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abstract

Let Fn denote the n-th Fibonacci number de�ned by Fn = Fn−1 + Fn−2 if n ≥ 2, with

F0 = 0 and F1 = 1. In this paper, we �nd determinant identities for several Toeplitz�

Hessenberg matrices whose nonzero entries are derived from the sequence kn+m for various

�xed m, where kn = Fn − 1. These results may be obtained algebraically as special cases

of more general formulas involving the Horadam numbers and the generating functions

for the associated sequences of determinants. Equivalent multi-sum identities featuring

sums of products of kn terms with multinomial coe�cients may be given, which follow

from Trudi's formula. Connections are made to several OEIS entries that have arisen

previously in other contexts, perhaps most notably the Padovan number sequence. Finally,

we provide combinatorial proofs of our identities involving kn by enumerating (or �nding

the sum of signs of) various classes of tilings containing squares, dominos, trominos and

a special type of tile which can be of arbitrary length.

Keywords: Fibonacci numbers, Toeplitz�Hessenberg matrix, Trudi's formula, Padovan
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1. Introduction

The Fibonacci numbers Fn occur throughout enumerative combinatorics and are given by

Fn = Fn−1 + Fn−2 if n ≥ 2, with F0 = 0 and F1 = 1; see entry A000045 in the OEIS [13].

Less well studied is the sequence of Fibonacci numbers minus one [13, A000071], which we

will denote here by kn = Fn−1. The numbers kn enumerate a variety of discrete structures,
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among them, the permutations p of [n − 1] = {1, . . . , n − 1} for which max|p(i) − i|= 1

and the set of binary words of length n− 3 avoiding the string 001. A more recent result

[2, Prop. 15] is that kn+2 gives the cardinality of the set of Catalan words of length n

which simultaneously avoid the patterns 001 and 100 in the classical sense. Here, we will

be interested in some new combinatorial aspects of the numbers kn as it pertains to their

occurrence in certain Toeplitz�Hessenberg matrices. This extends recent work concerning

determinants of Toeplitz�Hessenberg matrices whose nonzero entries were derived from

such sequences as the generalized Fibonacci [5], Motzkin [6], Schröder [7] and Leonardo

[8] numbers.

The organization of this paper is as follows. In the next section, we consider determi-

nants of Toeplitz�Hessenberg matrices involving an extension of kn or k2n in terms of the

Horadam numbers and their translates. We compute general formulas for the ordinary

generating functions of these determinants, and taking the relevant parameters to be unity

gives the comparable results involving the sequence kn. We �nd simple explicit formulas

from the generating functions in several cases in the third section leading to determinant

identities involving kn. As a consequence, one obtains new combinatorial interpretations

of several sequences from [13], which have arisen previously in other settings. In the �nal

section, we provide combinatorial arguments for the determinant formulas found in the

third. To do so, we introduce into the linear tiling structure a new type of tile that can

have arbitrary length. This allows one to �nd combinatorial meanings of determinants of

Toeplitz�Hessenberg matrices with entries in kn+m or k2n+m for a �xed m. To complete

the combinatorial argument in each case, we then �nd an appropriate sign-changing in-

volution or provide a direct enumeration depending on if the superdiagonal entry in the

associated matrix is 1 or −1.
A Toeplitz�Hessenberg matrix An (see, e.g., [12]) is one having the form

An := An(a0; a1, . . . , an) =



a1 a0 0 · · · 0 0

a2 a1 a0 · · · 0 0

a3 a2 a1 · · · 0 0

· · · · · · · · · . . . · · · · · ·
an−1 an−2 an−3 · · · a1 a0
an an−1 an−2 · · · a2 a1


, (1)

where a0 ̸= 0. The determinant of An may be given explicitly, a result known as Trudi's

formula [11, Theorem 1], in terms of a multi-sum over the set of partitions of n as follows.

Lemma 1.1. If n ≥ 1, then

det(An) =
∑
s̃=n

(−a0)n−|s|
(

|s|
s1, . . . , sn

)
as11 as22 · · · asnn , (2)

where
( |s|
s1,...,sn

)
=

|s|!
s1! s2! · · · sn!

, s̃ = s1 +2s2 + · · ·+nsn, |s|= s1 + s2 + · · ·+ sn and si ≥ 0

for all i.

The a0 = 1 case of (2) is known as Brioschi's formula [12].
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De�ne the generating functions

u(x) =
∑
n≥1

det(An)x
n and v(x) =

∑
i≥1

aix
i.

We make frequent use of the following relation between u(x) and v(x), see [8].

Lemma 1.2. We have

u(x) =
− 1

a0
v(−a0x)

1 +
1

a0
v(−a0x)

. (3)

We now recall some well-known sequences. Let Ln, Pn and pn denote, respectively,

the Lucas, Padovan and Pell number sequences satisfying Ln = Ln−1 + Ln−2 for n ≥ 2,

Pn = Pn−2 + Pn−3 for n ≥ 3 and pn = 2pn−1 + pn−2 for n ≥ 2, with initial values

L0 = 2, L1 = 1, P0 = 1, P1 = P2 = 0 and p0 = 0, p1 = 1. For further information on these

sequences, we refer the reader to A000032, A000931 and A000129, respectively, in [13].

The generalized Fibonacci numbers Gn, or Gibonacci as they are sometimes called, are

given recursively by Gn = Gn−1 + Gn−2 if n ≥ 2, with G0 = a and G1 = b, where a and

b are arbitrary (see, e.g., [3, Chapter 2]). Note that Gn reduces to Fn for all n ≥ 0 when

a = 0, b = 1 and to Ln when a = 2, b = 1. Finally, the Horadam numbers, which we will

denote here by gn = gn(a, b, c, d), where a, b, c and d are variables, satisfy the recursion

gn = cgn−1 + dgn−2 for n ≥ 2, with g0 = a and g1 = b (see, e.g., [9, 16]). Note that gn
reduces to Gn when c = d = 1 and to Fn+1 when all variables are unity.

2. Generating function formulas

In this section, we develop some explicit formulas for the generating functions of deter-

minants involving a Horadam number extension of kn. Recall that the Horadam numbers

gn = gn(a, b, c, d) have generating function given by

g(x) =
∑
n≥0

gnx
n =

a+ (b− ac)x

1− cx− dx2
. (4)

Upon computing
g(x)± g(−x)

2
, and replacing x with x1/2, one �nds

∑
n≥0

g2nx
n =

a− (ac2 + ad− bc)x

1− (c2 + 2d)x+ d2x2
, (5)

∑
n≥1

g2n−1x
n =

bx+ d(ac− b)x2

1− (c2 + 2d)x+ d2x2
. (6)

Let qn = qn(a, b, c, d) be given by

qn =
n−2∑
i=0

cn−i−2gi, n ≥ 2,
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with qn = 0 for all integers n ≤ 1. Note that qn reduces to kn+1, when each parameter

is unity, and to Gn − b when c = d = 1, via the well-known Fibonacci number identity
n−1∑
i=1

Fi = Fn+1 − 1 and its extension in terms of Gn (see, e.g., [15, p. 39]). By comparing

the generating functions of both sides, or by a combinatorial argument, one can prove the

relation

qn =
gn − bcn−1

d
, n ≥ 1. (7)

Using (7) or the de�nition of qn, together with (4)�(6), one can obtain the following

formulas.

Lemma 2.1. We have∑
n≥1

qnx
n =

ax2 + (b− ac)x3

(1− cx)(1− cx− dx2)
, (8)

∑
n≥1

q2nx
n =

ax− (ac2 + ad− 2bc)x2 + cd(ac− b)x3

(1− c2x)(1− (c2 + 2d)x+ d2x2)
, (9)

∑
n≥1

q2n−1x
n =

(ac+ b)x2 − (ac3 + bd− bc2)x3

(1− c2x)(1− (c2 + 2d)x+ d2x2)
. (10)

Note that from (8), we have that qn is given recursively by

qn = 2cqn−1 − (c2 − d)qn−2 − cdqn−3, n ≥ 4, (11)

with initial values q1 = 0, q2 = a and q3 = ac + b. From (9) and (10), we have that

un = q2n and un = q2n−1 both satisfy the recurrence

un = 2(c2 + d)un−1 − (c2 + d)2un−2 + c2d2un−3, n ≥ 4, (12)

with respective initial values u1 = a, u2 = ac2+ad+2bc, u3 = ac4+3ac2d+ad2+4bc3+3bcd

and u1 = 0, u2 = ac+ b, u3 = ac3 + 2acd+ 3bc2 + bd.

We have the following generating function formulas for det(An), where An is given

by (1), in the case when the sequence ai corresponds to an arbitrary translate of qi.

Henceforth, we will write det(a0; a1, . . . , an) in place of det(An(a0; a1, . . . , an)) to simplify

notation.

