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abstract

In this paper, we prove a surprisingly simple formula that counts connected cycle-free

families of set partitions, labelled free cacti and coloured Husimi graphs in which there

are no blocks of the same colour that are incident to one another. We also provide a

formula that enumerates noncrossing connected, cycle-free pairs of partitions.
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1. Family of set partitions

Let I be an index set. For i ∈ I, let Si be a non-empty subset of a �nite set S. The union

of all Si gives S. Now, let Pi be a set partition of Si and let P = {Pi : i ∈ I} denote the
family of such partitions. We de�ne a multigraph GP as having vertex set

{(P, p) : P ∈ P , p ∈ P},

and two distinct vertices (P1, p1) and (P2, p2) are joined by |p1 ∩ p2| edges in the edge set.

This ensures that GP has no loops. The family P of set partitions is said to be connected

if GP is connected and cycle-free if the multigraph is cycle-free. This de�nition was �rst

provided by Teu� and Wagner [18]. In the sequel, we prove the main result of this paper.

Theorem 1.1 (Main Theorem). The number of connected, cycle-free families of k set
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partitions of [n] is given by

n!nk−2
∏k

i=1(ℓi − 1)!∏k
i=1

∏
j≥1(j − 1)!aij aij!

, (1)

where ℓi is the number of blocks in the i-th partition and aij is the number of blocks of

size j in the i-th partition such that
k∑

i=1

ℓi = (k − 1)n+ 1.

Proof. The case k = 2 was proved by Teu� and Wagner in [18]. Let us �rst consider the

case in which all the k partitions are of the shape m1
i 1

n−mi for i = 1, . . . , k respectively.

Since the partitions are cycle-free and connected, i.e. two blocks from distinct partitions

have at most one point in common, the k set partitions form a 'tree' if we ignore the

singletons. Such a tree is called a generalised tree. Let yi mark the number of blocks of

size i in the generalised tree. Let T (x) be the exponential generating function for the

number of rooted labelled generalised trees. Now, the vertices in the block other than

the root are given the structure of a 'forest' of rooted generalised trees. The exponential

generating function enumerating the forests is equal to

exp

(
∞∑
i=1

yi+1
T (x)i

i!

)
.

So, the exponential generating function for the number of rooted generalised trees

satis�es

T (x) = x exp

(
∞∑
i=1

yi+1
T (x)i

i!

)
,

i.e., the roots of the trees in the forest are attached to a common root to form a tree.

By the Lagrange Inversion Formula [17, Theorem 5.4.2], we have

[xn]T (x) =
1

n
[tn−1] exp

(
n

∞∑
i=1

yi+1
ti

i!

)
=

1

n
[tn−1]

∑
j≥0

nj

j!

(
∞∑
i=1

yi+1
ti

i!

)j

=
1

n
[tn−1]

∑
j≥0

nj

j!

(
y2

t

1!
+ y3

t2

2!
+ y4

t3

3!
+ · · ·

)j

.

It follows that

[xn]T (x) =
1

n
[tn−1]

∑
j≥0

nj

j!

∑
j1+j2+···=j

j!

j1! j2! · · ·

(
y2

t

1!

)j1 (
y3
t2

2!

)j2

· · ·

=
∑
j≥0

∑
j1+j2+···=j

j1+2j2+···=n−1

nj−1

j1! (1! )j1j2! (2! )j2 · · ·
yj12 yj23 · · · .

The generating function for unrooted generalised trees on n vertices and ji blocks of

size i is therefore given by,

n!
∞∏
i=1

yjii+1

ji! (i! )ji
n
∑

ji−2.
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We multiply by n! since we are dealing with an exponential generating function.

Since
∑

ji = k, we obtain that the number of families of k partitions of the shape

m1
i 1

n−mi for i = 1, . . . , k is given by

n!nk−2∏k
i=1(mi − 1)!

.

From the k = 2 case (see [18] for details), we know that, given partitions P1, P2, . . . , Pk−1

and the type of Pk, the number of possibilities for Pk to complete a connected cycle-free

partition is of the form

α(P1, P2, . . . , Pk−1) · β(type(Pk)),

where β is known and only depends on the type of Pk (not P1, P2, . . . , Pk−1). Thus

changing the type λk to a type λ′
k only produces a factor

β(λ′
k)

β(λk)
.

The number of families of two connected cycle-free set partitions of types λ0 = m1
01

n−m0

and λ1 = 1a112a12 · · · such that
∑
j

a1j = ℓ1 is given by

γ(λ0, λ1) =
n! (ℓ1 − 1)!

(m0 − 1)!
∏

j≥1((j − 1)! )a1ja1j!
.

