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ABSTRACT

This paper fits in the intersection between two disparate areas of combinatorics. Namely,
graph theory and the combinatorics of Catalan words. A Catalan word with n parts is
defined as a word w = wyws - - - w, over the set of positive integers in which wy; = 1 and
1 <wp <wp_1+1for k=2,3,...,n. In order to study the intersection of the two areas,
a specific type of graph called a grid graph is defined for each Catalan word. The main
thrust of the paper is investigating the degrees of vertices in grid graphs. For each of
the possible fixed degrees ¢ € {1,2,3,4}, we find generating functions DF;(x) where the
coefficient of 2" is the total number of vertices of degree 7 in all grid graphs with n parts.
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1. Introduction

A Catalan word with n parts is defined to be a word w = wyws - - - w, of length n over
the set of positive integers in which w; =1 and 1 < wp < wp_y + 1 for k =2,3,... n.
Catalan words can be represented geometrically as bargraphs and combinatorial studies
of these bargraphs have attacted recent interest in the literature, see [41, 7, §].

We will represent Catalan words with parts of any size as graphs with vertices and
edges, which we call grid graphs. By a grid graph we mean that a Catalan word with
n parts is represented by n columns of vertices bottom justified on the z axis. The ith
part of size k is represented as the ith vertical column (counted from left to right) with &
vertices each connected by an edge to all the neigbouring vertices in that column, as well
as to vertices at the same height in a neighbouring column. This implies that any vertex
has degree (in the graph sense) taken from the set {1,2,3,4}. (The case n = 1 with a
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2 BLECHER AND KNOPFMACHER

single vertex is exceptional, since then the vertex has degree 0). In Figure | below, we
give an example of a grid graph and its equivalent bargraph.

: L]

Fig. 1. The Catalan word 123412312 with 9 parts: on the left as a grid graph; on the right as a bargraph
with vertices and edges added

For the grid graph on the left, there are five vertices of degree 2 (of which three are
corners) and one of degree 4. All vertices in the grid graph have degrees in the set
{1,2, 3,4} as asserted above. For the bargraph, all vertices have degree in the set {2, 3,4}.
There is no point in using colour for the left sketch since a grid graph has no dependence
on area. A corner in both types of graph is defined as a degree 2 vertex which is connected
to one horizontal and one vertical edge.

Catalan words are well known to be in bijection with Dyck paths and therefore Catalan
words with n parts are counted by the Catalan numbers C, = %H(znn)

The reader may be wondering at the motivation for setting the combinatorics of Catalan
words in the context of graph theory. There are some precedents as well as benefits for
this setting in the current authors’ own recent work, which explored grid graphs in the
context of integer compositions and integer partitions, see [1] and [2]. In recent years
there has been extensive study of combinatorial objects represented as bargraphs. This
includes Catalan words. One possibility for turning bargraphs into graphs was studied
by Mansour et al. in |5, 7, 9. In this case the intersections of the horizontal and vertical
edges of the squares of the bargraph are turned into vertices and the line segment between
these vertices becomes edges. Also, an essential part of this conception is the total area
contained by the bargraph. Properties of the degrees of the vertices of the bargraphs of
Mansour and Ramirez are then studied in [7]. A comparison of the left and right pictures
in Figure 1 shows that the graphs obtained from the bargraph representation have a very
different structure to the grid graphs being proposed in the current paper. In particular
one notices that vertices of degree one play a prominent role in our grid graphs whereas
bargraphs can have no vertices of degree one. This stems in part from the new idea which
replaces each part of size ¢ by a vertical column of i vertices. In the bargraph sense a
part of size 7 is made up of a column of ¢ squares each of which has four vertices, some of
which are shared with adjacent parts in the bargraph as well as squares that are above
and below in the same column.

This gives some insight into the contrast between the two underlying theoretical frame-
works of grid graphs versus the traditional presentation of integer compositions, integer
partitions and Catalan words as bargraphs. To explicate this point a little further: bar-
graphs explicitly in their conception conceive of each positive integer n as representing an
underlying area of size n. It seems to the current authors that the contained area concept
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of n is more simply represented as a count of n vertices. This has led to the purely graph
theoretic conception which this paper explores, as opposed to a mixture of graph theoretic
and underlying area conception of the bargraph model.

The current paper is structured as follows: In section 2, we obtain a generating function
for vertices and edges in grid graphs. Sections 3-6 thereafter, contain the arguments
required for enumerating vertices of degree 1-4 respectively.