Theorem 2.2. Let hm(x) = hm(x; s) be given by

hm(x) :=
∑
n≥1

det(s; q1+m, q2+m, . . . , qn+m)x
n,

where m ∈ Z and s is an indeterminate. Then

hm(x) =


qm+1x+ s(cdqm−1 + (c2 − d)qm)x2 − cds2qmx3

1− (qm+1 − 2cs)x− s(cdqm−1 + (c2 − d)(qm − s))x2 + cds2(qm − s)x3
, m ≥ 2;

(−sx)1−m(ax+ s(ac− b)x2)

1 + 2csx+ s2(c2 − d)x2 − cds3x3 − (−sx)1−m(ax+ s(ac− b)x2)
, m ≤ 1.

(13)
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Proof. We �rst extend (8) to an arbitrary translate of qn. If m ≥ 0, then

∑
n≥1

qn+mx
n =

∑
n≥m+1

qnx
n−m = x−m

(∑
n≥1

qnx
n −

m∑
n=1

qnx
n

)

=

ax2 + (b− ac)x3 − (1− cx)(1− cx− dx2)
m∑

n=1

qnx
n

xm(1− cx)(1− cx− dx2)
,

where we have made use of (8). If m ≥ 3, then

(1− cx)(1− cx− dx2)
m∑

n=1

qnx
n

= (1− 2cx+ (c2 − d)x2 + cdx3)(ax2 + (ac+ b)x3 + q4x
4 + · · ·+ qmx

m)

= ax2 + (b− ac)x3 + 0x4 + · · ·+ 0xm + (cdqm−2 + (c2 − d)qm−1 − 2cqm)x
m+1

+ (cdqm−1 + (c2 − d)qm)x
m+2 + cdqmx

m+3

= ax2 + (b− ac)x3 − qm+1x
m+1 + (cdqm−1 + (c2 − d)qm)x

m+2 + cdqmx
m+3,

by repeated use of (11). If

vm(x) :=
∑
n≥1

qn+mx
n,

then we have

vm(x) =
qm+1x− (cdqm−1 + (c2 − d)qm)x

2 − cdqmx
3

(1− cx)(1− cx− dx2)
, m ≥ 3. (14)

Note that (14) is also seen to hold for m = 2, upon writing

v2(x) =
∑
n≥3

qnx
n−2

=
a+ (b− ac)x

(1− cx)(1− cx− dx2)
− a

=
(ac+ b)x− a(c2 − d)x2 − acdx3

(1− cx)(1− cx− dx2)
.

By (3), we then have for m ≥ 2,

hm(x) =
−1

s
vm(−sx)

1 +
1

s
vm(−sx)

=

qm+1x+ s(cdqm−1 + (c2 − d)qm)x
2 − cds2qmx

3

1 + 2csx+ s2(c2 − d)x2 − cds3x3

1− qm+1x+ s(cdqm−1 + (c2 − d)qm)x
2 − cds2qmx

3

1 + 2csx+ s2(c2 − d)x2 − cds3x3

=
qm+1x+ s(cdqm−1 + (c2 − d)qm)x

2 − cds2qmx
3

1− (qm+1 − 2cs)x− s(cdqm−1 + (c2 − d)(qm − s))x2 + cds2(qm − s)x3
,
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which establishes the �rst case of (13).

On the other hand, if m ≤ 1, then

vm(x) =
∑
n≥1

qn+mx
n =

∑
n≥m+1

qnx
n−m = x−m

∑
n≥1

qnx
n =

x2−m(a+ (b− ac)x)

(1− cx)(1− cx− dx2)
.

Hence, by (3), we have

hm(x) =

−1

s
(−sx)2−m(a+ s(ac− b)x)

1 + 2csx+ s2(c2 − d)x2 − cds3x3

1−
−1

s
(−sx)2−m(a+ s(ac− b)x)

1 + 2csx+ s2(c2 − d)x2 − cds3x3

=

(−sx)1−m(ax+ s(ac− b)x2)

1 + 2csx+ s2(c2 − d)x2 − cds3x3

1− (−sx)1−m(ax+ s(ac− b)x2)

1 + 2csx+ s2(c2 − d)x2 − cds3x3

,

which implies the second case of (13) and completes the proof.

Let rn = rn(a, b) be given by qn(a, b, 1, 1). Note that letting c = d = 1 in (7) implies

rn = Gn− b for all n ≥ 1. Taking c = d = 1 in Theorem 2.2 yields the following result for

rn.

Corollary 2.3. Let jm(x) = jm(x; s) for an integer m be given by

jm(x) :=
∑
n≥1

det(s; r1+m, r2+m, . . . , rn+m)x
n.

Then we have

jm(x) =


rm+1x+ srm−1x

2 − s2rmx
3

1− (rm+1 − 2s)x− srm−1x2 + s2(rm − s)x3
, m ≥ 2;

(−sx)1−m(ax+ s(a− b)x2)

1 + 2sx− s3x3 − (−sx)1−m(ax+ s(a− b)x2)
, m ≤ 1.

(15)

We have the following comparable result for the generating function of det(An) in the

case when ai is a translate of the half-sequence q2n.

Theorem 2.4. Let km(x) = km(x; s) be given by

km(x) :=
∑
n≥1

det(s; q2+m, q4+m, . . . , q2n+m)x
n,

where m ∈ Z and s is an indeterminate. If m ≥ 3, then
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km(x) =
qm+2x+ s((c2 + d)2qm − c2d2qm−2)x

2 + (cds)2qmx3

1 + (2s(c2 + d)− qm+2)x+ s((c2 + d)2(s− qm) + c2d2qm−2)x2 + (cds)2(s− qm)x3
,

(16)

with

k2(x) =
q4x+ s(ac4 + ac2d+ ad2 + bcd)x2 + (cds)2q2x

3

1 + (2s(c2 + d)− q4)x− s(ac4 + ac2d+ ad2 + bcd− s(c2 + d)2)x2 + (cds)2(s− q2)x3
.

(17)

If m ≤ 1, then

km(x) =


(−sx)p(ax+s(ac2+ad−2bc)x2+cds2(ac−b)x3)

(1+s(c2+d)x)2+c2d2s3x3−(−sx)p(ax+s(ac2+ad−2bc)x2+cds2(ac−b)x3)
, m = −2p;

(−sx)p((ac+b)x+s(ac3+bd−bc2)x2)
(1+s(c2+d)x)2+c2d2s3x3−(−sx)p((ac+b)x+s(ac3+bd−bc2)x2)

, m = 1− 2p,
(18)

where p denotes a non-negative integer.

Proof. First assume m ≥ 6, with m = 2r. By (9), we have

wm(x) :=
∑
n≥1

q2n+mx
n =

∑
n≥1

q2n+2rx
n =

∑
n≥r+1

q2nx
n−r

= x−r

(
ax− (ac2 + ad− 2bc)x2 + cd(ac− b)x3

(1− c2x)(1− (c2 + 2d)x+ d2x2)
−

r∑
n=1

q2nx
n

)
.

Applying the recurrence (12) gives

(1− c2x)(1− (c2 + 2d)x+ d2x2)
r∑

n=1

q2nx
n

= (1− 2(c2 + d)x+ (c2 + d)2x2 − c2d2x3)(ax+ (ac2 + ad+ 2bc)x2

+ (ac4 + 3ac2d+ ad2 + 4bc3 + 3bcd)x3 + q8x
4 + · · ·+ q2rx

r)

= ax− (ac2 + ad− 2bc)x2 + cd(ac− b)x3 + 0x4 + · · ·+ 0xr − (2(c2 + d)q2r

− (c2 + d)2q2r−2 + c2d2q2r−4)x
r+1 + ((c2 + d)2q2r − c2d2q2r−2)x

r+2 − c2d2q2rx
r+3

= ax− (ac2 + ad− 2bc)x2 + cd(ac− b)x3 − qm+2x
r+1 + ((c2 + d)2qm − c2d2qm−2)x

r+2

− c2d2qmx
r+3.

Substituting this into the last formula above for wm(x), and simplifying, implies

wm(x) =
qm+2x− ((c2 + d)2qm − c2d2qm−2)x

2 + c2d2qmx
3

(1− c2x)(1− (c2 + 2d)x+ d2x2)
, m ≥ 6 even. (19)

If m = 4, then∑
n≥1

q2n+4x
n =

∑
n≥3

q2nx
n−2

= x−1

(
a− (ac2 + ad− 2bc)x+ cd(ac− b)x2

(1− c2x)(1− (c2 + 2d)x+ d2x2)
− a− (ac2 + ad+ 2bc)x

)
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=
q6x− ((c2 + d)2q4 − c2d2q2)x

2 + c2d2q4x
3

(1− c2x)(1− (c2 + 2d)x+ d2x2)
,

and hence (19) also holds for m = 4.