(See [18, Theorem 5.1].)

Similarly, if λ2 = m1
11

n−m1 then,

γ(λ0, λ2) =
n!

(m0 − 1)! (m1 − 1)!
.

We therefore have

γ(λ0, λ1)

γ(λ0, λ2)
=

β(λ1)

β(λ2)
=

(m1 − 1)! (ℓ1 − 1)!∏
j≥1((j − 1)! )a1ja1j!

.

The number of connected cycle free families of k set partitions such that the �rst

partition is λ1 = 1a112a12 · · · and the subsequent k − 1 set partitions are of the shape

m1
i 1

n−mi for i = 2, . . . , k is therefore given by

n!nk−2∏k
i=1(mi − 1)!

· (m1 − 1)! (ℓ1 − 1)!∏
j≥1((j − 1)! )a1ja1j!

,

where ℓ1 is the number of parts in λ1, and a1j is the number of parts of size j in λ1.

Iterating this idea, we obtain the required equation. This proves Theorem 1.1.

2. Enumeration of labelled free k-ary cacti

The relationship between labelled trees on n vertices and the symmetric group Sn of order

n was discovered by Dénes [3] and subsequent work on the same has since been done by

Moszkowski [13], Eden and Schützenberger [4], and Goulden and Pepper [8] among many
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other authors. A k-cactus is a connected (simple) graph in which every edge lies on

exactly one k-cycle. Such a cycle will be called a k-gon. A k-cactus is said to be planar

if it is embedded in the plane such that every edge is part of the unbounded region. A

planar k-cactus is edge-rooted if one of the edges is distinguished as a root and it is of

size n if there are n k-gons. We colour the vertices of a k-cactus with k colours such

that in a k-gon, colour i is used at most once. We say that (ℓ1, . . . , ℓk) is a vertex-colour

distribution of the k-cactus if there are ℓi vertices of colour i for all i = 1, . . . , k. The

number of k-gons that are incident to a vertex is the degree of such a vertex. We also say

that (aij)1≤i≤k,j≥0 is a vertex-degree distribution of the k-cactus where aij is the number

of vertices of colour i and degree j. We note that ℓi =
∑
j≥0

aij. The following two lemmas

are proved in [2].

Lemma 2.1. There exists a k-ary cactus on N vertices and n k-gons if and only if

N = (k − 1)n+ 1.

Lemma 2.2. Let A = (aij)1≤i≤k,j≥0 be a k × ∞ matrix of non-negative integers, and

set N =
∑
ij

aij. There exists a k-ary cactus having N vertices and n k-gons and whose

vertex-degree distribution is given by the matrix A if and only if

1. n = (N − 1)/(k − 1) is an integer,

2.
∑
j

jaij = n, for all i,

3. n ≥ 1⇒ ai0 = 0, for all i.

Let λ = 1k12k2 · · · be a partition of n ≥ 1. We denote the length of the partition by

l(λ) = k1 + k2 + · · ·. The following theorem is due to Goulden and Jackson [7]. The case

k = 2 was proved by Bédard and Goupil [1] using an induction argument.

Theorem 2.3. [7, Theorem 3.1]Let λ1, . . . , λk be partitions of n such that l(λ1) + · · · +
l(λk) = (k − 1)n + 1. Then there is a bijection between planar edge-rooted k-cacti on

n k-gons with vertex-colour distribution λi, i = 1, . . . , k, and k-tuples (α1, . . . , αk) of

permutations in the symmetric group Sn with cycle distributions λ1, . . . , λk respectively,

such that α1 · · ·αk = (1, 2, . . . , n).

Using Theorem 2.3, the aforementioned authors enumerated the number of connection

coe�cients for the symmetric group of order n by proving that there are

nk−1
∏k

i=1(ℓi − 1)!∏k
i=1

∏
j≥1 aij!

,

plane edge-rooted k-cacti with n unlabelled vertices having a vertex-degree distribution

(aij)1≤i≤k,j≥0, where
k∑

i=1

ℓi =
k∑

i=1

∑
j≥0

aij = (k − 1)n + 1. For k = 2, they obtained an

equivalent result for the number of plane edge-rooted trees.

Bóna, Bousquet, Labelle and Leroux [2] de�ned a free k-ary cactus informally as a

k-ary cactus without the plane embedding. They obtained a formula [2, Proposition 27]
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for the number of labelled free k-ary cacti on n k-gons having vertex-color distribution

(ℓ1, . . . , ℓk) as

nk−2

k∏
i=1

(ℓi − 1)! ℓn−λi
i

(n− ℓi)!
,

if
k∑

i=1

ℓi = (k − 1)n + 1. We provide a di�erent proof of these results based on Theorem

1.1.