There are two different types of arguments given in the various Sections. These have
been chosen primarily under the criterion of simplicity. We categorise these arguments
as:

1. Return to level one decompositions.

2. Adding a slice. (A geometrical method originally introduced by Temperley in [10]).
Temperley’s method and others were surveyed in [3].

Sections 2 and 6 use argument 2 and the other Sections use argument 1.

2. Generating function for vertices and edges in grid graphs

We denote the set of all Catalan words with n parts by A, and we represent these as grid
graphs with edges and vertices as described in the introductory section. We let 7 be the
grid graphs representing the Catalan word 7. Because of the obvious bijection between 74
and 7, we will in future suppress this difference and simply refer to both representations
as 7. In these graphs the ¢th column represents the ith part of the Catalan word.

For any grid graph 7, we denote the number of vertices of 7 by vert(r) and the number
of vertical and horizontal edges in 7 by v(m) and h(m) respectively. As illustration, the
left hand grid graph shown in Figure | has vert(r) = 18, v(7) = 9 and h(7) = 12. The
right hand grid graph has a different value for each of these statistics.

We define the generating function A, (y) as

Anly) =Yy e e, (1)
7T€An
Also,
B(z,y) :== B(z,y; ey, ep) := ZAn(y)x", (2)
n>0

where n is the number of columns in the graph and the invariants e, and e, have been
suppressed on the left side for the sake of brevity.
In order to study B(x,y), we introduce the notation

Blaylbiby---b) =Y a" Yy e@eg .
n>0  m=m'bibybs€A,

By definition, we have
B(z,y) =1+ Bz, yla).

a>1

2.1. B without edges
Ifa=1,
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B(z,y|l) = zy+ Y _xyB(z,ylb), (3)
b>1
and if a > 2,
B(z,yla) = > xy*B(x,y|b) + xy* B(x,yla — 1), (4)
b>a
Now define
B(z,y,2) =1+ ) B(z,yla)z"". (5)
a>1

Multiply Egs. (3) and (4) by 27! for the appropriate a and sum over a > 1. We obtain

B(z,y,2) =1+ay+ Y ayB(z,ylb)+ > """ (Zwy (x y|b>
b>1 a>2 b>a
—i—Zza Y2y B(z,yla — 1))
a>2
2

= Loy + (Ble,y 1) = Day + 7 (Bla,p.1) = B,y 52))

+a:y22(B(x,y,yz) - 1) (6)

We rewrite this equation in the following form:

B(x,y,2) = a(z) + b(2) B(z,y, ¢z), (7)
where b(z) = xy?z — xyyzz = —ﬂifii, ¢ =y and where

a(z) =1+ 2y — vy — xy’z — B(x,y, 1)y (1— 1 vz >

2.2. B with edges

Moreover, since each grid graph with the size of the last column being a can be written
as either a, or 7’ba in which a < b+ 1 and 7’ may be empty, we obtain if a = 1,

B(z,y|l) =xy+ > Bla,ylbl) = zy+ Y aye,B(z,y|b), (8)

b>1 b>1

and if a > 2,

B(z,yla) = Z (x,ylba) = ny“e“ Yed B(z,y|b) + xy®e’ et ' B(x, yla —1). (9)

b>a—1 b>a
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Now define

B(z,y,z) =1+ Z B(z,yla)z""". (10)

a>1

Multiply Egs. (8) and (9) by 2! for the appropriate a and sum over a > 1. We obtain

B(z,y,2) =1+ay+ > ayepBlx,ylb) + Y 2" (Z wytey ey Bz, ylb)>

b>1 a>2 b>a
+ Y2 (aytey ey Bla,yla - 1))
a>2
2,2
T (B(1,y,1) — B(x,y, yzency))

+ xy*zeen(B(x,y, yzepen) — 1). (11)

=1 B(z,y,1) -1 S
+ay + (B(z,y,1) )fryethl_ehevyz

We write this as

B(x,y,2) = a(z) + b(2) B(z,y, cz), (12)
where
b(z) = zy?zegen(l —en(1+ evyz))7
1 —epeyz
C = Yepty,
and

a(z) = 1+ xy — zye, — xyzeven + B(x,y, 1)zyes, (1 - M) .
1 —yzepe,

A few steps of iteration yields:

b(2)B(z,y,cz) = a(cz)b(z) + b(2)b(cz) B(z,y, *2), (13)
and
b(2)b(cz)B(z,y, 22) = a(c?2)b(c2)b(2) + b(2)b(cz)b(c*2) B(x,y, *2). (14)