Now suppose m ≥ 5 is odd, with m = 2r − 1 for some r ≥ 3. Upon writing

wm(x) =
∑
n≥1

q2n+2r−1x
n =

∑
n≥r+1

q2n−1x
n−r

= x−r

(
(ac+ b)x2 − (ac3 + bd− bc2)x3

(1− c2x)(1− (c2 + 2d)x+ d2x2)
−

r∑
n=1

q2n−1x
n

)
,

and performing a similar calculation as before, we have that (19) also holds for m ≥ 5

odd. A separate calculation for m = 3 (similar to that given in the m = 4 case above)

shows that (19) holds for m = 3 as well, and hence for all m ≥ 3. By (3) and (19), we

then have for m ≥ 3,

km(x) =
−1

s
wm(−sx)

1 +
1

s
wm(−sx)

=

−1

s
(−sqm+2x− s2((c2 + d)2qm − c2d2qm−2)x

2 − c2d2s3qmx
3)

1 + 2s(c2 + d)x+ s2(c2 + d)2x2 + c2d2s3x3

1−
−1

s
(−sqm+2x− s2((c2 + d)2qm − c2d2qm−2)x

2 − c2d2s3qmx
3)

1 + 2s(c2 + d)x+ s2(c2 + d)2x2 + c2d2s3x3

=
qm+2x+ s((c2 + d)2qm − c2d2qm−2)x

2 + (cds)2qmx
3

1 + (2s(c2 + d)− qm+2)x+ s((c2 + d)2(s− qm) + c2d2qm−2)x2 + (cds)2(s− qm)x3
,

which establishes (16). If m = 2, then

w2(x) =
∑
n≥1

q2n+2x
n = x−1

∑
n≥2

q2nx
n =

a− (ac2 + ad− 2bc)x+ cd(ac− b)x2

(1− c2x)(1− (c2 + 2d)x+ d2x2)
− a

=
(ac2 + ad+ 2bc)x− (a(c2 + d)2 − cd(ac− b))x2 + ac2d2x3

1− 2(c2 + d)x+ (c2 + d)2x2 − c2d2x3
,

and applying (3) yields (17).

Now suppose m ≤ 1. If m is even and m = −2p for some p ≥ 0, then

wm(x) =
∑
n≥1

q2n−2px
n =

∑
n≥1−p

q2nx
n+p = xp

∑
n≥1

q2nx
n

=
xp+1(a− (ac2 + ad− 2bc)x+ cd(ac− b)x2)

1− 2(c2 + d)x+ (c2 + d)2x2 − c2d2x3
,

and hence

km(x) =
−1

s
wm(−sx)

1 +
1

s
wm(−sx)

=

(−sx)p(ax+ s(ac2 + ad− 2bc)x2 + cds2(ac− b)x3)

1 + 2s(c2 + d)x+ s2(c2 + d)2x2 + c2d2s3x3

1− (−sx)p(ax+ s(ac2 + ad− 2bc)x2 + cds2(ac− b)x3)

1 + 2s(c2 + d)x+ s2(c2 + d)2x2 + c2d2s3x3

,
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which yields the even case of (18). A similar argument applies to the odd case, upon

writing m = 1 − 2p for some p ≥ 0 and proceeding as above, which completes the

proof.

Letting c = d = 1 in Theorem 2.4 gives the following result for determinants involving

the sequence r2n+m.

Corollary 2.5. Let ℓm(x) = ℓm(x; s) for an integer m be given by

ℓm(x) :=
∑
n≥1

det(s; r2+m, r4+m, . . . , r2n+m)x
n.

If m ≥ 3, then

ℓm(x) =
rm+2x+ s(4rm − rm−2)x

2 + s2rmx
3

1 + (4s− rm+2)x+ s(4s− 4rm + rm−2)x2 + s2(s− rm)x3
, (20)

with

ℓ2(x) =
2(a+ b)x+ s(3a+ b)x2 + as2x3

1 + 2(2s− a− b)x− s(3a+ b− 4s)x2 + s2(s− a)x3
. (21)

If m ≤ 1, then

ℓm(x) =


(−sx)p(ax+ 2s(a− b)x2 + s2(a− b)x3)

1 + 4sx+ 4s2x2 + s3x3 − (−sx)p(ax+ 2s(a− b)x2 + s2(a− b)x3)
, m = −2p;

(−sx)p((a+ b)x+ asx2)

1 + 4sx+ 4s2x2 + s3x3 − (−sx)p((a+ b)x+ asx2)
, m = 1− 2p,

(22)

where p denotes a non-negative integer.

3. Determinant formulas involving Fn − 1

As particular cases of the results in the prior section, one can obtain simple explicit for-

mulas for determinants with entries in kn. We start with the following new and somewhat

curious relation between the Padovan subsequence P5n+2 and k2n+1.

Theorem 3.1. If n ≥ 1, then

det(−1; k3, k5, . . . , k2n+1) = P5n+2. (23)

Proof. Letting a = b = 1, m = 0 and s = −1 in (22) gives∑
n≥1

dnx
n =

x

1− 5x+ 4x2 − x3
,

where dn = det(−1; k3, . . . , k2n+1). From the form of its generating function, we have

dn = 5dn−1 − 4dn−2 + dn−3 for n ≥ 4, with d1 = 1, d2 = 5 and d3 = 21. Observe that Pn

satis�es the recurrence

Pn = 5Pn−5 − 4Pn−10 + Pn−15, n ≥ 15. (24)
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To realize (24), note that it may be veri�ed directly for n = 15, 16 and 17, and then

follows by induction for n ≥ 18 using the de�ning recurrence Pn = Pn−2 + Pn−3. Let

en = P5n+2 for n ≥ 1. By (24), we have en = 5en−1 − 4en−2 + en−3 for n ≥ 4, with initial

values e1 = 1, e2 = 5 and e3 = 21. This implies dn = en for all n ≥ 1, as desired.

It is also possible to �nd a simple explicit formula for the determinant in the following

speci�c cases.

Theorem 3.2. Let n ≥ 1, unless stated otherwise. Then we have

det(−1; k1, k2, . . . , kn) = 2n−3, n ≥ 3, (25)

det(1; k2, k3, . . . , kn+1) =

n+ 1

3

∑
k=1

(−1)n−k

(
n− k

2k − 1

)
, (26)

det(1; k3, k4, . . . , kn+2) =

n− 1

3

∑
k=0

(−1)n−k−1

(
n− 2k − 1

k

)
, (27)

det(−1; k3, k4, . . . , kn+2) =

n− 1

3

∑
k=0

(−1)k3n−3k−1

(
n− 2k − 1

k

)
, (28)

det(1; k4, k5, . . . , kn+3) = 0, n ≥ 4, (29)

det(−1; k1, k3, . . . , k2n−1) =
n−2∑
k=0

(
n+ 2k

3k + 2

)
, (30)

det(−1; k2, k4, . . . , k2n) =
n∑

k=2

(
n− 2

k − 2

)
pk, (31)

det(1; k4, k6, . . . , k2n+2) =
n+1∑
k=0

(−1)n−k

(
n+ 2k + 1

3k

)
, (32)

det(1; k5, k7, . . . , k2n+3) = 0, n ≥ 4. (33)

Proof. Let α+
m = jm(x; 1) and α−

m = jm(x;−1) for a �xed integer m, where jm(x) is as

de�ned in Corollary 2.3 and is evaluated at a = b = 1 in both instances. Note

α±
m =

∑
n≥1

det(±1; km+2, km+3, . . . , km+n+1)x
n, m ∈ Z,

by the de�nitions, where kn = 0 if n ≤ 0. Letting m = s = −1 in (15) gives α−
−1 =

x3

1− 2x
,
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which implies (25). Letting m = 0, s = 1 gives α+
0 = − x2

(1 + x)2 − x3
. On the other hand,

∑
n≥2

xn

n+ 1

3

∑
k=1

(−1)n−k

(
n− k

2k − 1

)
=
∑
k≥1

(−1)k
∑

n≥3k−1

(
n− k

2k − 1

)
(−x)n

=
∑
k≥1

(−1)k · (−x)
3k−1

(1 + x)2k

= −
∑
k≥1

x3k−1

(1 + x)2k

= − x2

(1 + x)2 − x3

= α+
0 ,

which implies (26). Letting m = 1 and s = 1 or −1 in (15) gives α+
1 =

x

1 + x− x3
and

α−
1 =

x

1− 3x+ x3
, and a similar computation as above involving the respective right-hand

side quantities yields (27) and (28). Finally, letting m = 2, s = 1 gives α+
2 = 2x − x3,

which immediately implies (29).

Now let β±
m = ℓm(x;±1), where it is assumed ℓm(x) from Corollary 2.5 is evaluated at

a = b = 1. Note β±
m =

∑
n≥1

det(±1; km+3, km+5, . . . , km+2n+1)x
n, by the de�nitions. Letting

m = s = −1 in (22) gives β−
−1 =

x2(2− x)

1− 4x+ 2x2
. Also, we have

∑
n≥2

xn

n∑
k=2

(
n− 2

k − 2

)
pk =

∑
k≥1

pk+1

∑
n≥k+1

(
n− 2

k − 1

)
xn

=
∑
k≥1

pk+1
xk+1

(1− x)k

= xτ

(
x

1− x

)
=

x2(2− x)

1− 4x+ 2x2

= β−
−1,

which implies (31), where

τ(y) =
∑
k≥1

pk+1y
k =

2y + y2

1− 2y − y2

denotes the Pell number generating function. Letting (m, s) = (−2,−1) and (1, 1) in (22)

gives β−
−2 =

x2

1− 4x+ 3x2 − x3
and β+

1 =
x(2 + x)

1 + 2x+ 3x2 + x3
, and a comparable calculation
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involving the respective right-hand side quantities yields (30) and (32). Finally, letting

s = 1 in (21) gives β+
2 = x(x+ 2)2, which immediately implies (33).