Proposition 2.4. The number of labelled free k-ary cacti on n k-gons having vertex-

degree distribution (aij)1≤i≤k,j≥0 is given by

n!nk−2
∏k

i=1(ℓi − 1)!∏k
i=1

∏
j≥1(j − 1)!aij aij!

, (2)

where
k∑

i=1

∑
j≥0

aij =
k∑

i=1

ℓi = (k − 1)n+ 1.

Proof. To prove this proposition, we need to show that there is a bijection between the

set of labelled free k-cacti on n k-gons having a vertex-degree distribution (aij)1≤i≤k,j≥0

such that
k∑

i=1

∑
j≥0

aij = (k − 1)n + 1 and the set of families of k connected cycle-free set

partitions of [n].

Consider a labelled free k-cactus on n k-gons with labels from the set [n] and having

vertex-degree distribution (aij) for i = 1, . . . , k and j ≥ 0. The degree distribution of

vertices of colour i can therefore be written as λi = 1ai12ai2 · · ·. Let si be the set of labels
of k-gons that are incident to a vertex s of colour i. Let

Si = {si : s is a vertex of colour i}.

We now show that Si is a set partition of [n]. By Lemma 2.2,
∑
j

jaij = n and ai0 = 0.

This ensures that there is no empty set in Si. The sets si are disjoint since the labels in

[n] are used only once in the labelled free cactus. Therefore Si is a partition of the set

[n]. By Lemma 2.1, the cacti satisfy the condition
∑
i,j

aij = (k − 1)n + 1. It follows that

the partitions also satisfy this coherence condition. Since the n k-gons are connected and

cycle-free then the partitions are also cycle-free and connected.

Next, we describe the reverse procedure of getting free k-cacti on n k-gons from a

family of k set partitions of [n] that are connected and cycle-free. Consider set partitions

S1, . . . , Sk of [n] that are connected and cycle-free such that
k∑

i=1

ℓ(Si) = (k − 1)n + 1.

There is a bijection between these set partitions and cacti-like tree (a cacti-like tree is

the structure obtained by replacing all edges in a tree with cycles of the same size) such

that the k set partitions correspond to k vertices per block in the cacti-like tree, blocks

correspond to vertices and block sizes to degrees in the cacti-like tree. Now, each block

in the cacti-like tree corresponds to a k-gon in a free cactus.
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The bijection in Proposition 2.4 is shown by Figure 1, where the three partitions are

shown by normal curves, dotted curves and dashed curves.

1

4

5

3

2

←→

C

B

A
3

B

A 5B

A

4

C

A

1

B

C

2

Fig. 1. Bijection: Connected cycle-free family of 3 set partitions of [5] and cacti-like tree with 5 blocks,

each having 3 vertices

From the cacti-like tree in Figure 1, we obtain a labelled free ternary cactus in Figure

2.

4

5 3

1 2

Fig. 2. Labelled free 3-ary cactus

3. Coloured tree-like structures

We de�ne a block of a connected graph.

De�nition 3.1 ([11]). A cutpoint of a connected graph G is a vertex whose removal will

disconnect G. A graph which has no cutpoint is said to be 2-connected. A block in a

simple graph is a maximal 2-connected subgraph.

Husimi graphs were introduced by Japanese physicist Kodi Husimi in [10]. A Husimi

graph is a connected graph whose blocks are complete graphs. If the blocks of a connected

graph are polygons then the graph is called a cactus. Cacti were introduced by Harary

and Uhlenbeck in [9] where they appeared as 'Husimi trees'. In 1996, Collin Springer

[16] introduced and studied oriented cacti. These are connected graphs whose blocks are

oriented cycles.

Lemma 3.2. [11, Proposition 3.1] The number of Husimi graphs on [n] where n ≥ 1 is
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given by ∑
k≥0

{
n− 1

k

}
nk−1, (3)

where k is the number of blocks and

{
n− 1

k

}
is the Stirling number of the second kind

which counts set partitions of [n− 1] with k parts.

Lemma 3.3 (Husimi [10], Mayer [12]). Let (n2, n3, . . .) be a sequence of non-negative

integers satisfying the condition that n =
∑
j≥2

(j − 1)nj + 1. The number HGn(n2, n3, · · ·)

of Husimi graphs on [n] having nj blocks of size j is given by

HGn(n2, n3, · · ·) =
(n− 1)!nk−1∏

j≥2((j − 1)! )njnj!
, (4)

where k =
∑
j≥2

nj.

