy # 0,
fo =0and f; # 0. In this case, we say that S has spectrum (g(t), f(t)) and we write
S = (g(t), f(t)). The row polynomials of S are defined by

n
X) =Y Suk xk
k=0

and form a Sheffer sequence {s,(x)},>0 with exponential generating series (5). On
the other hand, given a Sheffer sequence {s,(x)},>0, the matrix S = [s; k], k>0 Of the
coefficients is the Sheffer matrix with spectrum (g(t), f(¢)).

Given a Sheffer sequence {s;,(x) },>0, with Sheffer matrix S = [s, ¢, k>0 = (g(t), f (1)),
the associated sequence {s},(x)},>0 is defined by the polynomials

n
(x) = 2 S k! xk
k=0

with exponential generating series

8(t)
(6) ;;)SH(JC Tl' - 1—xf(t)'
The associated polynomials s (x) are essentially the Laplace transform of the polyno-
mials s, (x), since we have the following integral relation

+oo
sh(x) = /0 sn(xz)e *dz.

Notice that the space S of the Sheffer sequences and the space S* of the associated
Sheffer sequences are both closed under affine transformations of the variable. Indeed,
if {sy(x)}u>0 is a (normalized) Sheffer sequence with spectrum (g(t), f(¢)), then, for
every constant & # 0 and f, the sequence {sn(ax + B)}n>0 is a (normalized) Sheffer
sequence with spectrum (g(t )eﬁf af(t)), since

Z Sn ox + ‘B ( ) (OCX—Fﬁ)f(t) — g(t) eﬁf(t) . e“xf(t) .
n>0

Similarly, if {s};(x)},>0 is an associated Sheffer sequence with spectrum (g(t), f(t)),
then, for every constant @ # 0 and B, the sequence {s;;(ax + B)},>0 is an associated

Sheffer sequence with spectrum (1 fé;)( AL 1?;55() ) > , since
8(t) __8() 1
Ll ply - T BIF T BA 1t
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Finally, notice that the generalized exponential polynomials form a Sheffer sequence
with spectrum (e"!,e! — 1), while the generalized Fubini polynomials are the associated
sequence. In particular, as just remarked, these polynomials are related by the identity

+oo
F(x) = / sW(xz)e*dz.
0

In this paper, we show that the generalized exponential polynomials and the gener-
alized Fubini polynomials satisfy certain binomial identities and that these identities
characterize the mentioned polynomials (up to an affine transformation of the variable)
in the class of the normalized Sheffer sequences.

2. FIRST CHARACTERIZATION

We start by proving (in Theorem 1) that the generalized exponential polynomials
satisfy a binomial identity. Since this identity is of the form F(so(x),s1(x),...,sx(x)),
with F(xo,x1,...,%1) € Rlxo, x1,...,%y,], it is satisfied by all sequences of the form
{sn(ax + B) }n>0. However, we will prove (in Theorem 3) that such an identity char-
acterizes the generalized exponential polynomials in the class of normalized Sheffer
sequences, up to an affine transformation of the variable.

Theorem 1. The generalized exponential polynomials satisfy the binomial identity

i ( ) k(X )+ 2 ( ) k(X ;SV)kH(x) =
_Z(> ko (X +V2(> Sjjk(x)'

In particular, for v = 0, we have that the exponential polynomials satisfy the identity

(8) i (Z) Skt (x ) + Z( >5k+1 Sn—kr1(x i( )Sk+2 Su—r(x).

k=0

(7)

Proof. Consider series (1) and, for simplicity, set S = S(V)(x; t). Differentiating two
times with respect to ¢, we have

0S

5 = — ve'e(® 1) 4 xefe'te¥ ') — 1 5 4 xe'S
and
S —va—s—i—xe5+xetas
o2 ot ot
From the first equation, we have
(*) xe'S = 8_5 —vS.

ot
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So, by replacing this expression in the second equation, we have

825 dS tBS
Then, by multiplying both sides by S, we have
825 dS ? te 95

Using again identity (*), we have

02S dS 2., dS
s =5 (5)
or )
dS 0S 0°S ’
ot (5) =gs st
This equation is equivalent to identity (7). U

As an immediate consequence of Theorem 1, for x = 1, we have the following result.

Theorem 2. The generalized Bell numbers satisfy the identity

O L (p)uholr L (1)uholen = X (3)ulaore 1 ()0l

k=0 k=0
In particular, for v = 0, we have that the Bell numbers satisfy the identity

n

n " (n " In
(10) Y. P beabp—r+ ) i ) Okt bnges1 = Y i ) Ot 2bn—tc
k=0

k=0

Now, we prove the converse of Theorem 1, i.e. that identity (7) essentially character-
izes the generalized exponential polynomials.