Repeating and summing to infinity under the assumption that |2|< 1 and |¢|< 1, we
obtain

B(z,y,2) =Y _a(c'z) ﬁb<cfz), (15)

>0
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and by returning to the original variables, we have

B(z,y,2) = Z <1 +xy — wyen — vy’czeven + B(x,y, 1)zyey, <1 + M))

1 —epe,yctz
i>0 h€vY

1—en(1+eydz)
i(i=1)/2 22 1,10 h v
X ¢ 2'ey e, | | T eregis (16)

Finally, substituting z = 1, we obtain

B(z,y,1)
. 1 —en(1 e
:Z(1+xy—xyeh—xy2deve ) T2y 2’61621_[ en(1+ ewyc’)
‘ 1 — epe,ycd
>0
yc'ene rl—e (1+ e,yd)
B 1 1 # i(i—1)/2,.4,,2i i 3 — €hn v 17
—l—; (JU,% )xyeh ( + 1 —ehevyc’) ry“e, eh};[o E— 7 ( )

or solving for B(z,y, 1),

;} (1 + xy — zyep, — $y2cieveh) i(i—1)/2 pi 2161 e% Hz 11 1€h((ii—;ji;(::yjcj)
B(Qf, Y, 1) = —
1-— Z xyep, (1 + M) cili— 1)/21‘1‘7;2’616 Hz 1 M

l—epepyct l—epeypyc?
i>0 hévyY h€vyY

Replacing with the original variable for ¢, we have therefore proved the following theo-

rem.

Theorem 2.1. The generating function for the number of grid graphs is given by

B(z,y; ey, €p)
i1 i, i(i43) /2 1(041) /2 i(i41)/2 71i—1 1—ep—(eveny)’t!
;) (1 + 2y — ayen — wy(epeny) ™) 2y 2ey €n [I= T—(eveny) F1
] -y S V22D ) (epepy)it] ’
= 1—(evepy)tt! j=0 1—(evepy)it!

(18)

where x tracks the number of parts in the grid graph and y tracks the number of vertices.
The number of vertical edges 1s tracked by e, and the number of horizontal edges is tracked

by ey,.

Substituting e, = 1 and e, = 1 into Eq. (18) and simplifying, we obtain

Bt —1e A" (19)
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which matches the generating function translated from Callan et al in [4|. By translation,
we mean that the area of Catalan bargraphs tracked by ¢ in their generating function
has been replaced by our invariant y which is tracking the number of vertices in our grid
graph context of Catalan words.

Substituting e, = 1 into Eq. (18), we obtain

i i i, i(i+1 i—1
;)(_1) (1 — zy(eyy)™) aiy +2) i+ )szo 17(61112”)3_+1
B(z,y;e,,1) = = _ : , 20
(LL’, yse ) 1_ Z(—l)i$i+1y(i+1)2€:;(l+l) Hz 1 ( )

i—0 1= FES!
>0 J (evy)

which is the generating function for Catalan word grid graphs according to number of
parts and vertical edges. Since this generating function has number of vertical edges one
less than the number of vertices in each column we can modify Eq. (19) in order to track
the number of vertical edges. We obtain

i—1 00,42 i2—i TP~ 1
Z(_l) lz Yy e, Hj:l 1—(el/uy)j
B(z,y;e,,1) =14+ — PRI S — : (21)
1-— 2:(—1)1_%191262,2_Z Hj:l 1—(el,uy)j

i>1

We leave it to the reader to verify the equality between the right hand sides of Eqs.
(20) and (21).
Next, putting e, = 1 into the Eq. (18) in Theorem 2.1, we obtain

i1\ o, i(i43) /2,8 +1) /2 7ri—1 1—ep—(epy)? Tt
> (1 +ay — wyey, — wy(eny) ™) aly e, T St S
i>0
B(z,y;1,¢e) = = ——
o) 1—> miﬂy(iﬂ)(iﬁ)/2€2L2+1+2)/2 i—1 1—ep—(epy)itt
i>0 I—(epy) 1 J=0 1—(eny)’*

(22)

Remark 2.2. By repeating the recursive process only tracking the variable e, and not
e, we obtain the following simpler generating function

i1 i(G4+1)/2 (i i—1 (1—ep—(epy)? Tt
ECE—H%( )/y(+3)/2+1Hj:0( n—(eny)’ )

2 ey T
B(z,y,1,q) = — = . 23
( Y ,Q) 1— Z xi+1yi(i+3)/2+18;1(1+1)/2+1 i—1 (l1—ep—(epy)ith) ( )
2T T =0 1=y
i>

In the sections that follow, we obtain generating functions tracking the total number
of vertices of a fixed degree across all grid graphs.