Formula (4) was proved by Husimi in [10] by �rst establishing a recurrence equation

satis�ed by the graphs. Later on, Mayer [12] provided a direct proof and Leroux [11]

proved the formula from a generating function approach.

Lemma 3.4 (Ford and Uhlenbeck [5]). Let (n2, n3, . . .) be a sequence of non-negative

integers satisfying the condition that n =
∑
j≥2

(j − 1)nj + 1. The number of cacti on [n]

having nj polygons of size j is given by

1

2

∑
i≥3

ni

(n− 1)!∏
i≥2 ni!

nk−1, (5)

where k =
∑
j≥2

nj.

Eq. (4) was given in [9] as the formula for counting the number of cacti in the statement

of Lemma 3.4. This incorrect solution was pointed out in [5] and corrected therein.

Lemma 3.5. [11, Proposition 3.6] The number of labelled cacti on [n], where n ≥ 2, is

given by ∑
k≥0

∑
n2+n3+···=k

n2+2n3+···=n−1

(n− 1)!nk−1

2

∑
i≥3

ni∏
i≥2 ni!

. (6)

Lemma 3.6. Springer [16] Let (n2, n3, . . .) be a sequence of non-negative integers and

n =
∑
j≥2

(j − 1)nj + 1. The number OCn(n2, n3, · · ·), of oriented cacti on [n] having nj

oriented cycles of size j is given by

OCn(n2, n3, · · ·) =
(n− 1)!∏

i≥2 ni!
nk−1, (7)
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where k =
∑
j≥2

nj.

Comparing Eqs. (4) and (7), we remark that

OCn(n2, n3, · · ·) =
∏
i≥2

((i− 1)! )ni · HGn(n2, n3, · · ·). (8)

Lemma 3.7. [11, Proposition 3.3] The number of oriented cacti on [n], where n ≥ 2, is

given by ∑
k≥1

(n− 1)!

k!

(
n− 2

k − 1

)
nk−1,

where k is the number of cycles.

De�nition 3.8. A coloured Husimi graph is a Husimi graph whose blocks are coloured

such that no blocks of the same colour are incident to one another. In the same manner, a

coloured cactus (resp. coloured oriented cactus) is a cactus (resp. oriented cactus) whose

polygons (resp. oriented cycles) of the same colour are not incident to one another.

Husimi graphs, cacti or oriented cacti are said to be k-colourable if the blocks of the

graph can be coloured with k colours such that no incident blocks receive the same colour.

We show that (1) also enumerates coloured Husimi graphs with a given block-colour

distribution. Let aij denote the number of blocks of size j and colour i.

Proposition 3.9. Let (n2, n3, . . .) be a sequence of non-negative integers satisfying the

condition n =
∑
j≥2

(j − 1)nj + 1. The number of coloured Husimi graphs on [n] having nj

blocks of size j and block-colour distribution (aij)1≤i≤k,j≥2 is given by

n!nk−2
∏k

i=1(ℓi − 1)!∏k
i=1

∏
j≥1(j − 1)!aij aij!

, (9)

where ai1 = n−
∑
j≥2

aij and ℓi =
∑
j≥1

aij.

Proof. We construct a bijection between the set of coloured Husimi graphs on [n] having

nj blocks of size j and block-colour distribution (aij)1≤i≤k,j≥2 and the set of families of k

connected cycle-free set partitions of [n] such that there are aij blocks of size j in the i-th

partition satisfying the coherence condition
k∑

i=1

∑
j≥1

aij = (k − 1)n+ 1.

Given the coloured Husimi graph, the number of blocks of colour i is given by
∑
j≥2

aij.

Since ai1 = n−
∑
j≥2

aij, we have that
∑
j≥1

aij = n. Let Bij be the set of vertices in the j-th

block of colour i. Since the blocks of the same colour are not incident to one another, the

Bij's are disjoint. The vertices which are not part of any block are taken as singletons.

Thus the family of sets comprising the singletons and the blocks do not comprise of empty
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sets. Hence (aij)j≥1 is a partition of [n]. We have k such partitions since 1 ≤ i ≤ k. The

set partitions satisfy the condition
k∑

i=1

∑
j≥1

aij = (k − 1)n+ 1.

Let us state the reverse procedure. Consider families of k connected cycle-free set

partitions of [n] in which there are ℓi blocks in the i-th partition and aij blocks of size

j in the i-th partition such that
k∑

i=1

ℓi = (k − 1)n + 1. Allow edges between two distinct

vertices in the block and remove all singletons. If v is a block in the i-th partition then

colour the resultant complete graph with colour i. We thus obtain a coloured Husimi

graph satisfying the condition n =
∑
j≥2

(j − 1)nj + 1 where nj =
k∑

i=1

aij.