Remark 3.3. As a consequence of our results, one obtains apparently new combinatorial

interpretations for several OEIS sequences in terms of certain Toeplitz�Hessenberg matri-

ces. For instance, we have det(1; k3, . . . , kn+2) = A176971(n+ 2), det(−1; k3, . . . , kn+2) =

A076264(n − 1) and det(1; k4, . . . , k2n+2) = (−1)nA185963(n + 1) for all n ≥ 1, where

A######(m) denotes the OEIS sequence parameterized as in the indicated entry.

Note that det(1; k3, . . . , kn+2) is also given by P1−n for n ≥ 1, where P−m for m ≥ 0

denotes the extension of the Padovan numbers to negative indices. Further, we have that

det(−1; k2, . . . , k2n) = A003480(n − 1) for n ≥ 2, with this determinant also expressible

as
1

4
√
2

(
(2 +

√
2)n − (2−

√
2)n
)
.

Expanding the last expression using the binomial theorem, and equating with the right

side of (31), yields the identity

n− 1

2

∑
k=0

(
n

2k + 1

)
2n−k−2 = det(−1; k2, . . . , k2n) =

n∑
k=2

(
n− 2

k − 2

)
pk, n ≥ 2.

Note that det(−1; k2, . . . , k2n) is also given for n ≥ 2 by 2(n−2)/2pn if n is even and by

2(n−5)/2Qn if n is odd, where Qn denotes the n-th Pell�Lucas number.

By Lemma 1.1, the determinant formulas in Theorems 3.1 and 3.2 imply the following

identities involving kn, where we make use of the notation from that lemma.

Corollary 3.4. Let n ≥ 1 unless stated otherwise. Then we have

∑
s̃=n

(
|s|

s1, . . . , sn

)
ks1
1 ks2

2 · · · ksn
n = 2n−3, n ≥ 3,

∑
s̃=n

(−1)|s|
(

|s|
s1, . . . , sn

)
ks1
2 ks2

3 · · · ksn
n+1 =

n+ 1

3

∑
k=1

(−1)k
(
n− k

2k − 1

)
,

∑
s̃=n

(−1)|s|−1

(
|s|

s1, . . . , sn

)
ks1
3 ks2

4 · · · ksn
n+2 =

n− 1

3

∑
k=0

(−1)k
(
n− 2k − 1

k

)
,

∑
s̃=n

(
|s|

s1, . . . , sn

)
ks1
3 ks2

4 · · · ksn
n+2 =

n− 1

3

∑
k=0

(−1)k3n−3k−1

(
n− 2k − 1

k

)
,
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∑
s̃=n

(−1)|s|
(

|s|
s1, . . . , sn

)
ks1
4 ks2

5 · · · ksn
n+3 = 0, n ≥ 4,

∑
s̃=n

(
|s|

s1, . . . , sn

)
ks1
1 ks2

3 · · · ksn
2n−1 =

n−2∑
k=0

(
n+ 2k

3k + 2

)
,

∑
s̃=n

(
|s|

s1, . . . , sn

)
ks1
2 ks2

4 · · · ksn
2n =

n∑
k=2

(
n− 2

k − 2

)
pk,

∑
s̃=n

(
|s|

s1, . . . , sn

)
ks1
3 ks2

5 · · · ksn
2n+1 = P5n+2,

∑
s̃=n

(−1)|s|
(

|s|
s1, . . . , sn

)
ks1
4 ks2

6 · · · ksn
2n+2 =

n+1∑
k=0

(−1)k
(
n+ 2k + 1

3k

)
,

∑
s̃=n

(−1)|s|
(

|s|
s1, . . . , sn

)
ks1
5 ks2

7 · · · ksn
2n+3 = 0, n ≥ 4.

Remark 3.5. Let ℓn = Ln − 1 for n ≥ 1, with ℓn = 0 otherwise; see A001610 in [13].

By taking a = 2 and b = 1 in Corollaries 2.3 and 2.5, and extracting the coe�cient of

xn in the resulting generating functions, one can obtain Lucas number analogues of the

results in this section involving translates of ℓn. We leave it to the interested reader to

explore these further results as well as possible additional identities involving kn obtained

by considering other values of the �xed integer m.

4. Combinatorial proofs

Recall the de�nition of the determinant of an n× n matrix A given by

det(A) =
∑
π∈Sn

(−1)sgn(π)a1,σ(1)a2,σ(2) · · · an,σ(n), (34)

where A = (ai,j)1≤i,j≤n and sgn(π) denotes the sign of the permutation π. In the case

when A is Toeplitz�Hessenberg, all π ∈ Sn contribute zero to the sum in (34) with the

exception of those in which every cycle consists of a set of consecutive integers in the

natural order. Assuming that cycles of such a permutation π are arranged from left

to right in increasing order of their smallest (= �rst) elements, one may regard these

permutations π as compositions of n, with the various cycle lengths corresponding to part

sizes. Let Cn,m for 1 ≤ m ≤ n denote the set of compositions of a positive integer n with

m parts and let Cn = ∪nm=1Cn,m for n ≥ 1. Let c = (c1, c2, . . .) denote an arbitrary member

of Cn. Then, in the case when A is Toeplitz�Hessenberg, formula (34) may be written as

det(A) =
∑
c∈Cn

(−a0)n−µ(c)ac1ac2 · · · , (35)

where (ai)i≥0 is the sequence associated with A and µ(c) denotes the number of parts of

the composition c.

Assuming ai for each i ≥ 1 is a non-negative integer, one may interpret the right side

of (35) combinatorially as follows. Let Ωi for i ≥ 1 denote a combinatorial structure
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enumerated by ai, where one takes Ωi to be empty in cases when ai = 0. We overlay the

part ci of c with some λ(i) ∈ Ωci for each i and consider the concatenation λ = λ(1)λ(2) · · · in
which the ending section of each λ(i) is distinguished in some way (alternatively, one may

consider the set of vectors of the form (λ(1), λ(2), . . .), where the number of components

can range from 1 to n). Let Υn,m for 1 ≤ m ≤ n denote the set of all λ that arise in this

way from members of Cn,m and let Υn = ∪nm=1Υn,m. Then, by (35), we have

det(A) =
∑
λ∈Υn

wght(λ),

where the weight of λ ∈ Υn,m is given by (−a0)n−m.

Here, we will consider several cases when a0 = ±1 and Ωi is a certain set of tilings. For

other examples of weighted composition sums, see, e.g., [14, p. 46] and also related work

on m-color compositions [1] and f(m)-color compositions [4, 10] of n for various functions

f of m. Note that when a0 = −1, each member of Υn is weighted by unity and hence

det(A) = |Υn| in this case. On the other hand, if a0 = 1, then we have det(A) = σ(Υn),

where the sign of λ ∈ Υn,m is de�ned as (−1)n−m and σ(S) denotes the sum of the signs

of the members of a set S. In the proofs below, the Ωi for i ≥ 1 will be sets of tilings of

length i or 2i in which the �nal tile is distinguished in some way from all others. Then

members λ = λ(1)λ(2) · · · ∈ Υn in this case correspond to certain types of tilings of length

n or 2n in which the starting points of the various subtilings λ(i) can be determined by the

relative positions of the distinguished tiles within λ. The problem of computing det(A)

then reduces to one of �nding |Υn| when a0 = −1 or σ(Υn) when a0 = 1. We remark that

a comparable strategy involving lattice paths instead of tilings has been employed in, for

example, [6, 7] to establish formulas for Motzkin and Schröder number determinants by

combinatorial arguments.

We now apply the combinatorial interpretation described above for det(A) when A is

Toeplitz�Hessenberg in establishing the formulas from Theorems 3.1 and 3.2. We �rst

recall some terminology and notation. By a tile, we mean a 1 ×m rectangular piece for

some m ≥ 1 capable of covering m consecutive positions. A (linear) tiling of length n is a

covering of the numbers 1, 2, . . . , n, written in a row, by non-overlapping tiles of varying

lengths, but which are otherwise indistinguishable. Squares and dominos refer to tiles of

length 1 or 2, respectively, and are denoted by s and d. The set of square-and-domino

tilings of length n (wherein m = 1 or 2 for all tiles) is denoted by Fn and has cardinality

given by Fn+1 for all n ≥ 0 (see, e.g., [3, Chapter 1]). We extend the set Fn by allowing a

third kind of tile, denoted by ti, which covers i consecutive numbers for some i ≥ 1. Note

that when i = 1 or 2, a ti will be considered as a second kind of tile that is distinct from a

square or domino. Finally, a tile will be described as terminal if it is last in the sequence

of tiles comprising some tiling, and as non-terminal otherwise. The same descriptors will

be applied to parts of a composition.