3. Total number of vertices of degree 1

A vertex of degree one always occurs in the first part, 1, of a Catalan grid graph (except
if the grid graph is 1 itself, in which case it is of degree 0). It will occur at the top vertex
of an interior part of size a + 1 iff that part is preceded by a part a and followed by a
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part b where b < a. We call this configuration a peak. Examples of this assertion can be
seen in Figure 1. Also, a vertex of degree 1 will occur in the last part iff that part is a 1
or alternatively, if that part is larger than the preceding part. In other words an interior
part has a single (topmost) vertex of degree one iff that vertex is a peak of the Catalan
grid graph. Next, we develop a bi-variate generating function to count all interior peaks
across all Catalan grid graphs. As in a previous section, we denote the set of all Catalan
words with n parts by A, and define the following generating function:

P(ZE, q) — ZI” Z qdegree 1 vertices(w)’ (24)

where n = |w| is the number of parts in w.

We use the first return decomposition for Catalan grid graphs to develop a functional
equation for P(x,q). Let w be a nonempty Catalan word, and let w = lww, be the first
return decomposition, with wy,wy € A, or empty and where w? represents the word w;
where each part has been increased by 1. We obtain the following functional equation:

J/

P(x,q) = x(14 P(x,q))(1 + P(z,q)) — 2P*(z, q) +(2*q(1 +VP(% q))

N

-~

= x4 20P(x, q) + 2%qP(x, q) + 2°qP*(x, q) + x(P(x,q) — ©)P(x, q) — 2° P*(x,q),
(25)

where underbrace 0 represents the case where both w; and w, are non empty. This is
dealt with separately in the next line and therefore removed here. Underbrace 1 represents
either a single part in w; or multiple parts ending in an increase and resulting in an extra
peak and consequent ¢, provided it is followed by non empty w,. Underbrace 2 represents
the complementary cases to 1 and so have no q.

This has solution

1—22+4 (1 —q)z* — /1 —4x+2(1 — )22 + (1 — q)%a?

Ple,q) = 92(1 — (1 — q)z)

(26)

As explained at the beginning of this section, the latter generating function tracks all
internal degree one vertices. Next, we find the gf for the total number of internal degree

one vertices which we name DP(zx) := (%P(:c, q)|q=1. This yields
1 1—3x
DPz)=-(-142+ — ). 27
w=5( ) 1)

For non-internal degree one vertices in the first part, we need to count all of these except
where the grid graph has only one part. The generating function for the total number of
these is

DP(z) = (C(z) = 1) — =, (28)
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where C'(z) is the Catalan word generating function. For non-internal degree one vertices
in the last part, we need to count all of those ending either in an increase or a 1 in the
last part. The generating function for the total number of these is

DPy(x) :== (C(z) — 1)2z. (29)
Adding together Eqs. (27), (28) and (29) we obtain that the overall gf for the total
number of degree 1 vertices in all grid graphs, namely DF7 is given by

1—x—5x2+—1+3x+5x2
2z 201 — 4z

So we have proved the following theorem.

DF(x) =

Theorem 3.1. The total number of vertices of degree 1 in Catalan word grid graphs with
n parts, where the number of parts is tracked by x is given by the coefficient of x™ in

1—x—522 —1+ 3z + 5a?

DF,(z) = + ,
1(7) % 20v/1 = 4z

(30)

where for n > 2,

1 2n 2n — 2 2n + 2
"I DF: == — . 1
e = (50 (0 57) - () o
The series expansion for this begins
DFy(z) = 42* 4+ 102° 4 292" 4 912° 4 3002° + 10232" + 35752° + O(z?). (32)

Asymptotically as n — oo, by singularity analysis (see |6]) of the generating function
in Eq. (30), or by Stirling’s formula applied to (31), the number of degree 1 vertices,

denoted by r1(n) is given by
4n—1

ri(n) ~ Nk

(33)

4. Total number of vertices of degree 2

A degree 2 vertex in a grid graph may occur in three types which we may call a left corner
(labeled ¢;), a right corner (labeled ¢,) or a horizontal middle (k). We illustrate all of
these in the Figure 2 before defining them formally.