Using (8), we obtain that

Corollary 3.10. Let (n2, n3, . . .) be a sequence of non-negative integers satisfying the

condition n =
∑
j≥2

(j − 1)nj + 1. The number of coloured oriented cacti on [n] having nj

cycles of size j and block-colour distribution (aij)1≤i≤k,j≥2 is given by

n!nk−2
∏k

i=1(ℓi − 1)!∏k
i=1

∏
j≥1 aij!

.

And for the non-oriented case,

Corollary 3.11. Let (n2, n3, . . .) be a sequence of non-negative integers satisfying the

condition: n =
∑
j≥2

(j − 1)nj + 1. The number of coloured cacti on [n] having nj polygons

of size j and block-colour distribution (aij)1≤i≤k,j≥2 is given by

n!nk−2
∏k

i=1(ℓi − 1)!

2

∑
j≥3

nj ∏k
i=1

∏
j≥1 aij!

.

4. Noncrossing connected cycle-free set partitions

If partitions forming a connected cycle-free family of set partitions are noncrossing then

we get a noncrossing connected cycle-free family of set partitions. If Husimi graphs (resp.

cacti or oriented cacti) are drawn with the vertices on the boundary of a circle such

that the blocks do not cross inside the circle then we get noncrossing Husimi graphs

(resp. cacti or oriented cacti). These structures were enumerated in [14, 15]. A butter�y

is a pair of noncrossing Husimi graphs or cacti that share a vertex. Each noncrossing

Husimi graph forming a butter�y is called a wing. So, we can talk of left or right wing

of a butter�y. If the blocks of noncrossing Husimi graphs are assigned colours in a way

that no incident blocks receive the same colour then the resultant structures are called

coloured noncrossing Husimi graphs. In this section, we relate colourable Husimi graphs to

noncrossing connected cycle-free families of set partitions. We obtain an explicit formula

for the number of noncrossing connected, cycle-free pairs of partitions. The case where
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more than two partitions are involved is still open for research.

Proposition 4.1. There is a bijection between the set of coloured noncrossing Husimi

graphs on {1, 2, . . . , n} having nj blocks of size j and block-colour distribution (aij)1≤i≤k,j≥2

such that n =
k∑

i=1

∑
j≥2

(j−1)aij+1 and ai1 = n−
∑
j≥2

aij, and the set of noncrossing connected

cycle-free families of k set partitions of [n] such that there are aij blocks of size j in the

i-th partition satisfying the coherence condition
k∑

i=1

∑
j≥1

aij = (k − 1)n+ 1.

Proof. Given a coloured noncrossing Husimi graph, the number of blocks of colour i is

given by
∑
j≥2

aij. Since ai1 = n −
∑
j≥2

aij, we have that
∑
j≥1

aij = n. Let Bij be the set of

vertices in the j-th block of colour i. Since the blocks of the same colour are not incident

to one another, the Bij's are disjoint. The vertices which are not part of any block are

taken as singletons. Thus the family of sets comprising the singletons and the blocks do

not have empty sets. Hence (aij)j≥1 is a partition of [n]. Since the blocks are noncrossing,

we obtain a noncrossing set partition. We have k such partitions since 1 ≤ i ≤ k. The set

partitions satisfy the condition
k∑

i=1

∑
j≥1

aij = (k − 1)n+ 1.

We obtain the reverse. Consider families of cycle-free connected noncrossing k set

partitions of [n] in which there are aij blocks of size j in the i-th partition satisfying the

condition:
k∑

i=1

∑
j≥1

aij = (k − 1)n + 1. Allow edges between any two distinct vertices in

a block and remove all singletons. If v is a block in the i-th partition then colour the

resultant complete graph with colour i. We thus obtain a noncrossing coloured Husimi

graph satisfying the condition n =
∑
j≥2

(j − 1)nj + 1 where nj =
k∑

i=1

aij.

Theorem 4.2. Let λa = 1a12a2 · · · and λb = 1b12b2 · · · be partitions of n ≥ 1, with

a = a1 + a2 + · · · and b = b1 + b2 + · · ·. If a+ b = n+ 1 then the number of noncrossing

connected, cycle-free pairs of partitions of types λa and λb is given by

n2n−a1−b1 · (a− 1)! (b− 1)!

a1! a2! · · · b1! b2! · · ·
.

Proof. Let A(z) be the generating function for 2-colourable noncrossing Husimi graphs

with root degree 1 (or 0) such that the root block is of colour 1. Let B(z) be the

corresponding generating function in which the root block is of colour 2. Let xj and yi
mark blocks of sizes j and i of colours 1 and 2 respectively. Since each vertex has degree

less than or equal to two, the A(z) satis�es

A(z) = z(1 +
∑
j≥1

xj+1(2B − z)j).