We now de�ne several classes of tilings. First, let Un denote the set of linear tilings of

length n using s, d or ti pieces for any i ≥ 1. Let An, Bn and Dn be the subsets of Un
consisting of those tilings that end in a ti for some i such that only ti pieces for which

i ≥ 3, i ≥ 2 or i ≥ 1, respectively, are allowed. Further, let En be the set of marked tilings
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of length n derived from members of Un by always marking the �nal piece as well as any ti
and optionally marking any non-terminal squares and dominos. De�ne the sign of λ ∈ Un
by (−1)n−µ(λ) and the sign of ρ ∈ En by (−1)n−ν(ρ), where µ(λ) denotes the number of ti
in λ and ν(ρ) the number of marked pieces in ρ.

We also need to consider several sets consisting of tilings of even length (i.e., that have

semi-length indexed by n for n ≥ 1). Let Gn be the subset of U2n consisting of those

tilings satisfying (a) i ≥ 4 in all ti pieces, (b) the �nal tile is a ti and (c) the last number

covered by any ti is even. Let Hn, In and Jn denote the respective subsets of A2n, B2n
and D2n consisting of those tilings that satisfy the following property: the last number

covered by any ti piece is even. Let Kn be the subset of E2n whose members satisfy this

same property with regard to any marked piece. Finally, de�ne the sign of λ ∈ Gn, Hn,

In or Jn by (−1)n−µ(λ) and the sign of ρ ∈ Kn by (−1)n−ν(ρ).

The cardinality and the sum of signs of the sets An through Kn above can be expressed

in terms of determinants as follows. For example, a member λ ∈ An may be decomposed

as λ = λ(1) · · ·λ(m) for some m ≥ 1 such that each λ(j) is of the form λ(j) = αtℓ for

some possibly empty square-and-domino tiling α and ℓ ≥ 3. Let pj := |λ(j)|, so that

p1 + · · · + pm = n with pj ≥ 3 for all j, where |σ| denotes the length of (i.e., number of

positions covered by) a tiling σ. Considering cases based on the value of ℓ, we have that

there are
pj−2∑
i=1

Fi = Fpj − 1 = kpj

possibilities for λ(j). Then it is seen that det(−1; k1, . . . , kn) gives the cardinality of the

set An for n ≥ 1. Note that the associated sets Ωr for r ≥ 3 in this case would consist of

the tilings of length r expressible as αtℓ as described, with Ω1 and Ω2 both taken to be

empty. Also, we have that det(1; k1, . . . , kn) gives σ(An) for each n ≥ 1, where the sign

of λ = λ(1) · · ·λ(m) is (−1)n−m. By similar reasoning, we have that det(−1; k2, . . . , kn+1),

det(−1; k3, . . . , kn+2) and det(−1; k4, . . . , kn+3) give |Bn|, |Dn| and |En|, respectively, and
changing −1 to 1 in each case gives σ(Bn), σ(Dn) and σ(En).
A similar interpretation can be given for the determinants above involving the sequence

k2n+s for a �xed s. For example, τ ∈ Gn is expressible as τ = τ (1) · · · τ (m) for some m ≥ 1

wherein τ (j) = βtℓ for some possibly empty square-and-domino tiling β and ℓ ≥ 4. Let

|τ (j)|:= 2pj for 1 ≤ j ≤ m so that p1 + · · ·+ pm = n with pj ≥ 2 for all j. Further, upon

considering cases on ℓ, there are

2pj−3∑
i=1

Fi = F2pj−1 − 1 = k2pj−1

possibilities for each τ (j). Hence, it is seen that det(−1; k1, . . . , k2n−1) gives |Gn| for n ≥ 1,

with det(1; k1, . . . , k2n−1) yielding σ(Gn), where the sign of τ = τ (1) · · · τ (m) is given by

(−1)n−m. By similar reasoning, we have that det(−1; k2, . . . , k2n), det(−1; k3, . . . , k2n+1),

det(−1; k4, . . . , k2n+2) and det(−1; k5, . . . , k2n+3) give |Hn|, |In|, |Jn| and |Kn|, respec-
tively, and replacing −1 by 1 yields the determinant expression for the sum of the signs

of the set in question in each case.
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By �nding the cardinality and/or the sum of the signs of the sets An through Kn above,

one can provide combinatorial proofs as follows of Theorems 3.1 and 3.2.

Proof of Eq. (25). By the preceding, we must show |An|= 2n−3 for n ≥ 3. Given

λ ∈ An, we �rst put a 0 over each position covered by the terminal ti. Then working from

right to left, we put a run of 1's or 0's over the positions covered by each tile, alternating

between runs of 1's and 0's and starting with 1's. Finally, we consider the resulting binary

sequence from left to right and delete the last three 0's (recall that all ti pieces have i ≥ 3

within members of An) and let f(λ) be the sequence of length n − 3 that is obtained.

One may verify that f is a bijection, whence |An|= 2n−3. To reverse f , consider cases

on whether a binary sequence σ of length n − 3 where n > 3 ends in 0 or 1, noting that

f−1(σ) ends in ti with i > 3 if and only if σ ends in 0. Further, any runs of either 0 or

1 in σ of length at least three outside of a possible terminal run of 0's correspond to the

positions of any non-terminal ti pieces in f−1(σ).

Proof of Eq. (26). By the preceding, we show that σ(Bn) is given by the right side of

(26). Given λ ∈ Bn, identify, if it exists, the rightmost d or non-terminal t2 piece within

λ and switch to the other option and let λ′ denote the resulting member of Bn. Then

λ 7→ λ′ is a sign-changing of involution on Bn whose set of survivors B′
n consists of all π

expressible as

π = si1tj1s
i2tj2 · · · siktjk ,

for some k ≥ 1, where ir ≥ 0 for all r ∈ [k] and jr ≥ 3 for 1 ≤ r ≤ k − 1, with jk ≥ 2.

Note that k ≤
⌊
n+ 1

3

⌋
, by the conditions on the ir and jr. Further, for each k, there are

(
n− (3k − 1) + 2k − 1

2k − 1

)
=

(
n− k

2k − 1

)
possible π of the stated form, each having sign (−1)n−k, as they may be viewed as weak

compositions of n − 3k + 1 with 2k parts. Considering all possible 1 ≤ k ≤
⌊
n+ 1

3

⌋
implies σ(Bn) = σ(B′

n) is given by the right side of (26), as desired.

Proof of Eq. (27). We show that σ(Dn) is given by the right side of (27). We �rst

de�ne the following three-part sign-changing involution on Dn:

(a) Identify the rightmost ti with i ≥ 2 or t1 directly preceded by tj for some j ≥ 1 and

switch to the other option,

(b) Identify the rightmost d or non-terminal occurrence of st1, where neither is

followed by a t1, and switch to the other option,

(c) If tiling starts with s2 or sd, then replace with t1s or t1d, respectively.

It is understood that one applies the mapping (a) �rst and then (b) to the survivors of

(a) and �nally (c) to the survivors of (a) and (b). For 1 ≤ n ≤ 5, one may check directly

that all members of Dn are paired by (a)�(c) except for the following tilings: t1, st1, dt1
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and dt1st1, with all members of D4 paired. This implies d1 = 1, d2 = −1, d3 = 1, d4 = 0

and d5 = −1, where dn = σ(Dn), which agrees with the right side of (27) in each case.

So assume n ≥ 6 and let D′
n denote the set of survivors when the involution (a)�(c) is

applied to Dn. One may verify that D′
n for n ≥ 6 consists of all ρ ∈ Dn expressible as

either ρ = dt1ρ
′st1 or ρ = dt1ρ

′dt1, where ρ′ is a tiling consisting of s or dt1 pieces (i.e.,

each d in ρ′ must be directly followed by a t1). Then ρ′ having length n− 5 or n− 6 and

consisting of s and dt1 pieces implies

σ(D′
n) =

∑
k≥0

(−1)n−k

[(
n− 5− 2k

k

)
+

(
n− 6− 2k

k

)]
, (36)

where here
(
m
k

)
:= 0 if m < 0.

To show that σ(Dn) is given by the right side of (27), we consider a further structure

as follows. Let L denote the set of square-and-tromino tilings of length n − 1, where a

tromino is a tile of length three. De�ne the sign of a member of L by (−1)n−1−k, where

k denotes the number of trominos. This implies

σ(L) =
∑
k≥0

(−1)n−1−k

(
n− 1− 2k

k

)
.

De�ne an involution on L by replacing a terminal t with s3, and vice versa, where t

denotes a tromino. The set L′ of survivors of this involution consists of the members of

L ending in exactly one or two squares, i.e., that end in −ts or −ts2. Considering the

number of trominos in a member of L′ implies σ(L′) = σ(D′
n), by (36). Thus, we have

σ(Dn) = σ(D′
n) = σ(L′) = σ(L), which implies the desired result.