Here are the formal definitions.

A left corner is a vertex connected to two edges, one vertical and one horizontal. The
vertex is at the left point of the horizontal and the top point of the vertical.

A right corneris a vertex connected to two edges, one vertical and one horizontal. The
vertex is at the right point of the horizontal.

A horizontal middle is a vertex connected to two edges, both horizontal.

Remark 4.1. There is a right corner at the bottom vertex of the final column iff this
column is not a 1.
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Cl

C] C| Cp

cr

h

Fig. 2. The grid graph of 17, namely 12341222 indicating different types of degree 2 vertices

As in the previous Section, we will use a first return decomposition to obtain a separate
generating function for each of these types.

Firstly, those of type h can occur only in the bottom row of a grid graph and not in
the first or last column. We count these across all grid graphs. If the number of vertices
is n, this is equivalent to counting the number of internal ones in all grid graphs of n with
three or more parts, therefore excluding those which occur in the first or last parts.

First, we develop a bi-variate generating function to count all interior ones across all
Catalan grid graphs. As in a previous section, we denote the set of all Catalan words
with n parts by A, and define the following generating function:

interior columns of height 1 of w
Pe(z,q):=Y 2" > ¢ & (34)
n>1 weEA,

where n = |w| is the number of parts in w.

Using the first return decomposition as per the previous Section, any grid graph w may
be written as w = lwfw,. However, here we do not need to consider separate cases for
wy or we being empty as this will be allowed in the following functional equation:

Pie(7,q) = 2C(x)(q(Pu(z,q) — ) + x + 1), (35)
which has solution
(1 —+1—4x)(1 4z — qx)
2—q+qy1—4x '

Next define the following generating function:

Pl .1' q Zx Z qleft corners of w (37)

n>1 weEA,

Fie(z,q) = (36)

where n = |w| is the number of parts in w.
Again using the first return decomposition, we obtain

P(x,q) = (14 q(P(r,q) — x) + x)(1 4+ P(x,q)), (38)

which has solution

1—x—qx—:t2+q:p2—\/4qx(—m—x2+qx2)—l—(1—x—qx—x2+qaz2)2

P =

(39)



GRID GRAPHS OF CATALAN WORDS 11

Finally, we define the following generating function:

Pr(l', Q) — Z " Z qright corners of w7 (40)

n>1 weAp,

where n = |w| is the number of parts in w.
Again using the first return decomposition, we obtain

Po(w,q) = &_+ 2°q +2(Pr(x,q|1) — 2)¢ + 2(P.(x,q) — P.(z,q[1))
0 1 e 3

no first return

+ (z + 2* + 2(Po(z,q|1) — 2)q + g(Pr(x, q) — Pr(z,q|1))Pr(7,q),  (41)

~
has a first return

where underbrace 0 is where w; is empty, underbrace 1 is where w; has one part, under-
brace 2 is where w; has multiple parts ending in 1 and underbrace 3 is for the case where
wy has multiple parts not ending in 1. Also, any graph graph ending in 1 may consist
only of ones (with gf %), or it has a rightmost part which is not one (and the generating
function is é(P,.(:c, q) — P.(z,q|1)) for the part of the c-word to the left of any final ones).
This leads to gf:

1 x z
PT y 1)=- P’I" ) - PT‘ ) 1 . 42
(@.al1) = L (P(w.0) - P ) + (42)
By solving the above two equations simultaneously, we obtain
q+x—3qr + qr? — ¢?2? — 2% + 2qx® — ¢?23
P (z,q) = 5 5
2(x — 2% 4 qa?)
B (q+ 7 —qz)\/1 — 4z + 222 — 2q22 + 2 — 2qr* + 2o (43)

2(x — 2% + qa?)

Finally, we would like to obtain the gf for the total number of degree 2 vertices. To
achieve this we first obtain the gf for the total number of degree 2 vertices of each type.
We obtain from Eq. (36), the gf for the total number of type h vertices which we call
DP;. as

2(1 — 2z — 222 — /1 — 4x)

(14 /1 —4z)? '

Similarly, the gf for the total number of type [ vertices which we call DF, is obtained
by differentiating Eq. (39) to obtain

DP, = (44)

1—3x — 22 1—x— 22

DP, = — 45
l 2x/1 — 4x 2z (45)
Finally by the same method and naming convention, we obtain from Eq. (413)
—1 — 72 14 2
P, — +6x — Tz sc—irx' (46)