The butter�ies of these graphs must be rooted at vertices of degree 1 (or consists of

a single vertex). If the root block in the noncrossing Husimi graph is assigned colour 1
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(generating function A), then the blocks of the butter�ies (left or right wing) attached at

the root block are assigned colour 2 (generating function B). We subtract z to cater for

cases in which a butter�y consists of a single vertex. Similarly,

B(z) = z(1 +
∑
i≥1

yi+1(2A− z)i).

Set 2B − z = V and 2A− z = U so that

U = z

(
1 + 2

∑
j≥1

xj+1V
j

)
and V = z(1 + 2

∑
i≥1

yi+1U
i).

A 2-colourable noncrossing Husimi graph either has root degree 1, or it can be ob-

tained by identifying the roots of two Husimi graphs with root blocks of colour 1 and 2,

respectively. Thus the generating function for 2-colourable noncrossing Husimi graphs is

2(A− z)(B − z)

z
+ A+B − z =

UV

2z
+

z

2
.

We apply the multivariate Lagrange Inversion Formula [6, Theorem 1.29] to the system:

U = z1

(
1 + 2

∑
j≥1

xj+1V
j

)
, V = z2

(
1 + 2

∑
i≥1

yi+1U
i

)
.

We have

UV =
∑
s,t≥0

zs+1
1 zt+1

2 [αsβt]

(
1 + 2

∑
j≥1

xj+1α
j

)t+1(
1 + 2

∑
i≥1

yi+1β
i

)s+1

∆,

where ∆ is the determinant given by

∆ =

(1 + 2
∑
j≥1

xj+1α
j) ·
(
1 + 2

∑
i≥1

yi+1β
i

)
− 4

∑
j≥1

jxj+1α
j ·
∑
i≥1

iyi+1β
i(

1 + 2
∑
j≥1

xj+1αj

)(
1 + 2

∑
i≥1

yi+1βi

) .

We thus have

UV =
∑
s,t≥0

zs+1
1 zt+1

2 [αsβt]

(
1 + 2

∑
j≥1

xj+1α
j

)t+1(
1 + 2

∑
i≥1

yi+1β
i

)s+1

− 4
∑
s,t≥0

[
zs+1
1 zt+1

2 [αsβt]

(
1 + 2

∑
j≥1

xj+1α
j

)t(
1 + 2

∑
i≥1

yi+1β
i

)s

∑
j≥1

jxj+1α
j
∑
i≥1

iyi+1β
i

]
.
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Let us extract the coe�cient of αs.

[αs]

(
1 + 2

∑
j≥1

xj+1α
j

)t+1

= [αs]
∑
k≥0

(
t+ 1

k

)(
2
∑
i≥1

xj+1α
i

)k

=
∑
k≥0

2k
(
t+ 1

k

) ∑
a2+a3+···=k
a2+2a3+···=s

k!xa2
2 xa3

3 · · ·
a2! a3! · · ·

.

Similarly,

[βt]

(
1 + 2

∑
i≥1

yi+1β
i

)s+1

= [βt]
∑
ℓ≥0

(
s+ 1

ℓ

)(
2
∑
i≥1

yi+1β
i

)ℓ

=
∑
ℓ≥0

2ℓ
(
s+ 1

ℓ

) ∑
b2+b3+···=ℓ
b2+2b3+···=t

ℓ! yb22 yb33 · · ·
b2! b3! · · ·

.

Since k = a− a1, ℓ = b− b1, s = n− a and t = n− b in our notation, we have

[αn−a]

(
1 + 2

∑
j≥1

xj+1α
j

)n−b+1

=
∑
a1

2a−a1
(n− b+ 1)!

(n− b− a+ a1 + 1)!

∑
a1+a2+···=a

a2+2a3+···=n−a

xa2
2 xa3

3 · · ·
a2! a3! · · ·

,

and

[βn−b]

(
1 + 2

∑
i≥1

yi+1β
i

)n−a+1

=
∑
b1

2b−b1
(n− a+ 1)!

(n− a− b+ b1 + 1)!

∑
b1+b2+···=b

b2+2b3+···=n−b

yb22 yb33 · · ·
b2! b3! · · ·

.

By the coherence condition, a+ b = n+ 1, we obtain

[αn−a]

(
1 + 2

∑
j≥1

xj+1α
j

)n−b+1

=
∑
a1

2a−a1a!
∑

a1+a2+···=a
a2+2a3+···=n−a

xa2
2 xa3

3 · · ·
a1! a2! · · ·

,

and

[βn−b]

(
1 + 2

∑
i≥1

yi+1β
i

)n−a+1

=
∑
b1

2b−b1b!
∑

b1+b2+···=b
b2+2b3+···=n−b

yb22 yb33 · · ·
b1! b2! · · ·

.