Theorem 3. If {s,(x) }neN is a normalized Sheffer sequence satisfying the binomial identity

i (Z)SkJrl x)s—k(x) + Z( )sk+1L VSp—k1(x) =

1) k=0 )

-1 () seeatelsuat) + v Eo (4 )sisa-+(2),
then
(12) sn(x) = SV (ax + B)

where « and B are arbitrary constants (with a # 0).

Proof. Since {s,(x)},en is a normalized Sheffer sequence, its exponential generating

series is
t

=Y su(x) =8 )eXf(t)

n>0
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where go = 1. Identity (11) is equivalent to the equation

0S 95\2 9%S )

where S = s(x;t). Since
0S
5 =8¢ +agfle”
#s
ot?
the above equation becomes
(g/ + ng/) gezxf + (g/ + ng/)zerf _ (g// +2xg/f/ + ng// + x2gf/2) gerf _|_Vg2e2xf.
Simplifying by the exponential e?*, we obtain the equation
gg/ + xng/ +g/2 +2xgg/f/ + ngzf/z — gg// +Zng’f’ + xng// + ngzflz + ngl
that is the equation
88’ +8% —88" —vg® +x(’f +288'f' — 288'f — *f") =0
which is equivalent to the differential system
88" —8”—gg' +vg*=0
ng// _ng/ =0.
Let us consider the first equation, depending only on g. Setting z = g’/g, we have
z' = (g¢¢" — ¢'*)/ g% and consequently

:g//exf+2xg/f/exf+ng//exf+ngf/2exf’

(%)

7 —gz+vgt=0.
Simplifying by g2, we obtain the differential equation

7 =z—v.

/ dz / dt
z—v
In(z—v)=t+c or z=v+pe
where B is an arbitrary constant with respect to t. Since z = ¢’/g, we have

Hence, we have

that is

/

8 t
g v+ Pe
that is
Ing =vt+Be' +¢
that is

g(t) =Ce" G
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where C is an arbitrary constant with respect to ¢. Since go = 1, we have C = 1 and
g(t) =e" ePle'=1)

Let us now consider the second equation of the differential system (**). Simplifying
by ¢?, we have f” = f’, thatis f’ = f + a. Hence, we have

/f(]:)(f:adt:/dt

In(f(t) +a) =t+K=t+1Ina = Inae'

that is

being fo = 0. So
f(t) =ale' —1).

In conclusion, we have the generating series
S(x;t) = evteﬁ(etfl) exa(etfl) — ot e(ochr,B)(eLl) _ S(V)(zxx + B;t)
and consequently identity (12). U

3. SECOND CHARACTERIZATION

Also in this case, we start by proving (in Theorem 4) that the generalized Fubini
polynomials satisfy a binomial identity, and then we prove (in Theorem 6) that such an
identity characterizes these polynomials among the normalized Sheffer sequences, up
to an affine transformation of the variable.

Theorem 4. The generalized Fubini polynomials satisfy the binomial identity

(1—-2v) i( ) e (X +22< ) o (X r(lV)k-‘rl(x) =
- (; ) Lwr 0+ -0 ()RR ).

k=0

(13)

In particular, for v = 0, we have that the Fubini polynomials satisfy the identity
" /n
19 3 (3B Fus0 +2 1 () e (@Ficsin() = & (1) FealFacsto)
k=0

Proof. Consider series (3) and, for simplicity, set F = F(")(x;t). Differentiating two
times with respect to ¢, we have

oF _ velt N xeleVt CVF4+ xet F
ot 1—x(ef—1) (1—x(eft—1))2 1—x(et—1)
and
0°F oF xe! x2e?t xel oF

T2 T e g Cp y g s R g N T
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From the first equation, we have

xe! oF
———F=——vF.
*) —xe—1) o "
So, by replacing this expression in the second equation, we have
0°F oF x2e?t xe! oF
T i T G G g pe s s R g gy BT

Then, by multiplying both sides by F, we have
9°F oF xet > xe! oF
— F= 1) = F—vF? ——F —F—.
oz P =l -y +(1—x(et—1) )+1—x(ef—1) ot

Using again identity (x), we have

2 2
OF (+1)8—FF—VF2+(8—F—VF)+<8—F—VF)8—F

o2 ot ot ot ot
oF ’ oF
= (1-2) X F v -v)F +2(8t)
or ,
BF 81—" _O°F 2
This equation is equivalent to 1dent1ty (13). U

From Theorem 4, with x = 1, we immediately have the following specializations.