+
241 — 4z 2z
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Adding together the previous three equations, we obtain the overall gf for the total
number of degree 2 vertices in all grid graphs, called DFy(x), is given by

1 — 22 — 422 1 — 4z — 422

T l4VI-dr-2r (1+VI—dr—22)VI—dz

So we have proved the following Theorem

DFQ(Q])

Theorem 4.2. The total number of vertices of degree 2 in Catalan word grid graphs with
n parts, where the number of parts is tracked by x is given by the coefficient of x™ in

DEy(z) = 1 — 2z — 422 B 1 — 4z — 42°
1+v1I—dz -2z (1+V1—4dz—22)V1—4x
_1—4x—2x2+4x3_1—6x+4x2+12x3 (47)
212 222y/1 — 4z ’

where for n > 3,
2n 1/2n 44 2n + 2 2n — 2
" DF: = -2 - = — ) 4
(2| DFy(x) (n) 2(n+2>+3(n+1) 6<n—1> (48)

The series expansion for this begins

DFy(z) = 2° + 82" + 342" + 1322° + 5012° + 18922" + 71502° 4 270922 + O (') |
(49)

Asymptotically as n — oo, the number of degree 2 vertices, denoted by rq(n) is given
by
4TL

ro(n) ~ Nk (50)

5. Total number of vertices of degree 3

A degree 3 vertex in a grid graph may occur in one of two ways. which we may call a
horizontal middle (h), or a vertical middle (v) . We illustrate all of these in the Figure 3
below, before defining them formally.

Here are the formal definitions.

A horizontal middle (h) is a vertex connected to three edges, one vertical and two
horizontal. The vertex may be either at the top or bottom point of the vertical.

A wertical middle (v) is a vertex connected to three edges, two vertical and one hori-
zontal. The vertex can only be at the right point of the horizontal.

As in a previous section, we denote the set of all Catalan words with n parts by 4,
and define the following multivariate generating function:

P, (.CE, q, U) — Z " Z qhorizontal middles (w),Uinterior ones (w)’ (51)

nZl ’weAn
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where n = |w| is the number of parts in w.

h h h h h

Fig. 3. The grid graph of 17, namely 12341222 indicating different types of degree 3 vertices

Using the first return decomposition as per the previous Section, any grid graph w may
be written as w = lw;®w, where w;® represents a raised Catalan word.
If empty wy follows, the generating function for w¥ is

where coefficient ¢ of the third right side term tracks the h vertex at the bottom of the
initial raised 1 and where the third parameters of P, is ¢> because every interior 1 (i.e.,
exponent of the third parameter) has a contribution of 2 after raising. As already defined
above the middle parameter ¢ of P, tracks the number of h vertices before raising w;.

This results (from using the first return decomposition) in the following functional
equation

Py(z,q,v) = ic(l +z +q(Pu(z,q,9%) — 37)2
w2 (;I;pty

+i["(1 +qx + QQ(Ph(xv q, q2) - (L’))(Uph(l‘, q,U) — VT + xl (53)
w2 no;lfempty

Actually what we want is the gf for the total number of occurrences of degree 3 vertices
of type h. To simplify this calculation we differentiate the previous equation with respect

to ¢ and then set ¢ = 1. First, we define DP, := %@’q’””q:l. Doing this we obtain:
0P, (z, 0P, (x,1,1
DP, — 2 (2 a@ v, h(g ) 4 Puz1.1) —x) +2(1 + Py(z,1,1)0DP,
v q
OP;(x, OPy(z, 1,1
+x (x+2 8@ ) + h(g ) +2(Pp(z,1,1) —m)) (vPy(z,1,v) — vz + ),
v q

(54)

where P, is taken from Eq. (36) and DP,. is taken from Eq. (11) with ¢ replaced by v in
those Equations. Putting v = 1 into Eq. (541), we obtain

28PZ-C(:L’,U) N 0P (z,1,1)

DP,|,—1 =
=1 x( ov dq

+ Pp(z,1,1) — x) +z(1+ Py(x,1,1))DP,
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OP.(z,v)  OPy(z,1,1)
ov + Jq +

Solving for D P, leads to the following theorem.