We also have

[αs]

(
1 + 2

∑
j≥1

xj+1α
j

)t∑
j≥1

jxj+1α
j
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=
s∑

w=0

[αw]

(
1 + 2

∑
j≥1

xj+1α
j

)t

[αs−w]
∑
j≥1

jxj+1α
j

=
s∑

w=0

[αw]
∑
k≥0

(
t

k

)(
2
∑
i≥1

xj+1α
i

)k

(s− w)xs−w+1

=
s∑

w=0

∑
k≥0

2k
(
t

k

) ∑
a2+a3+···=k
a2+2a3+···=w

k!xa2
2 xa3

3 · · ·
a2! a3! · · ·

(s− w)xs−w+1

=
s∑

w=0

∑
k≥0

2k
(
t

k

) ∑
a2+a3+···=k+1
a2+2a3+···=s

k!xa2
2 xa3

3 · · ·
a2! a3! · · ·

(s− w)as−w+1

=
∑
k≥0

2k
(
t

k

) ∑
a2+a3+···=k+1
a2+2a3+···=s

k!xa2
2 xa3

3 · · ·
a2! a3! · · ·

·
s∑

w=0

(s− w)as−w+1

=
∑
k≥0

2k
(
t

k

) ∑
a2+a3+···=k+1
a2+2a3+···=s

k!xa2
2 xa3

3 · · ·
a2! a3! · · ·

· s.

Likewise,

[βt]

(
1 + 2

∑
i≥1

yi+1β
i

)s∑
i≥1

iyi+1β
i =

∑
ℓ≥0

2ℓ
(
s

ℓ

) ∑
b2+b3+···=ℓ+1
a2+2a3+···=s

ℓ! yb22 yb33 · · ·
b2! b3! · · ·

· t.

Again using coherence conditions k = a− a1 − 1, ℓ = b − b1 − 1, s = n − a, t = n− b

and a+ b = n+ 1, we obtain

[αn−a]

(
1 + 2

∑
j≥1

xj+1α
j

)n−b∑
j≥1

jxj+1α
j

=
∑
a1

2a−a1−1(a− 1)!
∑

a1+a2+···=a
a2+2a3+···=n−a

xa2
2 xa3

3 · · ·
a1! a2! · · ·

· (b− 1)

and

[βn−b]

(
1 + 2

∑
i≥1

yi+1β
i

)n−a∑
i≥1

iyi+1β
i

=
∑
b1

2b−b1−1(b− 1)!
∑

b1+b2+···=b
b2+2b3+···=n−b

yb22 yb33 · · ·
b1! b2! · · ·

· (a− 1).

Hence,

[xa2
2 xa3

3 · · · yb22 yb33 · · ·]UV

= zn−a+1
1 zn−b+1

2 2a+b−a1−b1
a! b!

a1! a2! · · · b1! b2! · · ·
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− zn−a+1
1 zn−b+1

2 · 4 · 2a+b−a1−b1−2(a− 1)(b− 1)
(a− 1)! (b− 1)!

a1! a2! · · · b1! b2! · · ·

= zn−a+1
1 zn−b+1

2 (a+ b− 1) · 2n+1−a1−b1
(a− 1)! (b− 1)!

a1! a2! · · · b1! b2! · · ·

= zn−a+1
1 zn−b+1

2 n · 2n+1−a1−b1
(a− 1)! (b− 1)!

a1! a2! · · · b1! b2! · · ·
.

Now, by setting z1 = z2 = z, we have

[xa2
2 xa3

3 · · · yb22 yb33 · · ·]
UV

2z
= znn · 2n−a1−b1

(a− 1)! (b− 1)!

a1! a2! · · · b1! b2! · · ·
.

Therefore,

[znxa2
2 xa3

3 · · · yb22 yb33 · · ·]
UV

2z
= n · 2n−a1−b1

(a− 1)! (b− 1)!

a1! a2! · · · b1! b2! · · ·
.

By Proposition 4.1, we obtain that there are

n · 2n−a1−b1
(a− 1)! (b− 1)!

a1! a2! · · · b1! b2! · · ·
,

noncrossing connected, cycle-free pairs of partitions of [n] of types 1a12a2 · · · and 1b12b2 · · ·.

Acknowledgement

The author thanks Prof. Stephan Wagner for supervising this work.