Theorem 5. The generalized Fubini numbers satisfy the binomial identity
— (M E) W) W) p)
(1—21/)];) o) Fern b k+22 FeirFn e =
) - (" FW) )
—Z( > weaFay (1 - V)Z<k)kaan—k-

k=0
In particular, for v = 0, we have that the Fubini numbers satisfy the identity

(15)

n

n " /n " /n
(16) Z (k) Pk+1Fn—k+2 Z (k) Fk+1Pn—k+1 = Z (k) Pk+2Fn—k'
k=0

Now, we can prove the converse of Theorem 4.

Theorem 6. If {f,(x)},cN is a sequence associated with a normalized Sheffer matrix and
satisfy the identity

(1—2V)I§(Z)fk+1( +2Z< )fk+1 X) fuki1(x) =
i(@ﬁﬂ @)1= 3 () Alsa),

k=0

(17)
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then
(18) fulx) = B (ax + )
where « and B are arbitrary constants (with a # 0).

Proof. By hypothesis, the exponential generating series of the sequence { f,(x) }nenN is

of the form (0
8
= LT T

n>0
where g(t) and f(t) are two exponential series with g9 = 1, fo = 0 and f; # 0. Then,
setting F = F(x;t) for simplicity, identity (17) is equivalent to the equation

oF oF 0°F )
(%) (1_2)§F+2(8t) ) — F+v(l—v)F.
Differentiating two times the generating series F with respect to t, we have
F_ g W
ot 1—xf(t) ~(1-xf(t)?
and 2 " / / 1" /
PF_g") 28O () +eOf"(1) | 2 28(0f ()
orr 1 —xf(t) (1—xf(1))? (1—xf())*
Then, by replacing these expressions in equation (x), we have
g 8f' g g ’
-2 (g ) 5 ()
(8 e e 287 _ g
—<1—xf+x (1—xf)2 T (1—xf)3 1—xf+v1 V) 1—
that is

2
(1—2v) (38 (1 = xf) +xf ) (1 = xf) +2( (1 = xf) + xgf ) =
= (8" —xf) +x(2¢'f +3f") (1~ xf) +22°f? ) g +v(1 —v)g* (1~ xf)?

that is
((1-2v)gg’ +282 — gg" — v(1 —v)g*) (1 - xf)*+
+x(g2f +4gg'f — (28'f +&f")) (1~ xf) = 0.

By simplifying by 1 — xf, we obtain the equation
((1-2v)gg' +2g” = 8g" —v(1—v)g*) (1 — xf) + x((1 —20)g°f +288'f' = &°f") = 0
which is equivalent to the differential system

g8" =28 — (1-2v)gg' +v(1-v)g*> =0

g f" —238'f' — (1-2v)g*f' = 0.

(%)
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Let us consider the first equation, which depends only on g:

8¢’ —2¢% — (1-2v)gg' +v(1—v)g* =0.

"o

Setting z = ¢’/ g, we have 2/ = (gg ¢'?)/¢?, and the above equation becomes

g7 -7 — (1-2w)gz+v(1-v)g* = 0.
Simplifying by g2, we obtain the differential equation
=22+ (1-22)z—v(1l—v)=(z—v)(z—v+1)

/(z—v)z—v+1 /dt

z—v z—v v+ (1—v)Ae!
In— =t = = )éf =
nz—v—i—l +c or v e or Z 1 el
where A is an arbitrary constant with respect to £, A # 1. Hence, being z = ¢'/g, we
have

from which we have

that is

g v+ (1-v)re ., Ae!
g  1-2et 1—Net”
So, integrating, we have
hevt
Ing = vt —1In(1— e =1
ng = vt — In( e')+C Ny
that is
he'!
s =1 5a

where /1 is an arbitrary constant with respect to t. Since go =1, wehave h =1 — A, and
consequently
(1-A)et  (1=1)et eVt

S = e T A A@ D) 1= A1)

Setting = ﬁ, we have

evt

where f is an arbitrary constant with respect to t.
Let us now consider the second equation of the differential system (xx). Simplifying
by g, we have
gf" =2¢'f = (1-2v)gf' = 0.
Then, dividing by g¢f’ both the sides, we have

1
j;, _zgg +1-2v.
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Integrating, we have
Inf' =2Ing+ (1—2v)t+a=Inag?el-2)

where 4 = Ina. So

n el

(1-Blef=1))>

F() = gt el=2" =

For B # 0, integrating we have
g 1

M= e

Since fy = 0, we have K = %, and consequently

+ K.

_a 1 Ca_ ae’—1)
M= pipe—n s T-pE-1

In conclusion, we have the generating series

eVt 1 eVt ()
F M = = = F v M
B =g 1) ] e I pe 1) TR
1-p(e'-1)
and consequently we have identity (18). Similarly, for g = 0. U
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