T (m +2 2(Py(w,1,1) — x)) Pu(z,1,1).  (55)

Theorem 5.1. The total number of type h vertices of degree 3 in Catalan word grid

graphs with n parts, where the number of parts is tracked by x is given by the coefficient

of x™ in

4—4y1—dr —8x+2(—5+ V1 —4x)2?
(1+vI—4z)’VT—4z

2—8x4a®+Ta? N —2 + 122 — 132% — 1323 + 42*

202 202/1 — 4z ’

DPh<33) =

where forn > 2,
13 (2n 2n+4 2n + 2 13 /2n —2 2n —4
"IDP, = —— — 6 - — 2 . (b7
[Z"|DFu(@) 2(n) <n+2)+ (n+1) 2(n—1>+ (n—2) (57)
Next, we concentrate on vertical middles and define

P, (J?, C]) — an Z qvertical middles (w)’ (58)

n>1 wEAn,

where n = |w| is the number of parts in w.

Once again we use the first return decomposition for Catalan grid graphs to develop a
functional equation for P,(x,q). Let w be a nonempty Catalan word, and let w = lwftw,
be the first return decomposition, with wy,ws € A, or empty, in which case they are
represented by 1. We obtain the following functional equation:

Py(z,q) = z(1+ q(Py(z,q) — Po(z,q/1)) + P, (2, q|1))(1 + Po(z, q)), (59)

VvV
w1 does not end in 1

because w; not ending in a 1 induces an extra ¢, owing to the extra v in the last column
when raised.
Following a similar analysis to that which produced Eq. (12), we have the following
x x

P,(z,q|1) = (P,(x,q) — Py(z,q|1 . 60
(z,q|1) = (Py(z,q) (@ a D))+ 17— (60)
By simultaneously solving the two equations immediately above, we obtain
1 —x—qr—22% + 2q2® — \/1 — 20 — 2qx — 322 + 2q2? + ¢2?22
Py(x,q) = v . (61)

2(gz + 22 — g2?)
We have therefore proved the following theorem.
Theorem 5.2. The bivariate generating function for the number of type v vertices of

degree 3 in Catalan word grid graphs with n parts, where the number of parts is tracked
by = and the number of such vertices is tracked by q is given by the coefficient of 2¢’ in

1 - — gz — 222 + 2q2? — /1 — 22 — 2qz — 322 + 2q22 + ¢2x2

2(qz + 7 — ) (62)

Py(z,q) =
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Next we obtain the total number DP, of type v vertices by differentiating Eq. (62)
with respect to ¢ and putting ¢ = 1. We obtain

Theorem 5.3. The total number of type v degree three vertices in Catalan grid graphs
with n parts is given by the coefficient of 2™ in

1—V1—dz+2(-2+1—42) z + 22°
21 —4dax '

Finally, we add together Eqs. (56) and (63) to obtain the final theorem of this Section.

DP,(x) = (63)

Theorem 5.4. The total number of degree three vertices in all grid graphs with n parts
18 given by the coefficient of ™ in

2 —2/1—dx — 3z — /1 —do — 722 + 22V/1 — 4x
DF3(x) = . (64)

V1—4dz (1++/1 -4z — 2z)

This generating function has series expansion beginning

DF3(z) = 42® + 272" + 1352° + 6062° + 258527 + 107252° + 437712” 4+ O (2'%) . (65)

Asymptotically as n — oo, the number of degree 3 vertices, denoted by r3(n) is given by

13 471
r3(n) ~ —

2 Jmn’

(66)

6. Degree 4 vertices

Let P(z,q4|ab) and P(x,qs|a) be the gfs for grid graphs with k parts tracked by z ending
in parts ab and a respectively, where g, marks the number of degree 4 vertices. We attach
part b to the right of a.

For b > 2, b < a and a > 3 we have the following functional equation:

P(x, qulab) = 2qi~" Pz, qula). (67)
For b > 2, b = a and a > 3 we have the following functional equation:

P, qslab) = 2gt 2 P(z, qala). (68)
For b =a+ 1 and a > 3 we have the following functional equation:

P(z,q4|ab) = 2q¢{ 2 P(z, q4|a). (69)
Forb>2andb—-1<a<3

P(z,q4]ab) = xP(x, q4]a). (70)

And also

P(z,q|1) =z + P(x,q|al) = x + 2 P(x, q4]a). (71)
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Define

P(x,q, = ZP x, qsla) (72)

a>1

Multiplying the previous equations by the appropriate z° and summing, we obtain:

P(‘T 44, % )
—ZZSE% (€, qala)z" + ) xg§~* P(x, qala) 2"
a>3 b=2 a>3
2 a+l
t Zq4 v, qila)z T+ Y wP(x, qula)?’ + Plx, 1)z
a>3 a=1 b=2
Eq. (69)
Q42’2
:Il (P(JI7Q4,1)—P(.Z',Q4’2>—P(I',Q4|1)>
— g4z