Proof of Eq. (28). We show that |Dn| is given by the right side of (28). Let M denote

the set of tri-colored square-and-tromino tilings of length n − 1 in which a square can

come in the three colors red, white and green (denoted r, w and g). De�ne the sign of

a member of M by (−1)k, where k denotes the number of trominos. Note that the right

side of (28) is seen to give σ(M). De�ne an involution on M by identifying the rightmost

tromino or occurrence of consecutive squares colored green, green, red (i.e., an occurrence

of ggr) and switching to the other alternative. Note that the set M ′ of survivors of this

involution consists of tilings that contain only squares (i.e., k = 0) and in which there are

no occurrences of ggr. Since each member of M ′ has positive sign, we have σ(M) = |M ′|,
and so to complete the proof of (28), it su�ces to de�ne a bijection between Dn and M ′.

To do so, let λ ∈ Dn and consider making the following replacements of tiles within λ:

t1 → w, s → r, d → gr and ti → gi−1w for i ≥ 2. Note that λ ending in a ti for some

i ≥ 1 implies the �nal square in the sequence of squares so obtained is white, which we

delete. Let f(λ) denote the resulting sequence of squares of length n− 1. One may verify

f(λ) ∈M ′ for all λ and that f yields the desired bijection between Dn and M ′.

Proof of Eq. (29). To show σ(En) = 0 for n ≥ 4, we de�ne a sign-changing involution

on En as follows. Consider the rightmost non-terminal s or d, if it exists, and either mark

it if unmarked or vice versa. Let E ′n denote the subset of En containing those tilings for
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which the preceding operation is not de�ned. We extend the involution to E ′n as follows.

Let π ∈ E ′n and we consider cases based on the �nal piece of π. If it is an s or d, then

n ≥ 4 implies there exists a penultimate tile x, which must be a ti for some i ≥ 1 as

π ∈ E ′n. If i ≥ 2, then replace x with ti−1, t1, and perform the reverse operation if i = 1.

Note that n ≥ 4 implies π must contain at least three tiles altogether if x = t1. On the

other hand, if the �nal piece of π is a ti for some i ≥ 1, then perform the operation just

described using the last two tiles of π. This de�nes an involution on the entirety of E ′n
and completes the proof.

Proof of Eq. (31). We seek to show that |Hn| is given by the right side of (31). As

previously mentioned, the sequence d(−1; k2, . . . , k2n) coincides with A003480(n− 1) for

n ≥ 2. One of the combinatorial interpretations for A003480(n) is that it enumerates

the set of (m + 1)-color compositions of n, which will be denoted here by Rn. We then

proceed by showing that |Hn|= |Rn−1| for n ≥ 2 and that |Rn−1| is given by the right side

of (31). Recall now that an (m+ a)-color composition of the positive integer n, where a

is a �xed non-negative integer, is one in which each part of size i is colored in one of i+ a

ways. The color choice for a particular part is typically denoted by a subscript. Thus,

an (m+ a)-color composition of n may be represented as a sequence (i1)j1 , . . . , (im)jm for

some m ≥ 1 such that i1 + · · · + im = n, each part ir is positive and 1 ≤ jr ≤ ir + a for

all r ∈ [m].

We �rst show

|Rn|=
n∑

k=1

(
n− 1

k − 1

)
pk+1,

for all n ≥ 1. By a Pell tiling, we mean a square-and-domino tiling in which the squares

come in two colors. Recall that there are pk+1 Pell tilings of length k. Consider now a

composition λ of n with k parts for some k ≥ 1, represented as λ = (i1, . . . , ik), and a

Pell tiling ρ of length k. If the number r, where 1 ≤ r ≤ k, is covered by a square (which

comes in one of two colors) within ρ, then let the subscript of the r-th part of λ be either

1 or ir + 1, depending on the color of the square. On the other hand, if r and r + 1 for

some 1 ≤ r ≤ k − 1 are covered by a domino within ρ, then replace the parts ir, ir+1

with the single colored part (ir + ir+1)ir+1. We then concatenate the resulting sequence

of colored parts to obtain a member of Rn. Note that all members of Rn arise uniquely

in this manner as k, λ and ρ vary, which implies the purported formula for |Rn|.
To show |Hn|= |Rn−1|, we prove that both sets are equinumerous with a third set

de�ned as follows. Let Pn denote the set of marked, underlined m-color compositions of

n wherein (i) a part of size > 1 may be underlined, (ii) the �nal part is always > 1 and

underlined and (iii) a part of the form xx for some x ≥ 1 may be marked (denoted by a

prime) if not underlined and it directly follows an underlined part or occurs as the �rst

part of a composition. Below, it is shown that Hn, Pn and Rn−1 are equinumerous for all

n ≥ 2, which implies the desired result.
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i) Bijection between Hn and Pn

Let π ∈ Hn be decomposed as π = π(1) · · · π(r) for some r ≥ 1, where each section π(j)

ends in a ti for some i ≥ 3 and contains no other ti. That is, π(j) can be expressed as

either

π(j) = ρjt2ℓj or π
(j) = ρjsd

ℓj−mj t2mj−1, 1 ≤ j ≤ r, (37)

where ℓj ≥ 2 and ρj ∈ F2kj with kj ≥ 0 for each j in either case and 2 ≤ mj ≤ ℓj in the

second case. Note that there are ℓj possibilities for the tiles in π(j) − ρj for a given ρj.

We seek to transform each section π(j) of π to a sequence of colored parts. Before

doing so, we need to de�ne a certain bijection between a class of tilings and m-color

compositions. Let C∗p denote the set of m-color compositions of p. Recall |C∗p |= F2p for

all p ≥ 1; see, e.g., [1]. We �rst construct a certain bijection fp between F2p−1 and C∗p for

p ≥ 1, which will be needed in transforming the π(j). Suppose τ ∈ F2p−1 is decomposed

as

τ = da0sdb0sda1sdb1 · · · sdatsdbt , ai, bi ≥ 0,

for some 0 ≤ t ≤ p−1. To obtain fp(τ), we replace the section sdaisdbi with the (colored)

part (ai + bi + 1)bi+1 for 1 ≤ i ≤ t, and da0sdb0 with (a0 + b0 + 1)b0+1, and then reverse

the order of the parts. That is,

fp(τ) = (at + bt + 1)bt+1 · · · (a0 + b0 + 1)b0+1 ∈ C∗p .

One may verify fp is a bijection.

Let F ′
2p−1 denote the subset of F2p−1 consisting of those members for which at = 0 in

the decomposition of τ above. Note that |F ′
2p−1|= F2p−1; for a bijection ȷ between F ′

2p−1

and F2p−2, consider removing the s that directly precedes the (possibly empty) string dbt .

Further, we have that F ′
2p−1 corresponds under fp to the subset of C∗p whose members

have �rst part xx for some x ≥ 1. Now let α ∈ F2p and we de�ne a mapping gp on F2p

as follows. If α = sα′, then let gp(α) = fp(α
′). If α = dα′′, then let gp(α) = fp(ȷ

−1(α′′)).

In the latter case, we also mark the initial colored part of gp(α), which must be of the

form xx. Then we have that gp for p ≥ 1 provides a bijection between F2p and the set

of marked members of C∗p wherein an initial part xx may be marked. Further, if α is the

empty tiling of length zero, then we de�ne g0(α) to be the empty m-color composition of

zero with no parts.

Now assume π = π(1) · · · π(r), where the π(j) are as in (37). Then de�ne

h(π) =
r∏

j=1

gkj(ρj)(ℓj)qj ,

where qj = mj − 1 if π(j) ends in t2mj−1 and qj = ℓj if π(j) ends in t2ℓj . Note that by

the product of the various marked, underlined m-color subcompositions, we mean their

concatenation in the natural order starting with j = 1. One may verify that h(π) ∈ Pn

for all π and that h provides the desired bijection between Hn and Pn.
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ii) Bijection between Pn and Rn−1

Let π ∈ Pn. We implement the following sequence of operations on π. First reduce the

�nal part of π by one, keeping its subscript the same. We then look for the rightmost

non-terminal underlined part of π, say ab, if it exists. If ab is not followed by a marked

part x′
x for some x ≥ 1, then replace ab with (a − 1)b12. If ab is followed by x′

x, then

replace ab with (a−1)b(x+1)x+2. We then look for the rightmost underlined part of those

remaining and proceed just as before. Finally, if π starts with x′
x for some x, then we

replace it with xx+1. Let j(π) denote the resulting composition, which is seen to belong

to Rn−1. For example, if

π = 2′21142312
′
244322143553222 ∈ P35,

then

j(π) = 23114221344432213312553212 ∈ R34.

Note that parts which are neither underlined nor marked in π are unchanged by j(π).

To reverse j, add 1 to the �nal part (keeping its subscript the same) and underline it.

We then look for the rightmost part of the form xx+1. If xx+1 is initial, then replace it

with x′
x. Otherwise, we consider whether or not x > 1. If x > 1, and the predecessor

of xx+1 is say cd, then we replace cdxx+1 with (c+ 1)d(x − 1)′x−1. If x = 1, then replace

cd12 with (c+ 1)d. We then look for the rightmost remaining part of the form xx+1, if

it exists, and perform the appropriate operation as described above. Repeat until there

are no longer any parts xx+1. One may verify that this procedure is the inverse of j, and

hence j is a bijection, as desired.