References

[1] F. Bédard and A. Goupil. The poset of conjugacy classes and decomposition of products

in the symmetric group. Canadian Mathematical Bulletin, 35(5):152�160, 1992. https:

//doi.org/10.4153/CMB-1992-022-9.

[2] M. Bóna, M. Bousquet, G. Labelle, and P. Leroux. Enumeration of m-ary cacti. Advances

in Applied Mathematics, 24(1):22�56, 2000. https://doi.org/10.1006/aama.1999.0665.

[3] J. Dénes. The representation of a permutation as the product of a minimal number of trans-

positions, and its connection with the theory of graphs. Magyar Tudományos Akadémia

Matematikai Kutató Intézetének Közleményei, 4:63�70, 1959.

[4] M. Eden and M. P. Schützenberger. Remark on a theorem of dénes. Magyar Tudományos

Akadémia Matematikai Kutató Intézetének Közleményei, 7:353�355, 1962.

[5] G. W. Ford and G. E. Uhlenbeck. Combinatorial problems in the theory of graphs, I.

Proceedings of the National Academy of Sciences, 42:122�128, 1956.

[6] I. P. Goulden and D. M. Jackson. Combinatorial Enumeration. John-Wiley & Sons, 1983.

[7] I. P. Goulden and D. M. Jackson. The Combinatorial Relationship Between Trees, Cacti

and Certain Connection Coe�cients for the Symmetric Group. European Journal of Com-

binatorics, 13:357�365, 1992. https://doi.org/10.1016/S0195-6698(05)80015-0.

https://doi.org/10.4153/CMB-1992-022-9
https://doi.org/10.4153/CMB-1992-022-9
https://doi.org/10.1006/aama.1999.0665
https://doi.org/10.1016/S0195-6698(05)80015-0


enumeration of a family of set partitions 15

[8] I. P. Goulden and S. Pepper. Labelled trees and factorizations of a cycle into transpositions.

Discrete Mathematics, 113:253�268, 1993. https://doi.org/10.1016/0012-365X(93)

90522-U.

[9] F. Harary and G. E. Uhlenbeck. On the number of husimi trees. Proceedings of the National

Academy of Sciences, 39:315�322, 1953.

[10] K. Husimi. Note on mayers' theory of cluster integrals. Journal of Chemical Physics,

18:682�684, 1950. https://doi.org/10.1063/1.1747725.

[11] P. Leroux. Enumerative problems inspired by mayer's theory of cluster integrals. Electronic

Journal of Combinatorics, 11, 2004. https://doi.org/10.37236/1785.

[12] J. E. Mayer. Equilibrium Statistical Mechanics. Pergamon Press, Oxford, 1968.

[13] P. Moszkowski. A solution to a problem of Dénes: a bijection between trees and factoriza-

tions of cyclic permutations. European Journal of Combinatorics, 10:13�16, 1989. https:

//doi.org/10.1016/S0195-6698(89)80028-9.

[14] I. O. Okoth. Combinatorics of Oriented Trees and Tree-Like Structures. PhD thesis, Stel-

lenbosch University, 2015.

[15] I. O. Okoth. On noncrossing and plane tree-like structures. Communications in Advanced

Mathematical Sciences, 4(2):88�99, 2021. https://doi.org/10.33434/cams.803065.

[16] C. Springer. Factorizations, trees, and cacti. In Proceedings of the Eighth International

Conference on Formal Power Series and Algebraic Combinatorics (FPSAC), pages 427�

438, University of Minnesota, 1996.

[17] R. P. Stanley. Enumerative Combinatorics. Vol. 2, volume 62 of Cambridge Studies in

Advanced Mathematics. Cambridge University Press, Cambridge, 1999.

[18] E. Teu� and S. Wagner. The number of spanning trees in self-similar graphs. Annals of

Combinatorics, 15:355�380, 2011. https://doi.org/10.1007/s00026-011-0100-y.

Isaac Owino Okoth

Department of Pure and Applied Mathematics, Maseno University

P. Box 333-40105, Maseno, Kenya

E-mail ookoth@maseno.ac.ke

https://doi.org/10.1016/0012-365X(93)90522-U
https://doi.org/10.1016/0012-365X(93)90522-U
https://doi.org/10.1063/1.1747725
https://doi.org/10.37236/1785
https://doi.org/10.1016/S0195-6698(89)80028-9
https://doi.org/10.1016/S0195-6698(89)80028-9
https://doi.org/10.33434/cams.803065
https://doi.org/10.1007/s00026-011-0100-y
mailto:ookoth@maseno.ac.ke

	Family of set partitions
	Enumeration of labelled free k-ary cacti
	Coloured tree-like structures
	Noncrossing connected cycle-free set partitions