(1= q+2z—qz— quz?)
(1 — qz)
+ 2P (2, qu|1)2* + 2P (2, u|2)2* + 2P(z,q4)2)2* + 22 + 22P (2, 4, 1). (73)

(P(z,q4,qs2) — P(2,qu]2)@32* — P(z,q4|1)quz)

Separately solving for P(z,q4|1) and P(x,q4]2), we obtain
P(z,q|1) =z + 2P(x,qq, 1), (74)
and
P(x,q4]2) = (P(z,q1,1) — P(z,@|1) = P(z,q|2))zqs + 2P (2, qs[1) + 2P (2, qu[2), (75)

with solution

z(r — qux + P(x,q4,1)(qa + = — qu))

P(I>Q4|2) = 1 — (1 _ (]4)33 <76>
We substitute Eqs. (71) and (76) into (73) to obtain
P(z,q4,2) = a(2) + b(2)P(x, q4, q12), (77)
where
a(z) = D@ Dz (gez(z + 1) — (@ + 1 + 1) + a(z + 1))
qa(qaz — 1)
vz (qirz(z + 1) + giz —qu(z(z + 1) + 1) + 2(2 + 1))
a(qaz — 1) 7 (78)
and
b(z) = (1+z2—qu(l+z+2%))x (79)

a;(1 — quz)
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Adapting Eq. (7), we see that Eq. (77) has solution

Plasas2) = Y alaia) [T laio) (0

By putting z = 1 into Eq. (80), applying Eqgs. (78) and (79) and then solving for
P(x,q4,1), we obtain

P(z,q1,1) = P(x,q4,1) Z z (2 . (o 1 1) + 20) ﬁb(qu

>0 aa(a — 1) =0

(2q3z + g3 — qa (4o + 1) + 22) - j
+ b(q)), 81
; q4(q4 . 1) E) ( 4) ( )

where
i—1 i i
1+ g — u(l+q +q))

e U e g (82)

’:1

We have now proved the following theorem:

Theorem 6.1. The generating function P(x,q4,1) for the number of grid graphs with
mwvariants x and qq respectively tracking number of parts and number of degree 4 vertices

18
z(2¢%x+q3—qa(dz+1)+22 i—1 i
s it e ee) ity )
Plz,qs,1) = =2 (83)
» 44, - )
ac(2q2x—q4(4:v+1)+2x) i—1 i
L= =@ [Tj=00(a1)
>0
where
‘ L dd — a1+ + %
b<qi): l‘( +Q4 Q4( ;?4—’_(14 )) (84)
Q4(1 —q )
The series expansion for this begins
P(x,q4,1) = x4 22° + 52° + (11 + 3qs)z* + (24 + 11qs + 493 + 3q}) 2°
+ (53 + 32¢4 + 19¢; + 13¢5 + 8¢5 + 44 + 3¢5) 2°. (85)

Remark 6.2. We illustrate the bold terms above. 4q3 is represented by
12332, 12333, 12334, 12342,
each of which have two degree 4 vertices; and 3q3 is represented by
12343,12344, 12345,

each of which have three degree 4 vertices.
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7. Asymptotic proportion of vertices of each degree

In [4], it is shown that the total area of bargraphs of Catalan words is given by

(o ()

and this is also the total number of vertices in grid graphs.

For each n, as already stated earlier we call the number of degree 1 to degree 4 vertices
r(1),7(2),r(3),r(4) respectively. The first three are obtained from Egs. (33), (50) and
(66).

We have not yet calculated r(4). We do this by subtraction of the other degrees from
the total number of vertices to obtain

4n 26 471

r(4) ~ — — — :

2 2 \/mn

To obtain the asymptotic proportions of different degree vertices, we divide the previous
numbers by the total number of vertices and obtain the the proportions of degree 1 to

(87)

degree 4 vertices as

1 1 13 9
\vi o R e (88)
Thus degree 4 vertices dominate for large n but degree 1, 2 and 3 vertices occur asymp-
totically in the ratios 1,4, 13 to each other. We contrast this to our study of grid graphs
of compositions, see [1], where each of the vertices occur as a positive proportion of the
total number of vertices. Numerically these proportions were {0.119,0.464,0.381,0.035}
which interestingly are very different from the Catalan word case.
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