Proof of Eq. (30). We seek to show |Gn| is given by the right side of (30). Note �rst

that Gn corresponds to the subset of Hn in which ℓj ≥ 3 in the second form of π(j) in (37)

with 3 ≤ mj ≤ ℓj. We then modify the bijection h in the proof of (31) above by letting

the subscript qj be given by qj = mj − 2 if π(j) ends in t2mj−1 and qj = ℓj − 1 if π(j) ends

in t2ℓj . This then implies |Gn|= |P ′
n|, where P ′

n denotes the subset of Pn containing those

compositions in which no part of the form yy where y ≥ 2 is underlined.

Let λ = λ(1) · · ·λ(s) ∈ P ′
n for some s ≥ 1, where each section λ(ℓ) ends in an underlined

part and contains no other underlined parts. Note that each λ(ℓ) is of the form

λ(ℓ) = a(a1)b1 · · · (at−1)bt−1(at)bt , t ≥ 1,

where 1 ≤ bi ≤ ai for 1 ≤ i ≤ t − 1, with 1 ≤ bt < at, and a is either empty or consists

of a single (marked) copy of xx for some x ≥ 1. Then λ(ℓ) may be construed as a weak

composition x0x1y1 · · ·xtyt, by putting xj = aj − bj and yj = bj for j ∈ [t], with x0 = 0 or

x (depending on whether a is empty or equals x′
x). Note that xj ≥ 0 for each j ∈ [t− 1],

with xt ≥ 1, whereas yj ≥ 1 for all j ∈ [t].

Let Qn denote the set of marked weak compositions of n which may decomposed as

ν(1) · · · ν(s) for some s ≥ 1 such that each ν(ℓ) is of the form x0x1y1 · · ·xtyt just described

and whose �nal part is marked and no others. From the preceding, we then have |Qn|=
|P ′

n|= |Gn| for all n ≥ 2. Let Tn,k denote the set of weak compositions d1d2 · · · d3k of n in
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which d3i ≥ 1 for each i ∈ [k], d3k−1 ≥ 1 and dj ≥ 0 for all other j. Let Tn = ∪n−1
k=1Tn,k

and note

|Tn|=
n−1∑
k=1

(
n+ 2k − 2

3k − 1

)
.

To complete the proof, it su�ces to de�ne a bijection between Tn and Qn. Let d =

d1 · · · d3k ∈ Tn,k for some 1 ≤ k ≤ n− 1 and consider the largest index i > 1, denoted by

i0, such that d3i−2 > 0. Let us assume for now that i0 exists. We then replace the section

d3i0−2d3i0−1 · · · d3k of d with the sequence of parts

(d3i0−2 − 1)d3i0−1d3i0d3i0+2d3i0+3 · · · d3k−1d
′
3k,

wherein the �nal part is marked (indicated by ′). We then repeat this operation on the

subcomposition d1 · · · d3i0−3 of d, where in addition, we now add 1 to the part directly

preceding the part that is marked in the second replacement string (which cancels out the

1 that was taken away from d3i0−2 in the �rst replacement). We repeat until no index i

with d3i−2 > 0 and i > 1 exists.

At this point, the remaining section of d, say d1 · · · d3p for some p ≥ 1 is such that

d4 = · · · = d3p−2 = 0. We then replace d1 · · · d3p with

d1d2d3d5d6 · · · d3p−4d3p−3(d3p−1 + 1)d′3p.

Let d′ denote the resulting sequence of marked parts obtained by making all of the re-

placements as described above. If no i0 exists in d, then let

d′ = d1d2d3d5d6 · · · d3k−4d3k−3d3k−1d
′
3k.

Note that d′ ∈ Qn in all cases since d3k−1 ≥ 1, by assumption. One may verify that

the mapping d 7→ d′ is a bijection between Tn and Qn. It may be reversed by considering

the position of the leftmost marked part within a member β of Qn and then using this

part and those to its left to recreate the initial sequence of 3y parts in the pre-image δ

of β under d, where the leftmost marked part of β is the (2y + 1)-st part from the left.

Then use the leftmost remaining marked part in β and those that remain to its left to

recreate the next sequence of 3z parts in δ for some z ≥ 1 wherein the �rst part is positive.

Continue in this manner, working from left to right, until no marked parts remain.

Proof of Eq. (23). We show |In|= P5n+2 for n ≥ 1. Let Vn denote the set of tilings

of length n using only dominos and trominos (termed Padovan tilings). Then we have

|Vn|= Pn+3 and thus it su�ces to show |In|= |V5n−1| for all n ≥ 1. Note that ρ ∈ In
implies it may be decomposed as ρ = ρ(1) · · · ρ(r) for some r ≥ 1 such that ρ(j) for each j

ends in a ti with i ≥ 2 and contains no other ti. The ρ(j) will be referred to as the units

of π. We wish to de�ne a bijection fn between V5n−1 and In for each n ≥ 1. To do so,

we will construct a member of In by interpreting a Padovan tiling as an encoding for the

sequence of steps of a procedure which successively constructs the units of the member of

In, starting with the last. Let f1(d
2) = t2 and let f2 be given by

d3t 7→ s2t2, d2td 7→ (t2)
2, dtd2 7→ st3, td3 7→ t4, t3 7→ dt2.
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Now assume n ≥ 3 and we de�ne fn recursively as follows. Let π ∈ V5n−1. We

consider several cases based on the possible ending sequences of π. If π = π′td, then

let fn(π) = fn−1(π
′)t2. If π = π′α, where α is one of td2t, dtdt, t2d2 or d5, then let

fn(π) = fn−2(π
′)α′, where α′ is one of t4, st3, s

2t2 or dt2, respectively. If π = π′(d2t2)j

for some j ≥ 1 maximal, then let fn(π) be obtained by adding 4j to the subscript of the

�nal ti piece in fn−2j(π
′).

Henceforth, assume π ∈ V5n−1 does not have any of the endings already covered above.

Then π = π′β, where β ∈ {d3t, dtd2, td3, t3, tdt2, t2dt, td4}. We replace β with one of the

endings β′ of length four given respectively by {s2t2, st3, t4, dt2, d′′t3, d′′st2, t′′5}, where d′′

denotes the right half of a domino and t′′5 the �nal four parts of a t5 piece. We wish to

�grow� these endings β′ so as to form the �nal unit of fn(π), which will have length at

least 6, with the terminal ti piece having length at most 5. Note that, by the cases from

the preceding paragraph, we have already mapped onto the subset of In whose members

have �nal unit length 2 or 4 or have terminal ti with i ≥ 6.

Suppose π ∈ V5n−1 has exactly p tiles altogether and consider the sequence π1 · · · πp,

where πj = 2 or 3 depending on if the (p − j + 1)-st piece of π for 1 ≤ j ≤ p is a d or

a t. For each r ≥ 2, let ir denote the smallest i such that π1 + · · · + πi ≥ 5r − 1. Let

Sr :=
ir∑
j=1

πj and let r′ be the smallest r ≥ 2, if it exists, such that Sr = 5r. By the

assumptions on π, we have that either r′ ≥ 3 or does not exist.

Note that S2 = 9 or 11 for each π currently under consideration, with the ending of

fn(π) being determined by the seven cases of β above. We then augment this ending

by adding tiles to the beginning of it in several steps based on the relative values of

consecutive Sr so as to create the �nal unit of fn(π). Assume for now that r′ exists. Let

2 ≤ r ≤ r′ − 2 and �rst suppose Sr = 5r − 1. If Sr+1 = 5r + 4, then we add s2 to the

beginning of the current su�x for fn(π) if πir+1 = d, πir+1 = t or add d to the beginning

if πir+1 = t, πir+1 = d; note ir+1 = ir+2 in both cases. If Sr+1 = 5r+6, then ir+1 = ir+3

and only πir+1 = πir+2 = d, πir+1 = t is possible, in which case we prepend d′′s to the

current su�x for fn(π). Now suppose Sr = 5r + 1. If Sr+1 = 5r + 4, then ir+1 = ir + 1

with πir+1 = t, in which case we prepend sd′ or st′5, whichever is appropriate, where d
′ or

t′5 denotes the �rst part (covering a single number) of a d or t5. If Sr+1 = 5r + 6, then

ir+1 = ir+2 with πir+1 = d, πir+1 = t, and we prepend d′′d′ or d′′t′5 in this case, whichever

is appropriate.

At this point, we have made r′ − 3 additions as described (sequentially in the natural

order, starting with r = 2), beginning with β′ above, so as to obtain a tiling of length

2r′− 2. Note that this tiling contains only a single (terminal) ti and might possibly start

with d′′ or t′′5. Suppose now r = r′ − 1 so that Sr+1 = 5r + 5. If Sr = 5r − 1, then either

πir+1 = πir+2 = πir+1 = d or πir+1 = πir+1 = t, and we prepend s2 or d to the existing

tiling of length 2r′− 2 in the respective cases. If Sr = 5r+ 1, then πir+1 = πir+1 = d, and

we prepend sd′ (or possibly st′5 whenever r
′ = 3).

In all cases, let γ denote the tiling of length 2r′ ≥ 6 that results after this last addition.

Note that γ consists of a square-and-domino tiling followed by a single ti, where 2 ≤ i≤ 5.

Let π = π′τ , where τ has length 5r′. We then let fn(π) = fn−r′(π
′)γ, which covers all



toeplitz�hessenberg determinant formulas for the sequence Fn − 1 23

cases of π under current consideration where r′ exists. If no r′ exists, then let ν denote

the tiling of length 2n that would result if none of the Sr for 2 ≤ r ≤ n were divisible

by 5. Note that ν ∈ In and contains a single unit, in which case we let fn(π) = ν. This

completes the de�nition of fn(π) for all possible π. One may verify that fn is a bijection

from V5n−1 to In by considering the various possibilities for endings of members in both

sets.

Proof of Eq. (32). We show σ(Jn) is given by the right side of (32). De�ne a sign-

reversing involution on Jn by identifying the rightmost s covering an even number or

non-terminal t1 and changing to the other option. Let J ′
n denote the set of survivors of

this involution. De�ne a unit analogously as in the proof of (23), with the descriptors

terminal and non-terminal being applied to units as they have been above for individual

tiles. Suppose α is a non-terminal unit of π ∈ J ′
n. Then α = daβ, where a ≥ 0 and either

β = t2b with b ≥ 1 or β = sdb−ct2c−1 with b ≥ c ≥ 2. One may represent α as a three-part

weak composition u1 + u2 + u3 where u3 ≥ 1, which will be denoted by cα. This can be

realized by putting u1 = a, u2 = 0, u3 = b if β = t2b or u1 = a, u2 = b − c + 1, u3 = c − 1

if β = sdb−ct2c−1. A terminal unit α has the same form as described above except c = 1

is possible as well. This has the e�ect of replacing the requirement that u3 be positive in

cα with the weaker condition u2 + u3 ≥ 1. Let J ′
n,k for 1 ≤ k ≤ n denote the subset of

J ′
n whose members contain k units. Upon putting together the various cα, we see that

members of J ′
n,k are synonymous with weak compositions x1, . . . , x3k of n in which x3i ≥ 1

for all i ∈ [k − 1], with x3k−1 + x3k ≥ 1.

To enumerate the members of J ′
n,k, consider whether or not x3k−1 > 0. If x3k−1 > 0,

then there are
(
n+2k−1
3k−1

)
possible members of J ′

n,k, whereas if x3k−1 = 0, whence x3k > 0,

there are
(
n+2k−2
3k−2

)
. Thus, we have

σ(Jn) = σ(J ′
n) =

n∑
k=1

(−1)n−k

[(
n+ 2k − 1

3k − 1

)
+

(
n+ 2k − 2

3k − 2

)]
, n ≥ 1. (38)

It is possible to show that the right sides of (32) and (38) coincide by making use of the

recurrence for binomial coe�cients. However, one can provide a more combinatorial proof

by considering a further structure as follows. Let Wn,k for 0 ≤ k ≤ n + 1 denote the set

of weak compositions (π1, . . . , π3k+1) of n+ 1 such that π3i ≥ 1 for all i ∈ [k]. De�ne the

sign of a member of Wn,k by (−1)n−k. Then the right side of (32) is seen to give σ(Wn),

where Wn = ∪n+1
k=0Wn,k.

We now pair certain members ofWn,k for 0 ≤ k ≤ n with members ofWn,k+1. Consider

π = (π1, . . . , π3k+4) ∈ Wn,k+1 for which π3k+2 = 0, π3k+3 = 1 and π3k+4 = 0. Upon deleting

the part π3k+3 = 1, and adding 1 to π3k+1, one has that such π ∈ Wn,k+1 are paired with

members of Wn,k whose last part is positive for all 0 ≤ k ≤ n. Thus, it remains to count

members of Wn,k for 1 ≤ k ≤ n where π3k+1 = 0, but where it is not the case that

π3k−1 = 0, π3k = 1 holds as well. Note that if π3k > 1, then it is seen that there are(
n+ 1− (k + 1) + 3k − 1

3k − 1

)
=

(
n+ 2k − 1

3k − 1

)
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possibilities. On the other hand, if π3k = 1, then π3k−1 > 0 and there are
(
n+2k−2
3k−2

)
such

members of Wn,k. Considering all possible k, we have that σ(Wn) is given by the right

side of (38), which implies the desired formula for σ(Jn).

Proof of Eq. (33). We show σ(Kn) = 0 for n ≥ 4. Recall that Kn consists of tilings of

length 2n using s, d and ti for i ≥ 1 in which only pieces ending at even positions may

be marked and ti are always marked, as is the �nal piece. We �rst de�ne an involution

on Kn in two steps as follows. Let π ∈ Kn and suppose that an s or the right half of a d

covers an even number strictly less than 2n. Consider the rightmost such piece within π,

and either mark it if unmarked or vice versa, which reverses the sign. The survivors of

this involution have no non-terminal s or d ending in an even position.

Let λ ∈ Kn denote such a survivor. We pair the various λ according to their endings

as follows:

αt2j ←→ αt2j−2d, j ≥ 2,

βsdat2b−1 ←→ βsda−1t2b−1d, a, b ≥ 1,

where α or β may be empty. Now let S denote the subset of Kn consisting of those tilings

that have not been paired at this point. Note that members of Kn ending in s or a ti for

i odd cannot have a tj as the penultimate tile, as all tj are marked and thus end in even

positions. Hence, π ∈ S implies π ends in either (i) -t2, (ii) -st2b−1 for some b ≥ 1 or (iii)

-sdcs for some c ≥ 0. Let S1, S2 and S3 denote the subsets of S whose members have the

respective ending as described.

We shall show that σ(Si) = 0 for i = 1, 2, 3 and all n ≥ 4. We decompose π ∈ S into

units as π = π(1) · · · π(r) for some r ∈ [n], where each π(j) ends in a marked piece and

contains no other marked pieces. Note that π has sign (−1)n−r, by the de�nitions. The

possibilities for a non-terminal unit within π are t2j for some j ≥ 1 or sdat2b−1 for a ≥ 0,

b ≥ 1, whereas a terminal unit can be one of t2, st2b−1 or sdcs (which distinguish the

subsets Si of S). Note that a non-terminal unit whose sum of tile lengths is 2p for some

p ≥ 1 is one of p+ 1 possible tile sequences�namely, t2p or sd
p−bt2b−1 for 1 ≤ b ≤ p.

Let k denote half the sum of the lengths of all the non-terminal units of π, where

0 ≤ k < n. Then the sequence of non-terminal units may be viewed as a composition

of k in which each part of size i comes in one of i + 1 colors, i.e., as an (m + 1)-color

composition of k. Let C ′k denote the set of (m+1)-color compositions of k and de�ne the

sign of ρ ∈ C ′
k to be (−1)k−υ(ρ), where υ(ρ) is the number of parts of ρ. In Lemma 4.1

below, it is shown bijectively that σ(C ′k) = 0 for all k ≥ 3. We apply this involution to

the non-terminal units within a member of S for which k ≥ 3. Note n ≥ 4 implies k ≥ 3

for all members of S1, whence σ(S1) = 0.

The unpaired members of S at this point are those in S2 or S3 for which k = 0, 1, 2. In

S2, that would be the members (a) π = αst2n−5, where α ∈ {t4, st3, st1t2, t22, sdt1, t2st1,
(st1)

2}, (b) π = βst2n−3, where β ∈ {st1, t2}, or (c) π = st2n−1. Note that among these

ten members of S2, exactly half have an even number of units, which we pair with the

others in some way. Since all other members of S2 wherein k ≥ 3 have already been

paired, we get σ(S2) = 0. Likewise, we have σ(S3) = 0, and hence σ(Kn) = σ(S) = 0, as

desired.
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Lemma 4.1. If k ≥ 3, then σ(C ′k) = 0.

Proof. Denote a colored part i within a member of C ′k by ij, where j ∈ [i + 1] denotes

the color applied to i. Consider, if it exists, the rightmost part ij within τ ∈ C ′k such that

either (i) i ≥ 2 with j ∈ [i] or (ii) i = j = 1, with this part not starting τ if (ii). Let τ ∗ be

obtained from τ by either replacing ij with (i− 1)j, 11 if (i) occurs or merging 11 with its

predecessor (wherein 1 is added to the preceding part, but not its subscript) if (ii) occurs.

The set of survivors of the sign-changing involution τ 7→ τ ∗ consists of those compositions

whose parts are all of the form ii+1 where i ≥ 1, except for possibly the �rst part, which

could be 11 as well. In either case, we replace the last part ℓℓ+1 with (ℓ− 1)ℓ, 12 if ℓ ≥ 2

or merge the �nal two parts if ℓ = 1. Note that k ≥ 3 implies that an initial part 11, if it

occurs, is una�ected by either of these operations.
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